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Definition 4.1.4.12.
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A matrix C = [C,’j]
& 3 (px)kez n-periodic sequence: c¢;j = pj—i, 1 <1i,j < n.

1 € K"" is circulant

i,j=

Prerequisites.
e From linear algebra: eigenvalues and eigenvectors
e Computing with complex numbers

Dependencies. Section 4.1.4

Duration: () minutes
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Elgenvectors of matrix Cq, visualized through the size of the real and imaginary parts of thelr components.
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Elgenvectors of cnrculant matrix C = circul( 1,2, 128] )

rarctes S24aGT dreul 3 T elgerwecice 2 ek 224Gt cakwe et e rarcic 2da 254 vkt v, eOerNECEE

veclorcomponent vakue
" n«e_x ozzm:nmmz.,,,..,E
; veae; o:zm:om“E ....,E
vector o:um:\\-ng.u3 .”:

==

3 B [ © 3 0 g G T 0 0 2 E] O s G
vector companent index vector component inde x vector companent index

Qeatet a1, mguwador s ot i 1, mgurmackr & Crouwt s | sigurvecar T

wvector camponen! value
vector camponent vakue
vector camponent value
vector camponent value

5 % 5 o B & B B

6 oo =] o o ™ 6 o o o ™ 0 w ™ o T T o ™ 6 ™ ™ T
wwr eunwmnlmaex waoroammm index veolor companent index vector component index

> Remandn o( S//)/(OS

b

vector component value
vector component value
veclor component vakue

b 5 =

b

b

3 g s G 2 3 g s g T 2 3 g s g T O T 2 3 g g G
vector component index vector component index vector component index vector component index




@g 1.2.0.6 BV deulamt mabices

Recad L - 6[7% = wux L t 1 sint
4/
ﬂ-%i@&?‘&/(/ﬂ(’/y w, = e = ,neflN
satisfies w,,—w,,l , wll =1 , w;;/2:_1 ; wk—wf,"'” VkeZ, (4.2.1.7)
m :Z(iwf,fzzz(:)(w{;i ={g :j;g I;Zj Z %f{é&ﬂ?ﬁ% &()0’2(421_8)
Ol = (2)
C eC™ /K)-%f%@? , (e ) # n- pencatie
- n-1
YV, = (w,,,k"/ﬁg__yéﬁ’ k=0, ., n-"7
ne
(Cu)y = Z (C),, (w,]
07 ~ ke
= A
L& g-( 67:74 < fj;m
- z% /é(l &m(,]/,”’
= w5 et = A, 8,
-
=7, 4“’0, 1

5(7{/{ EV_C OfQ

{,VO""'

Vn—l} = 4

0 r%%amf

FII

H
[ an( 2.)“]

wn

n
CL)”

g

w

. &

p
— O_ — O -—
Wy Wy

Wy
7 . 7
0 1—n

L Wyl LWy,

n-1

o

0 -
n wn

nl

—

n

[ pe]
@
N

n e Wy

- 0 -—
wg Wy )

w%—n cU’II—n

2(2—n) 2(1—-n)

n n

, : >. (4.2.1.11)

—(n—1)(n-2) —(n—1)>?
n | n 4 )

—>  Footier mabix  —> &ét'&(jmm"w cinulant mabrecs

, e (4.2.1.13)

The scaled Fourier-matrix %Fn is unitary (— Def. 6.2.1.2) : F,;' = 1l = 1F,
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Lemma 4.2.1.16. Diagonalization of circulant matrices (— Def. 4.1.4.12) é 1.2.07 DFT %%7

For any circulant matrix C € K"", ¢j; = u;_;, (uy)xcz n-periodic sequence, holds true # H/)é&/( Ol( . U(’)_QU/D/QQ!’/(&( / E@Eﬁ/ [: F T >

CFH :Fndiag(d],...,dn) 7 [do,...,dn_]]—r - Fn[ll(),...,lln_l]T .
C++ code 4.2.1.22: Demo: discrete Fourier transform in EIGEN => GITLAB

int main() {
using Comp = complex<double>;
const VectorXcd ::Index n = 5;
VectorXed y(n),c(n),x(n);
y << Comp(1,0) ,Comp(2,1) ,Comp(3,2) ,Comp(4,3) ,Comp(5,4);
FFT<double> fft; // DFT transform object
c = fft.fwd(y); // DTF of y, see Def. 4.2.1.18
x = fft.inv(c); // inverse DFT of c, see (4.2.1.20)
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" << y.transpose() << endl
" << c.transpose() << endl

The linear map DFT,, : C" — C", DFT,(y) := E,y,y € C", is called discrete Fourier transform :j retur:<0'jx © o Hallil i) 5 ol
(DFT), i.e. for [cp, ..., cy_1] := DFT,(y) s | ’
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