@

ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 4.2.2: Discrete Convolution via DFT

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 4, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Prerequisites.
e Orthogonal diagonalization (linear algebra)
Dependencies. Section 4.2.1

Duration: 7‘4 minutes

Y7 Discete Foorier Trans form (DFT, )

U3 Disaele Canvoluhon via DFET

Rectll - dpnrele pomcclic comelihen 3
() = (pe) % (xe) = Yoo ZBghs K0 0T

I “(Hcm'n? /Mjon'%ms

C++11 code 4.2.2.1: Discrete periodic convolution: straightforward implementation
=> GITLAB

2 | Eigen:: VectorXcd pconv(const Eigen::VectorXcd &u, const Eigen::VectorXcd &x) {

3 const int n = x.size();

4 Eigen:: VectorXcd z = VectorXcd ::Zero(n);

5 // “naive” two-loop implementation of discrete periodic convolution
6 for (int k = 0; k < n; ++k) {

7 for (int j =0, | = k; j <=k; ++j, —I1) z[Kk] += u[l] * x[j];

8 for (int j =k +1, | =n—1; j <n; ++j, —I) z[k] += u[l] * x[]];

of '}

0 return z;
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C++11 code 4.2.2.4: Discrete periodic convolution: DFT implementation => GITLAB

Eigen:: VectorXcd pconvfft (const Eigen::
const Eigen::

VectorXcd &u,
VectorXcd &x) {

FFT<double> fft ;

return fft.inv (((fft.fwd(u))

.cwiseProduct (fft .fwd(x))).eval());
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Lemma 4.2.1.16. Diagonalization of circulant matrices (— Def. 4.1.4.12)

For any circulant matrix C € K", c;j = u;_j, (ux)rez n-periodic sequence, holds true

Cfn :Fndiag(til,...,dn) 7 [dO,...,dn_l]T - Fn[llol...,lln*I]T

Theorem 4.2.2.2. Convolution theorem

The discrete periodic convolution *,, between n-dimensional vectors u and x is equal to the inverse
DFT of the component-wise product between the DFTs of u and u; i.e.:

n—1
= F;] [(Fnu)j(F”x)]} }7:1 ’
k=0

(4.2.2.3)
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C++11 code 4.2.2.5: Implementation of discrete convolution (— Def. 4.1.3.3) based on
periodic discrete convolution =" GITLAB

Eigen:: VectorXcd fastcony/{const Eigen::VectorXcd &h,
const Eigen::VectorXcd &x) {

assert(x.size() == H.size());

const Eigen::Index n = h.size();

// Zero paddirg, cf. (4.1.4.16), and periodic discrete convolution

// of lengtl/2m=1, Code 4.2.2.4

return pconvfft(

(Eigen::VectorXcd (2 * n — 1)@&E=®h, Eigen::VectorXcd ::Zero(n — 1)) £—

10 .finished (),
1" (Eigen::VectorXcd (2 * n — 1)@=, Eigen::VectorXcd::Zero(n — 1)) &—
12 .finished ()) ;
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