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Definition 6.2.2.35. Real-analytic functions

A function f € C*(I) defined on an open interval I C R is called (real-)analytic on I, if it pos-
sesses a convergent Taylor series at every point fy € I:
Vg € I: 3o = p(ty) > 0: f(t) Zf n't(’) t—tg)" Ytel: |t—to| < p(ty).
n=0
p(to) is called the radius of convergence of the Taylor series. [afd\l/p{&p@/ﬁ/ § 6 Q Q q / ( %pp/ﬁ)am /700 by f[Z)( 5&% / &?{f\f§2
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Definition 6.2.2.48. Analyticity of a complex valued function

let D C C be an open set in the complex plane. A function f : D — C is called

(complex)-analytic/holomorphic in D, for every point z € D one can find p(z) > 0 and a; € C,
k € INg, such that

flw) = Eakw—zk Vwe D: |z—w| <p(z).

|Z — t0| < p(f()) .

Real- and complex-analytic functions

Every real-analytic function on I C IR can be extended to a complex-analytic function on some open
setD C CwithI C D.

Theorem 6.2.2.50. Residue theorem

Let D C C be an open set, G C D a closed set contained in D, v := 9G its (piecewise smooth
and oriented) boundary, and I'l a finite set contained in the interior of G.

Then for each function f that is analytic in D \ T1 holds

7 /j;\ )dz = p;lrespf

Y

where res), f is the residual of f inp € C.
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Lemma 6.2.2.53. Residual formula for quotients

let ¢ and h be complex valued functions that are both analytic in a neighborhood of p € C, and
satisfy h(p) = 0, h'(p) # 0. Then

g _ 8(p)
P T W(p)

T has 2 pote in p
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Assumption 6.2.2.55. Analyticity of inter- Im

poland

We assume that the interpoland f : I — C
can be extended to a function f : D C C —

C, which is analytic (— Def. 6.2.2.48) on the
open set D C C with [a,b] C D.
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Theorem 6.2.2.60. Composition and products of analytic functions

max |w(7)| © max|f(z)| Iftf,h:DCC—Candg:UCC— Care ana/yt/c in the open sets D and U, respectively, then
|’Y| a<t<b ZEY (i) the composition f o g is analyticin{z € U: g(z) € D},
If(t) — Lrf(b) . (6.2.2.58)
27(1 7y (z —t Jw(z 27r mm|w( )| dist( ([a, b],7) (ii) the product f - ) is analytic on D.
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