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Definition 6.2.2.35. Real-analytic functions

Date: November 15, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

A function f € C*®°(I) defined on an open interval I C R is called (real-)analytic on I, if it pos-
sesses a convergent Taylor series at every point fy € I:

. _ . _ & fM(t) k .
VipeI: 3p=p(ty) >0: fB=) o E—tg)" Vtel: |t—to| <pl(ty).
k=0 ’

Prerequisites.

e Elementary complex analysis o(to) is called the radius of convergence of the/ﬁylor series.
Dependencies. Section 6.5.1, Section 6.2.2.3

Duration: 5 minutes /VWW M’Zé&{ o D <
Im 4 (- e

Re

\/
\

(&= + .
I

v

N+




@)

53
Ex/) 653 ] (T&ﬁ%gxéﬁc n/@pokném

Lequiclatont |

Interpolationsfehlemorm

[y
o

L

—

.
ol
»

107

107"

FlE)

5{(%%&

t e K

O Lpx & 7

p—
—

\/4 ~ X Sl fane)

14 ln ’Z‘? o

ewﬁ%
CWWCZ

a=0.95,L"

a=0.95, L2
«=0.99, L~
«=0.99, L

0

I
10

1
20

1 1 1 1 1 1 1
30 40 50 60 70 80 90 100

Polynomgrad n /
7

§5533( p%ﬁé;n gwc //ér('m/&é%

Theorem 6.5.3.4. Exponential decay of Fourier coefficients of analytic functions

If f : R — C is 1-periodic and has an analytic extension to the strip
S:={zeC: —n<Imz<n}, forsomen >0,

then its Fourier coefficients decay according to

fil L@ fll e VkE€Z with q:=exp(—27n) €]0,1]. (6.5.3.5)
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If = Tufllzzqoap = 2 Z f,+[ )| + Y 1filF (6.5.2.13)
J=—n|leZ\ | lj|>n
1f = Tuflleoqoap Z Z |fj+€(2n+1)|+ Z ‘};I (6.5.2.14)
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Theorem 6.5.3.13. Exponential convergence of trigonometric interpolation for analytic inter-
polands

If f : R — C is 1-periodic and possesses an analytic extension to the strip

S:={zeC: —y<Imz<y}, forsomen >0,

then there is C;; > 0 depending only on 1 such that
If — Tufll, < Ct]e_m’n”f”Lm(s') , €N, (x

=12(10,1[), L*(]0,1[) ) (6.5.3.14)

exponen 94 comvensnce

sin(27rz) = sin(27mx) cosh(27y) + 1 cos(27x) sinh(27y)
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Lemma 6.5.3.17. Principal branch of the square root
The square root function t — +/t, t > 0, can be extended to an analytic function on
C\R, :={z€C: Re(z) >0 or Im(z) #0}.
A Im

Re
> < domain of singularity of z — +/z, principal branch

D P2 A{z=el 1-xsnllnz)e RS F
2= Xty ! 1+ asin(27z)

)

€ Ry

€] —oo,—1—1]

)

sin(27tx) cosh(27ry) <-1 — 1 and ' cos(27x)sinh(27ty) = 0.
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> f analytic in strip

S:={zeC: - <Im(z) <}

cosh( 77 5) = T+ 1/,
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