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Section 7.4.3: (Gauss-Legendre) Quadrature
E 'ror ES“ mateS Definition 7.2.0.1. Quadrature formula/quadrature rule

An n-point quadrature formula/quadrature rule (QR) on [a, b] provides an approximation of the value
of an integral through a weighted sum of point values of the integrand:
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/ fydt =~ Qu(f) =) w! f(c}) . (7.2.0.2)
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Gauss-Legendre weights for [-1,1]

Obviously >

n=
« n=14

Lemma 7.4.3.1. Positivity of Gauss-
Legendre quadrature weights |

The weights of the Gauss-Legendre quadra-
ture formulas are.positive.
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Theorem 7.4.3.3. Quadrature error estimate for quadrature rules with positive weights D J4 Symp/ﬁ/’(t S §{ E v ( 'F > IL‘@/ ) > P0
For every n-point quadrature rule Q, as in (7.2.0.2) of order q € IN with weights w; = 0, j = —
1,...,n the quadrature error satisfies L ‘CW a ! ’Q ) W/ WOQ O Z
b
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Theorem 6.2.1.11. L™ polynomial best approximation estimate => E.n (JC > = 0 (T? ) {;/V n —— =~
If f € C"([—1,1]) (r times continuously differentiable), r € IN, then, for any polynomial degree

n>r,
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f) = < +(15t)2, an analytic function, see Rem. 6.2.2.59,
2. fo(t) = /t, merely continuous, derivatives singular in t = 0.

0 Numerical quadrature of function 1/(1+(St)2)
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—+— Equidistant Newton-Cotes quadrature
—+— Chebyshev quadrature
" —— (Gauss quadrature
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Number of quadrature nodes

quadrature error, fi(t) := 1+(5t)2 on [0, 1]

. Numerical quadrature of function sqrt(t)

|quadrature error|

—+— Equidistant Newton-Coles quadrature’
—+— Chebyshev quadrature ]
——— Gauss quadrature
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Number of quadrature nodes

quadrature error, fo(t) :=

Vton [0,1]
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In the case of algebraic convergence with rate r € IR a reduction of the quadrature error by a factor
of p is bought by an increase of the number of quadrature points by a factor of pI/ "
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In the case of exponential convergence (7.4.3.15_
.:y —logp : log g results in a reduction of the quadrature error by a factor of p > 1.
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