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Definition 8.5.1.13. Derivative of functions between vector spaces

Let V, W be finite dimensional vector spaces and F : D C V — W a sufficiently smooth mapping.
The derivative (differential) D F(x) of F in x € V is the unique linear mapping D F(x) : V — W
such that there is a & > 0 and a function € : [0,0] — R satisfying limz_,y €(&) = 0 such that

|F(x+h) — F(x) —DF(x)h|| = ¢(||h||) YheV,|h| <é. (8.5.1.14)
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Chainrule: For F: V — W, G : U — V sufficiently smooth

D(FoG)(x)h = DE(G(x))(DG(x)h), heV,xeD. (8.5.1.16)
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Productrule: F: D C V +— W, G: D C V s U sufficiently smooth, b : W x U > Z bilinear, ie., linear
in each argument:

T(x) := b(F(x),G(x))

= DT(x)h =b(DF(x)h,G(x)) +b(F(x),D G(x)h), (8.5.1.17)
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Definition 8.5.1.18. Gradient and Hessian

For sufficiently smooth F : D C R" + R the gradient grad F : D — IR", and the Hessian
(matrix) HF(x) : D — R"™" are defined as

grad F(x)Th:= DF(x)h,
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h{ HF(x)hz := D(DF(x)(h1))(h2) ,
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Productrule: F: D C V. — W, G: D C V — U sufficiently smooth, b : W x U + Z bilinear, ie., linear
in each argument:

T(x) := b(F(x),G(x))
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Chainrule: For F : V — W, G : U — V sufficiently smooth

D(FoG)(x)h=DF(G(x)(DG(x)h), heV,xeD.
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We seek solutions of F(x) =0 with F(x) := b(G(x), H(x)), where
4+ V,W are some vector spaces (finite- or even infinite-dimensional),

4+ G:D—V,H:D— W, D C IR", are continuously differentiable in the sense of Def. 8.5.1.13,
4+ b:V x W — R"is bilinear (linear in each argument).
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Prodetch role
D F(x)h = b(D G(x)h, H(x)) + b(G(x),D H(x)h), he R". (8.5.1.23)
|} PP
b(D G(x")s, H(x")) +b(G(x™), D H(x*))s) = —b(G(x*), H(xX))) . (8.5.1.24)
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