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Numerical integration
y = f(t,y), Chapter 11

/ \

Quadrature

J f(x)dx,
Chapter 7

igenvalues
= Ax, Chapter 9

f /

A

Function approximation,
Chapter 6

\

Least squares,

|Ax —b|| {> mi

Chaptel 3

) >

N/

Krylov meth.,
Chapter 10

\

Non-linear least squares,
||F(x)|| —\min, Section 8.5

Interpolation

Yia;ib(x;) = f(x;), Chapter 5

Linear systems
Ax = b, Chapter 2

\

Non-linear systems
!
F(x) = 0, Chapter 8

7

Filtering, Chapter 4

N

»

Sparse matrices, Section 2.7

e

Computing with matrices and vectors, Ch. 1

Zero finding f(x) =0

> A folld coune

Hardly anyone will need everything covered in this course, but most of you will need something.




NumCSE@ETHZ




NumCSE@ETHZ




NumCSE@ETHZ




NumCSE@ETHZ




NumCSE@ETHZ




@

ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Classes of Matrices

Prof. R. Hiptmair, SAM, ETH Zurich

Date: August 20, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

Section 1.1.1-Section 1.1.2: Notations and

Prerequisites.
e Concept of “Matrix” and “Vector” from linear algebra.
Dependencies. None

Duration: 4(7 minutes

L. Compoling with Maies add Vectas
1. Fundatmentals
111 Notabong

Vet . x & K* (K=R,C)
(&);} < U-th campm%mz o x v="T .. N
Makix = A e k™"

— matrix entry/matrix element (A),-,]- =a;j, 1<i<n 1<j<m,
an ... A —ithrow, 1 <i<n: (A);.:=[ai1,...,8%m|,
A= | : : — jthcolumn, 1 <j<m: (A).;:= [a1)..., a,,,]}T ,
| 1<k<l(<n,
Ayl --- OQum —  matrix block (A) ket s i= [a,]} %) 1 Zr<s<m.
(sub-matrix) /. W,s 7
i e Ik
k—~ ay, ay N
\/  Lineav a%éw {Méméfé
2 V%ﬁ% oy 7
{ — ay, ay
7]5 34/ P\/v%an W/ﬁf%

n
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112. Uames ¢f Mahices

1 0
Identity matrix: I[:=1, := c K",
0 1
0 ... 0
Zero matrix: O:=0,,:= | e K™
0 ... 0
dq 0
Diagonal matrix: diag(dy, ..., dy) :=
0 d,

eK", d;ieK, j=1,...,n.

> D rwew Wﬁbﬁg A72.9

Review quwbons 1.2.3
(T8 b awwey wathudd gmacz’/zi% heto )

A

Give a compact notation for the row vector containing the diagonal entries of a square matrix S € R"",
n € IN.

CE

How can you write down the s x s-submatrix, s € IN, in the upper right corner of C € R n,m > s.

C:

We consider two matrices A, B € R, both with at most N € IN non-zero entries. What is the maximal
number of non-zero entries of A + B?

D !

A matrix A € R enjoys the following property (banded matrix):

ie{l,...,n},je{l,.... m},i—j&{—-B_,...,By} =

for given B_, B, € INg. What is the maximal number of non-zero entries of A.

£

A matrix A with real entries is known to be skew-symmetric: A" = —A What does this tell us about 2
and its entries?
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T (ampvh'% with Matices and  Vectors
1.2. Software and Librares

ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 1.2.1: EIGEN 121  Eigen
> Headoy -0ty &7‘ Jem/p/&cfc (/zbiwy
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Prof. R. Hiptmair, SAM, ETH Zurich

Date: August 24, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zdrich
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Prerequisites.
e Basics of C++
e Classes and methods in C++
e Templates in C++
Dependencies. None

Duration: minutes
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C++ code 1.2.1.2: Vector type and their use in EIGEN = GITLAB

{

0w O N O 0 s W N =

#include <Eigen/Dense >

template <typename Scalar>
void eigenTypeDemo(unsigned int dim)

// General dynamic (variable size) matrices

using dynMat_t = Eigen:: Matrix<Scalar ,Eigen::Dynamic, Eigen : : Dynamic>;

// Dynamic (variable size) column vectors

using dynColVec_t = Eigen::Matrix<Scalar ,Eigen::Dynamic,1>; —> Cpé(/h’?f) Wpé)/
// Dynamic (variable size) row vectors

using dynRowVec_ t = Eigen::Matrix<Scalar,1,Eigen::Dynamic>; _ > 220 {/Zﬁ]
using index_t = typename dynMat_t::Index;

using entry_t = typename dynMat t::Scalar;

// Declare vectors of size ’dim’; not yet initialized
dynColVec_t colvec (dim);

dynRowVec_t rowvec(dim) ; /
// Initialisation through component access /4
for(index_t i=0; i< colvec.size(); ++i) colvec[i] = (Scalar)i;
for(index_t i=0; i< rowvec.size(); ++i) rowvec[i] = (Scalar)1/(i+1);
colvec[0] = (Scalar)3.14; rowvec[dim—1] = (Scalar)2.718;

// Form tensor product, a matrix, see Section 102(/{1%(.
dynMat_t vecprod = colvecsrowvec; —> MNANX Pl(?

const int nrows = vecprod.rows () ;
const int ncols = vecprod.cols () ;

ﬂ(dé\j‘&/lf% a ved) ¢ ap.
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C++ code 1.2.1.6: Demonstration code for access to matrix blocks in EIGEN = GITLAB

NPES

template <typename MatType>

void blockAccess (Eigen:: MatrixBase <MatType> &M)

{
using index_t = typename Eigen::MatrixBase <MatType>::Index;
using entry_t = typename Eigen::MatrixBase <MatType>:: Scalar;
const index_t nrows(M.rows()); // No. of rows
const index_t ncols(M.cols()); // No. of columns

© ® N O ¢ ok W N

10 cout << "Matrix M= " << endl << M << endl; // Print matrix

11 // Block size half the size of the matrix

12 index_t p = nrows/2,q = ncols/2;

13 // Output submatrix with left upper entry at position (ii)

14 for(index_t i=0; i < min(p,q); i++)

15 cout << "Block (" << i << ', " << i << ', << p << ', << qQ /
" << ") =" i< M.block(i,i,p,q) << endl; —> 5/9%( N

17 // l-value access: modify sub-matrix by adding a constant

18 M. block(1,1,p,q) += Eigen::MatrixBase <MatType >:: Constant(p,q,1.0) ; s WM/( Al
19 cout << "M = " << endl << M << endl;

20 // r-value access: extract sub-matrix

21 MatrixXd B = M.block(1,1,p,q);
2 cout << "Isolated modified block =

<< endl << B << endl;

23 // Special sub-matrices

24 cout << p << " top rows of m= " << M.topRows(p) << endl; OM
25 cout << p << " bottom rows of m = " << M.bottomRows(p) << endl; g;)é

2% cout << q << " left cols of m =" << M.leftCols(q) << endl;

27 cout << q << " right cols of m= " << M.rightCols(p) << endl; afcag\g' a
28 // r-value access to upper triangular part

29 const MatrixXd T = M.template triangularView <Upper>(); //
30 cout << "Upper triangular part = " << endl << T << endl;

31 // l-value access to upper triangular part
a2 M.template triangularView <Lower>() *= —1.5; //
3 cout << "Matrix M= " << endl << M << endl;

@l ess
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Review queohions 1201
[ fucdde s /'/)ép W)%ﬁ %ﬂw memsry and the B 1) Apeapention|

0 0 Outline a C++ function
\ ) \ / \ / template <typename Matrix>
. . . . void replaceWithId(Eigen::DenseBase<Matrix> &M);
diagonal matrix upper triangular lower triangular

that checks whether the matrix is an n x n-matrix with even n € IN and then replaces its upper right
n/2 x n/2-block with an identity matrix. Do not use any C++ loops.

—  Kevw w Wﬁon@ 7.211Y
B

Given an Eigen::VectorXd object v (<+ v € IR"), sketch a C++ code snippet that replaces it with a vector
v defined by

(v), fori=1,

V) 1=
( )l {(V)l_] fori=2,...,}1.

Do not use C++ loops. Can you see a problem?




)
C

Given a matrix M € IR™" stored in an Eigen::MatrixXd object M write down a C++ code snippef;that
initializes another variable Mext of type Eigen::MatrixXd corresponding to

~ M 0
M:= loT 1

} = Rm+1,n+1

using EIGEN’s << matrix construction operator B EIGEN documentation.

D

Learn about the methods he=c () and t 211 () from the EIGEN documentation and express them by
means of the » 1 ock () method applied to the same variable.

(%m may Grnd mort «vew W/vbns 0 e Mdune
docoman b >
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 1.2.3: (Dense) Matrix Storage Formats

Prof. R. Hiptmair, SAM, ETH Zurich

Date: August 24, 2020
(C) Seminar fur Angewandte Mathematik, ETH ZUrich

Prerequisites.

e Matrices in EIGEN
Dependencies.

e Section 1.2.1

Duration: 457 minutes

L. Compu lv'nﬁz with Matizes and \ectors
132. Softwate and \7L('(7/m7'es

1.2.3. (Pepse S/z';mge Formats
( g
AZW%D 60% &@r@% rn C /Mgﬁcﬂ GQ/;?Z) jw;/ L/&/Ee M-k
Exczp%bn . e /5/9@006

[~ &éggzjfﬁ/{/{ / badect [ ﬁv&/ya%mf

Row major (C-arrays, bitmaps, Python):

A arr|112|13[4|5]|6|7]|8|9

Column major (Fortran, MATLAB, EIGEN):

A arr|1(4]17]|2|5|18|3|6]9

S

] /c ) —> 't

7/ Ctt - H?O/K/t%f?ﬂh?’/}%
779

Y [/é,gﬂ
6Lc~w,__, -7

row major column major



zigon - accesdn mJZr/?/md@ 7 R
. N F |+ AGI) =AG1) - AR ]
ALl () & telwenw to the i-dh doment of Hoe A/ | % A1) =AG1)- AL x
O eigen rowaccess o \
A g - i 109 3 A eigen column access * E
- Adetn (| £ e poinker , e.q. dovble + : v :
L + 1
1 *
10 3 3 /
8 E + A 7
P E 0 .
ep. 1239, - Dak (Wa[ inpacts ef ﬁmm% ; . ;
L + A
0
] . . N0 E =
C++ code 1.2.3.10: Timing for row and column oriented matrix access for EIGEN =* GITLAB 0, 3 u +
> [void rowcolaccesstiming(void) dé L f A .
3 | { £ L ]
4 const int K = 3; // Number of repetitions c 103 E Z A -
s | const int N.min = 5; // Smalles matrix size 32 > ¥
6 const int Nmax = 13; // Scan until matrix size of 8192 r + * A )
7 unsigned long n = (1L << N_min); ! * o |
8 Eigen:: MatrixXd times (N _max-N_min+1,3); 104k N |
9 3 :
o | for(int I=N_min; l<= N max; |++, nx=2) { WZZ; - i ]
1" Eigen:: MatrixXd A = Eigen:: MatrixXd ::Random(n,n); —> 5‘6&!&0/{ X 05/[% - A i
12 double t1 = 1000.0; 9 o
13 for(int k=0;k<K;k++) { 10‘5E— A E
14 auto tic = high_resolution_clock ::now() ; L ]
15 for(int j=0; j < n—1; j++) A.row(j+1) —= A.row(j); // row access [ o ]
16 auto toc = high_resolution_clock ::now() ; - A -
17 double t = (double)duration_cast <microseconds >(toc—tic).count()/1E6; 108 . PR TS SR | " ol . P S R
18 } i1 = stdmln(t1 ,t); 101 102 103 104
19
20 double t2 = 1000.0; n
21 for(int k=0;k<K;k++) { > ‘ .
2 auto tic = high_resolution_clock : :now() ; | FOW - unle 0/[‘5 ane W% S@OW fé%ﬂ Coé\" WIe dcezLs
23 for(int j=0; j < n—1; j++)(A.col(j+1) —= A.col(]); //column access
2 auto toc = high_resolution_clock ::now() ;
25 double t = (double)duration_cast <microseconds >(toc—tic).count()/1E6; \/
2 t2 = std::min(t2,t);
27 } ¢ o
: } times (I-N_min,0) = n; times(I-N_min,1) = t1; times(I-N_min,2) = t2; IY\W/‘F C&(O/)( m{\%/ﬂg/
30 std :: cout << times << std::endl;
a |}
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 1.4: Computational Effort

Prof. R. Hiptmair, SAM, ETH Zurich

Date: August 24, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

T. ComFUTfng, with Mabices and Vectors

1.4, Compul'a foral EFfort
Taditonel -~ no. of mez?%/ om/fms +om, A N 7

“Computational effort »¢ runtime”

The computational effort involved in a run of a numerical code is only loosely related
to overall execution time on modern computers.

Prerequisites.
e Familiarity with basic matrix-vector operations

Dependencies. None

Duration: 55 minutes

c Note: Possible minor mismatch of video and tablet notes!

[Corrections and updates can be incorporated into tablet notes only]

)

M&Mn/g Ablermined by : mzmag;;hcwg 62{@

4.4, 1. ﬂ&ym/y(v/i‘c (Omp&)oz/

Definition 1.4.1.1. (Asymptotic) complexity

The asymptotic complexity of an algorithm characterises the worst-case dependence of its
computational effort (— Def. 1.4.0.1) on one or more problem size parameter(s) when these tend

o L

\V
(ot (n) Momencal | A vecky Z@gf/) [mabix denaseny
Molbom © " Landuu-0"
Castln) = On™) |, « =0

For N — w2




&)
s 00, n, el costh) £ C ™

Twedt j})mpﬁm i mphion
cat(n) = o(nf) |

‘V///>>/7o
\//ﬂzoé

Seaman 4 Hc mm@jfﬁ(}/ /Jffc%zv‘; the depentonce
okt a7 asse
IM‘@( (opUm s
CO/'EM@?% (*7/[6026/‘7 7471/?40%
e.g. ' cost(n) = 0/1/7
then n — 27n lewly o cat — Yrcost
1.9.2 Compyttonad (st of bevic nemearcal (A
Opelfinns
operation description #mul/div | #add/sub | asymp. complexity
dotproduct | (x € R%,y € R") — x'y n n—1 o(n) 7
tensor product [ (x € R,y € R") s xy'' nm 0 O(mn)  Qphned’
Matrlxxvector (x € R",A € R™") — Ax mn (n—1)m O(mn))
matrix product (A€ R™",Bc R") — AB | mnk |mk(n—1) O(mnk)

*w& Lpop

ol hmp&wnéa/)

b, of Rem 1422 )

Ex 2 axZma

TG VOO D)

Runkimes of u/V opaation
{lmpﬁémehfwﬁb/} baced! o E/“féfol, " = 0

Measured runtimes, code eigenopstiming.cpp

] —+— matrix-vector product
O . .

1 —*— matrix-matrix product
1 =— O(n?)

V] (——— O(n®)

10! 10° e
problem size parameter n = 7

A a(owﬁl% Cogm%ém/c p/of

E ey Wit oG p gl



©)
193 Some Tacks fo lmptene [ﬁﬁ?p&wé/

Ex 1427 . Exﬂm‘ mmd/m«&
A hbxe R C column %OIZOTS)
y = (abT)x . (1.4.3.2) y = a<bTx> .
T = (axb.transpose () ) *x; S p/ng) t = axb.dot (x);
m Asympp fic cast = <
O] _ J 1. J
- ﬁémﬂwm\/ “nxp rm%‘;(
— e‘.a‘ua‘:sl for rj\ij M{i‘ix-v-ezl_(zt multiplications
e =2 (’140;»/17[
‘5’1

problem size n

(1.4.3.3)

= 0(n)

Ex 74325 ( Iudden sotmebor )
ABe R on xeR"

> 0ln%p)
— 0(h?]

AB = AxB.transpose();
y = AB.triangularView<Eigen::Upper> () *xx;

v = %ﬂZ/ (AB") x
> upper J‘ﬂ'fmga law WZL
We com do beller 2

Eigen::MatrixXd

} — 0(np )

[ampr7 - A B > g beR”
T
, = £ =
(&({7 )c,g A ‘6} ,7/5/ = /2
a]b] a1b2 albn | X1
0 a2b2 a2b3 ...... azbn
y = triu(ab”)x = ;
Tock - Madnx Fectoizabor | T
- X 0 oo 0 apby | LXnd
SCWV% Ty (H.W)’L-Z cumedechee sommating Scaling mafiy MxV = K7)
o~ | /" — —
o T T T A
. o 1 1 ... ... 1 . ) \
an \0 0 1 \_ bnl Lxn )
\ ¥ ’ )




€)

m Bl ecent m{?mn[/?nn v [ \]

Cadln) = 0h)
> Totl cost = D)
(e p= Z
L7
3 < /QW(Z
T ~0an 18 Uneay b?MM/B ) = Z e (A)

> hmulAB)x = Zﬁm(%
0[[7/0 )

")
total cast

T

(B))

Ex, 19385 (Rewse 0”7/ wlemedials f@véﬁ)

The Kronecker product A & B of two matrices A € K" and B € K'X, m,n, 1,k € IN, is the

(ml) x (nk)-matrix
[ (A)1B  (A)12B ... . (A)1,B]
(A)21B  (A)y2B :
A®B .= : : e Kmink
_(A)m,l B (A)m,ZB ce . (A)m,nB_

T ki -block nokdon
— a
(ol « Guve A, Be R, xe R" we ceanf
& Cm/(//{ ;/ = [ﬁ‘g’B}Z
< — —

e R
[WMW (mpé/mm/&%bﬁ: cast = 0lnt)

[ (A)lllBXI + (A)I,ZBX2 + .-
(A)zllel -+ (A)223X2 a

(A ® B)x

(A)m,l Bxl + (A)m,ZBXZ i o (A)m,ann A



6

X
7[/7 M%/? / / = ‘ % I'e C++ code 1.4.3.9: Efficient multiplication of Kronecker product with vector in EIGEN
w p oneA veier X =] , X €K - GITLAB
> |template <class Matrix, class Vector>
s | Vector kronmultv(const Matrix &A, const Mairix &, const Vector &x){
unsigned int m = A.rows(); unsigned int n = A.cols();
; 5 unsigned int | = B.rows(); unsigned int k = B.cols () ;
[M . Ph//(ml&l//( BX 4{ - }72, 6 // 1st matrix mult. computes the products Bx/
Vl 7 // 2nd matrix mult. combines them linearly with the coefficients of
9 A
@ [,X / — _____ j [B - - B)( j 8 Matrix t = B » Matrix::Map(x.data() ,k,n) « A.transpose(); //
) 9 return Matrix/NMap(t.data(), m«l, 1); \
e R U 4

({72,(/{/1'(“(& O(th ()ZDZ/'&(J%G al(y)g) 9'/},]3)

W' (A Bt - ¢ A B = 2 (A)]
> Fom . Y = ZAT —> ot 0073)

Resold 2ecy LTS -
.‘ e R

|

.
Totd cwost - O(n?)

E@’ﬂéﬁé . Q@bﬂ/ﬁ/ﬁ% OPEI%//‘)OWS K// No 957Z
Just o teintrpelion of M)




& Keview w‘rﬁons LY 31
A-

Explain why the classical concept of “computational effort” (= computational cost) is only loosely related
to the runtime of a concrete implementation of an algorithm.

We are given two dense matrices A, B € IR""", n,p € IN, p < n fixed. What is the asmptotic complexity
of each of the following two lines of code in terms of 1, p — c0?

Eigen::MatrixXd AB = AxB.transpose();
y = AB.triangularView<Eigen::Upper> () *x;

Given a vector u € R", n € IN, we consider the matrix
A € R"": (A)i,j = uj+uj+uuj, i,je {1,...,n}.
Outline an efficient algorithm for computing the matrix-vector product Ax, x € R".

iih ' ' @ " ledune
> ﬁWWWWﬁmm&W/ 4
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 1.5: Machine Arithmetic and
Consequences

Prof. R. Hiptmair, SAM, ETH Zurich

Date: August 24, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zdrich

Prerequisites.
e Gram-Schmidt orthonormalization from linear algebra
e Concept of a relative error

Dependencies.

Duration: 30 minutes

I. Computin ng with Matees amd VVectors
1.5. /Wac/une Anithmetie and  Copsequences
1.51. Expemmuent : Loss of 0#1%9\70/&/(5/

Recall - (ram ~ Shmedl ovtbwormalizapon
Input:  {a!,...,a"} c K& R
B-Lg'..q°]

1: 1 — a—l % 1
q 2, st output vector £ o CTPP %fk)
2. for j=2,...,k do -
{ % Orthogonal projection then Q L
q] +— a/ (35 g,f

for (=1,2,...,i—1 do
q] — q] <a] -'f> 4 } ﬁﬁ/}&ﬁ&ﬂ??ﬂ(

if J=0) then STOP _
(q ) e ,éwg%__/_?p}§

} el Spo et 5%

Output: {_ql, ey qf }

O N AR®
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C++ code 1.5.1.3: Gram-Schmidt orthogonalisation in EIGEN =* GITLAB

> |template <class Matrix> Matrix gramschmidt(const Matrix &A) {

3 Matrix Q = A;

4 // First vector just gets normalized, Line 1 of (GS)

5 Q.col (0).normalize() ;

6 for (unsigned int j = 1; | < A.cols(); ++j) {

7 // Replace inner loop over each previous vector in Q with fast
8 // matrix-vector multiplication (Lines 4, 5 of (GS))

9 Q.col(j) —=Q.leftCols(j) =*

10 (Q.leftCols (j).adjoint() * A.col(j)); //

1 // Normalize vector, if possible.

12 // Otherwise colums of A must have been linearly dependent

13 if (Q.col(j).norm() <= 10e—9 x A.col(j).norm()) { //

14 std:: cerr << "Gram-Schmidt failed: A has lin. dep columns." << std::endl;
15 break ;

16 } else {

17 Q.col(j).normalize() ;

18 } // Line 7 of (GS)

19 }

20 return Q;

21 |}

fov

—

( n n
/4 [()*4-7] 76[QW(V?

(:g::

1.0000 0.0000 -0.0000 0.0000 -0.0000 0.0000 -0.0000 -0.0000 -0.0000 -0.0000
0.0000 1.,0000...-0.0000 0.0000 -0.0000 0.0000 -0.0000 -0.0000 -0.0000 -0.0000
-0.0000 -0.0000 1.0000 0.0000 -0.0000 0.0000 -0.0000 -0.0000 -0.0000 -0.0000
0.0000 0.0000 0.0000 1.00005...-0.0000 0.0000 -0.0000 -0.0000 -0.0000 -0.0000
-0.0000 -0.0000 -0.0000 -0.0000 1.0000 0.0000 -0.0008 -0.0007 -0.0007 -0.0006
0.0000 0.0000 0.0000 0.0000 0.0000 T.0000 —-0.0540 — —0.0430  —0.0360 =070289
-0.0000 -0.0000 -0.0000 -0.0000 -0.0008 —0.0540 1.0000 0.9999 0.9998 0.9996k
-0.0000 -0.0000 -0.0000 -0.0000 -0.0007 +$0.0430 0.9999 1.0000 1.0000 0.9999
-0.0000 -0.0000 -0.0000 -0.0000 -0.0007 —0.0360 0.9998 1.0000 1.0000 1.0000
-0.0000 -0.0000 -0.0000 -0.0000 -0.0006 =0.028% 02326 02889 L0000 1.00008

Complele s of ot molily

T

A5 2. SMachine admber
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Conide — Lk 7 P
\/ /

fl e
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hemanbity amnthmehc opration & 44,7, %,/ }
<7/> '- /M ~ M % /%
Wl bore (N /QZZW(@MW (ﬂ%/m op m/é %\5
0}/ = vl op

Correct rounding (“rounding up”) is given by the function

2

1PN

F

R — M
X+ maxargming.,|x —X
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—
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—
]

—
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Assumption 1.5.3.11. “Axiom” of roundoff analysis

There is a small positive number EPS, the machine precision, such that for the elementary arithmetic
operations x € {+, —, -, / } and “hard-wired” functions” f € {exp, sin, cos, log, ...} holds

xxy=(xxy)(1+6) , flx)=f(x)A+4) Vx,yeM,

with |§| < EPS.

Remmt - {9@% ﬁ MLWM

m

7 b Um/% et

ons

o

C++ code 1.5.1.7: Wrong result from Gram-Schmidt orthogonalisation EIGEN = GITLAB

2 [void gsroundoff (MatrixXd& A){

3 // Gram-Schmidt orthogonalization of columns of A, see Code 1.5.1.3
4 MatrixXd Q = gramschmidt(A) ;

5 // Test orthonormality of columns of Q, which should be an

6 // orthogonal matrix according to theory

7 cout << setprecision(4) << fixed << "I ="

8 << endl << Q.transpose()*Q << endl;

9 // EIGEN’s stable internal Gram-Schmidt orthogonalization by

10 // QR-decomposition, see Rem. 1.5.1.9 below

12 qr .compute (A) ;
14 cout << "I1 =

16 MatrixXd R1 =

1 HouseholderQR<MatrixXd> qgr(A.rows() ,A.cols()); //

MatrixXd Q1 = gr.householderQ(); //

3 // Test orthonormality

" << endl << Q1.transpose ()*Q1 << endl;

5 // Check orthonormality and span property (1.5.1.2)

qr . matrixQR () . triangularView <Upper>() ;

7 cout << scientific << "A-Q1xR1 = " << endl << A-Q1xR1 << endl;

R'Q =

1

-0

0.
-0.
-0.
-0.
-0.
-0.
-0.

0.

.0000 -0.0600 0.0000 -0.0000 -0.0000 -0.0000 -0.0000 -0.0000 -0.0000 O.0O0OCO
.0o00 ~1.0000 -0.0600 o0©.0000 O0.0000 -0.0000 -0.0000 -0.0000 O0.0000 -0.000O
oooo -0.0000 “1.0000 -0.0600 -0.0000 O.OOOO O.00O0O0 O.0O000 O.00OCO0 O.00O0O
gooo o0.0000 -0.0000 ~1.0000 O0.0000 -0.0000 -0.0000 O.0000 O.0000 O0.0000
gooo o0.0000 -0.0000 O.0O000 ~1.0000 -0.0000 O0.0000 -0.0000 -0.0000 O0.000O0
gooo -0.0000 0O.0000 -0.0000 -0.0000 ~1.0000 -0.0000 -0.0000 O0.0000 -0.0000
gooo0 -0.0000 O.0000 -0.0000 O.O0OO000 -0.0000 ~21.0000 O0.0000 O0.0000 -0.000O0
oooo -0.0000 oO.O0000 O.0000 -0.0000 -0.0000 O.0000 ~1.0000 -0.0000 O0.0000
gooco o0.0000 oO.O0000 O.0000 -0.0000 O.OOO00 O0.0000 -0.0000 ~1.0000 -0.0000
oooo -0.0000 oO.O0000 O.0000 O.0000 -0.0000 -0.0000 O.0000 -0.0000 ~1.0000



€)

Rem 185315 - (/_w/ﬂbd/é —= 0. ¢ )

Input: {a',...,a"} c K"

q':= ﬁ % 1st output vector
2

2. for j=2,...,k do
{ % Orth_ogona/ projection

—

3: q = a
4: for /(=1,2,...,j—1 do
5: { q].% q]_<a]’qf>qf }
6: if (q/=0) then STOP
7: else { q/ « ||c?fj|| }

2
8:

}
Output: {q',...,q'}

% Replace

)

C++ code 1.5.1.3: Gram-Schmidt orthogonalisation in EIGEN = GITLAB

2 [template <class Matrix> Matrix gramschmidt(const Matrix 8A) {

3 Matrix Q = A;

4| // First vector just gets normalized, Line 1 of (GS)

5| Q.col(0).normalize();

6 for (unsigned int j = 1; j < A.cols(); ++j) {

7 // Replace inner loop over each previous vector in Q with fast
8 // matrix-vector multiplication (Lines 4, 5 of (GS))

9

Q.col(j) —=Q.leftCols(j) *
0 (Q.leftCols (j).adjoint() * A.col(j)); //
(GS)” // Normalize vector, if possible.
12 // Otherwise colums of A must have been linearly dependent
18 if (Q.col(j).norm() <= 10e—9 * A.col(j).norm()) { //
14 std::cerr << "Gram-Schmidt failed NA has lin. dep columns." << std::endl;
15 break;
16 } else {
17 Q.col(j).normalize() ;

18 } // Line 7 of (GS)
19 }
2 return Q;

21 |}

\
=00 with 2 kot Aoy eltize

> Review Wﬁbm [5.3 |8




NumCSE@ETHZ




NumCSE@ETHZ




NumCSE@ETHZ




@

ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 1.5.4: Cancellation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: August 24, 2020
(C) Seminar flir Angewandte Mathematik, ETH Zrich

Prerequisites.

e Taylor formula

e Elementary trigonometry
Dependencies. Section 1.5.3, Section 1.5.1

Duration: ‘1 g minutes

1. ComPu Hng, with Mahies and Veckors

1.5. Mackit Anttmebe  and Conseguences
15Y. Canellaton

w@ woty about BPS-sized  erov <

> Beause of omv ampification
Ex. . 4817 1 Zowen of a quedredic pﬂ%mxmd/

C++ code 1.5.4.3: Discriminant formula for the real roots of p(¢) = ¢ + al + B = GITLAB

2 |//! C++ function computing the zeros of a quadratic polynomial
s |//! &= &4 af+ B by means of the familiar discriminant

s |//! formula 120 = %(—a:l:\/ai—élﬁ). However

s |//! this implementation is vulnerable to round-off! The zeros are
6 |//! returned in a column vector

7 | Vector2d zerosquadpol (double alpha, double beta) {

8 Vector2d z;

9 double D = std::pow(alpha, 2) — 4 * beta; // discriminant

10 if (D<0) O<
1" throw "no real zeros"; X>>4 =

12 else { - P
13 // The famous discriminant formula

=N
14 double wD = std::sqrt(D);
15 z << (—alpha — wD) / 2, (—alpha + wD) / 2; // = \[57 /{\v/ o<

| T Cmo@%(/ﬁbn here

17 return z; /h W_f_

Ay - pl3) = f*Mi%MW/?%)



@)

relative errors in {1, -:'2

-1
35 <10

Roots of a parabola compuled in an unstable rmnner

N
)
T

n
T

-
o
T

-
T

05

0

Cam

1 1 1 T
+ smalrool

% large root
+
+
+
+
+ + ++ +
+
+
+4+
- ++++
+
+
+ -
++ ++ L +
i + +
++H ++ + +
++ +

100 200 300 400 500

wllfion &ﬁfm arKyM}

C|

ks
Qﬁzz A et

<— Mga wlelize ooy

x = 0.123467+ < 7th digit perturbed
y = 0.123456+ < 7th digit perturbed
x—y = 0.000011* = 0.11+000- 10~ * < 3rd digit perturbed

[=x

0w O N OO 0 s W N

4

padded zeroes

- I5Y7 - Comcellafon i dFlmence
R =R smuth

£(x)

fleth) -

Wﬂf? s

£(x) v b 7

=

b

Caveellation n novwalpr fov h =0

C++ code 1.5.4.10: Difference quotient approximation log,, (1) relative error
of the derivative of exp = GITLAB ; g-gg;gg’z;ggﬁg‘;g
//.; Difference'quot.ient approximation AW’W&@ 3 0:00050016670838
//d dOff the derivative of exp -4 0.00005000166714
vo:mm)lIe ?]()={0 - oo (/{/(77[7( 5 0.00000500000696
for(int i = 1; i <= 16; ++i){ 6 0.000000%¢996218
double df = (exp(x+h)—exp(x))/h; 7 0.00000004943368
cout << setprecision(14) << fixed; -8 -0.00000000607747
cout << setw(5) << —i -9  0.00000008274037
<< setw (20) << df—1 << endl; Ide- -10  0.00000008274037
} h /= 10; P{ ) 43/ -11 0.00000008274037
¥ = . 5 -12  0.00008890058234
I amullen ) 43 0.00070927783736
-14  -0.00079927783736
-15  0.11022302462516
Measured relative errors > -16  -1.00000000000000

Siimd  wlakive emov Gy h x| EPS
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Remp 1S 412 ( Gmedlbim & Othoporalizalion )

< JWA p/%g&/?m
b are M%MM
72 ﬁ/ﬁ p o~
UetFo
> The eawn B fuluie of neise Gk ﬂf?f)]]Obm

lowaietens .
il CovelleFion
Stdle  dserminmant  Gropula
ThaItfS w/ wts 5, 5 e R
55~ ,15)=]%]
(ém/(//( Zz/éf( wt Fot (o comeellafiom

) ;:%

£ a

§4,§,‘%_45
Ex 4.5 Y |2

P/?)
Viedn's i
\deon:

2 |//! C++ function computing the zeros of a quadratic polynomial
s |//! E—>g +al+ B by means of the familiar discriminant

4 |//! formula {13 = — a:i:\/af—él

s |//! This is a stable 1mplementatlon based on Vieta’s theorem.
6 |//! The zeros are returned in a column vector
7 |VectorXd zerosquadpolstab(double alpha, double beta) {

}

Ex 1549

C++ code 1.5.4.18: Stable computation of real root of a quadratic polynomial = GITLAB

Vector2d z(2);
double D = std::pow(alpha, 2) — 4 =*
if (D<0)

beta; // discriminant

throw "no real zeros";

else {
double wD = std::sqrt(D);
// Use discriminant formula only for zero far away from (
// in order to avoid cancellation. For the other zero
// use Vieta’s formula.

if (alpha >= 0) { :
double t = 0.5 % (—alpha — wD); // —> NC CWWK@W&/’? A= >
z << t,(beta / t;

} else { N
double t = 0.5 % (—alpha +wD); // —72 DO wa&ﬂw r X <L 6
z << betavint, t;

}

}

return z;

NI

_ QéC&V/?r/?j EX/@(&SE/@///
/ jx&'(r;’([/ Céf‘ = - oS X = QJ//78/%)

i T
comeelafon Gy >( A () ne  cancellbop
o W / <— cm?(eﬂd/fbn oy x 2

(ﬁ”ﬂﬁ)(ﬁ?ﬁ X
1 (W;;é«‘ﬁ) ) Lo ~lartliat) T
— w0 caeeellahor

= ([ 7tx2 = M ]




@m Mh% s <aumeehaboty bamizes v X AT C

Analytic manipulations offer ample opportunity to rewrite expressions in equivalent form immune to
cancellation.

Ex 15476 w&% capcelbhon Gy apaoraalion

I/a2f~0f@“’% e 1

= <= capdllpfin By 470

e Apposunation by ~&%/W /%%/(WW/ oy ax (
£ ﬂ? — R &mﬁm%

{\(X0+h> — I:: J‘(_@(&yjhk I (m% ]@(mﬂ)(é,)hmﬂ
MWHJM ferm 56 1x xth]
Appiy with Alx) = e”, x, =0 =

e = e><

>
— exp(a) —1 - AL 1 _ 1 m
‘L[ﬂ): a n k:z() (k + 1)!ak+R,,,(a) » Ru(a) = (m+1)!
T (a): an appeimalion ¢ I(a)

How to chosse ;2

Corl - Relahve hoakn cov = ol
= pm /fi }
e
10) -~ Tu(a)| ('~ D/a 4K e
rel. err. = (@) — T 1)/a
< ! m 1
— (m+1)! exp(§)a” < (m+1)!
P a = 077

f

) exp(a)a™ é 7/~§L

5

exp(¢)a™ forsome 0 < ¢ <a.

¢l ¢rr.| 1.0010e-03 | 5.0050e-07 | 1.6683e-10 | 4.1708e-14 | 8.3417e-18 |

A

Nole: C%ﬁ vl ofr

ne. of dectooad &/(7",{'/5



@ lef, orY,
if (abs(a) < 1E-3) 10°g ' - . .
f I e,
v =1.0+4+ (1.0/2 + 1.0/6%*a)*a; ol % Tayborst
else 3
v = (exp(a)-1.0)/a; 108 R
end . 4
10 B
510-10 —+
i +
[Pt
10 N
! b + +
! 1072
*
"
1071 + *
I * ¥
-14
10 N .
10"5. *
E * *
C x * * S
10-16 1 1 1 1
10710 1078 10°° 1074 10% 10!
argument a

Keviow qufioos 1.5.4.33
A:

Give an expression for

b
I(a,b) = / 1/xdx

a

that allows cancellation-free evaluation for integration bounds 1 < a ~ b.

g

For integration bounds a,b > 1, a ~ b, propose a numerically sound way of computing

What is the problem with the C++ expression

y = std::1log(std: cosh(x));

y where x is of type double? Rewrite this line of code into an algebraically equivalent one so that that
problem does no longer occur.
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 1.5.5: Numerical Stability

Prof. R. Hiptmair, SAM, ETH Zurich

Date: August 30, 2020
(C) Seminar fur Angewandte Mathematik, ETH ZUrich

Prerequisites.
e Vector and matrix norms
Dependencies.

Duration: 35 minutes

€. ComPo h’ng, with Mahees and Veckors

15. Machot Anttmebe and Consequence S
15.5. Nometiaal Stability (of alipithme )
Uoblem = g foclon/iapp ing Fo X —= >

F
[ [npub ?Mcg

Y ?a%j%

ﬁ%ﬁo@ pomaAd

Ex 1.5 5.2 Mabix Ve mulbgiication
F: (A x)eX m—= Ax ey
)< — /Rm,nx //%“ >/ _ KW

Oh R we une 2echov noms /0.4

I |, = Guclilaan nom / //*//\ e //DO




A . "
O Ma%fx nonm_g (/’6(&(66&/ by wloy ooms

Zxpckt d W B&MZZ% QU %W/M'lé/bé( ”. in/ouf’ o, /5

Definition 1.5.5.10. Matrix norm
Given vector norms ||-||, and ||-||, on K" and K", respectively, the associated matrix norm is
defined by ‘

J
.
.
.
.
.
.
.
'—t -
=
-
=

Sloppily speaking, the impact of roundoff () on a stable algorithmis of the same order of magnitude
as the effect of the inevitable perturbations due to rounding the input data.

M|,

M| =

M e R™": sup

xern\ (0} |IX[lx

Definition 1.5.5.19. Stable algorithm

An algorithm F for solving a problem F : X — Y is numerically stable if for all x € X its result F (x)

(possibly affe@ted by roundoff) is the exact result for “slightly perturbed” data:

e =x][x < Ca(x )EPSIIXIIX A F(x) =F).

S

50{7&77#7177 a{/ﬁaf ﬁy /OC/MM

o 1.56.90 -
Poblem (A x) PR > Are RT
Y = /F}/((/(/KU (ﬁm/u/(ﬁ/ﬁ%%%
[ Guclidlear veckn cé mflx pomns ]
Which  partorpation MX /i defrn (A, x) W

y = Az

Tassihle chnz e /Q = X
A = A+ 2z = ;'Z/T//f R
> A% - AX LN = Ary-Aey
=((4,8)) =
| A- 21, = /zy‘/{j I, 1z, ek
N/x/%x//& £ Con ERALIAL (]
> H/Tfﬂ = Cmn E£PS 1A //



- € (] hols e (Ax) = F i chible

Reen 1§ 6. d
Pﬁ?d( ) Zm?[/? sensilive d@@ﬂ%@ﬁ( e o /W(a “.
//F[x?~F()?)//y can be lagze fov oy ///»?//X

> Revuw Wﬁm 15523

Exam p& g
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 2.1-Section 2.2.1: Introduction and
Theory: Linear Systems of Equations (LSES)

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 18, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Prerequisites.
e Matric vector calculus
e Notions and facts about linear systems of equations as they were taught in the introductory linear
algebra class.

Duration: minutes

Direct Methads 4or Syua//e
Lmea g §>/sfems of _qvmffons

Inkedvchon
Linest Syskms of Equ/oﬂs (LSE)

LSE - - Alx
\

fiéé(\,{/{%/hﬂﬂ = #w/wwn = (2
C= T

2. 1.

AL g//g//

(W(/Mézf//m&lm%)« bn/ & K" < wecky of umbnsnons
L (/4) ($); )

[ﬂ&c&o@new/%fm bv aach tow of A
@Mm/w Ut A, b
Sm%}wz /WM//)UJT X



@
d.d. Suare [SE : Theoty — linar agae
2.21 Exi\siﬂc\me and Mvg'w?ne&s of Solubons

Definition 2.2.1.1. Invertible matrix —

A € K"™" invertible/regular & 3B K": AB=BA=1.

B is called the inverse of A, (% notaton B = A1)

A el Ax-b 4> x = AT b

V Do not wce Y m  foncton o e LB
7 with mvmm’cﬂ/ﬂ%@lwﬁﬁw i s

Cnlomon

Ae kM W/m = det A £ D
& oty Un, Iep.
& ws Un. //ﬁ/f?ﬂ\

— /V//PA) = {zel" Az~0 7=50]

willspree of A
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Ex. 2.1.0.3: Nodal Analysis of Linear Electric
Circuits

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 18, 2020
(C) Seminar fir Angewandte Mathematik, ETH ZUrich

Prerequisites.

e Complex numbers

e Elementary physics: current and voltage
Dependencies.

Duration: 45 minutes

, @i rect /Me*/w’s for §7mke
Linear Systems of Fquations

2.1 Inhedvchon -
Lineast Syskms of Equ/oﬂs (LSE)

Ex 2.10.3. Mol Anaysis 77 Liraw  Elaic
e ts Eﬁ% ney Aemevn ]
> = nom n
.
> bromd(% ,

" € Ccomplex )
irchhoff ament g >
Nodal polenbals A & C ,6L1<:47 _,h

| > Unlenowons



Q)
Coreot't element
[ branch wé/ﬂ%

e Ohmic resistor: I = %, [R] = 1VA~1

e capacitor: I = szu capacitance [C] =1 ;
e coil/inductor : wtance [L] = IWsA~! —1w 'L (U — 1))
bench Vol
branch cmfem/ o
1l = /% , & C
N
with KCL 2 L, (M M) =0 K7

—=  banch cwment - oclfege elahionship

/V{c’/%} j

1w0Cy(Us — Uy) + Ry H(Up — Us) — zw-lL-l(u2 =Us) + R,

©@® e

Rz_l(u5—uZ)+lCUC2(u5— U3)+R (LI5 U4)—|—R

~

~

~

\/0%%%/ S(puice
—> ) CﬁﬂUV)
/Mé — ﬁ
= Gy diop the |<C/
eq. /c 7,6
YW —-Us) = 0
Ry (U3—U2) szz(u3—LI5) = 0
gl(u4—u1)—zw—1L (u4—uz)+R (u4—u5) — 0
H(Us—Us) = 0
u1 /:\u , U(,:O.
cwwn —> D¢ %ﬁ/
ﬁ _RLZ U, 1w C U\
0 —1w(Cy Us | 0
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 2.2.2: Sensitivity of Linear Systems

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 18, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zrich

Prerequisites.
e Ability to compute with matrix and vector norms
Dependencies. Section 1.5.5

Duration::j)d minutes

, @i redf /V/ef/)ac/s for %wz//e
Linear §>/51%ms of j.qadfions

3.2. Theory : Linear Syslems of FEquahons

2.2.2 Sens(/'iviﬁ/ / (ona/t'ﬁ'onfﬂﬁ of LSE

v
Fficg b ol lelaf Urdets a
e émdw%égg g Z/%pubf&) petirtafin of daf

Vet no Mg <f (dreeed \ makix poms | //

NMeed ed - v
— Y
| = Pyl > M) £ 490 Ix)
Z

| x4y I+ 1yl
> lx-yll = 2l = [yl

Ex. 277 ( &ﬂ&?/ﬂﬂ‘/y ﬁ/{ Lireery Wp//ﬁgy)

Aé/ﬁi’nw%edwt [w/DwL X = >(=:/42£ JMf/?UZL



— AX =y & X =A’77\/ =zl )40 1y e ™
4 [(1+8) x) X
A %Aﬁ) f/*& = //ﬁY// = //ﬁ// //ﬁ)(// ” ( |TB) {/ - \égjy) IIx ) - ;LZ{,{Q” //((rFE)?\Z/]
Lpet Ao At gy 10 Ve
7L A Ix /% Uz £ jz’_:/z [7' //\B//)//}/// -
sensihvity
7 Sensihivaly hmméz dgperd) om choice o oms App}% b A+AA = AlT+ 4744)
L\S [_ o /7 - =1 - ]
AeR" tgder Ax = b I (4+AAY] = //(MAA) A7
— [AA)xrd) = b+ Ab //[ Lanma 2228 [ = JJA7]]- 4*74"///M4//
= (A+ AV A = Ab -dAx "+ lldxl £ '/ /4/(// (1460 + 1441 1x )
Tool - | Al 146 44//
Lemma 2.2.2.5. Perturbation lemma — Il ﬁ)( l — 4 // {HA/ ||X// I > I //
BeR™, |B|| <1 = I+Bregular A H(I+B)]H§1—;||M|' Theorem 2.2.2.4. Conditioning of LSEs — ,
Parf - " Avsliony el : RG] et
orf /*h/m&&f/y eohmals , x € K =z 0 g ,
| (THBIx ) = IxI=1Bx] = (7-18)) x| bt (AIAL (gL, e
- X =+ 0 = ( |4_B>ZJ =+ [H = M///#B) :{f} ||><||‘_1—AI A||AA||/||A||<||b||+||A||>'
relative error of f;%[/{‘ relative perturbations




Definition 2.2.2.7. Condition (number) of a matrix

Condition (number) of a matrix A € R"": cond(A) := HA_IH Al

Ax=b o Ix=xl cond(A) (IIAbII L laA]]
(A+AA)X=Db+Ab x|l = 1—cond(A)[|AA][/|A[\ bl [[A]]

cond (A ~ 7 LSE  well- coptifomer
cod |A) = -7 <« [SE [l contiponed

=x 2.2270 s Uw&%ﬁdﬁz dﬁmzﬁ"wﬁ/:
Infenedhon ﬂf Lines 1w D

Hemoe m\lﬂ/r%( nomSs

L,’Z{XEIRZ: XTII,'Zd,'}, n,-ElRZ,d,-EIR, i=1,2.

) . (2.2.2.9)

o . n! dy
B> | SE for finding intersection: n%" x= 1|
\-\E-//\ S~~~

=:A =:b

T

nearly orthogonal intersection: well-conditioned glancing intersection: ill-conditioned

140

L
2-norm
— — — max-norm //

| Lo, almpst .

oo} 1oL,

cof |

condition numbers

sof- |

20F W
\
N ~

1
0 0.2 04 06

I . & ‘e
0.8 1 12 14 16
angle of n,n,

Heuristics for predicting large cond (A)

sof i 5004/4) s

cond(A) >1 < columns/rows of A “almost linearly dependent”
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 2.3—-Section 2.5: Gaussian Elimination

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 18, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

, @i reci /Wef/)dcfs for %uake
Linear Systems of FEquations

2.3, Canssiun Elkminatior. (GF)

2.3.1. Basic /Flgmh’-/)m (= (A)

S ‘ SE Az =b ¢
c[(jfcmgugjvs{(vﬁ 75; fom%‘/% {Emm ="

hWyZ ¢ lomenT-

Prerequisites.
e Familiarity with Gaussian elimination as introduced in the linear algebra course.
e Ability to read C++ codes

Dependencies. Section 1.4

Duration: 30 minutes

FWA“
* 0 0, L

¥

R : °’—-ﬂ : .
DD D .0 0. IH%




—

\!

forward elimination

"y

0ln?)

( ko

gﬁ.b’,/\ ke

back substitytion

Rem 2.3.7(4 8[0%5 GE A
L\gE"_ HZ :_b_ / AG/QD/") | /4 [4)} il? }\L(C
Ao e
Avme © A4, %%
Recakl < plokwnse MxM
A11B2 + ApBo (1.3.1.14)

A1r App| |Bin Bz |AnBi +ApBy
A1B12 + AxnByo

= —
A1 Axn| B2 Bx A21B11 + AxBo

Now:  GCE ke L Ix9 LSE
| @xwpﬁ % cmm/mmb/my {

|

¥i
T

A A | by _t/l; Ap A b1
Ay Axp | b 0 Ax— AxnA;'Ap [ by— Ay Ay
o [I 0|A;(b1—ApS™ 1b5)
B< o1 ‘ 5~ 1pg
/]\
[ ] <R
1
5 P %.22 - 4_;4 ﬂu AQ S&AV Cﬂm/pZmeﬂf
Rem J7.3.2.13 : Bloct LU -olec,
With
AL A ) . with Schur complement
11 12 11 12
\lAZI AZZ] a lAZUA]_]1 Ijl l 0 S ], ' S = A7_2—A21A1_11A12 . (23220

block LU-factorization



& 3.2 L(/ “ﬁémmpm//vbn
[ eqtvalont t0 CE = cad (LU

J=0tn®) 7
0 :

0

A L U.
Cposs/ blg pammiéo/) m%;f%% W% Ugper/ fnmyy/m

Definition 2.3.2.3. LU-decomposition/LU-factorization

Given a square matrix A € K"™", an upper triangular matrix U € K"" and a normalized lower
triangular matrix (— Def. 1.1.2.3) form an LU-decomposition/LU-factorization of A, if A = LU.

03218 - Sﬁ[?/{r?d&’b
LA Ax-b < L(U?S)
@ LU-decomposition A = LU, #elementary operations = %n(n —1)(n+1) — 0(}’7 3)

@ forward substitution, solve Lz = b, #elementary operations = 5n(n — 1) ,
@ backward substitution, solve Ux = z, #elementary operations = %n(n +1) - &//’7 )

Lo Three -shige Shags &Mﬁ% of GE

elimination phase
(forward/backward substition)
Cost: O(n?)

setup phase -
(factorization) ‘ + |
Cost: O(n?)

J L

2504 GE/LU-dec. v Ejgen
AeR"" <> (guune) makix 2byedl
LSE mulfple rhs. A X B e R"C
- confaied o wleons if B

linear algebra EIGEN

/

|
X—=AB = [A_l(B):Il,...,A_I(B):If} ‘ [X = A.1u().solve(B) |

VRN
@ QG

Coct 0ind)  O(n¥)

Never contemplate implementing a general solver for linear systems of equations!

If possible, use algorithms from numerical libraries! (— Exp. 2.3.1.7)




@(ng V) QﬂL 10 Mﬂ{% MW@/ML g&ZW\g %ME

C++ code 2.5.0.11: Wasteful approach! C++ code 2.5.0.12: Smart approach!
-* GITLAB - GITLAB

// Setting: N>1, // Setting: N>1,
// large matrix A € K™"" // large matrix A € K""
for(int j = 0; j < N; ++j){ auto A_lu_dec = A.lu();

x = A.lu() .solve(b); for(int j = 0; j < N; ++j){

b = some_function (x) ; g "s\;rl:;df;n-cst?olr\:tz)((l;?;

~N O g s WwN

@ N o 0 s W N

- 3
computational effort O(Nn”) computational effort O(n> + Nn?)

setup phase elimination phase
‘ (factorization) ‘ + | (forward/backward substition)

Cost: O(n?) Cost: O(n?)

\ / L

— A abionale G LU
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 2.6: Exploiting Structure when Solving
Linear Systems

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 18, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zdrich

Prerequisites.
e Proficiency in matrix-vector calculus
Dependencies. Section 2.3, Section 1.4

Duration:35 minutes

Divect NMethods for re

Linaar Systems of Fquations
.6. Ex,o[oih'/g Stroctore  when 59&/1"0?
Linear Sy& fems
e We have  See h/zkm?%% LS E
Reecwld - Block GE

ol
\J/W

AnAp||xi| _ (b Ay € KR, Ay € KM Ap € KK, Ay € KO, (2.6.0.3)
AryiAxn | |x| — |ba|” x3 € KK, xp e K, by € Kk, by € KE.
1
Xy = /4;/ (l)) “74,2%) femr 1t lozw

|V\b I, ow iAJQ - ﬂa/ﬁl;1/4/‘2 >J)_(2 = -ég_ AJIJNJ;ZZ/
Schanr comp/fmzﬁ matx € [27°
Ueetyl i A, X = c can be lve ”em/?y

Remy 2.3219«  Block  LU-clecomposi fion

With
A Ap| _ I 0 [A1n Ap
Ay Ay ApAyl I[[0 S|

~

with Schur complement

» (2.3.2.20)
S:=An —AnA;'An |.

block LU-factorization



@)

( )
Bx 2605 @ |SE wwdth amo i Bok GE

(D | ] [x] Y1
- 7 0 AX — | | — y = I (2.6.0.7)
. . b'laf|¢] J
2} . e T _l
, , ;= n—biD ‘vi
4} . . 4 - —_— / ?
> a—bTD ¢ —> == reMI*@ﬂ( _( (2.6.0.8)
A= . b ¢ (2.6.0.6) o o X; = D_l(yl — &)
[DeR™ duggmal, . .
qutlan ] 1 C ') :
- — 0 (n COS&
b—|— “ L . L . . . . . . . .
- . 12k . . . . TR C++ code 2.6.0.10: Solving an arrow system according to (2.6.0.8) => GITLAB
- 2 |VectorXd arrowsys_fast(const VectorXd &d, const VeciorXd &c, const VectorXd &b,
C++ code 2.6.0.9: Dense Gaussian elimination applied to arrow system => GITLAB . g iz () const double alpha, const VectorXd &y) {
4 n n = .Slze N

2 |VectorXd arrowsys_slow(const VectorXd &d, const VectorXd &c, const VectorXd &b, 5 VectorXd z < °'a"al$’ / d.arrax(); // z=D ¢
3 i . . const double alpha, const VectorXd &y) { 6 VectorXd w = y.head(n).al’ray() / d.al“l’ay(); // W = D_l}’l
4 int n = d.size(); , 7| const double den = alpha — b.dot(z); // denominator in (2.6.0.8)
° MatrixXd A(n + 1, n + 1); // Empty dense matrix 8 // Check for (relatively!) small denominator
6 A.setZero() ; // Initialize with all zeros. . if (std::abs(den) <
’ A'diagona'()'head(”)f d; // Initializee matrix diagonal from a vector. o std :: numeric_limits <double >::epsilon() * (b.norm() + std::abs(alpha))) {
e | A.col(n).head(n) = c; // Set rightmost column c. ’ throw std ::runtime_error ("Nearly singular system");
9 A.row(n).head(n) = b; // Set bottom row b'. 12 }
10 A(n, n) = alpha; // Set bottom-right entry «. i3 const double xi = (y(n) — b.dot(w)) / den;
i | GEESIERESN S // Gaussian elimination u | return (VectorXd(n + 1) << w— xi * z, xi).finished ();
12 |} l 5 |}

s ok = 00n°) b —= 00
g ol codt e vidnemble Yo roord-off - indabiliy




@ T - R
'. e el |

26010« LSE hbgeck o lnonk eeatin | " Block p m/Z/%m . b

fscome s Ax =b s cany b wloe, bese i) =-17]

(3 Py FASS r o
(o) A g})(&{d/ shochie block 1w T = T = oK = (Aqt/apT)X - b
(i) LU -de Lable N
i ~dlec. ann . N A
o~ N A~ bloche ow [ = X ’4/,(L~§‘M)
Sowpht = X AKX =b  whae A aniec tom A i =
by &ﬁ}/m%% a 6/%&’ onfy (A ) = £ ="0A (b- §LM)
¢ 4b
P s => g — v
A A K" Gj= {H'L 'I El]; 7 El] ) , i e{1,...,n}. (2.6.0.13) T+ A
z+aj; it (i,7) = (i, * '
~ nxn fLODr - PW%“% -1 H(A 1y
2k B~ | A=A+zoeeel & nilix wp =7 @6014) | X = A b — Al ;E/‘;[(EAlu))) AN (2.6.0.22)

l:z[ﬁwzé'
& = s e ! - > hawt b sole two LLE Ax =

C++ code 2.6.0.23: Solving a rank-1 modified LSE =* GITLAB

0
‘ = ‘ &— (/ar< 2 |// Solving rank-1 updated LSE based on (2.6.0.22)
s |template <class LUDec>
O & 4 | Eigen:: VectorXd smw(const LUDec &lu, const Eigen::VectorXd &u,
5 const Eigen::VectorXd &v, const Eigen::VectorXd &b) { ,
/]\% 6 const Eigen ::VectorXd Z'=@lulselve(b)”; // z:A_llb :}( (Q(f 0?”3),/78 LU‘C/L&(:
6L 7 const Eigen ::VectorXd Gi=mluiselve(uy; // w=Alu
e s 8 double alpha = 1.0 + v.dot(w); // Compute denominator of (2.6.0.22)
MW 6{1]%4(%5 . I’WV)/C - 4 I’VW&Q AC%hﬁﬂ 9 double beta = v.dot(z); // Factor for numerator of (2.6.0.22) 7
' ,7__ " 10 if (std::abs(alpha) < std::numeric_limits<double>::epsilon() * std::abs(beta)) 0(f7l
éz 11 throw std ::runtime_error ("A nearly singular"); 4
/4 — 71_ /_{4 /z { 'M, _‘Z 6 @ 12 else ! ’ ! [&((
13 return (z — w x beta / alpha); // see (2.6.0.22)
14
}

/ | 4 — I
T T T cnedi — v




€
%@W‘za/{w’m d (2.6022) -

Lemma 2.6.0.21. Sherman-Morrison-Woodbury formula
For regular A € K", and U,V € K"k n,k € N, k < n, holds
A+l = A-1— A~ TU(T + VHA-TU) " TvHA T,

/N
if 1+Vvia~lu is regular.

Gepopd tanlc | - maiy
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 2.7.1: Sparse Matrix Storage Formats

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 18, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Dependencies. Section 2.1

Duration: Q 0 minutes

, ﬂ)i recf /Mef/)dcfs for §7(Jake
Linear Systems of Fquations

4.7 SP&{DC [ ihear Sys%ms

SP&VYJL ma hrix "almost 2l " ety = O
' ﬁvwwéwgb it is wworth 2while 0(/%77%
Ex.« 9204 -

: BARRER, R

¢ LCB v dreedt Qmolahon

B - v < comakd b
m y(/ Yero oHher pacn

— JSE Ax =b
nhzlA) ~ # natr

> Spane LSE anse m modids 5f [MOW petiote



@ J.724. Spane Nahkx Storge Formats

Pur}oaﬁ&c . /Mcmafy r~ rmz«//{)
cast( A= veckn) ~ anz(A)
§07244. O/ hidef rmat

—>  Stres A as « &@%/waﬁze bpleg (. &;g) value )

struct Triplet {
size_t i; // row index
size_t j; // column index
scalar_ t a;

}i

using TripletMatrix = std::vector<Triplet>;

// additive contribution to matrix entry

C++-code 2.7.1.2: Matrix x vector product y = Ax-+y in triplet format

1 |void multTripIMatvec (const TripletMatrix &A,
2 const vector<scalar_t> &x,
3 vector<scalar_t> &y)
4 | for (size_t 1=0; I<A.size(); |++) {
5 y[A[1].i]0+= A[I].axx[A[Il].]];
6
}

Allgwed « repealidd iode prtte —> waluts eommed Up
(A), = % ALKT. o
"7 < ARTE=1, ALRT < g

& 27TY o Comprewed row &Wﬁe (CRS )
Ae kM.

SJUT@ ho- 2¢fo

!’

b , Fow - ﬁ/ﬂl

std::vector<scalar_t> val size nnz(A) :=#{(i,j) € {1,..., n}?, ajj # 0}
std::vector<size_t> col_ind  sizennz(A)
std::vector<size_t> row_ptr  sizen+1&row_ptr[n+1] =nnz(A)+1

(sentinel value)

o col_indlk| =7,
valll] =@ < { row_ptr[i] < k < row_ptr[i+ 1], 1< k<nnz(A).
val @i
col_ind N ]
row_ptr [ beginning of data for i-th row
i
(10—6—0—06—2=>0] [|Vval-vegtor |
39 0 00——3 10[-213[9]3 817(3...9]113|4]|2] -1
0—787 06— o1_indlarray:/” /
A= 13087 5 0 1]5/1 6|218]4]1..5]6|2]|5]6
00809 9 13| Loy friray:
0 400 2 3

—1] 1 61913 17]20

[ LA indlocing. ] oy ! o 43
CRS T Mhme«2ent emiey reantle In rohé'g«'%ow meneny !
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 2.7.2: Sparse Matrices in EIGEN

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 18, 2020
(C) Seminar flir Angewandte Mathematik, ETH Z(rich

Dependencies. Section 1.2.1, Section 2.7.1

Duration: 4 d minutes

, fDi rect /Meﬂ»ﬂcfs for §quake
Linear §>/sfems of Eqamfions

g3 SPaDc [ inear §ys%m5

272 Spane Mabwas In Eigen
Sandmd . CRS/CCS  Gymat

#include <Eigen/Sparse>

Eigen: :SparseMatrix<int, Eigen::ColMajor> Asp(rows,cols); // CCS
format

Eigen: :SparseMatrix<double, Eigen::RowMajor> Bsp(rows,cols); // CRS
format

Canda,z - Effiuent  imhalizatsion

val[k] = [l,']' =4 { COl_ind[k] ! 1 < k < I‘II'IZ(A) .

=]
row_ptr[i] < k < row_ptr[i+1],

val @it

P—

col_ind

Ny

row_ptr beginning of data for i-th row

-~



@ Set tamdom mﬁy D> e Aafa movemen/ necesary’ Exp D222 0 l|nifelizalion d;{ 5734/9(/%17‘77}( <>
Tldea « e iofermeatrafe Cﬁﬂ//)vW bomal Ae R"™ bandrof (/4)49#—0 e Z;lg/éz

std::vector <Eigen::Triplet <double > > triplets;

// .. fill the std::vector triplets .. 10° : .
Eigen::SparseMatrix<double, Eigen::RowMajor> spMat (rows, cols); Tigless G <o From |17 plersC)
spMat .setFromTriplets (triplets.begin(), triplets.end()); coeffRef with space reserved
- ¢ 10° coeffRef without space reserv .
O ( # friplers | fcon/)/)lwy
r | ol - } 0(n)
T. wowe() & et () (£ N2/ b wa,cl. knon 3
%J 10"
C++-code 2.7.2.1: Accessing entries of a sparse matrix: potentially inefficient! -
1 |unsigned int rows,cols ,max_no_nnz_per_row; E "
10°F
s | SparseMatrix<double, RowMajor> mat(rows,cols);
4+ |mat.reserve (RowVectorXi :: Constant(cols ,max_no_nnz_per_row)); —> %%Mf)?]) ﬁ{
5 |// do many (incremental) initializations QV)W?& ¢5>Dd o'l
s |for () {
7 mat.insert(i,j) = value_ij; '
s | mat.coeffRef(i,j) += increment ij; } 0(1) ckg),&;mﬂf’é speLce _
- } M ‘0“2 ...|:’ 2 ......I-' M ......A= s ......nu A 2 223133 :
o | mat.makeCompressed () ; “ 10 10 10" 10 10 10
Size of matix 7L

= SWQe 0‘7//1 XN
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 2.7.3: Direct Solution of Sparse Linear
Systems of Equations

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 19, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Dependencies. Section 2.7.1, Section 1.4, Section 2.3
Duration:ﬂg minutes

,@irect /Mef/wcfs for §quake
Linear §>/sfems of j_qvmfions

J.7 SPaDc [ ihear Sys%ms

2.23. Diect Solubion of Spowe Linaar
Systems of Equations

Asome . Syclem mabix o ape flm/)?‘)( Gmal
V
flls (czakion /07/ 2 anne
) v o
| Céé J /1% @(/OZO(%// éy e climinanon
=1gen

C++-code 2.7.3.1: Function for solving a sparse LSE with EIGEN =* GITLAB

2 |using SparseMatrix = Eigen:: SparseMatrix<double>;
3 |// Perform sparse elimination
4+ |void sparse_solve(const SparseMatrix &A, const VectorXd &b, VectorXd &x) { \
Eigen ::SparseLU<SparseMatrix> solver (A) ; . = 'f’h[ é/rpe’w}/e Pﬂ#?j

if (solver.info() != Eigen::Success) { —> C/)e&é —,L/M\g

throw "Matrix factorization failed";
} .
x = solver.solve(b); —o Mahf%[&m/ \fﬁm A 6AZ@F

9
10 |}




@)

Ex 2.7.3.2 - S;Dﬂ/be ainnation Gv anowo malix am)

%@6 px %/ﬁ” o 2610~

Exp. 272,84 ?yme eim DMOW @ combinatonal
aph

i SPIC gmow AR

h ——+—EngenSp:lrseLU
—%— Eigen SimpldalLDLT !
10! . —A— sﬁnp(;orzﬁa;cradem S ' 3 (AS>/ (’)/)/D/é/g(_ / WﬁﬁW
. MKL.SardsoLDLT @
: AR 7 0™
E 107! / 7
- | —%— aowsys siow ( APV étE} 3 -':10
[ | —+—amowsys fast ] .2
o | | amowsys SparseLU i 5 w03k
10 < amowsys lteratve q — é \/é‘ 8 :
(ian by éxp& g,z ol
-1 Benef 1 of sparae v 1 s
o l—mb I P l(@ol()[é Z8 ? s :
e %/ 20 Entiie) ;
%10 G@ “éé.;z?? /ag\g 4 Wé/(/] 10‘?01 - ‘ 1(;2 A “‘1‘(;3 - ‘ 1(;4 ‘ ‘“1(;’j o ‘ IO6
§ / ] size of matrix A int
IS 1073 § E A
E N — (RS; v I pfa%zé - (wt /fgyme Mluﬁon o Ax=5 )
| @I sl S
-4 - r ) -
10} .)D)[/J/)/g - O( (m%/ﬁ)) } ol & 7VS‘ ,_26
107 — When solving linear systems of equations directly dedicated sparse elimination solvers from
. P numerical libraries have to be used!
TN A ]
108 R, e . <N —a System matrices are passed to these algorithms in sparse storage formats (— Section 2.7.1) to
10° 10" 102 107 10° convey information about zero entries.
matrix size n
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 3.0.1: Overdetermined Linear Systems
of Equations: Examples

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 21, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zrich

Prerequisites.
e Elementary linear algebra and geometry

Duration: 9’20 minutes

x € R":

b E RI"

 Direct Methads for

Linear |east §7(I/I’€S Froblems

Ovordetomined LSE

“Ax = b’

A € R™"

m>=n.

(3.0.0.1)

1274

A Hb

i)

5)/5/em mefnce s




@)

3.0 | O\Icrde?ﬁermmed Linear 57/5/':[775
of EW onS
Ex 3.017: Lineay p&mm@{ﬁr eolimafien w 1D
Law : Y = <X T ﬂ ﬂmm{ ol o el
MeareA (%—,%)C/Re c/,_,m v > 2
Vo= At /5 Ve = LB
xp 1 Y1

Y2
‘| & Ax=b, AcR™ becR",xcR2.

/t wild be Pe/—/mééd = 1o lalons

(3.0.1.3)

[ Xm i_ jm
ey . uuckement  onom e occened

Ex 3014 Lingaw rgession - Unay powmmeler eslinalor,
: T 7
Lano: at X +/3 , pomelers ﬁz/%

e [R"
Meamirements

(X, }/L) < /QD

—_—

xR =1

el

__ T
YL’ = AXc "
oD if m =nt7
X;r 1 Y1
: : H = | : < Ax=b, AeR"*! peR",xeR"!, (3.0.1.5)
- p
Xm 1 Ym

T m&% pe /%//@/f[yzﬁop

Ex 3.01¢ - //W% the Wg@) 0{/{ 574/7&
10 0] i & = mnecocored ang@>

0 01 Pl = i (3.0.1.7)
0 0 1 ¥

11 1| |n T gy =

n M 6&64766.‘ /

x/')lz)ﬁp% e measurements, /60 va %ywp}jeﬁé W%&WM&W Wf[g%(
: [ Qcma/m% F/fﬁ/kbéé/ M%%
g;' :;ﬂw ﬁ%?;Z + J> \/WWY?C( %&(G(O#?OI’)
Ft A . E |
g e % thil %dp?%ﬁ

x10 3



©
Ex 401§ - Aogley /ﬁmya&%mf

*‘

1. each angle is supposed to be equal to its measured value,
- 2. the sum of interior angles is 7t for every triangle,

3. the sum of the angles at an interior node is 277.

> h #m&dq, exhet  egi .

— (=
> + Hint naden exhm 69‘4&{, = oV LSE

Ex 3019, Tanf (?(/Cé(/f%ns fom diclances
AD (ena line ) YcR, (=7 ., n n>2
L Assome  xo <xq,
Mewane iy = gl C# 7
Vol all dafr = 0D LSE
-1 1 0 ... 0 dip
-1 0 1 0 di3
x,-—x]-=d,-j, _
1<j<i<n. .. x,l
I o 1|2 = | 4y, (3.0.1.10)
) 0 -1 1 0f | dys
. Xn
Ax=Db S
i 0 -1 1 _dn—l,n_
> ( A > g fov 0 Onknowns



@
Reve w qm%m& r
Pleane amnwer e qupons 3.0.1J]
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 3.1.1: Least Squares Solutions

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 21, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zrich

Direct Methads for

Prerequisites.
e Euclidean space: norms and orthogonality

Duration: ’157 minutes

Linear |east 57(,Ws Froblems

3.1 Least Squdres Sl hon éﬂcepfs

5@%% - oD-1sBE Ax =b Ag///gm

347, Least Suares S fons © Delrnibon

ldea - A LSCZ \d = b is « vecthov xef
ML /70&&//)2?%%2/ f |

Definition 3.1.1.1. Least squares solution

For given A € R"™" b € IR™ the vector x € R”is a least squares solution of the linear system of
equations Ax = b, if
: 2
x € argmin||Ay — b|; , = 57 (A b>
need nol be yeR” [ /
s &

m n 2
[ Ax — bIIz—§mnllAy b||2— min Z(Z )i j¥j— ,>-

1/EIR1 1\




@
A hve Wa&'&afvbn —_

Ae R {fgoaléw = qu (Ah) = { A'b?

Ex 3475 « AD  lnewy (oA Ex 3017 catel
O0-LSE -[na]  [4]
- m: 3 R Ax=b, AcR™ ,beR", xcR>2. (3.0.1.3)
-x:m 1- f Q
LS4 sl (Bfe %E > > (y-Zr-f)
y
> Mn/rmz@ /M&om
M%m@s |

7%( /1”6/5?5 e &//( /

y{ Lot Sl

fﬁﬂ_ﬂg; i@m@wc ety

Ar =p "
b / (W(Mﬂ/(

LY (AxxeR" £ R(A)eR (remge of A ]
Ax*

Z g (hyper) plane
s clost o bom KI(A) | x* 1SR oA
Ax? (s the guthogomad  pogechion o § eb R4
Axt = b 2 W%/)@G’WM P(Wﬂbw o b A
Lewot

Gepmehic  (aluflion -
exist
vV Ae R™" pe R”
—> Thevem, 311 9

A x*

£

e cAluhons always
Lsq (A L) + ¢
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 3.1.2: Normal Equations

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 21, 2020
(C) Seminar fur Angewandte Mathematik, ETH ZUrich

Direct Methads for

Dependencies. Section 3.1.1

Duration:\%p minutes

c Note: Possible minor mismatch of video and tablet notes!

[Corrections and updates can be incorporated into tablet notes only]

Jiear Least Spates Poblms

3.1 Least Squdres Sl hon éﬂcepfs

Aé/ﬁm l7/ m >m

Seing . OD-LSE - Ax =b AR

3.1.2. Nomal Eqwaﬁ'ons

A x*e (el k)

{Ax,x € R"}




%%dua( Fo= b - Axr | 2&4)2(ﬂy:;6ﬂ27

U&VY@*Aﬂ)er &&6%”
ATl b - Axr) = (O

Theorem 3.1.2.1. Obtaining least squares solutions by solving normal equations

=

The vector x € R" is a least squares solution (— Def. 3.1.1.1) of the linear system of equations
Ax =b, A € R"™" b € R™, if and only if it solves the normal equations (NEQ)

xequ[A,b\ &> | ATAx=ATb|. mn Sguart LSE 3122
m NVER - Size of &y&%m mahix
N R I

(]l |-

c |’RW|‘O . _

Reem 3.1.29 - %WM%&/S'JM( denilion ”
Debine - Z/ RY" — K
Fl) = N b-Ayl,

J(y)=y'A"Ay—2b"Ay +b'b
n n

=) ) (ATA)yy; —
i—1j=1

N

m n m

i=1j=1 1]

vwwwl? pal(fmwe/my T s, £
)(76%/ OI = jZ/&/OZ/K% =

-
R"— [R”

@m/ﬁ]/g [ga%( [ = 2A Ay - 24

Ex 8124 -

v1,..., ] €R".

NER)

NEX v Uneayr iepss e

X;r 1 Y1
: : H = | : <+ Ax=b, AcR™* beR", xe R, (3.0.1.5)

Ym

Tool:  Blocke  mnfx melliplication
= [Xﬂ’dj /< [)(I /Xz/ N ijéﬁn,ln

1= (1. 476@W

(



x X4][ 7-

77 X 7

> ble- S/Ls/{m Mz hix 4/ VER
m Explat  NEQ v 1D tegessien

% marehic

/Mm?ﬂnegg 0;( LSRR Sols.

Theorem 3.1.2.9. Kernel and range of AT A

[sgue:

For A € R™" m > n, holds
(T) N(ATA) = N(A),

) = Z A A2 = 0 <=
= zre JNA)

Poofl o (1)
ze JUA'A

(3.1.2.10)
(3.1.2.11)

IAz)>0® Az -0

d

Corollary 3.1.2.13. Uniqueness of least squares solutions

Ifm > nand N'(A) = {0}, then the linear system of equations Ax = b, A € R™" b € R™, has

a unique least squares solution (— 3.1.1.1)
x=(ATA)"'ATDp, (3.1.2.14)

that can be obtainead|by solving the normal equations (3.1.2.2).

MAR) ~805 = AN s wuler |
Mote: a1 =¢03 = AU spd [)
Ciloron - ACRY . i) 207 <= jankid) = n
Fll-tdb condelw (PRC)

Ex « 3.].7]Z FRC v 1D lrear feg1ession

B

(o]
rank N =2 & Eii,je{1,...,n--z}:x,-7éx]-,

2t lnanly clep




Yy

KRem.

X

A e Olf FRC pmh/l& o

o Flawed matbemalical model
o woelese  data

Rewne w Mfoﬂs :

77\/ o ampmwer  Reveew quicohins  3.(.2.23

without cmww%@a ot panls of e bedtine
docomod
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 3.1.3: Moore-Penrose Pseudoinverse

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 21, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

 Direct Methads for

Dependencies. Section 3.1.1

Duration: |5 minutes

Linear |east 57(17#@5 Problems

3.1 Least 57adres Sl hon (OﬂCZ/JILS

Ax =b , AsR", m=r
b e |R7

3.13.  Moore - Penrese. Rewdbinverse

(L ol 15 pot vmgece
FRC wwlaked = ranklA)<n < MA)={07
—  Addiiernat <selechon ontecion
"Minemal covm  comdilin”

Sé/ﬁn% - 0D-LSFP

Definition 3.1.3.1. Generalized solution of a linear system of equations

The generalized solution x* € R of a linear system of equations Ax = b, A € R™", b € R™, is
defined as

x" 1= argmin{||x||,: x €1sq(A,b)} . (3.1.3.2)




@Dwﬂﬁé);v{xeﬁh AAy =ATL ¥

[ om ﬂ%w JOIQ\SZDW ﬂf K" 1
= x, + JA] | x e L (A, 5)
Visoalezabion
xT 1 MA)
x"e MAYT
Lovth . cmplement: [

Isq(A,b) || N(A)

Isq(A,b)*

mﬁbmﬂwwﬁ

N \/&
VAAVy VATb

T e R %W
m Prool by ot .

Vs

, 2] eR""
+ /VECZ '.

"[?Z, ,UK? k =i W/47L

\ X \/}/ ,XC/R

Theorem 3.1.3.6. Formula for generalized solution

leenA 6 lRHl,ﬂ

,b € R™, the generalized solution x* of the linear system of equations Ax = b is
given by

x' =V(VTATAV) {(VTATDY),

where V is any matrix whose columns form a basi% of N'(A)*L.

\/
Moo - Poreae /M@ém e A i
m TS inpendi] of fh chote 2V (
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 3.2: Normal Equation Methods

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 23, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zrich

 Direct Methads for

Linear |east Symkes Froblems

3.2. Normal Bguaton Metnods

/41 _—:(b_ [ Aé/}zm.n/ —
b e R

NER - AAx = Ab &> {x] = lglh b )
Assome. - FRC & wnkl4)=n <= A4 (%M

S@/ﬁ% - 0D-LSP

Dependencies. Section 3.1.2, Section 2.5, [Section 2.8]

Duration: |% minutes

Algorithm: Normal equation method to solve full-rank least squares problem Ax = b

© Compute regular matrix C := AT A € R"™".
@® Compute right hand side vector ¢ := A b.
® Solve s.p.d. (— Def. 1.1.2.6) linear system of equations: Cx =c¢ — §2.8.0.13

Definition 1.1.2.6. Symmetric positive definite (s.p.d.) matrices —,

M € K"*", n € N, is symmetric (Hermitian) positive definite (s.p.d.), if

M=M"T and Vxe K" xMx>0 & x#0.

If x"Mx > O forallx € K* > M positive semi-definite.




\

XTA’TAK = (/(),( )T(Al> step ©: costO(n-znz)
_ 2 < step ®: cost O(nm) B cost O(n’m+n’) form,n— oo .
I1AxI, =0 < x#0 _ "
step ®:  cost O(n”) ‘

& -
N |

= . = 4D ; \/ )
PRC - JA) = {67 Linew) n pr  if n Rxed/ el

C++ code 3.2.0.1: Solving a linear least squares problem via normal equations

2 |//! Solving the overdetermined linear system of equations — - /\/3 Cé &/

s |//! Ax=Db by solving normal equations (3.1.2.2) |’”)< 3"’? Or ({ : L& (00/’) &)m

4 |//! The least squares solution is returned by value

5 | VectorXd normeqgsolve(const MatrixXd &A,const VectorXd &b) {

6 if (b.size() != A.rows()) throw runtime_error("Dimension mismatch") ; 1 1 -

7 // Use Cholesky factorization for s.p.d. system matrix, § 2.8.0.13 A=1ls 0 - ATA - 149 1

8 VectorXd x = (A.transpose()=*A).lIt () .solve(A.transpose()*b); - g - 1 1 _|_52
9 return x; S R 0 o :

o
——

@ 0mn) | ®  @am) Compherd

\y |f5z\/ﬁ,then1+252:1inﬂ\4. AT - A1 7

Secird LU bype tchrealin v spod Mdies = O ) A = [4t8W te ) = lel=z9= < BPS 4 7
_ o —> complies w/ "ceons of Floahng porint anikinerc’

C++-code 3.2.0.5:

int main() {
MatrixXd A(3,2);
// Inquire about machine precision — Ex. 1.5.3.12
double eps = std::numeric_limits <double >::epsilon () ;
// « initialization of matrix — § 1.2.1.3
A << 1, 1, sqrt(eps), 0, 0, sqrt(eps);
// Output rank of ATA
std ::cout << "Rank of A: " << A.fullPivLu ().rank() << std::endl
10 << "Rank of AATA: "
11 << (A.transpose() = A).fullPivLu () .rank() << std::endl;

12 return 0;
& [ATAHXI=! AT ] b|. Output:

i Rank of A: 2
€ R . Rank of AATxA: 1

© ® N O 0 A W N




©

Kem 3206 - NER é&g&é/ 5]054/9'
[%(&weémm%zl%/ém%e m, a0
A spave == AA spave

"ot of memory”
A ek o quoid cmpzﬁﬁdfg A4
§ 3207 Exlended nomal @/ﬂccﬁmﬁ
NEQ  AAX = Ab = ATL-A) =0

ldent > ¥ an new onkmw & Yt epaling st

sl
- = L - Ax ~ [£4Jﬂ2[b]
ATr = 0 }% AL{ 0

m+h,mt f?(ﬂl $m0€/ [p A Wﬁe

Revew :fuw'ﬁ'onﬁ :
%W ) qwﬁb% 2.0l withe



NumCSE@ETHZ




NumCSE@ETHZ




NumCSE@ETHZ




NumCSE@ETHZ




@

ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 3.3: Orthogonal Transformation
Methods

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 23, 2020
(C) Seminar flr Angewandte Mathematik, ETH Zrich

Prerequisites.
e From LA: orthogonal matrices
Dependencies. Section 3.1.1

Duration: (6 minutes

- Direct Melhads for
Linear |east 57(17/’65 Poblems

33 Oergondé Transtorma ton - Methods

Sdﬁ‘nda 00 LSE Ax=h, AR, m =1
Assome - FRC <= mmk(A)=n
, _ sy I 2
LSGR sol. Ix { = Lsq(A4,b) gy Ib-Axlf,

3.31. Mbcgorué Tramsformatin MeHods : e
Ao GE = Wl & hanstrm Ax=h > /%(23
st (0) LA @t of ZA b //ewy b mmpy/e(/

VA

) Lleg(A,8) = (sq(4, )
() v GE - Mzungﬂ(m sydhem




L.SH ol

] X1 L -
A : — — min |=)> R
Xn L

Y A |
: x = least squares solution
bm |

i \
(4) =n Make Fof 1 compenett of  Ax-b
—> LWYUS

(=)

W

R Mgot/m
(in) ldeot :

/-, - prasety Ly .

Idea: If we have a (transformation) matrix T € R""" satisfying
ITyll; = llyll Yy € R™, (3.3.1.3)
then  argmin||/Ay —b|| =argmin”§y—l~)H , = [
yeR” 2 yeR? 2 CS&( {/4/ J )

where A = TA and b = Tb.

3.3.2.  Orthogona( Mehices

letyle by ek
A //)<+//

(4]
Il = bl ) [ Polanzalio

(cle /1/7& ;{

(TK ) (T = 7TT7 = XTy  Way s

T L

e

Definition 3.3.2.1.

and orthogonal matrices —

QH
—Q". 2= [Ax), = IX 1, xeR"

e Q c K" n & N,is unitary,if Q! =
e Q c R*", n € N, is orthogonal, if Q~1 =

= Cle/lows foom an OA/B 0% R



©
Revue w zf,mﬂms

' 7 |
> @M Wg%ww cadipw) 3.3 2.3
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ETH Lectures 401-0663-00L Numerical Methods for Computer Science
401-2673-00L Numerical Methods for CSE

Course Video
Section 3.3.3.1: QR-Decomposition: Theory

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 9, 2021
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

A Tablet notes may have been corrected and/or extended after the recording of the video!

Prerequisites.
e From LA: Gram-Schmidt orthogonalization

Duration: 0?0 minutes

Direct  Methads for
Linear |east Suates Problems

3.3 Orjrlujondé Transtomation  Metheds
33.3. CZR—@e(mz'msi/?bn

3.331. QR -~ Decompps
Qegaﬂ

thon = Theory
émm Schw agHthonomalizitor, ﬁ/ %5758

(from LA) N =12, Wnewty indipendirt
Theorem 3.3.3.2. Span property of
1: q' = ﬁ % 1st output vector G.S. vectors
2: for j= 2,2. ..,n do If{al,...,a"} C R™ is linearly indepen-
{ % Orthogonal projection dent, then Algorithm (GS) computes or-
3 q = a/; thonormal vectors q', . . ., q" € R" sat-
4: for (=1,2,...,j—1 do (GS) isfying
5: { @ < q —(a,q")q" ) . .
6: if (q/=0) then STOP Span{q’, ..., q’} =Spania’,...,a
. i (15.1.2)
7: else { q/ « _q_”qj” ;o
8 ) ? R4 forall¢ € {1,...,n}



- R=1Lqg . g7 R

A= la  a']e [R”””

(1.5.1.2) - 5/9&{/) ‘{gzl, 7 z@%ﬁég,-.,z"] 78

— ¢
(:2
1 (£
q' =tia! (T)[g : { -4 "2&6 F
q2 = flza] + tzzaz 0 ‘
q° =tjza' + tat+ txpa’ > ElT € R™" upper triangular: Q = AT, (3.3.3.3)
1 2 gwlcw sihee mMIcM) = rank [ R)
no__ n
q =tpa +hHhya”+ -+ thpa . (-f“jbb:,l—-p) o I’ﬁf?): (T) =
~1
Lemma 1.3.1.9. Group of regular diagonal/triangular matrices
diagonal diagonal
A,B { upper triangular = AB and Al { upper triangular .
lower triangular lower triangular
(assumes that A is regular)
| AL‘—I\ | _1 | ‘1—‘—|\ |
L] = L]
T L R L

A=QR <

é ”an;V?

FoU tapk

Z @WOWLC(//%MU QQ“ J@C&meag{/;bn
- eddenAd ‘fgl’p-,éﬁ”j fo am OVE of K™

B A=0Q

Foll & Q*G/ewmpag hop

!

Q
& Hzﬁ’)/l’)

ovthoronal

colad Imns

CZTQ :Iw

R L
6k”/"?—

M%Mr

Lttt



©

Theorem 3.3.3.4. QR-decomposition — ,

For any matrix A € KX with rank(A) = k there exists
(i) a unique Matrix Q) € R™* that satisfies Q}'Qy = 1}, and a unique upper triangular Matrix
Ry € K with (R);; > 0,i € {1,...,k}, such that

A =Qy-Rp (“economical” QR-decomposition) ,
(ii) a unitary Matrix Q € K"™" and a unique upper triangular R € K™k with (R)i; > 0,i €
{1,...,n}, such that

A=Q-R (full QR-decomposition) .

If K = R all matrices will be real and Q is then orthogonal.

> Answer Fevie w qw/ﬂbm 3338 |
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ETH Cecture 40T-U663-00C Numerical Methods for CSE

Course Video

Section 3.3.3.2 , Section 3.3.3.4: Computation
of QR-Decompositign, QR-Decomposition in
IGEN

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 23, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Prerequisites.
e From LA: Orthogonal matrices
Dependencies. Section 3.3.3.1, Section 1.2.1

Duration: Bg minutes

 Direct Methads for
Linear |east Spares Problems

33 Orjr}zgondé Transtorma ton - Methods

333. QR - &cmihbn

AcR™ - A = QR , &< R orthopond
Re R™" caper hamigee

3.3.3. 2 (om,ovlﬂ/fan of 6?9*7?6(007,005(/72705

LA« Oam -Schmedt - ondetble | colflecked by oomtotV/
ldea -~ Siulor b GE

Idea: find simple unitary/orthogonal (row) transformations rendering certain ma-
trix elements zero:

)|

with Q' =Q!.




n -T_’*
> > >
1| (A | 7| L 11
oT or oT

Corollary 3.3.3.9. Composition of orthogonal transformations

The product of two orthogonal/unitary matrices of the same size is again orthogonal/unitary.

Ex 3339 . 27 mmva
L ]

ﬁ[m? &4
QR Ta b o %J

Foun wep .

!

X2

X1 , e X1

reflections at angle bisector, rotations turning a onto x1-axis.

g 3.3.370 -

Houeholdpy  weflechons
a,be R” |al, =151
|l bita
b=g.v = av ¥

- Hly)a =7
Hiv) (T - 2ZL)
L‘b ~7%ﬂ\7ﬁ/7/0( ; Symimehic
v o= g+ sgp(a,) lall, €

i (mm%%m Key,3.33.( 5

(der ma bix

%%V.{D




©

QR-decomposition
(QR-factorization)

Qn—lQn—2 """ QIA - R/

of A€ C™: A =OQR,

R upper triangular matrix .

Rem = 35 302« Hi-wll. applieable b amy matic

Sk

Q:=QH..... Q! | orthogonal matrix ,

A - Q
O "
A Z-QR _, Q E IR”I,”I , R-E i[{"l,n ,
Remp. 3.3 .20 Eococde HY - /7‘%
n ]ora(ffce, : m%z A x pedn peedoA

—>  OPAueal o sle  reseholder ma/hice.s
- HG) = T -ZuTe R” veR” b7
—> Sk m%L it vedor p &P

”COm/yu%e Ap-dec " 2 C&mpu? K & excale &

§ 3.3 3 Y .

Civens ptons

- Gyilay, ar)a =

_al_

a2

Gz2(a,a2)
=

(1)
Gl3(ﬂ.l‘ ’,173)

(ya -

= a -

ak

1) o

"N

ops etk top
y

=

l'll

Vaa2+]a? 7
aj
Via P+ a2

(3.3.3.16)

= U/aoﬁmaﬂ//(

[ (n—1)
0
0
-2) .
Gln(”'{ln s

2)
Gua(a) Ay)
N

(3.3.3.18)




€)

Rey 3.3 .3.20

for G =

which means {

£3.33.22

-1 Slepe

S/WZ% Gliens .
L. Jm/?ﬁ furs inlices + m%é

sign (o) Jify =0,
[—70 i?] — store P=—{f2$ign(v)a o] <], (333.22)
}V2sign(0)/y it |o| > |9,
p=+1 = =0, oc==1,
pl <1 = o=3v20, v=V1-22, (3.3.3.23)
ol >1 = y=3V2/p, 0=1-92.

/|
no cmicellaion

ﬁ DF& ‘
Nole «

(mpp%ﬁbﬁd/ (ot
Howoehpldoy - baved QR ~dec. of A< 8™, m=p
e T LI _
-1\ (m-1)(n-2) (m2)[-3)

n—1

cost(R-factor of A by Householder trf.) = 2m—k+1)(n —k
( y ) ,;1 ( ) ) (3.3.3.25)

= O(mn®) for m,n — oo .

Rem 3.33.26 © QR-avc y{ bemded yufce
Ex. o bl [ ]
mavice )

6 /7Q (711

: . ‘ i (72,1
Givens ~ (AR v &nw&&/g. matiix & R
[« x 0 0 0 0 0 0 [« x @ 0 0 0 0 O] [« x %« 0 0 0 0 0]
« % % 00 0 0 O 0 = = 00 0 00 0 = @0 0 0 0
0 = = = 00 0 0 0 = = = 00 0 0 00 x x %« 0 00
0 0 «x x x 0 0 0 G2 0 0 « x x 0 0 0] Gu-Gyan |0 0O 0 £ % %« 0 0
0 00 = x = 0 0 /N 0 00 %« %= %= 0 0 0 0 0 0% x x 0
0 00 0 « %= %= 0 0 0 0 0 « %= %= 0 0 0 0 0 0 % % =%
0000 0 * x x (aglL: 000 0 0 % % =x 000000 % =
000000 % %] ) LOOOO0O0 0 x = 0 0000 0 0 =]
* = entry set to zero by Givens rotation, * = new non-zero entry \S/ M Aﬁg\ W
. . i {\(7
n Cackt o cost OCT) _fn %& Oelion,
becanpe = 3 - ey 11 2%
v of the makices

o gnend b (A = bw(R)



@),
33 3.4, 627[2 . MO(?’)WQ(Z?Z(W (" E/W

C++-code 3.3.3.34: QR-decompositions in EIGEN

# include <Eigen/QR>

// Computation of full QR-decomposition (3.3.3.1),
// dense matrices built for both QR-factors (expensive!)
std :: pair <MatrixXd ,MatrixXd> qr_decomp_full(const MaitrixXd& A) ({
Eigen :: HouseholderQR<MatrixXd > qr(A); .
MatrixXd Q = qr.householderQ (); // <— MU% HM/M‘S
MatrixXd R = qr.matrixQR() .template triangularView <Eigen::Upper>();
10 return std::pair<MatrixXd ,MatrixXd >(Q,R) ;

1 |}

w0 O N OO 0 s W N

13 |// Computation of economical QR-decomposition (3.3.3.1),

1 |// dense matrix built for Q-factor (possibly expensive!)

15 | std :: pair <MatrixXd ,MatrixXd> qr_decomp_eco(const MatrixXd& A) {

16 using index_t = MatrixXd::Index;

17 const index_ t m = A.rows() ,n = A.cols();

18 Eigen :: HouseholderQR<MatrixXd> qr(A);

19 MatrixXd Q = (qr.householderQ ()*MatrixXd :: Identity (m,n)); //

20 MatrixXd R = qr.matrixQR() .block(0,0,n,n).template triangularView <Eigen::Upper>();
// \

21 return std::pair <Matr|{xXd , MatrixXd >(Q,R) ;

com}pmﬂ/ AR -~ac. - H%%/‘S% d&r%ﬂ w the (pwov
I Cast = Olmn? )

con ns v-vedn ——+ i M — 00
Hils H(w) o

Revuw CQueihons
Plape  lucelt  Rovww Cuooliens 3.3.3. 28
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 3.3.4: QR-Based Solver for Linear
Least Squares Problems

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 23, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zdrich

Dependencies. Section 3.1.1, Section 3.3.3.2, Section 3.3.3.4

Duration: 45 minutes

- Direct Methads for
Linear |east 57Wkes Problems

33 OrJr)na??ndé Transtoma bon - Metheds
334 KR-BasA Sdver for Lineat least

57,0(%5 Problens
gxc'wn: AeR™  runk(A)=n |, b R"

xe [R": IAx -b1, = mirn
RR-dic. A = QR &ngfg?&rz%ajo/a(

| Ax-bll, = | ARx -5,
= || {(Rx -&7h) ],
= I Rx=L 1, 2 hiwwpulon L2
b= Qb

Sole - anlc (A)=n == m(q/C(R>:|/?



2 W ned oy RTh = h

||Ax—b||2:HQ(RX—QTb)H2: HRX_BHZ  b=Q'b. In E(’ﬂen =. (Ae R™, m= /7)

v C++ code 3.3.4.2: EIGEN’s built-in QR-based linear least squares solver

// Solving a full-rank least squares problem ||Ax—b||, =+ min in E1GEN
double Isqgsolve_eigen (const MatrixXd& A, const VectorXd& b,
VectorXd& x) {

x = A.householderQr () .solve(b); <£— —|—’1/00 Géﬂﬁ( WW%

return ((A*me) .norm() ) ;
} N

| T -
— cact = O(v’m) \ . nﬁﬁ%ﬁ%%%{

|Ax—b|, > min < | s min . m = ot = Olpn)
- Solve LSE R,x = (b)),
0 . Kem - K-teeeae o = at = 0(n?

| by, A [bﬂﬂftm é&?nf/%{/fﬁ/? 7

e S - N * L B S I

R, wpulay i

[O

_ - 2
- - Y,
i . 0 Com pANSONS
Normal equations vs. orthogonal transformations method
b 1 0 Superior numerical stability (— Def. 1.5.5.19) of orthogonal transformations methods:
X = ,  withresidual r = Q 'l; . B>  Use orthogonal transformations methods for least squares problems (3.1.3.7), whenever
/ RO _— E n+1 A € R"™" dense and n small.
- L - b-A
— }/ - Q K ~ SVD/QR-factorization cannot exploit sparsity:
B - i b"” _ B>  Use normal equations in the expanded form (3.2.0.8)/(3.2.0.9), when A € IR"" sparse (—
[/\g& 30(/ | Notion 2.7.0.1) and m, n big.




©
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 3.3.5: Modification Techniques for
QR-Decomposition

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 23, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zdrich

 Direct Methads for

Dependencies. Section 3.3.3.2, Section 2.6

Duration: l’|5 minutes

Linear |east 57(,1%5 Problems

33 OrHAajvndé Transtormation Metheds

3.3.5. Malibeaton Fcﬁn;ﬁmes for
KR - 'Demn/aclﬁm

%'m; . A R™ m=n, wok(d] =n
 JR-atc = . LER™ o
Ay A= 4R Pl LA

Re Rmm
shed M&(ﬁ/&ﬂk{&f L 0T 7%
Tk . %am%t (Wﬁf{ A = 4R /
4 Z ”\séz%h/f Mmool (icafion (/ﬂ{ A

X pedvet of 07 Hushlder mabice <



&)
3357 - TNwmk-17- MakilGealon
A=A+ uv™, ueR” peR"

A = ARt yoT = QR+ Ruv")
- W
\ﬂ4>6;: QHWU% W = CQZZ
— (=t = O0(mn) & g — o

Séep@ W o—= L%]Cﬁ R b/&%(ﬁfi;fbé 07
alions

- - - - - _*_
0

: Gy 1,m : Gm—Z,m—'l\ : Gm—3,m—2\ G2 :

W= x| — |[x 7|k T 7|0
K * * 0

* * 0 0
| * | 0] 0 0

/]\

—> (ZZS+‘ = 67(%70‘>

*
*
*
*

0 * k% 0 Xk
0 - 0 *x *x *x x 0 - 0 *x x * x
0 - 0 0 * * =x . 0 - 0 0 *x x = -
R _ 0 . 0 O 0 * * n,n+1 0 . O 0 0 * " n—1n
0 - 0O 0 0 0 = 0o - 0O 0 0 0 =
0 - 0O 0 0 0 O 0 - 0 0 0 0Of %
0 - 0O 0 0 0 0 0 - 0O 0 0 00
0 0O 0 0 0 0 | 0 0O 00 0O
0 N N
0 - 0 * *x % x 0 - % % ok x %
0 - 0 0 * * x G | c 0 - 0 Wk * % x
— [0 - 0 0 0 % * | 2% ... 22 |0 . 0 O0'm *x x| =Ry
0 - 0 0 O¢%x x 0 - 0 0 0 % =x
0 - 0 0 0 0 = 0o - 0 0 0 0 =
0 - 0O 0 00O 0 - 0O 0 00O
0 --- 0 0 0 0 0 0 --- 0 0 0 0 0

R, + Iwlle,v"  wild hone the same shotwe 20 R,
]
aback wnth  (Givens whabons



* * Xk %k
* ko ok ok 0 * ko ok ok
T _ G2
R +|w|,eqv = | 0o . x % % x x| — |0 - Xk x k %
0 - 0 * * % % 0 - 0 * x * %
0 - 0 0 * % =% 0 - 0 0 % x =
0 - 0 0 0 x = 0 - 0 0 0 x =
* % * 1 * * k% ok
0 x ok kX 0 ¥ % ok k
G1172,nf'l g ‘ an'l,n
0 0 10,m * x 0 --- 0 0 % % =
0 0 000 x = 0 --- 0 0 0 % =
i 0 0 0 0 x = ] i 0 0 0 070 = |
(Gn-1,nGn2pn-1-""-.---Gp3Gy2)(Ry + ||w||2e1vT) — R (upper triangular!) .
— — R

I
=0

(3.3.5.3)

=, —= (ot = Oln?) GV 11 o0

o

> A =
Toled cost =

@ Qral R
0(mn +n’) bv g my

= Olmn?) ((F bth w0 lage

3.3.85.2. %&Mz’% & Caucawn

A = ]Rm,n \ A — [al,_ e, A1,V AL, .. .,an] -~ ]Rm,n+l , VE ]Rm, aj — (A):,j .

Ascome - n = n+7T

il AR-dec.

A=QR < Q'A-= [QTal,...,QTa,,} ~R =:

7

(3.3.5.4)

RO 6 RH,H



Q'A = [QTal ..... QTak_l,QTv,QTak,...,QTan] - LLL =W e R™"*1,
/l\ 177
Ll colamn - Qe R
@D Covphe  w- Q2 -« lost=06m)

@D m-n-T Giwns ot = lwt mn-7 wes o W—>0

L

Gn +1,n+2 |

m/(77<7

4N
—> Ke /
UO/ k GMZ? o ( botom up

_ ‘L -
] ) —

= target rows of Givens rotations, M = new entries # 0

(st O (n-k)*)
ol «wt = 0(mn + (n-
3.3.5. 3. %d%c}%d oo
(A);. |
- (A);c—l
AcR"™ s A= vl , withgiven v € R".
(A
(A.)rn,:

L‘—U_I‘JJ.—) o W

4

/<)2) /%V (77,01 —> o=

(3.3.5.5)




6

[« ... P [ x ... *

1) Mo 0w ww to the bt 0 - ; 0 . :
by A é%(/(% pémm/%/%/? %zpzowfﬁ/lu T — 0 - ) 5 Sima, O ; ) ; Gamin

e B 0 0 0 * =« 0 0 0 %

{TU+ 7,12
2 ot b PER AR N S RE
i . - * [ % ... *
ju&# zah;&/mf% T e C&Qz 0 * : 0 :
R I R R N
o S | ) Gmmar . — R (3.35.6)
0 O 0 * = 0 0 0 % x
0 0 0 0 =« 0 0 0 0 =«
0 @- 0 0 = 0 - 0 0|
|| (ast = () (WQ)

PA = k‘;} > [QOT ?] PA — [Vl?r] _ R | —oremmn,
/b -
e [putime Mb{%f?%
v o be @mnibi-
leefecl

Ve Use 0 suiltzble  Olvens @habons
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Course Video

Definition and Theory

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 29, 2020
(C) Seminar fur Angewandte Mathematik, ETH ZUrich

Section 3.4.1: Singular Value Decomposition:

Prerequisites.

e From linear algebra: kernel, image space, and rank of a matrix
Dependencies. Section 1.1, Section 3.3.2

Duration: 24 minutes

- Direct Methads for
Linear |east Spuates Problems

3y Sin\qular (e ?ecam}ms/'szn (51D)
34.7. SVD: Definhon and Th«fOr)/

Theorem 3.4.1.1. Singular value decomposition (s ( )

For any A € K" there are unitary/orthogonal matrices U € K",V € KK"" and a (generalized)
diagonal \*) matrix £ = diag(cy, ..., op) € R™%) p := min{m,n}, o0 > 02> --- >0, >0

such that
&fn?a (o palices

A = UxVH




)
i m -
n-m ng/ﬂf ol o V ireleant
A _ U z \%& )
A _ U Z ) vi
Lemma 3.4.1.6. ! 1L 1L ] X
The squares (71-2 of the non-zero singular values of A are the non-zero eigenvalues of AA, AAM
with associated eigenvectors (V). 1, ..., (V).p, (U):1,---, (U).p, respectively. Qém. : 8(./7_7 : \SVD M%{/Z% W)’% 75&/&’7)7/005 ?OV}
AA 3 Uz T ) = Sl T E”’-‘%VDJ: A =Mz = z“;a Uy
D H - I n L), 0 m i L_/—\/\J
S %L\/ i A= Lu 1l V-1l
simdlar mafices  —= same  wppnunlue) ok =
mzn: z72 = %/(Z%(V;,,_,ﬂ:) Assome. Frig = cne oo =0, =
.
n=n: mW”WC”‘//}”///W%‘Wij A%MZ\/HZE—;&J/%Z;
> economiced  SUD 1 otthopomad clemn i oMM,  LEr
é//0/4/)%\0,1 m v, = 2 o ,/é(l_”U;l/{ _ ¢ “y
F=1 - Y 0 / /{ = |~
A _ U l ) l vH } = 6}(
JE— N > K(A4) = Speen LA, , . A, 7 = wnkl(4)=r-

& R‘\IV?




©
> WA) = V%m {0, .., .7
Lemma 3.4.1.13. SVD and rank of a matrix — W%%%%W %/Z[ LTI W) Wﬁ@% q L/()B

If, for some 1 < r < p := min{m, n}, the singular values of A € K"" satisfy oy > --- > 0y >
U,'+] — " Up — O, then

Revie w o}caoT*z'onﬁ

e rank(A) =r (no. of non-zero singular values) ,

e N(A )—Span{( )ir 1y (V)in}
e R(A) = Span{(U).1,...,(U).r} .

m /w“ ~ 7
A -2

%a mle (4) = p- dim NA) <
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Course Video Unfdf [MS ?é %(I(/’éS pl'Oﬁ/éI??S

Section 3.4.2: SVD in EIGEN 3,1 5|-n\7(/&”. Vd(dé wemm}wg/.]g.on (6[[0)

342. SVD i E@erz

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 29, 2020 Theorem 3.4.1.1. Singular value decomposition —

(C) Seminar fur Angewandte Mathematik, ETH ZUrich For any A € K" there are unitary/orthogonal matrices U € K",V € K" and a (generalized)

diagonal \*) matrix L = diag(cy, ..., op) € R™, p:= min{m,n}, 00 > 02> --- >0, >0
such that

A =UzVvH,
Dependencies. Section 3.4.1, Section 1.2.1

Duration: ‘ 6 minutes




@)

C++-code 3.4.2.1: Computing SVDs in EIGEN

Ex JY.23 . S\/D“hase/(mﬂ)/aﬁbn ﬂfmk

2 |#include <Eigen/SVD> Lemma 3.4.1.13. SVD and rank of a matrix —

3

s |// computation of (full) SvD A=UXVH — Thm. 3.4.1.1 If, for some 1 < r < p := min{m, n}, the singular values of A € K"" satisfy oy > --- > oy >
s |// SVD factors are returned as dense matrices in natural order Orp1=+""0p = 0, then

6 | std::tuple <MatrixXd , MatrixXd , MatrixXd> svd_full (const MatrixXd& A) {

7 Eigen ::JacobiSVD<MatrixXd> svd (A, Eigen::ComputeFullU | Eigen :: ComputeFullV) ; _ .

8 MatrixXd U = svd.matrixU(); // get unitary (square) matrix U L4 rank(A) =1 (no. of non-zero singular values) ,
9 MatrixXd V = svd.matrixV(); // get unitary (square) matrix V g N(A) = Span{(V):,r+1,---,(V):,n} ’

10 VectorXd sv = svd.singularValues(); // get singular values as vector e R(A)=Span{(U).1,...,(U).,} .

1 MatrixXd Sigma = MatrixXd::Zero(A.rows(), A.cols());

12 const unsigned p = sv.size(); // no. of singular values

13 Sigma.block(0,0,p,p) = sv.asDiagonal(); // set diagonal block of XL .

14 return std::tuple <MatrixXd , MatrixXd , MatrixXd >(U, Sigma,V) ; V \g(V) _ U@ZS a- are 6(%0%0{ b}/ /@U/W
15 |} O &

7 |// Computation of economical (thin) SVD A:UZVH, see (3.4.1.5) ==

no ldhng g == o 0
18 |// SVD factors are returned as dense matrices in natural order

1o |std::tuple <MatrixXd , MatrixXd , MatrixXd > svd_eco(const MatrixXd& A) { |V7£/€é(&( . MJF (3’\/ /{/M‘% \SMM\QS

20 Eigen ::JacobiSVD<MatrixXd> svd (A, Eigen::ComputeThinU | Eigen :: ComputeThinV) ;

21 MatrixXd U = svd.matrixU(); // get matrix U with orthonormal columns
22 MatrixXd V = svd.matrixV(); // get matrix V with orthonormal columns . .
2 VectorXd sv = svd.singularValues(); // get singular values as vector C++-code 3.4.2.5: Computing rank of a matrix through SVD

24 MatrixXd ma = sv.asDiagonal(); // build diagonal matrix X

. : ; . // Computation of the numerical rank of a non-zero matrix by means of
25 return std|: :tuple <MatrixXd , MatrixXd , MatrixXd >(U, Sigma,V) ;

// singular value decomposition, cf. (3.42.4).
MatrixXd :: Index rank_by svd(const MatrixXd &A, double tol = EPS) {
if (A.norm() == 0) return MatrixXd::Index(0) ;
Eigen ::JacobiSVD<MatrixXd> svd(A) ;
const VectorXd sv = svd.singularValues(); // Get sorted singular values as

|
aled in dvrewditng octec
n , 2 8 Matr‘{fxcdt:():rn ex n = sv.size();
CQS+ (6(0 - SUD M /46 (kml ) = 0([’0/]’]{/77,}’/? ’ MX'{W#?%) 9 Matride:::ngex r = 0; !

10 // Test relative size of singular values

N oo a0 A WwoN

while ((r<n) && (sv(r) >= sv(0)xtol)) r++;

7%V /77/)/) — = o0 :; return r;
3 o /N ? ,
0 ) lngeo? Sl%i. L.

Inumaiead mlk 4

)

m=-n  cat (VD]




©

C++-code 3.4.2.6: Using rank () in EIGEN

2 |// Computation of the numerical rank of a matrix by means of SVD
s | MatrixXd ::Index rank_eigen (const MairixXd &A, double tol = EPS) {

4 return A.jacobiSvd () .setThreshold (tol).rank() ;

s |}

X327 Complabon of  MA)) RIA)
Lo pwite ON bk
P/o $

Lemma 3.4.1.13. SVD and rank of a matrix —

If, for some 1 < r < p := min{m, n}, the singular values of A € K"™" satisfy oy > --- > o0y >

Ory1=+--0p =0, then

e rank(A) = r (no. of non-zero singular values) ,

e N(A)=S (V)erst,eo-, (V)en} 7}
. R(A)=s§:nn{{(U);,:.l..,(U):,,}.}} N/ Bs

L nomedcal pmlc

C++-code 3.4.2.8: ONB of \/(A) through SVD

// Computation of an ONB of the kernel of a matrix
MatrixXd nullspace(const MatrixXd &A, double tol = EPS) ({
using index_t = MatrixXd::Index;
Eigen:: JacobiSVD<MatrixXd> svd (A, Eigen :: ComputeFullV) ;
index t r = svd.setThreshold (tol).rank() ;
// Rightmost columns of V provide ONB of N(A)
MatrixXd Z = svd.matrixV () .rightCols(A.cols()—r);
return Z; -

= n

w0 O N OO 0 s W N

o
——

C++-code 3.4.2.9: ONB of R(A) through SVD

// Computation of an ONB of the image space of a matrix
MatrixXd rangespace (const MatrixXd &A, double tol = EPS) {

using index_t = MatrixXd::Index;

Eigen::JacobiSVD<MatrixXd> svd(A,EigenComputeFullV) ;

index_t r = svd.setThreshold (tol).rank ()37

// r left columns of U provide Q of R(A)

return svd.matrixU() .leftCols(r);

0w O N OO 0 s W N

S
m Comrecht 0//70/7 ?
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 3.4.3: Solving General Least-Squares
Problems by SVD

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 29, 2020
(C) Seminar fur Angewandte Mathematik, ETH ZUrich

 Direct Methads for

Linear |east 57Wkes Poblems

34. Sin\qu(ar (e Wecam}ms/’szn (51D)
3.4.3. dei% Genl. Lemt -Squates Poblems,

by SVD

Dependencies. Section 3.1.1, Section 3.1.3, Section 3.4.1, Section 1.2.1, Secfion F.A4.4

Duration: Y minutes

(General linear) least squares problem: -z ek (A ) & mind{mnj

gven: AcR"™, mmneN, beR" —> not MC@JSWZ% IL&M ka

find:  x' € R” such that
x*e 15q(A.b) > @ |[Ax" D[ = min{|Ay ~b]:y € R"},

(i) Hx*Hz is minimal under the condition (i).

(3.1.3.7)

xt = A'b ,/”—»/—' ]DSW*/W
Tool - econemee  SUJP




Lemma 3.4.1.13. SVD and rank of a matrix —

A - (U1 U] If for some 1 < r < p := min{m, n}, the singular values of A € K"" satisfy oy > --- > oy >
1 Ory1 = ---0p =0, then
: e rank(A) = r (no. of non-zero singular values) ,
I o N(A) =Span{(V).ri1,---,(V)in}
: e R(A)=Span{(U).4,..., (U).,}.

A = U : U _ nen
v > [ \VeR ovthopaad T -
' A
/(/(/4)’»*@(/){0, ,jj,:f: ?/\/>~{\/7\[ ¥659}

_ | + \/ & R
— \ — R X >L oy seme ¢ € R (1]

Recatd Cséf//ﬂ‘,b)’ {xelR" AAXx =A"p 7 ()

Isq(A,b) || N(A) /N Theorem 3.1.2.1. Obtaining least squares solutions by solving normal equations

) The vector x € R" is a least squares solution (— Def. 3.1.1.1) of the linear system of equations
can bg /@M@M ﬁpm Ax =b, A € R™" b € R™, if and only if it solves the normal equations (NEQ)

ATAx=ATb |. (3.1.2.2)

\ h\ ¢ (2) 7"4\/74 A
Thck - \/ A%V% = A
P(M? m SUD: A = UZX \/




— 1 - _
@ \/,_'_ \/ 2_ W Z \/ ! \/1 ;Z_ * = l/,T(/Z %Tb C++-code 3.4.3.14: Computing generalized solution of Ax = b via SVD

VectorXd Isgsvd_eigen (const MatrixXd &A, const VectorXd &b) {
Eigen ::JacobiSVD<MatrixXd> svd (A, Eigen::ComputeThinU | Eigen::ComputeThinV) ;
return svd.solve(b);

L - |

}

— I o - T "/"
(T 0] |22 [ 5] xP=V,Z;u' b = A b
T—
\/'T [ \/ \/ Z,, / 9, /f ()( b Theorem 3.4.3.16. Pseudoinverse and SVD
! b ] ) } 0 J ()2 T = If A € K™" has the SVD decomposition A = ULV partitioned as in (3.4.3.1), then its Moore-

Penrose pseudoinverse (— Thm. 3.1.3.6) is given by At = V&, 1UIIH.

> S 7 >Z“ = %///Tg

T

Zi’ & @hr MW/WY = >Z+ _ Z/’_ M b
aconomicad SVD oflicien® =V U b
] ~ ! .

—

C++-code 3.4.3.1 SE\CO\mpM}Qg generalized solutiy&l\x =b s\a ;'/D

#include <Eigen/SVD>

VectorXd Isqsvd (const MatrixXd &AN\gcenst VectorXd &b)
// Compute economical SVD, are Code 3.4/2.1
Eigen::JacobiSVD<MatrixXd> svd(A, (Eigen ::ComputeThinU | Eig
VectorXd sv = svd.singularValues() ;
unsigned int r = svd.rank(); // Numerical rahk, default
MatrixXd U = svd.matrixd (), V = svd.matrixV ();

o | s/ xt=VviES U

1 // (3.4.3.5)

12 return V.leftCols(r) * (sv.head(r).cwjigelnverse().asDiagonal() =*

13 (U.leftCols(r).adjoint() * b));

:: ComputeThinV) ;

olerance

jUS/r o 5(&(4{7?,

© O N O A W N
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 3.4.4.1: Norm-Constrained Extrema of
Quadratic Forms

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 29, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zrich

Dependencies. ' Section 3.4.1, Section 3.4.2

Duration: a | minutes

 Direct Methads or
Linear |east Spates Problems

34 Singu lar Value Wemm}mf/’szn (5)D)
34Y. SVD- Based OIab}nizaé/bﬂ and

Appreximation
3.444. Nom-(nshained Bxtrena of Qeadialc

Forms \
|

given A c K™ ,m>n, findxecK" |x|,=1, ||Ax||§—> max ,
L Eco~SVD A =U= V"
I Ax 0, = IAZ VI, ~ 1 = VX N, — e
(olo. ane otthorommad - Prthaprees”
y = VA HAX//j = LZ_;OZYZ’? —> quX
orJrﬁl\oﬂmﬂM = 0oy cowfednt é e = -7




@)

Marlwmal valee

m Sluhon  fav

(V

—

X

A
Solee hon Y = [Z]
- MAx,
Qac&b&ﬂm m&aﬁfx hvir)

e
—

,,é_ p = —)/< =

—

7

\/g,,:(\/)z{

7

Iad, = max Al = o
}——> Con [/)e (JW)/(ﬂL€0( 7/2&( SVD

Cx. 3445 - Fibhn of  hypelanes
O&L )//WL/E/ n tesse nommzl mr

€ e
c

— min under the const

Mew: ¢ not &

Goal:  given the point coordinate vectors yi,...,
n|, = 1}, such that
m m
Zdist(H,yj)z = Z lc + nTy]~|2 — min .
j=1 | j=1 /P
L wvig - yial| [€
L Y21 -+ Yoa| |M
(3.448) < ||. 77 S
_1 Ym1i - Yma]| |Nd]
~ ~ 7 N~~~
=:A =X 2

conphwdnt

///4)(//2—> min, W, =7
>:{r2 f //ﬂ)(/é = O\n

< P9 Ty — =
IX<R": c+nTx=067% v //?,//% R%

ym € R, m > d, find H & {c € R,n € RY,

(3.4.4.8)

raint |nj, =1.

éj@&f b

( Péeh}m'n(//y ) idect

1 Y11
1 vy,

_1 Ym1 -

AW
e Y 2,d

C

=QR ,
\

Ym,d i

rthagomal

R:

(Ax), =0
Thcke - (AR- %Ww/ﬁm'/w/'; ol A

| 0

.....

Ydy1,d+1| € R™A+L

0

0

| Axll, = TARxl, = JRx{ —> mwin

|Ax[[; = min & [[Rx|[; =

(TY pep” fhil-7

(IC)

C

I skndpA

/
gl

| S— —_

F2,d+1 ¢

ni

Fa+1,d+1
0

1%1777 //
A
WZ D{Z =7 {Ai()/,: 0

2
/=1

| 114 ]

y 4@1_//3

— min .  (3.4.4.9)

2

—> m/h
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C++-code 3.4.4.11: (Generalized) distance fitting of a hyperplane: solution of (3.4.4.12) IZdW w W%a r) -5 .

// Fitting of a hyperplane, returning Hesse normal form
void clsq(const MairixXd& A, const unsigned dim,

unsig:::bg:ei ;jc\c:?;:t(())r,xi&=nz\.iows() ; P(/W é&&/{ Wé Qé W?/u CZ%MAF]&M 3 ({ C/ /3

if (p <dim + 1) { cerr << "not enough unknowns\n"; return; }
if (m< dim) { cerr << "not enough equations\n"; return; }

0w O N OO 0 s W N

m = std::min(m, p);

10 // First_step: orthogonal transformation, see Code 3.3.4.1

1 MatrixXd R =) A. householderQr () . matrixQR () . template triangularView <Eigen::Upper>();
12 // compute matrix V. _from SVD composition of Ry.solve (%.4.10)

s | Matrixxd V = R.block(p — dim, p — dim, m + dim — p, dim) = 4

1 .jacobiSvd (Eigen :: ComputeFullV) . matrixV () ;

15 n = V.col(dim — 1);

17 MatrixXd R_topleft = R.topLefiCorner(p — dim, p — dim);
18 ¢ = —(R_topleft.template triangularView <Eigen::Upper>()
19 .solve (R.block(0, p — dim, p — dim, dim)) * n)(0);

AelR™ - whey | A5, —= oun
ne //Qﬂ{ ( ///7//2 = 7
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 3.4.4.2: Best Low-Rank Approximation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 29, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zurich

Prerequisites.
e Matrix norms
Dependencies. Section 3.3.2, Section 3.4.1, Section 3.4.2

Duration: 75 minutes

 Direct Methads for
Linear |east 67(17#@5 Froblems

34 Singuéar (e ?ecam}aas/'szn (51D)

344 SVD- Based 0]0/7};7/'2605/2)0 and
Appreximation

3Y42 Best low-Rank /Ipproximé/'ofz

Colext Mf %WJW = applorcwafim Oy

s ram
I Low ke mahice ¢

Spme mamees Fizmnic(A4) &L m//7”(l>7//7f
oy Ae R
£ ok (A) = ¢ -
[by SUD] = A — Z; ﬁ( (/&(>(g(v);

S%g@ ~ Flm+tn) &£ mo
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Theorem 3.4.4.18. Best low rank approximation —

Let A = ULV pe the SVD of A € K™" (— Thm. 3.4.1.1). For1 < k < rank(A) set

k Uk -= (U):,l """ (U):,k < ]K’nlk ’
Ap = UV = Y oy (U), (V)] with Vii=[(V). .-, (V). | € KM
=1 _ '
huneated SUD X = diag(cy, ..., o) € Kkk
Then, for ||-|| = ||| and ||-|| = ||-||,, holds true

IA = Agf| < ||A = F|| VF € Ry(m,n),

that is, Ay is the rank-k bé%pproximation of A in the matrix norms ||-|| - and ||-|,.

K. (m,p) = 4 HMe KM . mm/f(/ﬂ)é%}

Definition 3.4.4.16. Frobenius norm

The Frobenius norm of A €/ K™ is defined as 4 @&Qm %p@]/
AP, O B mabices
i=1j=1
/ﬂlpp/z»ama/ﬁm ooy noem - (m 717) _
el O | Y
Wl SUD - A = LTV - U el |V
T o .

[zZ.| 0
O | O

e

A|< :M

| A-Ac 2

// % Z yOa W //2/;: B

i<+ 7
2
/- 2
e —
il = ¢ 2 4 - s

(€#q

/%fmﬂtm 2/1:. invgriemt  w.r.t, mw%p&m//zm with

In Euclidean matrix norm:  ||A — U, X, V1! , = Ok, (3.4.4.21)
min{m,n}
in Frobenius norm: A—UkaV,fI i: E a]-z. (3.4.4.22)
j=k+1
> Tk SV pedich WM of (&w/fmk
apPieth ﬂ/(’)ﬁﬂ 14 Z//
Relative corprssin evoy M)/[C . ;7 4 bl
° [



©
Pk 84473 SUD Gy ey compmbn Review  queotions

BUP gragscale g Pleat amnuney rovee v quushens 39425
| mdix A€ {0,257

<4 Un 'Z% scale

14 -
Foot (¢ O?aneﬁﬁag{%z{ o

k =40 (0.08 mem)

ﬂ%/\/ 7;
P 54744
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 3.4.4.3: Principal Component Data
Analysis (PCA)

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 29, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

Dependencies. Section 3.4.1, Section 3.4.2

Duration: 5"( minutes

 Direct Melhods o
Linear |east §7wres Poblems

34. Sinﬁu(ar V(e @ecam}msnf'on (5)D)
34Y. SVD- Based O]Db}ﬂide/bﬂ and

Appreximaction
3.4Y.43. Pl Component Amlysis (PCA )
7 ,:W\Jﬁ
Trend clpkechon Deda lappif ication

Ex. 3442 (Tl amalys’
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Non-zero singular values of A = [ay, ..., a,J€ R K

1.8092

3.1378 z v, o@mzﬁfl#
01792 SV

|
700

0.2
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4 Oz

'jr@p@v Orthogonal @ecomﬁqszﬁm (PCD )
( Debect deda prnfs & sohspace )

> SUD &MMZS / /f dato app/ax(?fﬂd/@/% e f()ﬁx)zﬁé@

Problem of proper orthogonal decomposition (POD): 7 A P/@w‘&{( OB

Given: Data points ay,...,a, € R, m,n € N/p{/ﬁl—aq N =ssm >

Sought: For k < min{m, n}, find a subspace U, C R™ such that

n

Uy = argmin Y inf |laj— w||§, (3.4.4.34)
WCR™ dim W=k j= 1,‘_€W
e
.1
R ICR
az

=

AD neary RIKSSIch? 9D 0D, k=-7 "

Sob\g/[x((é \/(/C Q Cdin )= WE WQ%W{W J/
Wo-Tw, ., w.le R™F, K=nm
dist (W) = ;@’ZK FENIA

2 A Winean (ot SqU e S pf’ﬂb&m %78 Y :W}E




€)

st W) = [ X = WWik
N n
Z of (o -wil =5 Mg, - Wil {, = IA- WAL
=1 e W F=7

I A- WA 2

ek = K

PO £—

Definition 3.4.4.16. Frobenius norm

The Frobenius norm of A € K" s defined as

m n

IAl7 =YY la;l?.

i=1j=1

Theorem 3.4.4.18. Best low rank approximation —

Let A = ULV pe the SVD of A € K™ (— Thm. 3.4.1.1). For1 < k < rank(A) set

k Uk = (U):,l """ (U):,k < H(Hl,k ’
H q
A= UiV = Y ou(U)o(V)op with v = [(V). ..., (V).,| € Kk
=1 i’ <
Y= diag(o*l ..... Uk) € KKk

Then, for ||| = ||:llp and ||-|| = ||-||,, holds true
|A — Ail]| < ||A—F| VF &€ Ry(m,n),

that is, Ay, is the rank-k best approximation of A in the matrix norms ||-|| . and ||-||,.

HA - WWTAHF > |A—UZVill, YWeER™ , WIW=1I.

Com we Gnd W e @K it
(&) WW-T

(i) W W4 = /M\CZJK\/K
L0%>/f W = KIK

WW'A =Uyu/ UZV' = U [I; O]ZV' =U. LV, .
| 1
A ban grthonormad - calumms

Theorem 3.4.4.37. Solution of POD problem

The subspace U} spanned by the first k left singular vectors of A = [ay, ..., a,] € R™" solves the

POD problem (3.4.4.34):
Ue=R((U).,,) with A=UELV' theSVDofA.

YO0 elhnute -

3 intllay—wlf =
j=

p

Y 2.

{=k+1

(3.4.4.38)
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 3.6: Constrained Least Squares

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 1, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

 Direct Methads for

Linear |east Spares Poblems

3.6. Constrained Least §q,am—es

mxp 0~-LSE | bt p < epds hax fo be it
exa
b
nALA (X =3  m=n

Prerequisites.
e Gradient of a function R" — R
Dependencies. Section 3.1, Section 3.4.1

Duration: Y9 minutes

Linear least squares_problem with linear constraint:
Given: A € R™", m >y, rank(A) =n,b € R™,
CeRP' p<nrank{C) = p,d € RP

Find: x € R" suchthat |Ax —b|, #min and | Cx=d |.

/ (3.6.0.1)

Linear constraint




@
364 - Sluhon vix Ldﬁ/m% W/oz%/'ylrér)
L > e C(C el n “
consheurad &ﬁ/?nz/ za e

Idea: coupling the constraint using the Lagrange multiplier m € IR?

x = argmin sup L(y,m), (3.6.1.2)

yeR” mec Rp

& L(yﬂin) := %HAy —b||;+mT(Cy —d).

WJWJ= 0o, onlem (- A=0
Cotaanl, sakisfied by any mininizer
[3\6.4,2) is callod a Spelolle ~m'rz/ p/@ﬁ&ﬁ7
Lxm) = x* Ixm

/ Cn=p=7]
on ¢ min-sp  f
P(@JW”% P Y 6@/}/7 ﬁ;/ [ ¢ Clat*

Sl g =

(3.6.1.3)

saddle yo{iz?L

—~

L(x,m)

.

oz 0 o6 0 n
S —_—— S

-02 0 02 0.4 0.6 08 1 (

multiplier m
ultip state x

£ (X,q) © a el poinf of L
Srlag) = 55 lng) = 0

Cmr)/z/pu 'Lmﬁ p(m//%/ v fives
L(y/m) = % ;:: (P; (A);'i\ﬂ“h b?)@
2., (LZ; (C) -%”O(K >

¢
=7 /(((,

[%,\»,ynj[ v 7—[(771/ ,__/mp

=>

V7T
A quaduhic polyaomicd i 0,
oL

L
Ss B lagl = =2 5 nq) - Sligl-

oL }
d—(x,q) =A"(Ax—b)+C'q=0,
d !

E(X,q) =Cx—d=0.

e
(ntp)x(ntp) LSE

Ry

C 0
&.\/(W/[’\li'ﬂé({LV[C with 2 (7‘0%/ Nower block

Augmented normal equations
(matrix saddle point problem)

T

L
s é@ér,gz) =

(3.6.1.5a)

(3.6.1.5b)

(3.6.1.6)
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 4.1.2: LT-FIR Linear Mappings

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 4, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zdrich

Dependencies. Section 4.1.1

Duration: J4 minutes

V. H(fcmhg /Mﬂom%ms

U7 Filfers and Conwleckons
UlJ. LT~ FIR Linear /Wapp//?ys

Definition 4.1.1.2. Finite channel/filter

A channelffilter F : (*(Z) — (*°(Z) is called finite, if every input signal of finite duration produces
an output signal of finite duration,

{3IMeN: |j|>M = xj=0} = INeN: [kK[>N = (P((xj)jgz))k=0'
(4.1.1.3)

Definition 4.1.1.5. Time-invariant channel/filter

Afilter F : (®(Z) — (*(Z) is called time-invariant (TI), if shifting the input in time leads to the
same output shifted in time by the same amount; it commutes with the time shift operator from

(4.1.1.4):

V(x)jez € £¥(Z), Vm € Z: F(Sm((xj)jéz)) = S,,,(F((xj)jéz)) ) (4.1.1.6)

Definition 4.1.1.7. Linear channel/filter

Afilter F : (*°(Z) — (*°(Z) is called linear, if F is a linear mapping:

F(a (%)) ez + PY)) jez) = @F (%)) ;) + BE((¥)) jez) (4.1.1.8)

for all sequences (x]-)jez, (y]-)].EZ € (*(Z) and real numbers &, B € R.




Definition 4.1.1.9. Causal channel/filter

Afilter F : (*°(Z) — (*(Z) is called causal (or physical, or nonanticipative), if the output does not
start before the input

VMEeN: (), ., €l7(Z), ;=0 Vi<M = F((xj), ;=0 Vk<M. (41.1.10)

Definition 4.1.1.12. Impulse response

The impulse response (IR) of a channel/filter is the output for a single unit impulse at t = 0 as

input, that is, the input signalis  x; = 5]-0 = {1 iy =0 (Kronecker symbol).
’ 0 else
impulse , response
ho
t hy hy_2
. ho {hnl
e e T
t‘() fl FZ I tn'—§n#—1 time fo h t‘2 T fn—b,_1 time
F(( j,O)]-ez) : (o o 0’0, IIO’ Izl’ . . 0’11’1_1’ O,o . o) -
F((66)iez) = (hjk) ;e = ( o0 hy Iy h, . 0 --- ) .
T T
T t= kAt t=(k+n—1)At

by hitled vnit pL)(.EG

Fov anle siqgnal (X3) :

m—1 ) m—1 ) p CCWWV (Oﬂfé(;‘
(xj)jeZ - kE xk("j,k),-ez = kz xksk((éj,o)jez) ;) = m/j&(/)/{ﬂ){g(j (4.1.2.1)
= =0

F( (%)) = > x, F(S (6,

< )5%2 )

(/(,'Vl///l/l- T —'
T S, Fl(8§,),)
. PF
. - | R
Sup&r )D&\ngv‘on /{ chifted 1R :
0 0 : ;
Yo hO 0 0 0
4 : ho 0
hn—l : /’l()
n 0 h,_ :
y: =X| o | ™X '10 1 + X 1 S O (4.1.2.3)
0 hO
ym+n—3 . - : E
Ym+n-2 0 0 0 e
0 0 0 0
M -~T
Yie = %5 hK—g Xg/ , K=0 __ mn-2
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=
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oulp/ &(éf?w/
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9 ,
R Fo infinike_sigrds Reviw quesons Y12

Vie = Z s Xy T 5 hk—g A -
F=0 > ]—ﬁ&j{%/ [i}l%ﬂ %HY%&?M /ﬁ%ﬁﬂg oNn I'Y/ZW oy

Definition 4.1.2.7. Convolution of sequences

Given two sequences (/). (X)o7, at least one of which is finite or decays sufficiently fast,
their convolution is another sequence (yy ), .. defined as

V=) h%-xk,,g,l keZ. (4.1.2.8)

jez

Wﬁ/ﬁ(/hm’? (>/9) e (h56> 7 [Xk)

Theorem 4.1.2.9. Convolution of sequences commutes

If well-defined, the convolution of sequences commutes

(xx) * (hi) = (he) * (xx) -
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 4.1.1: Discrete Finite Linear
Time-Invariant Causal Channels/Filters

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 4, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

V. HUCH'% /Mﬁorh%rﬂ5

U1 Filfers and Conwlutons

—>  Womuical  signal poccatry - LA peopective
Focay - Time-clncieke  findke , amizg sy

—= veckyy 6 R”
by \wmfzpé{ /7% at
y&@/m/ potiafs

[

Prerequisites.
e Matrix-vector calculus from linear algebra

Duration: QO minutes

to ti—_bbtz - tyot,.q time
. s : Z
[ime -ccrele Ay g@m&; e saquupcy S K

Ke Z
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U141 Diceke Finife Linear Time- lmaiant
(CLI/SGI L fz(nﬂe[s Yid

= Uor /gl /64 —> Smf‘pu/ 9

—— 7 Z)

queences € RZ

M
Ay
"i
-
A\

120(7) oA d()mmé(

“dirmensiera

Definition 4.1.1.2. Finite charnel/filter

A channelffilter F : (*°(Z)~ (*(Z) is called finite, if every input signal of finite duration preduces
an output signal of finite’duration,

{ IM E/JN:

|+ \MVM not  mallor when {‘W/jz/f aorived

|/

f>M = xj=0} = 3INeN: kK[ >N = (P((xj)jez))kzo,_,
(4.1.1.3)

Definition 4.1.1.5. Time-invariant channel/filter

Afilter F : (*(Z) — (*°(Z) is called time-invariant (TI), if shifting the input in time leads to the
same output shifted in time by the same amount; it commutes with the time shift operator from

(4.1.1.4):

V(xj)jez € £7(Z), Ym € Z: F(Su((xj)

S, & hme-hiff

) = SwlE(x)), ) - (4.1.1.6)

S () =

‘ § 77(2) -

Iy mafh - £12) = 77(2)
% C&mmdﬂ?g C&%/z{m : lSm ) St
772 > 4(Z)

a v spuce

Definition 4.1.1.7. Linear channel/ilter

Afilter F : {*(Z) — (*°(Z) is called linear, if F is a linear mapping:

“ (x)%Z + ﬁ(%ez) = aF( ()quez) + BE( (%ez)

for all sequences (xj)].ez, (yj)].GZ € (*(Z) and real numbers a, B € R.

(4.1.1.8)

uf1007L m%{ a/%ar onet of (h/?(/f

Definition 4.1.1.9. Causal channel/filter

Afilter F : {*°(Z) — (*°(Z) is called causal (or physical, or nonanticipative), if the output does not
start before the input

(x]')jez

=0 Vk< M. (41.1.10)

€l®(Z), x;=0 Vj<M = F((x))

YM € IN: i jEZ)k

Lineary , Eime -iyamant | Snite
C&M&M 2 Uer>

Lﬂmngmi LT-FIR =



©
Remembor tom LA é{imz | Mﬂwﬁg@g%% Aeinecl

om on' b
Fo X7°(Z2) - baww e, - (gafk)géz - imps

Mte 6%(@,& - &, T:I> ;L{%ZMP%? Fle,) Mhes
Fle,) = impule wopnce (IR)

F(((sj’o)]EZ) — (...,O,l’l(),l‘l],...,1'1,1_1,0,...) .

Keyrer Wh&m 1113
Plegar anpwey them wifh cyma%"f? ny.
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Section 4.1.3: Discrete Convolutions , .
U1 3. Dicele Conwolubons
| T-FIR chamnel F , with R =(_ 0.h,h,  h,.0)

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 4, 2020 0 0 0 0 0
o | . Yo ho 0 0 0
(C) Seminar fur Angewandte Mathematik, ETH ZUrich Y1 _ ho 0 :
hn—l hO
N o B B 4o tx : (4.1.2.3)
Dependencies. Section 4.1.1, Section 4.1.2 : o1 0 0 "2 hy el 0 | o
) : : 0 /
Duration: {7 minutes I ' ho
Ym+n-3 : :
Ym+n-2 0 0 0 hp—1
0 0 0 0 0

C Note: Possible minor mismatch of video and tablet notes!

[Corrections and updates can be incorporated into tablet notes only]




ho
h 1
h 2
h 3
114

0
h()
111
h
+ X1 hi
114
0
,’ﬁw _()
0|0
h() 0
’11 h()
}12 111
/13 /12
/14 /13
0 ’14
0|0

o O O

h()
/11
h 2
h 3
h 4

LT-FIR actiom v m=4Y, n=25

0
0
I’l()
h 1
h 2
h 3
1’14

oo O

h()
h 1
h 2
h 3
h 4

LP = ogcéc‘c

’D molez|o0)

Yo
1

Yn

Ym+n-3

Ym+4+n-2
0

f— xO O

-yo-

ho

hn—l

ces Oo - -

| Ym+n-2

+ X1

+ X2

T X1

- %o -

| Xm—1 |

=: Cx.

(4.1.2.3)

(4.1.3.2)



Obtpot Sequitnce (ﬁ) -. \/{ — gg h,% X
— ((onvebslion of Sequieice <)
\/< - }2:_-; h/(éL Xy , kK= 0,.. mtn-2

Definition 4.1.3.3. Discrete

Given x = [xo,...,x,,,_l]T € K™ h = |hy,..., 11,,_1]T € K" their discrete convolution is the
vector y € K"+~ 1 with components
m—1

Yi = 2 hy_jxj, k=0,..., 2n—2, (4.1.3.4)
j=0

where we have adopted the convention /1j := 0 for j < Oor j > n.

ol hom

= h»*sx — X* P
ngg{
cemnuetres !

1.1.3.6. Mullipheation of po%mmm%
prq 2 Wn(m%% n T of 0%/6( < n-"7
pq = & plgromid o dgee 202
p(t) ==;ajfj, q(t) :=;bjtf, a,beK. &> a,bélK

Ak amwlehon < = 4 x b
2n—2 min{k,n—1} Z/

(pq)(t) == Z Ckfk , Ck = Z agb_y, k=0,..., 2n — 2.

k=0 {=max{0,k—(n—1)}

(4.1.3.7)

Revwen) W(‘Wm Ul 3 12
g%ﬁz annwor without ot o lchoee bl
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Course Video
Section 4.1.4: Periodic Convolutions

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 4, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

V. F(Hcm'ng /Mffari#)ms

T Filfers and Conwlubons
414 Fericeuc Convolutions

Definition 4.1.2.7. Convolution of sequences

Given two sequences (i), (Xx),c7, at least one of which is finite or decays sufficiently fast,
their convolution is another sequence (yy ), .5, defined as

ve= Y M jxi, k€Z. -y, )= (h,) *(%)(4128)
jez

Dependencies. Section 4.1.2, ??

Duration: 02(/( minutes

Definition 4.1.3.3. Discrete

Given x = [xo,...,x,,v,_l]T € K" h = [Izo,...,h,,_l]T € K" their discrete convolution is the
vector y € K"*+"~1 with components
m—1

Yk = E hk_]-x]- , k=0,...,2n—-2, (4.1.3.4)
j=0

where we have adopted the convention /; := 0 for j < O orj > n.




e Now - nRngke s(gnﬂ , but penod €

Definition 4.1.4.1. Periodic time-discrete signal

An n-periodic signal, n € IN, is a sequence (r]) € (®(Z) satisfying

Xjiyn = Xj V]EZ

Definition 4.1.4.7. Discrete periodic convolution

The discrete periodic convolution of two n-periodic sequences (pi)icz, (Xk)rez Yields the n-
periodic sequence
n—1 n—1

(Yi) == (px) *n (xi) Zpk i = Exk vi, kezZ.

[n le RT

Aborn L T~FIR Fliex F mﬂa IR ”7><>sz,

—> ek X

tag nrpmaééfc sequrelce (e ) /y,c FUx,))
A "ty T 2 Vet
= Vi1ln p-T
"= %ﬂ E%Z Myie Xk'v%fvb/vpmbﬁéz‘ce&/
—% (:{2 hwm> My

——
oo =: Py

= VE PV X|(~l/ — (pc) 7,
(>/z<) is aloo - penpdic

v

R * X, ApXERT

— n-pmadic s Pyl

§ Y2417 eellent mabices
: R ;
_ Yo N _ Po Pl Pn<2 -°° e P.l TF X0 -
: Epl Po Pl :
P2 P1 Po
— ; ~ (4.1.4.6)
. : . . pn'—l '
[ Yn—1 \_Pn—l L P P ] | Xn—1.
_ —P

c pmmcfzc/m

Definition 4.1.4.12.

A matrix C = [Cij] :-Ijzl € K"" is circulant
= 3 (pk)rez n-periodic sequence: c¢j;j = pj—i, 1 <i,j < n.




@ - -
— C. /M. (mp&k%{ deﬁfzé&/ by pe k" N
Ls At J/p/%’l@

U445  Coonmthion 17 /Omwc covtwlu i _

[‘“] [b] el

(4.1.4.18)

-7
Z=dxb ' = L &yuby k=092 .

3" | Z2n—2 | L
0(65{ U}D///]O (V)Wd—?m &Z WH“W/[ meé a (2n — 1) x (2n — 1) circulant matrix!

JJ>/ 2o /Dﬂ g/
[ Y
v = {ﬂk ,f0<k<mn, . {bk J0<k<n, 4.1.4.16) %WW W 248 q 5 ’ [7
|0 Jifn<k<2n—1 7 7= No Jfn<k<2n-1, ' .
. leante ampwen without ad
—~  wywewAed  In-T1 - p«m@&é{c SAUNCE > 7
LENNNNEEEEEREEE R R
—n 0 n 2n 3n 4n

2 = 4Xb = X Y

— —
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Course Video
Section 4.2.1: Diagonalizing Circulant Matrices

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 4, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

U7 Disciete Foorier Tanstorm (DFT )
Hal. ﬂ?kgyna&lzmg Lircolant  NMatrees

Recall - dosuele o, =— diwn. porisdc (oMY,

= mulliphcatin with coedyit
L%

& H’Hcmhg /Mﬁar(ﬁ%ms

Definition 4.1.4.12.

n

A matrix C = [C,’j]
& 3 (px)kez n-periodic sequence: c¢;j = pj—i, 1 <1i,j < n.

1 € K"" is circulant

i,j=

Prerequisites.
e From linear algebra: eigenvalues and eigenvectors
e Computing with complex numbers

Dependencies. Section 4.1.4

Duration: () minutes

[ po p1 P2 - Pn1]
Pn-1 Po Pn—2
Pn-2 :
circul(p) = :
p2 P1
_Pl\PZ “** Pun-1 PO




C@Exp_ Y207 &f&m)eq%n (=U¢) o wiedamt mahées Lo

C = ( (/coév)(%",@c Aom ( €)
— U I/ e . .
i
i 8 g g
5 8 5 5
5 T - 4 B B
+ Cp real[ev) 8 8 8 8
B o B o 8 -ar 5 -
+ C,:imag(ev) «g «g E E
4l * » Cyreallev) [} a -a3) &
* Cz unag[ev) 0.2 -aa)| -aa|
; (] e .
| | /] d(ﬁ@mé ((077 ox ) == R S I S B = E S I = L L
wvectorcamponent index wector component index wvector component index wvector component index
6{ mv Cirad ot et 2, o grewmeir 5 Ciradet matrts 2, sgeewwdor 6 Oeadet matrts 2 geenwcior T Circadrt rmatdx 2. sigeevscir 0
. .
©
% . ' P 4 ]
o | 2., 2. 2. 2.
- ) : : : :
¥ + B o B 9 g 9 B 9
Lo ] : : ‘
0 * * + o s a1 | ' '
. : i i| i i
* t o +
vector companent index ‘ vector camponent index veotor componentindex Vector companentindex
0 1 2 3 4 5 6 7 8 9

index of eigenvalue
“ > LAM np w/m/(mf mamces b the  <atne ygmw D d”
Elgenvectors of matrix Cq, visualized through the size of the real and imaginary parts of thelr components.

Qestsee rers |, elgermetee | a1, wgmencir 2 e ] bt ok |, mgmrwdor

Elgenvectors of cnrculant matrix C = circul( 1,2, 128] )

rarctes S24aGT dreul 3 T elgerwecice 2 ek 224Gt cakwe et e rarcic 2da 254 vkt v, eOerNECEE
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" n«e_x ozzm:nmmz.,,,..,E
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5 % 5 o B & B B

6 oo =] o o ™ 6 o o o ™ 0 w ™ o T T o ™ 6 ™ ™ T
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veclor component vakue
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@g 1.2.0.6 BV deulamt mabices

Recad L - 6[7% = wux L t 1 sint
4/
ﬂ-%i@&?‘&/(/ﬂ(’/y w, = e = ,neflN
satisfies w,,—w,,l , wll =1 , w;;/2:_1 ; wk—wf,"'” VkeZ, (4.2.1.7)
m :Z(iwf,fzzz(:)(w{;i ={g :j;g I;Zj Z %f{é&ﬂ?ﬁ% &()0’2(421_8)
Ol = (2)
C eC™ /K)-%f%@? , (e ) # n- pencatie
- n-1
YV, = (w,,,k"/ﬁg__yéﬁ’ k=0, ., n-"7
ne
(Cu)y = Z (C),, (w,]
07 ~ ke
= A
L& g-( 67:74 < fj;m
- z% /é(l &m(,]/,”’
= w5 et = A, 8,
-
=7, 4“’0, 1

5(7{/{ EV_C OfQ

{,VO""'

Vn—l} = 4

0 r%%amf

FII

H
[ an( 2.)“]

wn

n
CL)”

g

w

. &

p
— O_ — O -—
Wy Wy

Wy
7 . 7
0 1—n

L Wyl LWy,

n-1

o

0 -
n wn

nl

—

n

[ pe]
@
N

n e Wy

- 0 -—
wg Wy )

w%—n cU’II—n

2(2—n) 2(1—-n)

n n

, : >. (4.2.1.11)

—(n—1)(n-2) —(n—1)>?
n | n 4 )

—>  Footier mabix  —> &ét'&(jmm"w cinulant mabrecs

, e (4.2.1.13)

The scaled Fourier-matrix %Fn is unitary (— Def. 6.2.1.2) : F,;' = 1l = 1F,




€)

20210 | | '
Lemma 4.2.1.16. Diagonalization of circulant matrices (— Def. 4.1.4.12) é 1.2.07 DFT %%7

For any circulant matrix C € K"", ¢j; = u;_;, (uy)xcz n-periodic sequence, holds true # H/)é&/( Ol( . U(’)_QU/D/QQ!’/(&( / E@Eﬁ/ [: F T >

CFH :Fndiag(d],...,dn) 7 [do,...,dn_]]—r - Fn[ll(),...,lln_l]T .
C++ code 4.2.1.22: Demo: discrete Fourier transform in EIGEN => GITLAB

int main() {
using Comp = complex<double>;
const VectorXcd ::Index n = 5;
VectorXed y(n),c(n),x(n);
y << Comp(1,0) ,Comp(2,1) ,Comp(3,2) ,Comp(4,3) ,Comp(5,4);
FFT<double> fft; // DFT transform object
c = fft.fwd(y); // DTF of y, see Def. 4.2.1.18
x = fft.inv(c); // inverse DFT of c, see (4.2.1.20)

=~ C = R7DFR

— AU opuhions w/ ol padices 8
wmzﬁ/ by mumms of (Fém“é/f rahees e

Definition 4.2.1.18. nof o cout <<y
12 << C

0w O N OO 0 s W N

" << y.transpose() << endl
" << c.transpose() << endl

The linear map DFT,, : C" — C", DFT,(y) := E,y,y € C", is called discrete Fourier transform :j retur:<0'jx © o Hallil i) 5 ol
(DFT), i.e. for [cp, ..., cy_1] := DFT,(y) s | ’

n—1 .
Ck:Z}/jwﬁ] , k=0,...,n—1. (4.2.1.19)
j=0

= = DF’T/;/) SEERVA =L6§§c}@;5pk Rezrenw WEO% 429143
[ Aowen  withnd ad)

T
3 }
y
SN
Paall

c
Aasthoy " DFT |
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Course Video
Section 4.2.2: Discrete Convolution via DFT

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 4, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Prerequisites.
e Orthogonal diagonalization (linear algebra)
Dependencies. Section 4.2.1

Duration: 7‘4 minutes

Y7 Discete Foorier Trans form (DFT, )

U3 Disaele Canvoluhon via DFET

Rectll - dpnrele pomcclic comelihen 3
() = (pe) % (xe) = Yoo ZBghs K0 0T

I “(Hcm'n? /Mjon'%ms

C++11 code 4.2.2.1: Discrete periodic convolution: straightforward implementation
=> GITLAB

2 | Eigen:: VectorXcd pconv(const Eigen::VectorXcd &u, const Eigen::VectorXcd &x) {

3 const int n = x.size();

4 Eigen:: VectorXcd z = VectorXcd ::Zero(n);

5 // “naive” two-loop implementation of discrete periodic convolution
6 for (int k = 0; k < n; ++k) {

7 for (int j =0, | = k; j <=k; ++j, —I1) z[Kk] += u[l] * x[j];

8 for (int j =k +1, | =n—1; j <n; ++j, —I) z[k] += u[l] * x[]];

of '}

0 return z;

1

ot = 0(np?)
Ascome - Ubmay DFT " uther fot”



C++11 code 4.2.2.4: Discrete periodic convolution: DFT implementation => GITLAB

Eigen:: VectorXcd pconvfft (const Eigen::
const Eigen::

VectorXcd &u,
VectorXcd &x) {

FFT<double> fft ;

return fft.inv (((fft.fwd(u))

.cwiseProduct (fft .fwd(x))).eval());

- _ -1
B~ Ty ly S 27 Cx Ol Ly,
I\ comptetiturise
- N
"\é/ Idea: (42117) > z=F, dlag(F”u)' nX
i e e
- VFT bEC per

Lemma 4.2.1.16. Diagonalization of circulant matrices (— Def. 4.1.4.12)

For any circulant matrix C € K", c;j = u;_j, (ux)rez n-periodic sequence, holds true

Cfn :Fndiag(til,...,dn) 7 [dO,...,dn_l]T - Fn[llol...,lln*I]T

Theorem 4.2.2.2. Convolution theorem

The discrete periodic convolution *,, between n-dimensional vectors u and x is equal to the inverse
DFT of the component-wise product between the DFTs of u and u; i.e.:

n—1
= F;] [(Fnu)j(F”x)]} }7:1 ’
k=0

(4.2.2.3)

(u) *, ( [Zuk 2 ]]

\f&mgllﬂﬂﬁﬁg [nx djh PMKCO/W. — 6 N
— / —
x PFI ot It OF [

\/
€ x (ﬁm (mPW. = @”’

2
3
4 Eigen::
5
6

}

Diccrede comp.

4 bec”

by /pm%{( complehn § =eo W/c&/ég

Tﬂ Q 2177
éc R

~ ok
O 20-1 O

I\

a7 b

C++11 code 4.2.2.5: Implementation of discrete convolution (— Def. 4.1.3.3) based on
periodic discrete convolution =" GITLAB

Eigen:: VectorXcd fastcony/{const Eigen::VectorXcd &h,
const Eigen::VectorXcd &x) {

assert(x.size() == H.size());

const Eigen::Index n = h.size();

// Zero paddirg, cf. (4.1.4.16), and periodic discrete convolution

// of lengtl/2m=1, Code 4.2.2.4

return pconvfft(

(Eigen::VectorXcd (2 * n — 1)@&E=®h, Eigen::VectorXcd ::Zero(n — 1)) £—

10 .finished (),
1" (Eigen::VectorXcd (2 * n — 1)@=, Eigen::VectorXcd::Zero(n — 1)) &—
12 .finished ()) ;

0w O N OO 0 s W N
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Course Video
Section 4.2.3: Frequency filtering via DFT

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 17, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zdrich

Dependencies. Section 4.2.1, Section 4.2.2

Duration: 30 minutes

Y7 Disciete Foorier Tapstorm (DFT )
H.2.3. Freq,uencg Fn(fmrg, viee DFT

DF1T - ¢ /’X <>¥ ti/cf th

e new banyy ek - oo . ok Forte mahix £,

Ucthons w5+
L Mpf?éﬂ/‘ K%@W(ézuw

Fourier-basis vecior, n=16§, ja1 Fourier-basis vecio Fourier-basis vecior, n« 16, j=15

I HHcm'ni /Mﬂom%ms

) 2 4 & 8 0 12 " % 18

“slow oscillation/low frequency”  “fast oscillation/high frequency”  “slow oscillation/low frequency”
n-7
([:h)'zlé = [wl}%’]gzo = Z@ (&Y
= [ oees (k% )] ) Zsm/o??k /)]
= leth column & Sampled /w;ﬁamméfwc Fyr/c/zo:w{ fepueny /<



@)

@ ET c@ll&(dr Fovnaer coellient

h,ﬂ n,/
= = -+ 5 - l<f-
Ci é‘Z” 7/3 o, Yg 2 ﬁﬂCKWw

Ft Yy, 6 RY, n =7
> ) an soperpasihon of ascitlafions

m ) 2m ) m

| —kj —kj —kj (k—n)j
nyj =Co+ Z Ckwy =+ Z Crwy =~ = Co T+ Z CkWy = + Cp—kWy
k=1 k=m+1 k=1
m

= co+2 ) Re(ck) cos(27tki/n) + Im(cg) sin(27tki/n) , j=0,...,n—1,

ol = chuyth o featp ke in sl

Emm{plz 4733 - J:WW% wenhbeation with JET
Sijrm( = hw mater + White ppce

C++ code 4.2.3.4: Generation of noisy sinusoidal signal = GITLAB

2 |VectorXd signalgen () {
3 const int N = 64;
4 const ArrayXd t = ArrayXd:: LinSpaced(N, 0, N);
5 const VectorXd x = ((2xM_PI/Nxt).sin() + (14xM_PI/Nxt).sin()).matrix();
6 return x + VectorXd ::Random(N) ;
7
}

f..."‘
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@ — 6”(’7'k) [ -4+ 4.2.3.7: DFT- f filtering = GITLAB
( (_W >; — [ W: &7 ¢ ] ) B C++11-code 4.2.3.7: based frequency filtering =* G
void freqfilter (const VectorXd &y, |nt k VectorXd &low, VectorXd &high) {
const VectorXd ::Index n = y.size();
if (n%2 1= 0) ’H?/“ﬂﬁ/?&(&(

throw std ::runtime_error ("Even vector length required!");
const VectorXd::Index m = y.size() / 2;

Ce] ~7 [ Z()(Z//D/)e/ Ja&on;( 2]

Eigen::FFT<double> fft; // DFT helper object
VectorXcd ¢ = fft.fwd(y); // Perform DFT of input vector

0w O N OO 0 s W N

1" VectorXcd clow = c;
12 // Set high frequency coefficients to zero, Fig. 125

w | for (int j =—k; j <= +k; ++j) clow(m + j) = O; = (,Ow'deff
14 // (Complementary) vector of high frequency coefficients
15 VectorXcd chigh = ¢ — clow; > h(g/p}pagg
. 16
Lew frequencies 17 // Recover filtered time-domain signals
18 low = fft.inv(clow).real();
19 high = fft.inv(chigh).real();
20
}

J’xam/y& (2 35 (I@WZ&(H% by H@WM% fé/%ﬂﬁdd)
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 4.2.5: Two-Dimensional DFT

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 17, 2020
(C) Seminar flr Angewandte Mathematik, ETH Zirich

Dependencies. Section 4.2.2

Duration: minutes

/ 2 :DISQLCﬁe oorier 7|_’6(6757L\0I’/77 (p/’:f )

H25. Tup - Dimensioonl DFT

2D sgnﬂg > Wzﬁeg > mabice s

_K 7L6l’ll7? /4 (ﬂon%ms

§4.2.51 Matix Foumey modes
Recld - DFT <> b wbr Foria- o+f modled
bonts vt - (Fa). . = [eofel.,

deot - 2D ki bams mabices by fenov p/@/ﬂ%
(R, (R L, . C™

=0, . n1

20 DFT of 766"”’ DR, (V) = zz(w AN

. ) F 7o €0
L Ct+t - im{womg J L’;—,_?/C\J



@)

N

&:
m—1n—1

(C)kl,kz - Z Z

j1=0 j2=0

C =

1
'

P Zz;ip (\///((En) gﬁ(@).}(

joko

i k-
ph 1w”

m—1 .
y]ll]Z wr” f— Z w{)l]k[
j1=0 | (
4
m D DFls of rnes of >

N 10 DFT of «ls of DFT,,(¥)

n—1
ik
( E w{f zyjl,jz) , 0<ki<m,0<ky<mn.
j2=0

C++ code 4.2.5.6: Two-dimensional discrete Fourier transform = GITLAB

template.<typename Scalar>
void' fft2 (Eigen :: MatrixXcd &C, const Eigen:: MatrixBase<Scalar> &Y) {
using idx_t Eigen::MatrixXcd:: Index;
const idx_t m = Y.rows() ,n=Y.cols () ;
C.resize (m,n) ;
Eigen:: MatrixXcd tmp(m,n) ;

0 O N OO 0 s W N

Eigen::FFT<double> fft; // Helper class for DFT
// Transform rows of matrix Y
for (idx_t k=0;k<am;k++) {

Eigen::VectorXcd tv(Y.row(k));

tmp.row(k) = fft.fwd(tv).transpose();

71=0j2=0

#1t2(C,Y.conjugate ()); C = C.conjugate () /(mxn);

m—1 14 }
1k T\T
Ok, = F.(Y); .), wi B C =F,(F,Y")" =F,YF 4254)
( )kl’kz Z—:O( n )]1")k2 " m(EnY ") e ( ) 16 // Transform columns of temporary matrix
h= w7 | for (idx_t k=0;k<n;k++) {
18 Eigen::VectorXcd tv(imp.col(k));
19 C.col(k) = fft.fwd(tv);
20 1
Lemma 4.2.1.14. Properties of Fourier matrix = |
The scaled Fourier-matrix ﬁFn is unitary (— Def 6.2.1.2) : F,! = 1fll = 1F,
C++ code 4.2.5.7: Inverse two-dimensional discrete Fourier transform => GITLAB
2 |template <typename Scalar>
1 n—1 s [void ifft2 (Eigen:: MatrixXcd &C, const Eigen::MatrixBase<Scalar> &Y) ({
B T e 1 _ 1% ~ 4 using idx_t = Eigen::MatrixXcd:: Index;
C= Z Z Yivi (F"'T)I,j'l(F"):,jz = Y=F, CF, = WFN!CFN (4.2.5.5) 5 const idx_t m = Y.rows() ,n=Y.cols () ;
6
7

}




@
§ U259 Tvadic womotuton of wmafices
1D

n—1 n—1
Y=P*nX:= |} XjP(k) modn| -, P.XEC", (4.2.5.10)
j=0 k=0

20 -

m—1n-1

E Z (k=i) mod m,(£-j) mod n ’

i=0 ] =( k=0,...,m—1
£=0,..,n—1

X0 Y :=B(X,Y)

— /Draf/m%/ 7Y%, { (‘Fm): ﬁ ) }g Ny ——
: L0 .., 0T
m—1n-1
(B(XIY))k,F - Z Z (k—i) mod m,({—j) mod n
i=0 j=0
m—1n— . ()
= Z Z wm I)w:z(( /)
i=0 j=0
m—1n-1 _—
— Z Z )i jwhicy] | - wikwst .
m—1n—1
» B(X;\(Fm):,r(Fn)s,lz) - Z E x)l]w (Fm):,r(Fn)s,: . (4-2-5'13)

i=0 j=0

"elgenvalue" see Eq. (4.2.5.3) ﬁ dan G/’i/\y J/ @ m p (X)

“eigenvector’

X, Y eCm".

1D reoulf .

Theorem 4.2.2.2. Convolution theorem

The discrete periodic convolution *, between n-dimensional vectors u and x is equal to the inverse
DFT of the component-wise product between the DFTs of u and u; i.e.:

() *, ( (4.2.2.3)

"o n—1
!E Hk—j ]l = F,  [(Fyu) {F,x);] ;—1:1

k=0

Theorem 4.2.5.14. 2D convolution theorem

Forany X, Y € C"", we have
X #mu Y = DF T3 DFT s XPOOF T (Y))

where - stands for the entrywise multiplication of matrices of equal size.

C++ code 4.2.5.15: DFT-based 2D discrete periodic convolution = GITLAB

2 |// DFT based implementation of 2D periodic convolution
s |template <typename Scalar1 , typename Scalar2, class EigenMatrix>
4 |void pmconv(const Eigen::MatrixBase <Scalar1> &X,

5 const Eigen::MatrixBase <Scalar2> &Y, EigenMatrix &Z) {
6 using Comp = std :: complex<double>;

7 using idx_t = typename EigenMatrix :: Index ;

8 using val_t = typename EigenMatrix :: Scalar ;

9 const idx_t n = X.cols(), m = X.rows() ;

10 if (m!= Y.rows()) || (n != Y.cols()))

11 throw std ::runtime_error ("pmconv: size mismatch") ;

12 Z.resize(m, n);

13 Eigen:: MatrixXed Xh(m, n), Yh(m, n);

14 // Step @: 2D DFT of Y
15 fft2 (Yh, (Y.template cast<Comp>()));
16 // Step @®: 2D DFT of X

17 fft2 (Xh, (X.template cast<Comp>()));

18 // Steps O, O. inverse DFT of component-wise product
w | ifft2(Z, X#.cwiseProduct(Yh)):

20 |}




©)
Ex. 92516 [@@Mm'/% ﬁy DFT )
'M%I £—> Pe R (pM t??/{ﬁfx)
B&/zm'% Wﬂ% ([ | £L m,p >

[c=B(P)),, =

L
‘4 | 2 §|<,7 (P>(ka)hw/7v/ (4rq9) mer

“ar=t )
PSFHE
‘l6¢{ f 6%37 - 74 éﬁy ?A? A¢ MﬂWWZZ?E&&7{} L=5

Blurred image

Original

o 2D deeade poriziec anmbden

L L
(6)Z(g = 0= E E Sk,q(P)(l+k) mod m,(j+q) mod n
k=—Lg=-L
L L
= E E S_k,_q(P)(l_k) mod m,(j—q) mod n
k=—Lgq=-L
L L
= Zzs—k,—q(l))(l—k) mod m,(j—q) mod nt
k=04g=0
L -1
Split. k:zoq:Z—LS_k'_q(P)(l—k) mod m,(j—(g+n)) mod nt
Y sums 1 L
Z Es—k,—q(P)(l—(k‘*"")) mod m,(j—q) mod nT
k=—Lgq=0
m—1n-1 _
VETTE B B(X,Y) = E E(x)i,‘y)(k—i) mod m,({—j) mod n , XYeC™”
=07=0 S
L L
- Z Zs—k,—‘P)(l—k) mod m,(j—gq) mod nt
k=04g=0
L n-1
Z E S_k,_q+.))(l—k) mod m,(j—gq) mod nT
k=0g=n—L
m—1 L
Z Es—k+m,—~P)(l—k) mod m,(j—q) mod nT
k=m—Lq=0

m—1 n—1

Y. ). S—ktm—gin(P )(1-k) mod m,(j—g) mod n -

k=m—Lqg=n—L



L]

0

&

pSF (s_k,_q ,for0 <k g<L,
\L S—k+m,—q yform—L<k<m, 0<g<L,
C=Ssx,,P wih (S)qu = 4 S_kg4n ,forO<k<L, n—-L<g<n, (4.2.5.20)
S—ktm—q+m »form—L< k<m, n—L<g<mn,
0 else.

\

bluned | mage

Theorem 4.2.5.14. 2D convolution theorem

Forany X, Y € C"" we have
X *m,n Y = DFT;,,I,;(DFTm,n(X) ®© DFTm,n(Y)) ’

where () stands for the entrywise multiplication of matrices of equal size.

- JFT,, ( M@ DFT, (S))
ew#y%( /

m What ol be a ploblem)

Check v (DFTo (S),0 = ©
| o humgm‘g%@ clear vy J

>

C++11-code 4.2.5.22: DFT based deblurring = GITLAB

MatrixXd Spad =
/S Zero [‘a:]_j_‘_ﬂ"], See (42520)
Spad.block(0, 0, L + 1,

2z |MatrixXd deblur(const MatrixXd &C, const MatrixXd &S, const double tol = 1e—3) {

3 const long m = C.rows(), n = C.cols(), M= S.rows(), N = S.cols();

4 const long L= M— 1) [/ 2;

s | it (M 1= N) {

6 throw std::runtime_error ("Error: S not quadratic!"):

7

)
8 MatrixXd:: Zero(m, n);
9
L+ 1) =S.block(L, L, L+ 1, L + 1); 7

\&g Spad.block(m — L, n— L, L, L) = S.block(0, 0, L, L): } b()([ﬂ( Séf
2 | Spad.block(0, n— L, L + 1, L) = S.block(L, 0, L + 1,
13 Spad block(m— L, 0, L, L + 1) = S.block(0, L, L, L +
14 Inverse of blurring operator (fft2 expects a mplex matrix)

MatrixXcd SF =

f',." Test f-—\—
/ L

fft2 (Spad.cast<complex >()) ;
invertibility

if (SF. CW|seAbs() minCoeff() < tol * SF.cwiseAbs() . maxCoeff()) {
std::cerr << "Error: Deblurring impossible!\n";

)

r‘"v { FT -C&SEJ apc-A-LALL 20 J

return mz.m:z (C. cast<oomplex>())‘cwlseouotlent (SF)) . real () ;
)

Revew quashions 1.2.5.23
m%ww f)//z)zorg) z)(m%aaf Wa'% Up omudr in e
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ETH Lecture 401-0663-00L Numerical Methods for CSE .:K Iﬂ_((]lc”n? /4 (ﬂa r (-/%)m S

Course Video U3. Fast Fooree Transtoon (FFT)
Section 4.3: Fast Fourier Transform (FFT)

DFT - c = Fn% ot = 0nF) v on —>e

Prof. R. Hiptmair, SAM, ETH Zurich Bxp 4.5.0.2 « Ronhmes of  DFT implamen tahons

FFT timing
10 T T T T T

—— loop based computation

Date: October 18, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

— direct matrix multiplicaton
———— MATLARB fft() function

102

Dependencies. Def. 4.2.1.18

run time [s]

Duration: 30 minutes

102

10+

103

0 500 1000 7500 2000 2500 3000
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=
/(/{ / l TL / l B R — >

E/ﬁen ( Defieef )
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The secret of MATLAB'S/EIGEN’'S/PYTHON'S ££t ():
the Fast Fourier Transform (FFT) algorithm

(discovered by C.F. Gauss in 1805, rediscovered by Cooley & Tuckey in 1965,
one of the “top ten algorithms of the century”).

FET
n =&m

ovee (ool 5/7&'/7% ng

§ Yy 30 3
Consider

Denwhen L ¢ pmp(m'/y

n—1 2'(1 m—1 2712 m—1 27 1Nk
Cp = Zy]e n _Zy?_e +Zy2+1e = (2/+1)
j=0 =0
m—1 m—1
_ ,— 2 jk Aif ,— & ik k (4.3.0.4)
= L e e m c Z .
Z Y2j - Z Yok41! ,
jk j=0 jk
=Wy =W
=% = e
/\./Q?)en -7
2\,”0(&{ _ (7 ?

deot for n=2°

D F / m [ X?é,{?
" Divide & onpuet " teceenor

C++ code 4.3.0.5: Recursive FFT = GITLAB

// Recursive DFT for vectors of length n =2t
VectorXcd fftrec (const VectorXcd& y) {
using idx_t VectorXcd :: Index;
using comp = std::complex<double>;
// Nothing to do for DFT of length 1
const idx_t n = y.size();
if (n == 1) return y;
if (n% 2 != 0) throw std::
const Eigen::Map<const
Eigen:: Matrix<comp, Eigen :: Dynamic, Eigen :: Dynamic, Eigen :: RowMajor>>
Y(y.data() ,n/2,2); // for selecting even and off compoents
const VectorXcd ci fftrec(Y.col(0)),c2 = fftrec(Y.col(1));
const comp omega = std::exp(—2+«M_Pl/nxcomp(0,1)); // root of unity wy
comp s(1.0,0.0);
VectorXed c¢(n);
// Scaling of DFT of odd components plus periodic copying

0w O N OO 0 s W N

runtime_error ("size(y) must be even!");

17 for (long k = 0; k < n; ++k) {

18 c(k) = c1(k%(n/2)) + c2(k%(n/2)()*s; 64 £ er?
/19>S *= 0mega; "\]/ oot
20 } - o

21 return c; (625% - 0/}7) C'Z &7 é

}

CﬁmpuLZL/f)‘ma/ (0&% 2

Visualization of computational cost of fftrec () from Code 4.3.0.5:

1x DFT of length 2
2x DFT of length 251
4x DFT of length 252

2L % DFT of length 1




©

> 0(8") ops on e lerse X
> st = 002" L) O(W (Dé/!ﬂ 700/“ 115 00
L "o 007)"

B%WX n =

Rem . Y 3.0 & FFT for n = pg
o /&, i %: genealizes  evovi/odd 5/)&’(7‘7'/70&, T
n—1 [} |m] —-1g-1 I/+ p—1 g-1 Ik mod ) &/

Cr = Z y] Z Z yllzhLm‘_W e Z wmk Z Yip+m Wy oc (4.3.0.9)

m=0 [=0 m=0 =0 (

PR CDFTo,
1L = ) (: p- hime &
g—1
(Zm)e = Zmk = Y Yip 0<m<p, 0<k<gqg.

[=0

1 0 malbplicatms

- 270U (pgees) m R J/
ms mr
Cr =5 — Z e m,s — Z (wn Z’",b) p ’
/|\ m=0 =0 —
K= tqts '.Oékép , Oésécf @I\)Z’T’
P

Step |
>{’ \//P 12p h%am]p
o B ov
. = ARARIAARARIRINA

q q
Relaked o eduction of 2D DFT of 77 fo

mx DTF + nx DFT,
570606&// tecfment 74 phme 1

)

The execution time for fft depends on the length of the transform. It is fastest for powers of two. It is
almost as fast for lengths that have only small prime factors. It is typically several times slower for
lengths that are prime or which have large prime factors — Ex. 4.3.0.12.

Never implement DFT/FFT by yourself!

A\

Under all circumstances use high-quality numerical libraries!
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 4.5: Toeplitz Matrix Techniques

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 18, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zrich

Prerequisites.
L J

Dependencies. Section 3.1.2, ' , Section 4.1.4, Section 4.2.1

Duration: 39 minutes

s, Tae/y(i fz Mitix Techniguces
U1 Mihiow with Conobmt @‘uﬁma%

'S H’Ucm'n? /Mﬂorh%ms

Definition 4.5.1.7. Toeplitz matrix

T = (t,-]-)}szl c K"™" is a Toeplitz matrix, if there is

avector u = [U_yq1,...,u,_1] € K" 1 such
that tjj = uj—j,1 < i<m,1<j<n.

Iy Uy e cee Uy q

H_1q g g

Hq
_ul—m <. e U9 Ity

> men-T numbon o cracribe an v Tocgli mafiy . dat-spave
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Recall - (LT IR channeds

lindy, hne - iwin® | Gaile | causal )

£ by, By ) = ioplee topense

D by mded - (m=>n)

Yo
y — p—
/
| Ym+n—2 ]
oot
énfnﬂ(

Tmpféé v

T
=: Cx.

| Xm—1
it J’%/)M

(4.1.3.2)

=x. YU 547 - Ruamn /‘z%m‘/%‘ca/vbn Brv
[ T-FIR channhels

49/[7)@’)1 : mﬁp@wbﬂk ('WU% &S(jl%&( (Xg)

‘ M”p@ﬂbéétk ol d{?ﬁ% (}fg)
(both meawined == alfeckedd by manseonecd omon )
ras M =11

n—1
> Jh = |hy,..., he1]' €R, n<m: y= Z hixg_j . (4.5.1.2)
/=0 =0 _,m-T

[mpz)lge R, L be eohimaA
> owcdtheemirud  LSE - leadt SpUane s oy

B X0 X1 xl_n'
X1 X0 X1 . [~ Y0 7
. X1 X0 hO
| AR —y], = . - ~ min
iy |
Xn—1 X1 X0
Xn Xn-1 X1 11 '
| Yin—1_
| Xm—1 e o Xm—nd 2
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H.5.3. The Leumnson /IQorh%m

[/09,[] & /72“)0 Twa-é‘/ 570% / -/é(@ = {
Dlve [SE T x =b-0h. b7 "
(lea Q@Mmm baved oy bladk % ﬁoﬁ/ﬁdﬂ/
Te = [y, 75 6 R, cpd Toslite

_ T |
sk = [M,--,MK'JLéQC gk <o
b¢ = b, .., b.JTe RF
xfe RF, T, x* = "
[k, 1) —Pm/lz"hbne% [SE )
) 7 Uy | by |
U ocoour | 1 _T’f?l__ b1
TKf7 LJ;;/IC\:?

Nk o blak eliminaton

ke iﬁ - pen oHon

X1 =T (BF = Py = xF — xFHT e, Vv
B ‘ “ o (4.5.3.3)
T T v 9.0,
XIIE_H bk+1 — Pkuk ~k+1 = bk — (Pku ) X - 1£1%<P u ) Tk lPkuk .
&_,—V-\/
Y
vk+1 k41 — (b —P
X+ = [,k+1] with  _f+1 (b P /o , 0 i=1—Ppub-yh. (4.5.3.4)
k+1 = x' Y1y /F
I _ K :
Tey" ~hHou 0 (f Te spd.

Two  tecwnive atty < — Tk crpensive

dea - If b ha" = X'y

> Sirple Unean recenion = " with st =0&)

Then C&mp(/%( %"
cost =

. amsther dmple [(rary 1eC.
o0(K?) ey kK> o

—  Revvew zfa.whbr)s Y538
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 5.1: Abstract Interpolation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 27, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zdrich

V. Machine Leam/'n% of
One - Dimensenal ~ Data

(Tutz /n%erpalaﬁbn and Tta Flﬂ(’% in 70)
bA. Abstract  Interpolatorn (AI)

One-dimensional interpolation

data points (t;,y;), i=0,...,.n,neN, L €ICR, y;€R

Given:
Objective:  Reconstruction of a function f : I — R
e satisfying the 7 + 1 interpolation conditions (T 0/6'4/75’ s cm@hhnacs
reu(eman’s et

(5.1.0.2)

[ )=y, |

Prerequisites.
e Linear systems of equations
e Notion of continuous functions

Duration: \lé minutes

Possible minor mismatch of video and tablet notes!

2 Note:
[Corrections and updates can be incorporated into tablet notes only]

e and belonging to a set V of eligible functions.

The function f we find is called the interpolant of the given data set {(f;, yi)} .

s ys)

Yy

A\
1N

1N

vali)

(fo, Yo) —
o
| !

fo t
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Ex 540§ - Gndhilulive relafins fom marsgents

; Y
voltage U current [ a(&dﬂ@
Examples: fand y could be pressure p density p a
magnetic field H | magnetic flux B /C

Fortinad relafion /= § (L) neadwd v owmencal

Kem. 5109 /54.&47, - Fonchowy wm a ceole
— 00—5@/7@&(0% - ol aégeaz‘

C++-code 5.1.0.12: C++ class representing an interpolant in 1D

N oo 0 A WO N =

8

10
1

class Interpolant {
private:
// Various internal data describing f
// Can be the coefficients of a basis representation (5.1.0.14)
public:
// Constructor: computation of coefficients ¢j of representation
(5.1.0.14)
Interpolant( const vector<double>& t, const vector<double>& y); 1
// Evaluation operator for interpolant f
double operator() (double t) const; — ,P[{./)
) f

L> lsue @ BfGcent ('m(%me(?/a/a‘on \/
4?30((4( an enal e preoentilon

5]966(&7/ cane
Vo= Span {{t= b, (415 '{zﬁ b, (B 1] = Span ity b,
a by s Mm ) = meT
e Vo Ty 6R - £14) = Zoyb () (51070))

: wnsion  coelrecens
Ic - Pl4.) =, [~> bane exp
(6:1.02) & (5.1.0.14) = f(t;) =) " ajbi(t) =yi, i=0,...,n, (5.1.0.22)
i
bo(to) ... bm(to)| | o Y0
Ac:= : : =10 =y oL (5.1.0.23)
bO(tn) ca bm(tn) Xm Yn

Thisis an (m + 1) x (n + 1) linear system of equations !
Ymquet Slhon Vg anly i =1
m=n, Awgulay = HE) - z (AY), by (t)

.Y
.

R)?+7

> [ [ peay lml@{pd[%m 0/9@/5(% {
>y 4 magpig -




conbrectr onclion Toifon J—>IR

Definition 5.1.0.25. Linear interpolation operator

An interpolation operator | : R"+1 — CO([to, tm]) for the given nodes ty < t; < --- < t, is called

linear, if

(5.1.0.26)

l(ay + Bz) = al(y) +Bl(z) Vy,z€ R"™, a,BER.
When  wrll /4 = T Z

11
[LA), = bk] T P

‘¢
bilty) = o o @ cmld bancs

l
= 2 Vb

Cv. 6.10]5  Bawrse lipwar /bé@&%@f

y é{ﬂﬁh oL /'m%ézpo/cmﬁ
()

V

A
JVI Z:‘éc,éc 1 C—
dim = m+ 1 ol

=t (6.1.0.16)

FUE) = w+pE o/(ﬁ K ;
o 0-7

{ fe Cﬁ(ﬁé,,é ])

A codinal  baarn “lnt Gochions”

bo by

><>©<><\ /

—~
,__—

Q z
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 5.2.1: Uni-Variate Polynomials

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 27, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Prerequisites.
e Concept of a basis from linear algebra

Duration: 40 minutes

V. Tuta /nferpo[mf/'on and
Data F/’éﬁm\z/ in 1D

5.d. Globul Tolyromia Interselation

5321, Unhi- Vanate ’Po(gﬁ&m/dés

Notation: Vector space of the (uni-variate) polynomials of degree < k, k € IN:

/(/&w Vr = Pe={toatfta T+ tattag- 1,4 € R} (5.2.1.1)
leading coefficient \|/

ool 1 picoentltion
1 (>4 2 mmiad boc A B

=  oim & = A+




Q)
§6~Q\4,3 The chomn o+ p//{%m’m%

Wy space £ ot ppl — pol.
4 (0 cevve ﬁ?/@/&é/@

Homer scheme
== pe & i mwmid rpeocntion
plt) wrth at = 00n)

p(t) =t(---t(t(ant +ay_1) +ap2) +---+a1) +ag.

{
= |
| L

(

== appedmafion o ficds.

(5.2.1.6)

C++-code 5.2.1.7: Horner scheme (vectorized version)

// OUT: vector of values: polynomial evaluated at {;
Eigen:: VectorXd horner(const Eigen::VectorXd &p, const Eigen::VectorXd &t) {

2 |// Efficient evaluation of a polynomial in monomial representation
3 |// using the Horner scheme (5.2.1.6)

4 |// IN: p = vector of monomial coefficients, length = degree + 1

s |// (leading coefficient in p(0), PYTHON convention Rem. 5.2.1.4)

6 |// t = vector of evaluation points t;

7

8

9

const VectorXd::Index n = t.size();
10 Eigen:: VectorXd y{p[0] * VectorXd ::Ones(n)};

11 for (unsigned i = 1; i < p.size(); ++i)
12 y = t.cwiseProduct(y) + p[i] * VectorXd::Ones(n);
13 return y;
14 |}
— T O+ 7
Convenhort . D = Loty olo - - ol J €K

> Rene Wﬁms 5.72.1.&
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 5.2.2: Polynomial Interpolation: Theory

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 27, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Prerequisites.
e Theory of linear systems of equations from linear algebra
Dependencies. Section 5.2.1

Duration: 40 minutes

C Note: Possible minor mismatch of video and tablet notes!

[Corrections and updates can be incorporated into tablet notes only]

V. Tuta Inter polation and
Data /:/L%mg/ in 11

5.d. Global Blyromial Interpelation
5.9.2. ’Po/gnom('dé Interpdluchon = Theory

One-dimensional interpolation

Given:  datapoints (t,y;), i=0,...,.n,n €N, HE€ICR, y;€R

Objective:  Reconstruction of a function f : I — R
e satisfying the n + 1 interpolation conditions

f(t,'):y,', i=0,...,n]. (5.1.0.2)

e and belonging to a set V of eligible functions.

The function f we find is called the interpolant of the given data set {(t;, y;)} o

\/= ?h <\ Lagrange polynomial interpolation problem

Given the set of interpolation nodes {fy,...,t,} C R, n € N, and the values yy,...,y, € R
compute p € Py, such that it satisfies the interpolation conditions (IC)

p(tj) =y; for j=0,...,n. (5.2.2.2)




@)

Tl A cadinad banis L3, of B,
Z——L('IL/&> e O(‘(J/ . 6’1%5{0/-//V?j
L{é‘ . (Zé”'(‘/p)' '(‘Lé'tc'-z) (’é'éc’rr} ) (é’én)
» — (bt - - (et (B L, ) (t-t,)

S [aquge W{ﬁmm/M s L

L >0

= l{ry&/&{ nt
&é((m =0

( |
) {‘ ?h S /R h+4 17

/)/75) =

(S S UWM% 0(
v,
/é/ m’querze& S

Theorem 5.2.2.7. Existence & uniqueness of Lagrange interpolation polynomial —,

The general Lagrange polynomial interpolation problem admits a unique solution p € P, for any
(t irYi ) c

>

R &(J/A@%Zym; 5.2.2.19
( Veerne gpnwery withrad aicl )
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Algorithms

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 27, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zrich

Section 5.2.3: Polynomial Interpolation:

Prerequisites.
e Knowledge of C++
Dependencies. Section 5.1, Section 5.2.1, Section 5.2.2

Duration: 30 minutes

V. Tuta /nfekpola(f/'on and
Data /:ifﬁ/'ng/ in 1D

5.d. Global Blyromial Interpelation
5.2.3 Pa{gmm{aé iner poahon - Alporitims

ol - Forclyr clao

C++-code 5.1.0.12: C++ class representing an interpolant in 1D

1

2 |class Interpolant {

3 private:

4 // Various internal data describing f

5 // Can be the coefficients of a basis representation (5.1.0.14)

6 public:

7 // Constructor: computation of coefficients ¢j of representation
(5.1.0.14)

8 Interpolant( const vector<double>& t, const vector<double>& y);

9 // Evaluation operator for interpolant f

10 double operator() (double t) const;

1}

—> %MC{/D?L s diftorent e Scenaves



&)
5.2.3.1. Mulfiple Evalvahons

Task: For @ a fixed set {ty, ..., t,} of nodes,
and @ many different given data values y;,1 = 0,...,n
and ® many arguments x;, k =1,..., N, N > 1,

efficiently compute all p(

C++-code 5.2.3.1: Polynomial Interpolation

class Polylnterp {

private:
// various internal data descyibing p
Eigen:: VectorXd t;
public:
// Constructors taki node vedqQtor (t) ..... t,,) as argument

Polylnterp (const Eigen::VectorXd &_t);
template <typename SeqContainer>
Polylnterp (const SeqContainer &Y);
10 // Evaluation operator for data (y(), AW
w | // p(xx) for x’s passed in x
12 Eigen:: VectorXd eval(const Eigen:
13 const Eigen:

w0 O N OO 0 s W N =

Vj; computes
:VectorX

: VectorXd &x) const;

) for p € P, nterpolating in (t;,y;),i =0,...,n.

SM/(?LHWWW(:
L (t) =

]D/XK> = 25 \/ L {X,/>
TT (% tﬁ% > (at = O(*V)

J v n, N

?ﬂ —> oo

iy /(D‘écmpdé p&mb of Lc io comtioddery

n t — t n n \

St ZAH ALV Gl St
i=0 j=0 "1 ] i

J#Fi jfl

p(t) = Z Li(

1
(ti—to) -~ (ti —tioq)(ti —tigr) -~ (i — tn)’

L> p(e(mw/p()(f( 10 conohocky . (a@LL -~ 0(n?)

i =0,...,n: independent of y;!

where A; =

Ohserve : vi =7 Vi > ple) =
n n /\1 n 1
1:H(t—tj)2—t_t = [lt-t) ===
j=0 i=0 ¢ j=0 i=0 T—f;
n /\’
Dt
B Barycentric interpolation formula  p(t) = ':?1 /\l (5.2.3.3)
1
i—of—t



o 5.2.3.2 Sfrz({[z ewaluation

C++-code 5.2.3.7: Interpolation class: multiple point evaluations

2 [template <typename NODESCALAR>
3 [template <typename RESVEC, typename DATAVEC- double eval(const . &t, const . &Y,
4+ |[RESVEC BarycPolyInterp <NODESCALAR>::eval(const DATAVEC &y, double x);
5 const nodeVec_t &x) const { !
6 const idx_t N = x.size(); // No. of evaluation points ]
7| RESVEC p(N); // Ouput vector = ( Lt oszel) = x 5(25()) ~ 7 =, 7
a| // Compute quotient of weighted sums of t%"t—i, | p
o | // effort O(n) . 4 - . ‘
b 10 ShEore O) ) | . Tl pnhal prty nemeal Iherplant's
11 nodeVec_ t z = (x[i] * nodeVec_ t::Ones(n) — t); —> [)(r" éé ‘1,‘,,,
: cT . p, )= -k, &
13 // Check if we want to evaluate close to a node 0 ,(-— |< (74 U’L } ! A
14 const double tref{z.cwiseAbs() .maxCoeff()}; /A reference size IO(/Z _ 5{(
@ gtk 7 o < crion in tex
16 if (z.cwiseAbs().minCoeff(&k) < = W&/ /p CMII g
17 tref * std::abs(std::numeric_limits<NODESCALAR>::epsilon())) {
18 // evaluation at node i pk,k(x) = Yk (“constant polynomial”) , k=0,...,n, \/
e plil = yIK]; , N ,
» } else { , (x) = (X — b)prsre(x) — (X —t)prea(x) > ?
21 const nodeVec_t mu = lambda.cwiseQuotient (z); — (shb. Wg/’% (5 ? 2 3) Pke(X) = tp — ty - 6 Z_/< (5.2.3.9)
2 pl[i] = (mu.cwiseProduct(y)).sum() / mu.sum() ; A X — t
I = Piie(%) + —— (Prire(x) = prea(x), 0<k<L<m,
24 } // end for ’ tp — tg ’ - =
2 return p;

} Vg for X=Tg k=g sX
X = \/K v X =@K

> Loop ovov X -velece St A=,

Totd cost = o(n2*+ An > c
v 7 ~ . —
constuchon eval () me@% | P Pon




n = 0 1 2 3 I (cop>
t = X — X — X — X

o | Yo =:poo(x) > poa(x) ¢P0,2( ) /P0,3( )

tr | y1=: p1a(x) _;ﬁPlz(l) ;>Pl,3(«\) \/Ié (cop (ANS)
tr | y2=:p22(x) 71’23(«1‘)

t3 y3 = p3l3(x) A{%k@ﬁ” MMW S%é(Wé

C++-code 5.2.3.10: Aitken-Neville algorithm

// Aitken-Neville algorithm for evaluation of interpolating polynomial
// IN: t, y: (vectors of) interpolation data points
/) x: (single) evaluation point
// OUT: value of interpolant in x
double ANipoleval (const VectorXd& t, VectorXd y, const double x) {

for (int i = 0; i < y.size(); ++i) {

for (int k =i — 1; k >= 0; —k) {
// Recursion (5.2.3.9)

10 ylkl = y[k + 1] + (y[k + 1] — y[k])*(x — t[i]) /(t[i] — t[k]); =
11 }
12 }
13 return y[0];

14 |}

0w O N OO 0 s W N

AN/ WM v Sinolbwmeoww ewmlatoon £ U/)&él@

C++-code 5.2.3.12: Single point evaluation with data updates

class PolyEval {

private:

// evaluation point and various internal data describing the
polynomials

public:

// Constructor taking the evaluation point as argument

PolyEval (double x);

// Add another data point and update ipnternal jnformation

void addPoint(t,y); = &(4#;« % 4/£€

// Value of current interpolating polynomial at x

double eval (void) const;

X n =3
0

(st = 0(n’)
Memay eloient 0(n )

/9&(‘ (h/{/;po(cmt hever (m/é//fé/ [

—
-}
<
o
|

by | y1= > —p13(x)
tr | y2 =: pra(x) 7%’2,3(1’)
t3 | Y3 =: p3,;3(x)

coet( s_/‘{qda,&
Mee vy eflacien %

U/po/c(]%) = O(h) | K= curcnt $datx
cost (eval) = O(1)
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'8 Dﬂfd /nferpo[af/'on and
Course Video iD((f(( F’%’”ﬁ 17 10

Section 5.2.3.3: Extrapolation to Zero 5(2 &[0[},’([ /PO()/I?UY}?/J( //YZZt.”fW?{/bfl

5.2.3. Pa@mm{a[ iner poaction /f/goriv%ms
5.2.3.3. Exz‘mlpolaﬁon to Zerr
C&mpuﬁz W) fov "wee” fockion Ve[171>R

ETH Lecture 401-0663-00L Numerical Methods for CSE

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 27, 2020
(C) Seminar flir Angewandte Mathematik, ETH Zirich

Prerequisites. l’_> COZ}Z&(&&{ ﬁé{ AS //OUb(/ e / Aoolly 5 )
e Taylor expansion from calculus N/
Dependencies. Section 5.2.3, Ex. 1.5.4.7 r 07( ( {/é{&( éZf %W/ / }) / e 1

Duration: 2% minutes

E:xmmp& 52316 { Mommcad detlorenhion fh/wy// m/mﬁ}n)

o2
Note: Possible minor mismatch of video and tablet notes! ( 'F S C ) /Lk { % ) T M’h—) ,{‘: 7 é/&ﬂé& s
N\ 2h o

[Corrections and updates can be incorporated into tablet notes only] LB /l(/ (0) B {3 /(x >




2 Exa 06{7[(

f(x) = arctan(x) flx) = Vx f(x) = exp(x)

h Relative error h Relative error h Relative error
2-1  0:20786640808609 21 0.09340033543136 21 0.29744254140026
26 0.00773341103991 276 0.00852613693103 276 0.00785334954789
2~ 0.00024299312415 2-11" 0.00011094838842 2~ 0.00024418036620
216 0.00000759482296 216 0.00000846787667 216 0.00000762943394
2-21 0.00000023712637 2-21" 0.00000010812198 221 0.00000028835113
2726 0.00000004020730 2726 0.00000009923506 2726 0.00000000429331
231 0.00000005960464 231 0.00000001202188 231 0.00000012467100
2736 0.00000679016113 2736 0.00000198842224 2736 0.00000495453865

L+ Sl temecndlyy
Jz%m opmion , + € C v /A/<<ﬁ

(x+
W) - £ ’*f%“% - 20+ T o h {mﬁ”)]
g_,_,ﬁ/.\,;

a 7@0%&/7&/72&//7 m b /0/0) = Y(0O)

Idea: computing inaccessible limit by extrapolation to zero

@ Pick hy, ..., h, for which ¢ can be evaluated “safely”.
@ evaluation of P(h;) for different h;, i = 0,...,n, |t;| >0

~ ] th )
\ég/ ® $(0) ~

p(0) with interpolating polynomial p € Py, p(h;) = ¢(h;).

"Ex hnpo(a/ﬁ'm !
0 &

1.00 4

{b;)fa %%z)me/

* “!,‘. L‘.'( hx))
degree =1

— degree =2
—— degree =3

T T T L) T T T
0.2 0.0 0.2 0.4 0.6 0.8 1.0

%lg{o’n’%ﬁm Cﬁm/ouﬁ@ p/&) b/ Aitlen- Neville
Reall - AN "opdete - rendlly *, fav &'nﬁ% evelhatlion

C++code 5.2.3.21: Polynomial evaluation

1 |class PolyEval {
2 private:

3 // evaluation point and various internal data describing the
polynomials

4 public:

5 // Idle Constructor

6 PolyEval () ;

7 // Add another data point and update 1nternaz information

8 void addPoint(t,y); — A

9 // Evaluation of current interpolatlng polynomlal at x

10 Eigen::VectorXd operator () (const Eigen::VectorXd &x) const;




©

AN, recupive (a=3)

(
— Q}/\[?g> 0

1o | Yo

1
Y2
Y3

C++-code 5.2.3.19: Numerical differentiation by adaptive extrapolation to zero

© ® N O s W N

// Extrapolation based numerical differentation
// with a posteriori error control

// f: handle of a function defined in a neighbourhood Jf x € R
// x: point at which approximate derivative i

// hO: 1initial distance from x

// rtol: relative target tolerance, atol: bsolute /tolerance

template <class Function >
double diffex (Function& f, const double x, const double hO,
const double rtol , const double atol) {
const unsigned nit = 10; // Maximum depth of/ extrapglation
VectorXd h(nit); h[0] = h0; // Widths of difiference quotients
VectorXd y(nit); // Approximations returngd by difference quotients
y[0] = (f(x + h0) — f(x — h0))/(2xh0); // Wildest di/fference quotients

// using Aitken-Neville scheme with
for (unsigned i = 1; i < nit; ++i) {

const double errest = std::abs(y[1]—y[0]); // error indicator

it ( errest < rtolsstd::abs(y[0]) || errest < atol ) // 7 Gl ) QA)AUZF7 ezﬂ%

break;

difference quotients

|}

h[i] = h[i—1)/2; // Next width half/a bi
yIil = ( f(x + h[i]) — f(x — h[i]) — 1) z A%Kf &éﬂa FWW#
// Aitken-Neville update
for (int k =i — 1; k >= 0; —k) S

yIK] = y[k+1] — (y[k+1]—y[k])*h[i ;—> {7(%:% &Z(Cygzévqfl”\
// termination of extrapolat h desired tolerance is reacthed

[/)01/7%(//(; ))
y

ma fed

) (elative) ewen A Aol

return y[0]; // Return value extrapolated from largest number of —

auto £

{return std::atan(x);}

= [] (double x)

diffex(f,1.1,0.5)

auto g

{return std::sqrt (x);}

= [] (double x)

diffex(g,1.1,0.5)

auto h

= [] (double x)

{return std::exp(x);}
diffex(h,1.1,0.5)

Degree Relative error Degree Relative error Degree Relative error
0 0.04262829970946 0 0.02849215135713 0 0.04219061098749
1 0.02044767428982 1 0.01527790811946 1 0.02129207652215
2 0.00051308519253 2 0.00061205284652 2 0.00011487434095
3 0.00004087236665 3 0.00004936258481 3 0.00000825582406
4 0.00000048930018 4 0.00000067201034 4 0.00000000589624
5 0.00000000746031 5 0.00000001253250 5 0.00000000009546
6 0.00000000001224 6 0.00000000004816 6 0.00000000000002
7 0.00000000000021

Enhwced &((M/Z(&% +  emy combel

> Keveeew C/M%m 5.2 3.20
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Differences

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 28, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zdrich

Section 5.2.3.4: Newton Basis and Divided

Dependencies. Section 5.1, Section 5.2.2, Section 5.2.3.1, Section 5.2.3.2

Duration: 30 minutes

V. Tuta /nferpo[mf/'an and
Data Fif&mg/ in 1D

5.d. Global Tolyromial Interselation

5.2.3, Po{gmm{a[ nterpotacon : Alporitims

5.2.34  Mewln Basis and Divided Differences

C++code 5.2.3.21: Polynomial evaluation

1 |class PolyEval {

2 private:

3 // evaluation point and various internal data describing the

polynomials

public:
// Idle Constructor
PolyEval () ;
// Add another data point and update, internal information 2
void addPoint(t,y); —>  add Adake point (153,}/& ) e K
// Evaluation of current interpolating polynomial at x
Eigen:: VectorXd operator () (const Eigen::VectorXd &x) const;

- O w ® ~N O 0 A

voadicbon i A s=-T points



@ =y depwds only o (b)) D4 <K

| daet . //66 Life - bienclly " b of 5,
—> /[/gw/%n WWZ OZZ% h Ny O%WOM#/ o, Un whea (b, Sor, ) adilecd

Ny =1, ., A lE] = 77(6 t.), k-t.,n| §52333 . Efficint e
A, N i aWbWé{ W%{WMJ/ Z%O o
— ¢ B w/ [@(%{W c fc/zﬁz‘rzw\(l:awomHINIUHMH"N"U) »
[> A/ ('é > _ 0 = () B )(/7 (%> 'B:'ao—l—a1(t—t0)+a2(t—to)(t—h)—l— -I—(lnH(t—f]'), telR,
£ 5L f ﬁ ) / —0

~dot (U et ), ) % )ea,..) et it
=~ Homer- like <cheme

|C - (1]' € R: [l()N()(tj) +[11N1(t]) + - -I-IIHN,,(tj) = y], ] =0,..., n. (52324)
& triangular linear system C++-code 5.2.3.34: Divided differences evaluation by modified Horner scheme
Lg F r N (f ) N (f ) N (t ) Tr 4 - - y . 2 |// Evaluation of a polynomial in Newton form, that is, represented |
. 0\ t0 1LH0 n\t0 0 0 through the
_— . N()(f]) N](fl) N”(t]) aj Y1 |// \éector of its basis expansion coefficients with respect to the Newtonl
= asis
. 5 : : s+ |// (5.2.3.28). /
s | Eigen:: VectorXd evalNewtonForm(const Eigen:: VectorXd &t, &— 17
NO(tn) Nl(fn) . Nn(tn) Ay Yn = const Eigen::VectorXd &a, < DM/S' @(ID (o@FﬁS‘
ﬁ 7 const Eigen::VectorXd &x) { & 6/(7,/ )D-L(g‘
8 const unsigned int n = a.size() — 1;
1 0 Tt 0 - - - - 9 const Eigen::VectorXd ones = VectorXd ::Ones(x.size());
M . : ap Yo 10 Eigen::VectorXd p{a[n] * ones};
m%(fm 1 (tl_to) ' ' aj Y1 1" for (int j =n—1; j >= 0; —j) {
LS!: : : 0 . = : . (5.2.3.25) 12 p=(x— t[j] * ones).cwiseProduct(p) + a[j] * ones;
L~ n—1 ' ) e }
]_ t‘ _t‘ . t‘ _t‘ ayn yn 14 return P 4/\ — ( >
] ( n 0) 11;10( n ) iIBs . L . 5 |} |> (Og 0 M




@ § 5.4.3. 26
/96%) =

O(u &((&/ At flrences [ ampote a;]
> a, WV (E)

¢t-0

The Newton basis polynomial N;(t) has degree j and leading coefficient 1

> aj is the leading coefficient of the interpolating polynomial py ;.

" Purtiad WQ/ mmmko/ (n k//wéa/f//g ’

Pgm m¢ E /D )':>/g7/ g:
Po,m/é)z Z C( 4/ Cé>

3—70
y[ﬁ o
A

7.

(7

/

Notton t. 12 Jeadig ol of e,

;z[zéo,_,.,z‘/di( (x7

Rewmember + Atlan - Neville  wennion
Prk(x) =y (‘constant polynomial”), k=0,..., n,
(X) . (x - tk)Pk+1,£(x) N (x o tZ)Pk,Z—l (x)
Pl e\X) = t — b (5.2.3.9)
X — f[‘

= Prr1,0(x) + 5 (Prs1,0(x) = pre-1(x)), 0<k<{l<n,

bp—t

> Reddpion Gy Kea&émg coeltiieunts

ylti] =
Yl ot S &;J yifu-- ikl D on (5.2.3.28)
1+k_

\/> Aicled oA Plorence s
AN - lUke scheme
to | ylto] _ ¥

> ylto h] Y by (%)
fi | ylt] > ylto, b, b2

= ylh, b > ylto, by, t2, 3], (5.2.3.30)
b2 | ylt2 >yl ta ]

(> Yli2, 13
i3] Ylts — (0 p[ﬂ&? L Yy —>= dg/

C++ code 5.2.3.31: In-situ computation of divided differences

ylil = (ylil = yli = 1) /7 (t[j] — t[n — 1 — 1]);

2 |// IN: t = node set (mutually different)

s |// yv = nodal values

4 |// OUT: y = coefficients of polynomial in Newton basis

s [void divdiff (const VectorXd &t, VectorXd &y) ({

6 const int n = y.size() — 1;

7 // Follow scheme (5.2.3.30), recursion (5.2.3.27) . 2)
s | for (int I = 1; 1 <n;: ++1) /> (057["&(}/7

9 for (int j =n—1; | <n; ++j)

0

1




6

E )< V! P(( 5 2 3 _ 3 6 , C C ) O % .[j U M C+:;<I:yoEc:’¢: I5:.:2|.:30.:3\,7'5:\’Ianl1(p)le:1}1entation of class PolyEval
— Combined - o qdd; (g dnlz

void PolyEval :: addPoint (double td, double yd) {

4 t.push_back (td) ; [
5 y.push_back (yd) ; (ﬁé% = O Fi
M@ﬂ I m&”’% mﬁ%_g 6 int n = t.size(); (> )
7| for (int j = 0; j <n— 1; j++)
6{“3(%“5{01"/%0” éOw Gin-n . yln— 11 = ((yIn— 11 = y[iD / (t[n— 11 = t[i])); —> Uy
r\____‘_/‘\______,_———ﬁ - }
1 0 o 0 - 7 - 7 11 | double PolyEval ::operator () (double x) const {
1 ¢ ¢ - : ap Yo 12 double s = y.back();
( 1 — 0) ' - a1 yl 13 for (int i =y.size() — 2; i >= 0; —i)
! . 0 . — _ . (5.2.3.25) 14 s =s x (x— t[i]) + y[il;
. . 15 return s;
n—1 16 |}
1 (tn_tO) (tn_ ) | An | | Yn |
- 1:0 -

n = ,i;[(tn - (/” y H) n—t ) J> Q@WW Wﬁ% 6 ~233ﬁ

i=0 k=

n—1 n—1n-1
= H(tn ki)~ Jn H En

i=0 =k

- ( . (((yﬂ _00)/“'1 o tO) —(11)/(1‘,, - tl) _32)/ Tt —an_])/(f,, — tn—l) .
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 5.2.4: Polynomial Interpolation:
Sensitivity

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 28, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Prerequisites.

e Norms for functions

e Norms of linear mappings
Dependencies. Section 2.2.2, Section 5.2.2

Duration: oll?) minutes

V. Duta /nferpolaf/'on and
Vata  Fitting in 7D

5.d. Global Tolyromia nterselation

5.24 . Fyromial Infepolution : Sendifivity

{%ng(ﬁ%@ )<—> amply Ceation o pecorbations of dat

%/)/0 (n

L> A mﬂﬁp(‘ng - { Dntx (j/ﬁ//&f)} - {%JUMWV%

For LIP - { Data prints -~ (RR)™ o
Data vlidy R (« /zznnohb/? )
_\/L ( > \S]D T <R — Kf
Ovr focos (S 6n (Ncgm/m‘z‘m oty
{IR”“ = Pu,
l7: (5.2.2.9)

(yo,.-.,ys)" + interpolating polynomial p .



@)

3

Ex 5241 (Qedllakig pynomind inbpiant )

#* daw
Lagange inerpolant
— o pafurbed nepaan

25L ©

;o b(ﬁf G;ﬂﬁ% —_ ”’
.

2H \
/

y:p(t)

1= possible strong oscillations of interpolating polynomials

of high degree on uniformly spaced nodes!
1= Slight perturbations of data values can engender strong

variations of a high-degree Lagrange interpolant “far away”.

Needed Gy qﬂmh@/m pa//vr/bd//‘ms Ne77 S

On daty space R™ =yl , (s
On (W 5%4{ 33, Z a  (unclin space WICR

supremum norm || f ||y := sup{|f(¢)|: t € I}, (5.2.4.5)

L2-norm £y = /1 FORd, = yl, (5.2.4.6)

L'-norm [FA(FRYE? ::/I|f(t)|dt. = I/, (5.2.4.7)

é H 24 # - 5@%/{%&/ 0{ ﬁé’/‘%m ( f/ﬁé/zn’)) rmps

Tl +8y) %/IC@H ~ T (&x)

b podvebation . §y; —=> T (dy)
o | //I'z:/cij//
Semdhivily Wk Iyl
L oparky nom of L




Lagiamgs w/gmpm/'éo/
% %
| % Yy la () |

/79 / //LJ' //L°°(737
£ Iy Z Vs

o - senihit
| T (3] /Z

[Z°(T)

41’(%4%%, £

n
J
F -0

Lemma 5.2.4.10. Absolute conditioning of polynomial interpolation

Given a mesh T C R with generalized Lagrange polynomials L;,i = 0, ..., n, and fixed I C R,
the norm of the interpolation operator satisfies

N7y ooy n
| — =Y IL; , 5.2.4.11
Witleoc yerr+t\foy 1Yl |Z;=o| |IIL°°“) ( )
o “IT(Y)“LZ(I) n 2 1
Il i= sup  —ErE < (Dol (524.12)
deparls on I
n
Lebesgue constantof 7: A7 := HZ:‘:O |L,-|‘ . 1171 co—sox

Rem 5.2.4. 12
nodc el ;5/; =

10°

107k

Lebesgue constant A.T

10’ 3

10°

Lebesgue constant for Chebychev nodes

%%W cmlamt 4 aqundl(slant
T+ 24518 cT=0-17]7

oy
o&-
Ty

10°F

10°F

+ #  Cheabychevnodes ]

- +  equdistant nodes

‘,¢,,-¢.x~-uct'noixxﬁs
.- = N

| 4 Lm/z% plot
27: —~ Ce%

——

w%t\g@%@%%

*

1 1 1 1
5 10 15 20
Polynomial degree n

Due to potentially “high sensitivity” interpolation with global polynomials of high degree is

not suitable for data interpolation.
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 30, 2020

Course Video
Section 5.3: Shape-Preserving Interpolation

(C) Seminar fir Angewandte Mathematik, ETH Zrich

Prerequisites.
¢ Notion of monotonicity and convexity of functions
Dependencies. Section 5.1, Section 5.2.1

Duration: Y7 minutes

V. Tuta /nferpo[mf/'on and
Vata  Fitting in 7D

h.3. 5}751]% : Préserl/ir)gz I z‘e/pola fion

Ex 5.3.017 (Wajm/m%m e )

2.0

[T T T 7
1.8 +—{ B-H Curves for Various Metals | .
16 |t I I J [ || Steel ||
P e o e
| agnetic
12 ; Saturation | |
[
4 H +— B(H) smooth (at least C!), @ 1.0 |
4+ H — B(H) monotonic (increasing) 08 } Iron |
4 H s B(H)concave [ cmatucie ] § 05 — l
/F 5 0.4 1 ! ] Air |-
= |
0.2 I.—_____:______,__.—_______._-—--" .
\S%Mpg P/ﬁmg_g 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Magnetic Field Strength - H (At/m) >
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5.3.1. depe ,Dtvpa/fic} of Fonchons & Data

653179 Th ‘supe’ of dat
[ Sorted naler -4, <1, < < t, ]

Definition 5.3.1.2. monotonic data

The data (;,y;) are called monotonic wheny; > y; jory; <vy; 1,i=1,..., n.

" Grrdine of data’

Definition 5.3.1.4. Convex/concave function —

| (Av+(1—A)y) SAf()+(1-Vf(y) Y0 <A<1
frICR=R e ;(/\iqt(l—/\);)>/\j[‘(§)+(1—/\)§(g) Vxy el.
y y
\ 7
A
depe =0
t t

Convex function

£ nCrealigl

Convex data

/=

Definition 5.3.1.3. Convex/concave data

The data {(t;,y;)};_, are called convex (concave) if

(2) : Yi—Yi-1 .
Aj < Ajpr, j=1,...n—1, Aj::ﬁ, j=1,...n.
o
Slepe s

/]"
mmda'ua& of 5/&1%5

Lol Shape  preseaahion :
éhl(/)é /97?)50&“6/ Jf dafn == ﬁf ? kgéﬁé/gg/’%p@pg/é/oz
hold (1 veny kel (75;,75/(] 0 < %4/< Z o

Exp. 5306 ( Clobal plynomead il )
EAE?YEEE?’LS - ’i 4 OJQ[L(M'O/M

4\/
/ | < Interpolating polynomial, degree = 10

0.6
0.4
-
0.2}
7 ————
Il
-0.2 .-Jl
\
-0.4}F
_06 ! ! ) L
-1 -0.8 -0.6 -0.4 -0.2

no locality,

no positivity,

no monotonicity,

no local conservation of the curvature,




© :
5.3.2. Piecerise Lineat Infapolator  |5.3.3. (ubic Hermile Inferpo(aﬁon

. mm&)‘gum (teepolant g%///) aﬁc% | @W#ﬂ (&(/o@, C{((z w. Unesv
s ool P e pw. [y e (m/ay/dD
_0( t , ' qchient C' b}/ rmlg/'/% 5/5\7/(@
e ((negy mk/w/wfw Scheme L e = 3
= - ﬁ%ﬁ{% %lmo@ Jape - ,
5.33.1 Defnitim and ~ Algorthms

Theorem 5.3.2.3.°6eal'shape preservation by piecewise linear interpolation

1 1l 1 ]
I I I I

to thH tr t3

Definition 5.3.3.1. Cubic Hermite polynomial interpolant

Lets € C([to,t,]) be the piecewise linear interpolant of (t;,y;) € R?, i = 0,..., n, for every
subinterval I = [t;, ty] C [to, tn]:
if (ti, yi)|1 are positive/negative = 8|y is positive/negative,
if (ti, yi)|r are monotonic (increasing/decreasing) => §|1 is monotonic (increasing/decreasing),
if (t;, yi)|1 are convex/concave = 8|1 is convex/concave. S|itiat] EP3, i=1,..., n o, | s(tp)=y; |, | st)=¢, i=0,..., n.
o //\
- PWV%%/ loccd a |m‘ecewz'de Im&dmmm/ t lokeepelachion opdi s

A dingle Flanw se CllttT1) <
D.0. [hear I'H/W]OOW% rﬂéfé%t CO bt aot CF [ becamee §' conhinuows by conshvctey |
( luck of smothuess )




Compite with (el sepreoentahions Ex 5339 ( ﬂWé/ e é/ pw- achc temdle
&c 10N
B () <yiabh () Fyba() FGaH () KGHL() , te bk, (6334 | Needed - Q@m&éw/vm of sfﬁpég
H(t; ) | H(t:) | H'(t;_4) | H'(t;) MI/WM wt avergdy of Adafa J/opeg
H[ & ?3 : H, 1 0 0 0 fori =0, —
- = H»> 0 1 0 0 C;i = A,, Jfori =n, , A= %,jzl ..... n. (5.3.3.8)
WSW((%/ L 0 1 0 N PN P DI
Hy 0 0 0 1 > [inewv m@rpyl&f/fvmfz schome
AN by cheanin ple Hermite interpolation
Hy(t) == ¢(4~) (5.3.3.5a) I I I
Hy(f) := ¢p(—==) (5.3.3.50) | |- _
Hj(t) := —h; (ﬁ,;—f), (5.3.3.5¢) B
Hy(F) = hip (=) (5.3.3.5d) Nt éd/’
hi =t t,-_;, (5.3.3.5¢) | ol _ bot pot 7097@014 ,/
¢(1) := 31% - 27° (5.3.3.5f) -
| 1 , , P(T) =17 —1°. (5.3.3.59) u
Local basis polynomial on [0, 1] T B 7]
N: O  Data points _
I f(x)
B Piecw. cubic interpolation polynomial
[~ Averaged slopes
T T T T T T T T
-1 -0.5 0 0.5 1




6

53.3.2. Lol Monolonicity - Preseru
et Mg iy Peseing

> %@%Zgﬁ n&( bpes Ce tha! emuore (canl todtonicy

The €l of W%}%:

A] ,fOI'i=0, v
ci =< Ay Jfori=mn, , Aji= % J=1,..., n. (5.3.3.8)
P b LA i1 < i<, A
Ly mmﬁ/fj/fpf
® ’
> no morinddty
pfme/w}‘m
*—e
)
undoushist g

y y
V/w(ﬁ(é%% %%/z S
slepes (9 T ~ports

- 0
. 11
t
¥

il

- il r

Tk

DeAntS |




@//KK&SSWVY : S(Q% C(m('/?hgy

/,ifsgn(Ai) # sgn(Aj1) ,

0 &£
c; =
: some “average” of A;,Aj,1 otherwise

1
0
-1

> W% /ﬁg,d(;ﬁ J
A0 gy

(5.3.3.11)

dfE>0,
dfE=0,.
fE<0.

% notation: sign function sgn(¢) =

ﬁm =0

/7/6477\.\/[-/“5195

Camhdate s
(1) Geomehic mam - C. =~V Ay,

—  Obgenbion - nt pM%fc//% mombn/c b DES.
(2) [ Weighted T harmante rean

~ &(/‘70
ﬁ[ﬂ N 0

1
O

) AL =0 v Ly, —>¢

¢; = (5.3.3.12)

with weights w, > 0, w;, > 0, (w, +w, =1).

pehip”

A Jifi =0,
sgn(A;)=sgn(A 3(his1+hi) ;
egn( l_)_;gn( 2) ¢; = 2}11‘&1—}’1‘_:_2}’&*}’1'-1 , fori € {1, e, 1 — 1} , hi - ti - tif] ) (53313)
A A1
A, Jifi=n,

Theorem 5.3.3.17. Monotonicity preservation of limited cubic Hermite interpolation

The cubic Hermite interpolation polynomial with slopes as in Eq. (5.3.3.13) provides‘a local
monotonicity-preserving C'-interpolant.

Ex. 5. 3.3 (Y

+ Data points

! Piecew. cubic interpolation polynomial s
0.8} /
0.6} /

— ’ /

04F /
| / /

0 et

1 -0.8 0.6 -04 -0.2 0 02 04 086 0.8 1

Not 2

—>

Unear (Mcrppé&dv’an opectry
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 5.4.1: Spline Function Spaces

Prof. R. Hiptmair, SAM, ETH Zurich

Date: October 28, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Dependencies. Section 5.2.1

Duration: |5 minutes

V. Tuta /nfekpolmf/bn and
Data F/’fﬁ/’ng in 1D

54 5p&h65

549 1. SPa'ne Funchon 5704665

Definition 5.4.1.1. Spline space —

Given an interval [ := [a,b] C R and a knot sequence M := {a =) <t < ... < t,1 <
t, = b}, n € IN, the vector space S; v¢ of the spline functions of degree d (or order d + 1) is

defined by

Sd,,‘\/t = {S E Cd_l(I): §j 1= S|[t}~,l,tj] ePay=1,..., n} .

d — 1-times continuously differentiable locally polynomial of degree d

\ [ lor nlwpo(a/im] '. Knots =+ node



@

Examp(//) : y
d=0 - powW. ansant  ( C™' 2 disconbrpus ')
d =1 - C £ O-W. Wnatr /6@«00/7 /dygm >
d =2 - 4 pw. qutacliafic

[ ssue S + dy 2

i SMW b/ 74 (&2(/7/7}?5 W/Vf

am Syu = =1 - Hdim &, — #{(0/714/70///v (onofessits 3
¥ m%m/mk W (n e

pe. of m/mm fenots

Theorem 5.4.1.2. Dimension of spline space

The space S; n from Def. 5.4.1.1 has dimension

dimS;p =n+d.

A Sﬁ(/W/I = O((f?/i:(z{ f n=2

Rom 5.4 1.3 ( DilGren 7%'5673'/704 ad //7@/54/7’004 5%27@5)

t
= [Tsleldr} € Sy

s€ Yym = S € Som

= 14

> Revweaw qm%'mﬁ 541 3
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ETH Lecture 401-0663-00L Numerical Methods for CSE E— . :Dd&d /n £6FPO éaélb/’) and
- | Data ﬁ'fﬁ/'n\z/ in 1D
ourse Video

Section 5.4.2: Cubic Spline Interpolation 5 (// SP&W€5

59.4. Cobic- &p&'ne /n/ezfpaémf{'mz (¢ST)

One-dimensional interpolation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 7, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zirich

Given: data points  (t;,y;), i=0,..., nmneN, eICR, y;€R

Objective:  Reconstruction of a function f : I — R
e satisfying the n + 1 interpolation conditions (IC)

Prerequisites. [ f(t)) =y, i=0,..., n ] (5.1.0.2)

Dependencies.

. . e and belonging to a set V of eligible functions.
Duration: Qé minutes

The function f we find is called the interpola*‘-t of the given data set {(;, i)}
\l/ 2
\/UUWl \/ = SG,M - C ([-_(170,'(5/77>

with M=14t,<¢t, £ -~ = 4,7
nodt =  Kaots




Q)
> Gendedizen - W. (i heans MWOZ&(/TM /= Sr,m

Definition 5.4.2.3. Cubic-spline interpolant

Given a node set/knot set M := {fp < t; < --- < t,}, n € N, and data values yy, .. ., yn € R,

an associated cubic spline interpolant is a function s € &5 4 that complies with the interpolation
conditions

C : s(t) =y; (5.4.2.4)

Y dim S, 4 = 3t = nt7 [ C
—> Z

§ 544 5

Moe Llocal ({pasm/m%w (== CHT )

(5.3.3.4)

excess Ao LS

> S|[fj—'lrtj](t) - s(tj—l) - (1-312+27%) +
s(t; . (312 —271%) +
his'(ti-1 (t—272+7%) +
hjS t]' (—1'2 + 1—3)
with IZ] = tj_tj—l, T = (t_t]_l)/h]
v
= kaown wbues ;= slt;)
e 1

o slapés s'(t:) vakeoon(s) ¢,

7

> ensves 1.C., S p.wﬂ% LS E o

. 4
To pe /mp&\%&( - C -con /mwc%y Oﬂ%
i i | :
6/&9(;7,%7 (é‘) - \Sffﬁg,{?gﬂ7 [é‘) /0'7/~-//7’7

—> n-1 Ubewy exta Frenn
n Y

(et () = s(tj-1)h; 26(—1+27) +s(t;)h; *6(1 —27)
- lzl.*ls’(t,-_l)(—zl +67) + h].*ls'(t,-)(—z +6T7), T:=(t—ti_1)/h;j,

(5.4.2.8)

£q. (5.4.2.8 D o IR .
% 628) Sty o (1) = —6-s(t )k 2+ 6 s(4)h72 =4+ 1S/ (1) =255 (1))
< Sr[t,;-l,fj](m = 6-5(t; —1)h]-_2+ —6-s(f»,-)l'1]-_2+2-I1]-_15’(f’,- 1) +4-I'1]-_15’(_t(,-').
( 5
Ci; = 6(65) , (,fa/”,VZ
.__‘>

1 2 2 1 Yi— Y Yiv1 — Yj
=Cj-1+ (F+h-_)cf+h-_cf" - 3( ! /2‘/ L+ "]'2 ’) , (5.4.2.9)
j A j+1 % i

(n-1) x (a+1 ) onderdelanninad  LSE
z ! Wiss//% " equtaton



with

[ by 7611 by O

0 bl an bz

1

bj := —,
hi1

« Ap2 bn—2

0 by ay-1 bn—l_

a; :=

2

h i

2

0

7
hi

I =

_Cn_ 3 (]/n

1 I 3(1/1 Yo Y2- 1/1)
Co h? h2

[bal>01

1~ Yn-2 Yn—Yn—1
2 + ]
hn—‘l Iy i

0,1,..., n—1,
a; =2(bj+b;i_1) .

(5.4.2.10)

Adcdhomal  coantadnt 5 ensire OOl xS o CST

@ Cam/)&%( (ST
= &'(4.)

with

X ¢,
[ a1 b1 O
()] bl as bz
0o .
b,’ = —1

Ay-—2 bn—2

)

0 by an-1 by

a; :=

2

/’Z,‘

2

7
hiy

[ =

[ b

Cy r':\Q)/én ) —>  (empoze < Otk peans

—> (e

yi—Y0 , Y2—1 ]
3( h? T h3 )"Cg‘l

]
| Cn | 3<J/n
— (n-|
0 1 ..... n—1,

—1"Yn-2 Yn—Yn_1
2 + 2 “
]7”71 hn

r.n. <.

6 <
(5.4.2.10)
Cyby., <

)x(n-|) LSI:

=2(bj+b;j_1) |.

@ NMotpal (ST ') = <"(£,) =
— hwo exhn equahions

Y1i— Yo 1 2 A Yn—Yn
,2 ’ Ecn—l + EC” =3 12 .
Ill l”

> (at 1V X (vt |) LSE

712—_1C0+711—1C1 =3

(3) Cowipdic  CST
Co = Ch —> - Unlreren
') = Mlb,) —> +L equahn

> nxn LSE

= Revww Wm%m 54716
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 5.4.3: Structural Properties of Cubic
Spline Interpolants

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 7, 2020
(C) Seminar flir Angewandte Mathematik, ETH Zrich

Dependencies. Section 5.4.2

Duration: 2"{ minutes

V. Tuta /nferpola(f/'on and
Data /:ifﬁ/'ng{ in 1D

54 SPCt'nes

5.4.3. Shutorl Repertics of’
(hic - SPa'ne Interpolan s

Definition 5.4.2.3. Cubic-spline interpolant

Given a node set/knot set M := {typ < t; < --- < t,}, n € IN, and data values yy, .. ., Yn € R,
an associated cubic spline interpolant is a function s € S35 4 that complies with the interpolation
conditions

s(tj) =y , j=0,..., n. (5.4.2.4)

> Men- umaquil

Wwigue nalued CST - S'(t,) =<"t,) =0



§5431 Liliimed by ey of natod <5T)| s of mrielons pesd

A

g ; s = nweld CST
E (8) =2 IR )] df votocbafn - ke Cabl) , AlE:)

< 2N
>  sth WZ&/ [M% C - m/oqyoé(m%
Theorem 5.4.3.3. Optimality of natural cubic spline interpolant

Given a knot/nodes set M := {a =ty < t; < --- < t, = b} in the interval [a, b], lets € S5 x be
the natural cubic spline interpolant of the data points (t;,y;) € R%,i =0,..., n.

Epa(s + k) / s+ K2 dt (5.4.3.4)
Then s minimizes the elastic bending energy amongrallinterpolatingsfunctionssimC*({azbl), that is

Epq(s) < Ebd(f) Vf e Cz [(1 b] f =vy,1=0,..., n. b. b

= Epq(s) + /s”(f')k”(t’)dt+%/|k"\2dt L= E”M /S>
A Nibwd CST ‘ R

=0 >0
= éo(a/o/&'&mbm &//5(/96

0/ @73% =1 Wi Lo p ]
/% e@ﬁé m% . 7]{_/:1 s"' (DK () dt + 5" (t;)K'(t}) —;”(tjl)k’(fjl)}

Il 4

7 L. bP-j
/, ff\),(i);k(t)d“””( DK () — 8" (k) K (t)) + 8" (¢ )k(t;) — ™ (t] |)k(fj1)}

~~

j—1

=0 dnce Sigg, , £,7€ e
= — ) (") k(t) =" (5 ) K(tj-1) )+ () K () =" (1) K (t0) = 0.
_ NS N

\-\/-/

=0 =0 = = >
by {d@scop/c SOM

{




©
£5437 ( Wenk &%ﬂ&& of CST ) Exp 5439 - (?55@% of mz&bz%@o&?w el oV (ST )

pribig, ¥y affodts ogsland aly vean Uy | L Bpuidishert vy | Lo codioat busis Gt of 5,
: . U nto. : 0 —> (]
Fx /Q_W QY m{p, W% - {Ewéi(//f,’zﬁ/&%:?[%
(shick localdly I+
* ot Sd/?f?‘g Gecd ov CST

Cardinal cubic spline function

L R"™ — (Tt t,T) 2 Uiar ikipplefon

MM& 0{ T can be seerr fizvn The
caclinal  banin 3 by ];w c \/

| ‘ @ 10
,_ ‘ \ - >
0p—o—o0—o—o6—0 xR ¢ ¢ ¢ e—o—o—o—o—4

I [\7/ > = JZ >/5L b F 02— /i\;‘ 2 0 2 : /{\ . L _;. ) 0 2 4 e
\ : _ o . p Un - éagz 79/0?5
> P&tﬁf/bmf o impack L (/) only insicle the mrﬁfﬂ@ 200
: "= ) [7 _ ~

|

exPaﬁﬂmﬁaaﬁ aZa%?;
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 5.6: Trigonometric Interpolation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 8, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Prerequisites.

e Complex arithmetic
e Relationship between trigopnometric functions and the complex exponential function

Dependencies. Section 5.2.2, Section 5.2.3

Duration: 3() minutes

V. Data |y fion and
Dt whﬂp(mm 77D

h.6. \_r{gonomeﬁi(, n%er;b[aﬁbn

nkpolate def poiab (€, )6R, k=0, r,
obtined e &Wn/ylc/% a T paidic™ Guckion £RR
T =0 lkpwn ¥ LrT) = £UE) Ve

Assume 0=zt = T
> Mbond o T- pencauc /‘m/@p?éfmﬁ

Task: Given data points (;,v;), y; € K, t; € [0, T[, find a T-periodic function f : R — K (the interpolant),
f(t+T) = f(t) Vt € R, that satisfies the interpolation conditions

fti)=vyi, i=0,..., n. (5.6.0.2)

> Now: T= -1




@)

5.6. 1

Tryenc mehc ’I’dgmm/&ds

Definition 5.6.1.1. Space of trigonometric polynomials

The vector space of 1-periodic trigonometric polynomials of degree 21, n € IN, is given by

P31, := Span{t — cos(27jt), t — sin(27'tjt)};7:0 C C*(R) .

Why iy

(F) cos x

q/é)

nemuls R
Z(éix%éw}(

Six =

)

—

q(t) = ap + Z wjcos(27jt) + Bjsin(27tjt)

j=1

o J #)
= ag + E{Z(“] _ 1ﬂj)£’2m]t ( 1‘31 —271]t

1
=ap+3 Yy (a_

2n ) %(lxﬂ ]+ 1&” ])
—4 e—2mnt E,Yje2m]t . with Yi =< w
1
2(aj-

j=1
. ’1 .
4 lﬁ_]_)L,Zmﬂ 4 % Z(a] _ lﬁ]‘)ezmﬂ
=1

j=—n

forj=mn,
lﬁ] n) f0rj=n+l,...,2n.

ﬂe@

“(c"ec™)

Ky T é K&Cﬁgé%fﬂ 1“/501&(%(27%?5)

(5.6.1.4)

4C S == 7/75) - g e ]z?[e )
with  plz) = Z 2%
[somorphdsm Iy J

(ﬁédj —> 9(3-//9)(7—6@)

Corollary 5.6.1.6. Dimension of P,

The vector space P has dimension dimP;, = 2n + 1.



©
5.6.2 Reduchon 1o Lagmﬁqe /nkrpoh/ﬁ?

—2mint

gePy, & q(t) = p(e?™) for some p € Py, . (5.6.2.2)
' =
| C 7(6(( ) :7/ic S Jncmﬁ;( P(@Zm k) _ >/[(
A
L p(zk ) =N
;k = ZUL{“/\C >/I< _ érrc % >//C ( I(= - T

Lagrange polynomlal interpolation € 4:
through data ponnts( 27ty 27N t"Jk) k=0,...,

e C?
D> beislene & umtqunen gof v%iz (’r;/@(W{&mé

e % %Wm for MW /M’/%O(éz(faw /

Trigonometric lnterpolatlon through
data points (tz, yk),

5.6.3. Ez,zazk(('sjmt _|_|7§0|70me7n'c /nbpohﬁm
NMow - duf /;m(/?f ( b =
§563

>/|C>é/€</ kaa/—/, 2/2

2o+ (

%gﬂ (@%ﬁ@@on of auuichsloqt  hgorometic

2n
2mint

geP, = q(t)=e p(e¥™) with p(z E'y]z] Pan , (5.6.3)
j=0
,, C N 7[‘&{) = >/(<
i (2 K ) = (b)k := exp(2 nk ) k=0,...,2 5.6.32
__O'y]exp 7T12n+1 —L’A;;. exp m2n+1 Yi , =0,..., n (5.6.32)
]_
%
= 1
Foiic=b, c=[yo...,y2a) "M o= s—Fan1b . (5.6.3.3)
= n+1
\ 2k 7 It f 20+

(2n +1) x (2n + 1) (conjugate) Fourier matrix, see (4.2.1.13)!
~Adi g p vV — /
— LNf 1
FZWM B (é ]4/z=o J/} ‘/7>/ :DF/DZnM .

cosk = 0w (% n) for FET -hwed ('m/lmzz(ffa@mq

[ Ve, ot = 0(w5> v Laonirt limioafon |



€)

$5.6.3.6 tUMéMf;

\%m0mz 1C

Task:

q(t) =ao+ Y ajcos(27tjt) + Bjsin(27jt)

j=1

(1 /C/%ﬁ C

Find an efficient way to evaluate the trigopnometric polynomial

a,B; €R, (5.6.1.3)

/D
at equidistant points N N >2n.ki=0,..., T E 4% f/)% Pé/(’l% /V =N ]
%mmw
- | 3y j+1By_j) forj= n—1,
q(t) = e 2™y 4™t with 7= < ag forj =n,
J=0 %(aj_,,—zﬁj_,,) forj=n+1,...,2n.

/’( ) _ Q,Q,”'WIC '22% 6@7("% (k 0 /VZ
10w 5 17
— —~
= /:/VQ>K
— \
(c), = gﬁ 4 =h 1
— p >N Ul
¢ Y 4= DFTS,

> (ouf

=0l g V)

(%/ﬁ F?;(/ W/

>  Revuw qwﬁ‘m) 5.4.3.10
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 5.7: Least Squares Data Fitting

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 8, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

Dependencies. Section 3.1, Section 3.6.1, Section 5.2

Duration:Zé minutes

V. TDuta |n ferpo(azf(on and
Tutx Iﬁmg w1

b1 [_66($+'er5 Tuin /::é/{ng/

Sg/b/{ﬂét: Date  point (éc,yg) eRS -0 . m, Ll
a/{ﬁgm‘e// mecnune et omom /upcecta

> n k(pélw(”?'aw dubicw

J
eplace 2with (w09t ~sqeean) /7‘%%;/

V' 2 weckor spue of admissble fmc/féﬁg/ /< CUT )

L e a/g?vwz (/Z; gvlé [# )

Exdmp[ci pO%ZMWM ﬁ'z‘ﬁﬁ% \/ﬁ?P ( /94/77



baneo
(#) & g4 = é? (l)}b}
x € amgnn 2 | 2 (2l b))y |

VA
& Al e St qumen petlam

X it = mok(4) =

Lemma 5.7.0.17. Unique solvability of linear least squares fitting problem

The scalar one-dimensional linear least squares fitting problem (5.7.0.10) with dim V,, = n, V,, the
vector space of admissible functions, has a unique solution, if and only if there are t; ,...,t; such

that
bi(ti,) ... bu(t;)
: : e R™"
Ll (t,) - b,,(t,-”)}
which is independent of the choice of basis of V. J/

bi
%}g)éh Mfm% J%W” i
wmqm &0&4

~ip . 57.0.43 (%@%m 0%@4 2.

T I I I T T T
function
— inferpolating polynomial
fitting polynomial

Data from function f(t) = T2

is invertible, (5.7.0.18)

E;% mf/

4+ polynomial degree d = 10,
+ interpolation through data points (f;, f(t;)),

j=0,..., d, tj = —5+],see Ex. 5.2.4.3,
+ fitting to data points (¢, f(t;)),j = 0,...,3d,
ti=—-5+7j/3.

) W”ﬁﬂp@ﬁ%@é//@/
Filhg .



©
Rem 57024 (U\JMF%D&&

Wby nomuad H’/ﬁoga v n—=m
= Filliog becomer wlepelation - peor hape Fidelety

Overfitting

Fitting data with functions from a large space often produces poorer results (in terms of “shape
preservation” and “generalization error”) than the use of a smaller subspace for fitting.

\%59_ 026 Dt G%% with /f(galmfz%ﬁm

dea . Soppew ecdlaton s by PO(%A}%(?&/L

ngé( deivative)

n b
fe argmin{Zg(t,-) — yi|*+a / g () 2dt} , =0 (5.7.0.27)
gevV i=0 va
p .
/ L gt Ll 22l p&((zm%/%
\/ £ e Ofm pact ﬂ{ admeesible  Fnehions
V = Span ‘fb, bt la bm/c‘gz
= =
[ gﬂ F1 Y g %/(X b
?[l) = ||Ax — y||§ +ax' Mx — min , CP: ]2"0— (5.7.0.28)
b n
A= [b(t)] o € R M= { / HOLAD dt} e R (5.7.0.29)
J=1,...n . | ]k:1
grad ¢p(x) = 2ATAx —2A Ty +2aMx =0,
)
(ATA+aM)x=ATy .[ & e Lz nomat (5.7.0.30)

equ afbion |
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 6.1: Approximation of Functions in 1D:
Introduction

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 9, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Prerequisites.

e Functions and norms

e Object-oriented programming
Dependencies. Section 5.1

Duration: /3 minutes

VL. Avproxioation of Fonctions

v One Dinension

6.1, Itrodvction
B 61.03 (Mot seduckom in ccicedds simecleckion )

o edt_ele
W

— TIU) is ompieble VL,
but this s expanive

u

dea < weplace U —TlU ) with ///—v/f(é()
Fheot o allows kot ewlecation
is Cclene b " T U)
T 2 50%@/&% O nctiom
[/M&M MMJDH ]



e me&%meﬁ%hbﬁ’. Fbméﬁ%/f§¢¥’ clavw

C++ code 6.1.0.4: Class describing a 2-port circuit element for circuit simulation

1 |class CircuitElement {

2 private:

s| // internal data describing Uws I(U).

4 public:

5 // Constructor taking some parameters and building I
6 CircuitElement (const Parameters &P);

7 // Point evaluation operators for I and H‘leT

8 double |(double U) const;

9 double didU (double U) const;

10 |};

%&'%: prp/mf'wmm by I @790(4 (o

Interpolation scheme + sampling — approximation scheme

sampling
fiICR =K 0% (4, 0= f(8)",

interpolation

f=lry (ftt)=yi).

/

§ 6101  Genwal Fuocho 4%0(@(@% bon  Heblem
<m@fmfe%M%ﬂ%prﬁQ

Approximation of functions: Generic view

Given: afunction f: D C R" — R% n,d € N, often in procedural form, e.g. forn =d = 1, as
double f (double) (— Rem. 5.1.0.9). N
Goal:  Find a “simple” function f : D — R such that the approximation error f — f js “small” .

d (onctin !

v
(p,w-7 W@W H Nkeded - rorms m Gacton e

. 6U/D(\”/WW/V1 non. < //%//w t= \Séé(% /64((7)/
v L nem : //%//;z S fgéé)li&%

/
free choice o?nodes tie I /V E W[
|
Mo now - ndbon 0*{ ApD o malion enev
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 6.2: Polynomial Approximation: Theory

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 9, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Prerequisites.
e Elementary calculus of one variable
Dependencies. Section 5.2.1

Duration: QB minutes

VL. Avproxioation of Fonctions

v One Dinension

0. Ap]proximdﬁlbn b)/ Clobal,
D [yrwm/als
ngZm Wﬂ&/m‘c@ﬁ : WWW wre ‘mitwed” O agrod el

f¥(to)
k!

f(2) (to)
2

(t—to)k,

>

(t—to)2+ -+

~"

f(8) & f(to) + f'(to)(t — to) +

forsome fo € I.

‘Ti(t) Py

for e CNT) 2 smeobness wucdicnants

=> T (0@4@



&)
6.92.1. ?olgnomiaé Ap)proximézbn : T/lmy
for //Wg( W%ﬁ / W : P&%/ womeedd o) d[ﬁp@/c/m% a@/y%(}/dm

Theorem 6.2.1.2. Uniform approximation by polynomials

For f € C%([0,1]), define the n-th Bernstein approximant as

pu(t) = Z}’:Of(j/n)<';>tf(1 — 0", CPEPH (6.2.1.3)

It satisfies || f — Pn”oo — 0 forn — co. If f € C™([0,1]), then even Hf p,(,k)‘
n — oo and all0 <|k < m.

(5D no forther inbmaba
e smaothness ==  bebly eohimale

Theorem 6.2.1&4 . L* polynomial best approximation estimate [ j&(&/d $B17 +oun. j

If f € C'([-1,1]) (r times continuously differentiable), r € IN, then, for any polynomial degree
n-t,

— 0 for

ing [ — plls_yy < (1+ /RIS

pEPy
\/

Mo -nomn o bect-agprodmadon ey

f(r)

[-1,1])

where

f(")‘

S a]xlllf )(x)|.

A S(W){ﬁ(ﬂf baww%  teveatn dg}/m/péﬁcé v N —> 0o

o=l g(r)
nf J1f = pllisg1) < CE ] (6.2.1.13)
> O, Inleperdent f + awd
(6.2.1.13) = s inf || f — Pl Leo(j—1,1)) = O(n") for n— oo.
PEFn ' .

ME>W wilh ke



©

211y wmérmf% &g cdpprd madesre
§§ Q(Q,L //f/ W% i
lackson Y. o [a, b1 <
Tool @(gzﬂh’v{ attine  Penplomaton
®:[-1,1 = [ab] , ®F):=a+z(+1)(b—a), —1<i<1,
> Pollback of foncong
@ : C([a,0]) = C([-1,1]) , ®*(f)(F):= (fo®)(F) = f(D(F)),

®* f lives here f lives here

¥ — *!L
- f

(6.2.1.15)

—1<f<1 .

(6.2.1.16)

o2, (~1,1]
) /D & ?,,) — 7;3 & :(DQ

Dollback & doimativer, (P <> diluhon )

~CPd . d® d A
Chain 1le . (@ f)(F) = (@) = @) 3o -a),
(@ f)") = <b;a)rq’*<f("))- (6.2.1.24)
Lemma 6.2.1.20 ‘ b—a\’ _ _
- H(cp*f)()HLm(l 1) ( 2 > Hf(’)HL“’( o) fec(abl)reNo.

(6.2.1.25)

(mztizp ztiop onor

() N >
fyUPMmeﬂy@prwu L4 pesanes 55 ]
Tchason +hm —> Thm. 6.2.1.11 X I ‘

< ; * ()
S Gy (G L ((~11])

(6.2.1.24 (n—r)!

" ) (1+ 7T2/2)r

1! AL ((ab) |



@
§o 21N (Tumbmafen o pfgmiat

A
oson - Appeimasim sheme A C(1]) — &,
Deline. A = () Ao " Clubl) — B,

= O(pﬂwM‘m/z sheme on (a,0]
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 6.2.2: Error Estimates for Polynomial
Interpolation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 9, 2020
(C) Seminar fur Angewandte Mathematik, ETH ZUrich

Prerequisites.

e Calculus in one variable

e Complex analysis: theory of holomorphic functions
Dependencies. Section 5.2.1

Duration: minutes

VL /]ppmx?maﬁfan of Fonctons

v One Dimensor:

6.4 Ap]praximdflbn b)/ Clobal

Olynam/'als

6.2.2. Ertor Estimates for Plyromial
Inferpdation

Lagomge /hkzm&/?%h

Interpolation scheme + sampling — approximation scheme

\//

sampling interpolation

)

free choice of nodes t; € I

f:ICR—=K (ti,yi == f(t))is, f=lry (ft)=w).




Definition 6.2.2.1. Lagrangian (interpolation polynomial) approximation scheme

Given aninterval I C R,n € IN, anodeset 7 = {fo,..., tn} C I, the Lagrangian (interpolation
polynomial) approximation scheme L+ : CO(I) — P, is defined by

L7 (f) := o f(t)T e KM,
, 1=0,..., n.

y) € Pu with

£ = I‘n/%dwh'% W?ﬁ%{%

6.2.2. | Canvav\:lemce of Inferpolahin Eters
R Consilor sqpueenceen o nade sels

(j;'>néﬂ/ CHT =+l o /7@(% —> oo
Ex. L, b] W@WF nete)
T = {t](.") = q+ (b—a)’%:j =0,...,n} C1I. (6.2.2.3)

“sharp " bownd T AL

forn — oo

> Frnd — JRT

3C #C(n) >0: ||f —Lyfll <CT(n)

( m{ﬁ;\?mdcn% ol n ! L gamemc consent”, géw/%@

on WWTL

(6.2.2.6) &

op G220 (el b
f(t) - 5

sint, T-[0v]

9{ [/@mgzz
£ T2,

—lip,l,

10“: —_lit-p ]I, <\ /10 L:( //w M//
i - L fl,

/[\w
S W

6y4

Error norm

govmzéd

& ben

§6725 {%%%%%-

Definition 6.2.2.7. Types of asymptotic convergence of approximation schemes

Writing T'(n) for the bound of the norm of the interpolation error according to (6.2.2.6) we distinguish

the following types of asymptotic behavior: [1£- P I| = 0( nep ) G 1 —>
44
dp>0: T(n) <n~P : algebraic convergence, withrate p > 0, Vi e N
d0<g<1 T(n) <q" : exponential conver ence '

The bounds are assumed to be sharp in the sense, that no bounds wnth Iarger rate p (for algebraic
convergence) or smaller g (for exponential convergence) can be found.




©
§ 6299 (&Zam%m c%f’v%éﬁfw%/% n

" Mesmred " (n,, i> e NART fwi-iz

© Conjectured: algebraic convergence: e~Cn P C >0 uvnkneon

e em

log(€;) ~ log(C) — plog n; (affine linear in log-log scale) .

Cﬁ?(%l// A~ - p éﬁ%zﬁ/n> — p
m a < Cov £—> %

©® Conjectured: exponential convergence: €; ~ Cexp(—pBn;)

log €; ~ log(C) — Bn; (affine linear in lin-log scale) .

m n~" < fv £-—%
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Section 6.2.2.2: Error Estimates for Polynomial

Interpolation:
Interpolands of Finite Smoothness

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 11, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Prerequisites.

e Calculus inlvariable

e Mean-value theorem in 1D
Dependencies. Section 6.2.2.1, Section 5.2.4

Duration: 50 minutes

Y

B /]pproximaéz'an of Fonctions

v Une Dinension

6.4 /lp]proximafion b)/ Clobal

olyrmm/dls

6.2.2. Ertor Eshimates for Palgmm/&é

Exp

‘nkrpdaélbrz
GO Ul el of g

) - sinb, T-onl, = {Hg2”
)T

. s



T

—_li=p

<| //10' Ljh_p //w W/(
If- 14 £,

: 4 EXW(?W
Cﬂm)//r?m(,g

[ﬂ,&XQN/&WmcmWww&)ﬁ%S
\C[éﬁ = 4,,1/%/2

2~
1

— (2 r
,pﬂaﬂ“%:65+%? L
T trnsortl

Exponentiad owo-op, |

Interpolation error (maximum n
- -

05 L 1 1 L L L L 1 b

5 -4 -3 -2 -1 0 1 2 3 4 5

10
Degree d

Interpolating polynomial, 7 = 10 Approximate ||f — L7, ¢|| _ on [—5, 5]

6.2.2.7. Mﬁﬂ&%bofl%kfmﬁ%&
, S clwrr CF
Mein thenehcad vt -

Theorem 6.2.2.15. Representation of interpolation error

We consider f & et (I) and the Lagrangian interpolation approximation scheme (— Def. 6.2.2.1)
for a node setT := {ty,...,t,} C I. Then, — not l<caszon

for every t € I there exists a 17 €] min{#t, ty, ..., tn}, max{t, to,..., tn }| such that
_ fetD(g) .
f(t) —Lr(f)(t) = NCEE Jl;l)(t — (6.2.2.16)
inelachin ooy ~ W 2 natel polet remEl
W= 0

PMU%.‘ Fix £t T\ T #0
Chae celR . FlE)- LK) ~cwlt) = O

) = Plk)- L AkK)-cwix) e ok
L((?S;) = (J by TC & Y(t) =0 ﬁ/vc&fcmfc
> Y by (@f lwt) n+7 =ees



¢ o af st 041 zes

)
/\ ((k j%/)gffzﬂgg/)m? /<

Thm.6.2.2.15 =

/I\

vax on beth Sl

COVLN — 0 — ()]

O> — [ ((7#77(_Et> . C(WF/Z)(/ P,
[(
|f—Lrfll <wmaxl(t—t) ----- (t—t,)| (6.2.2.21)
TTllLe(r) = ("/ﬁl)! te i 0 n . 2.2,

Quantitative interpolation error estimates rely on smoothness!

Ex 62273 (— Exp. 6 v)
PUE) = sin © I [On] {/%Z .
L. qcm/ 4 JV/(<

Error norm

=
Vk € Ng

If - P||L°°(1)

<
~ (1+n)! tel L

1 7\ n+1
n+1(g) '

max|(t — 0)(t — Z)(t — &) . ... (t—n)|




€)

Ex 6-2\2/-2‘( (/?U%/J (mmpk = P éii/() g 6.2.2.28 ( Wﬂpd&(ﬁm oor whmeler and

FOEY = pz=, I=055 S,=1{ 5+ % ? - Léb&gg/m{ complents ?f >

L)) = 2K ol1H7) 6l ko] ks i
! 7)1l L1

,1 R -

b N Blow —up of boaA | Y lay obewafion
WAVA. (6 2.2 21)

Interpolation error (maximum nor
-

L7p =7 ([p()],er) = P

Deglged 15 2 II 'P’ L(F //Dg

Approximate || f — L7, || on [—5,5]

iveP,. n:i=+#H5--7 (6.2230)
f-p) - (Lot =L p)l.

I (1A~ L) (€-p)],

£ (4 + 7, ) [ -0/ \7//@63
| ng///w = ), max ﬁlé = Ay /.

> | £- L4, & /4%7 )PZCWOM [£-p .
|‘nmp2m/(v'm oo W
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Prerequisites.

e Complex analysis: path integrals

e Complex analysis: residue theorem
Dependencies. Section 6.2.2.1

Duration: minutes

VL. Avproxioation of Fonctions

v Une Dinension

6.4 /{P]proximaﬁion by Clobal
olynam/'dés

6.2.2. Eetor Eshmates for Pa@mm&é
‘nkrpdﬂéfarz

e 67205 / Exp. 6.2.7.4

Lo e pﬂ%z ol afpod m/oﬁm e

f( \ﬁ&ﬁir)f on O] with auidiolant nadz;
> (4 oY - ) !leﬂné//@%/ nvAgenis

| 2 Lol £ ok (BT et/
e C7(IR) ’



@)
6223 /fnay/v'c /nfel;w(dna’s Rem 6.2.2.40( “W% inddions cvmyritne )

sint = Z (-1)" (m#/)/ 4 e R
e -
poen sones = ”f%gﬁmzm/ o degie ="

AU curenls fesleger
4 KM/M%%C Ol 1175

|'¥”

Definition 6.2.2.35. Real-analytic functions

A function f € C*(I) defined on an open interval I C R is called (real-)analytic on I, if it pos-
sesses a convergent Taylor series at every point fy € I:
Vg € I: 3o = p(ty) > 0: f(t) Zf n't(’) t—tg)" Ytel: |t—to| < p(ty).
n=0
p(to) is called the radius of convergence of the Taylor series. [afd\l/p{&p@/ﬁ/ § 6 Q Q q / ( %pp/ﬁ)am /700 by f[Z)( 5&% / &?{f\f§2
Fw 6-22.372 ( /%Vmp Brctio > - K
— -~ Up ~C, | &
/ o Pb) = 2 e (48] -t =8

flb) = 73z = ZM? 0 w57 R4 |

: & S t
= ¢ (el powo sanw rpiventcihion — /‘/ >

pa(t Z ap(t — to eP, . (6.2.2.43)




@ L Réff:rd&/oéﬁé{(muagzewce

i /J(K/QK C 4 oo

v=o 4- lhm{ \
k

+1
A0 =l =] L ate—10) fE 5 mir () e (2" WEeT
=n+1 k=n+1
B = pulliey SCg"T VREN with g:=1/R<1 . (6.2.2.46)

Z éxpdhér?/’)w/ C&’WWC@
Raqmr({d j( 0@4% vy . pote oS
Tool Cﬁm/)&x a/wco%&fs

o0
= Zan(t_tO)n/
n=0
Zan z—ty)",

> f(z)

a, € R, VteR:

|t - t0| < p(tO) ’

Vze (C:

Definition 6.2.2.48. Analyticity of a complex valued function

let D C C be an open set in the complex plane. A function f : D — C is called

(complex)-analytic/holomorphic in D, for every point z € D one can find p(z) > 0 and a; € C,
k € INg, such that

flw) = Eakw—zk Vwe D: |z—w| <p(z).

|Z — t0| < p(f()) .

Real- and complex-analytic functions

Every real-analytic function on I C IR can be extended to a complex-analytic function on some open
setD C CwithI C D.

Theorem 6.2.2.50. Residue theorem

Let D C C be an open set, G C D a closed set contained in D, v := 9G its (piecewise smooth
and oriented) boundary, and I'l a finite set contained in the interior of G.

Then for each function f that is analytic in D \ T1 holds

7 /j;\ )dz = p;lrespf

Y

where res), f is the residual of f inp € C.

mmp&ﬂ)( p&@% /\M@W c ¢
| 4?/%]0{5 / e /J// cmax |[R(=)/

L=
Cémg#v 0{ e



€)

Lemma 6.2.2.53. Residual formula for quotients

let ¢ and h be complex valued functions that are both analytic in a neighborhood of p € C, and
satisfy h(p) = 0, h'(p) # 0. Then

g _ 8(p)
P T W(p)

T has 2 pote in p

§é\j_£5‘// (%%{%%ZM@Y mudz B é;aﬁ/zmgzz

T = Ca, bl | node sef 3= 4t,,. ta7 < L

Assumption 6.2.2.55. Analyticity of inter- Im

poland

We assume that the interpoland f : I — C
can be extended to a function f : D C C —

C, which is analytic (— Def. 6.2.2.48) on the
open set D C C with [a,b] C D.

—> [, b1 bay a pudlive divkumee
[ £ (% £ty) Ly(t)
7
- L) ~
NodaL WMWM w (€) kz (t-t,)

) =

B ()=

wilty) = T (t3-Tc) Lpmtact rle]
“+F
- (-t wit)
L) = 22; (6z~6lc)? (t-ty) w'lts)
u%bi&'///n/ wnchon | Ax € T\ S/
0 (2) = £(z) ze D\IT
iss | (z-t)w (=) T =54, %, ]
Anddubic on DN, duominadn bay oty <t zeos
% wg.Ibnﬂ 7 %
o?mfg‘%{% — ey gf+}%ﬁ€% as

& (4) = )
Wit ¢ 2 Grewig) (-w

(6.2.2.57)

< w(t) w(t)
— ) f(t) - — /gf(z)dz
/; I \(tj — t)w’(tj)J \Zm Jy )
fLagrange?olynomial I interpolation error !

polynomial interpolant !



Theorem 6.2.2.60. Composition and products of analytic functions

max |w(7)| © max|f(z)| Iftf,h:DCC—Candg:UCC— Care ana/yt/c in the open sets D and U, respectively, then
|’Y| a<t<b ZEY (i) the composition f o g is analyticin{z € U: g(z) € D},
If(t) — Lrf(b) . (6.2.2.58)
27(1 7y (z —t Jw(z 27r mm|w( )| dist( ([a, b],7) (ii) the product f - ) is analytic on D.

m i

By o
= o ] I WJW
W/@ Re % m&ﬁé Ce

Fx t | > [T+ £3 cm%/fc n E\*£[7=]:

e . =z — = 7 ic Mﬂ%ﬁé W 6\3-#,01
A+4t° = -5 =0

SS 6.2.2.59 ( W%WW fhe domedn of WW

| 7
FlE) = 72 = a2

> Anadyhc in C\{ti]
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Motivation and Definition
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Section 6.2.3.1: Chebychev Interpolation:

Dependencies. Section 6.2.2.2

Duration: 1)/ minutes

VL Approximfz'on of Fonctions

v Che Dimension
6.4 /{P]pmximaﬁion by Clobal
olynam/'als

6.2 3. Chebyd?e\/ /nfer]w[df/bn

Interpolation scheme + sampling — approximation scheme

sampling

A

‘e choice of nodes t; € 1

"Bad chrree @m%ﬁmﬂ Ny Exp. 6221




Q)
6.2.3.1 Mohvabion and Definibon

goz% - A /owmr OPﬁ’mM wetler "
> W&pw%m‘ A P

1PN ooy

(n+1)! L t€ (6.2.2.22)
= w

0o, W/&)" Wlé éoz)
| ~ ple @ smzeé(m/za

Thm.6.2.2.15 =

If = L7 fll oo(ry

Optimal choice of interpolation nodes independent of interpoland

Idea: choose nodes t, . . ., t, suchthat ||w|| L (1) is minimal!

This is equivalent to finding a polynomial g € P, 1
4+ with leading coefficient = 1,
+ such that it minimizes the norm ||| ).

>

Then choose nodes fy, .. ., t, as zeros of g.
(caution: all £; must lie in I!)

Fipt T [-1, 1]

Msgeory shape epude
with Sy

i

il

_>

Definition 6.2.3.3. Chebychev polynomials

The n'™ Chebychev polynomialis T, (t) := cos(n arccos t), -1<t<1,neN.

> AT, =7

Theorem 6.2.3.4. 3-term recursion for Chebychev polynomials —
The function T,, defined in Def. 6.2.3.3 satisfy the 3-term recursion
n+1(t) =2 (t) = _l(t) To=1, Ty(t)

=t, nelN. (6.2.3.5)

2 cos nx coex ~cesllo-1x)

feading. coeffliient 277

(0 ((ae1) X )

> T, e

L



0.4 04
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= =
- -
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-1 -1+
-‘{ -ofs -O!G -Of4 -0?2 (‘J 0:2 0T4 OTG OI.B ; -‘Il -0.8 -O.G -OIA -0:2 (IJ 0‘.2 OIA OTG OTB ;
t t
Chebychev polynomials Ty, ..., T, Chebychev polynomials T5, ..., T

Theorem 6.2.3.8. Minimax property of the Chebychev polynomials ,

The polynomials T, from Def. 6.2.3.3 minimize the supremum norm in the following sense:

1 Tall oo ((—1,1) = inf{||Pll oo(—1,17) P € P, p(t) = 2" W40}, VneN.

T aw(a% welfient
> A p pvm 0,0/7/;%0( (/7/01790&////7 ey é@y 2008 0L Thug
*L/gf — o (587 77) , 7*0/--/1/?
4 Chebychey node w (1,17
Nodal potyromial = wib) = 2°"T,, (&)

¥ E + o+ E A o - w P
Hrh & E = = ¥ “ % P R
Bpr e * w % S % % = SR SR S g
e & & # w “ “ # * * w * ok w A &ﬁb W
6% & & P s # # = o = & h Ak 4 & n
s & r % % i o % r * Ok AR C&M/@V M f
Ut * = w = = % * % * R
k  # ® ® 4 ® B & # * AR
12K & % ® * 2 * # % %
o = 4 4 * 4 = 4 * *
= 10k *» = v < = < =  *
% « = « % = P
ahe " “ P ® @ S “
* * # & ® * #
6 b = = * % =
® w o * «
4} = ﬁ = %«
# * ®
2 = %
1 1 L L J
1 a8 a6 0.4 Q2 Q 02 04 06 [ F:] 1

— -

2

N
AR

$lEy) =~ at S o)1+ ;})

/The Chebychev nodes in the interval I = |a, b]\l
are

b \ % |
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Section 6.2.3.2: Chebychev Interpolation Error
Estimates

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 13, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zurich

Dependencies. Section 6.2.3.1, Section 6.2.2.3

Duration: 926 minutes
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6.2 3. Chebyche\/ /nferpo[df/bn

Ex . 6.2.3. / 5 ( c/w,cm . W/umt Py ol /Wﬁ )
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’F\(el — —_———— Ui \\
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. J*'__,} e NSEN
of .7 |
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Equidistant nodes Chebychev nodes
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§é£5ﬂ/ - F/%m/ecnrm%w‘é% 2Z0h «%/?Wd% £
Céé)/&/%ﬁ‘ 0 (700(64 7 ) -7
Recall Thm. 6.2.2.15: If = L7 fllpr) < (nim)f(n+1>”me“w”mn,
L - [/( | Y with nodal polynomial M”(t_tn)"
= 5 7—n+1 (é)
Affine b Tab] -
e 2 o—n dn+1f"\
1f == = Hf—'T(f)HLmu—l,m RCESV v L=>([-11))
< 221 J|nt1 (n+1) 6.2.3.17
—mH ‘f ”Lw(x)' (6.2.3.17)
Rem  6.23.18 (lebe oot Br
é%d)%?f ﬂﬁ&%@

A" Menwred "
A= Tyt
S Bgdd e - Ay = CEF]

Polynomial degree n

/\'7'

If = Lrfllis < (1 +Ar)GREIFSTIEG v/ < (), 6.22.33)

Theorem 6.2.1.11. L*° polynomial best approximation estimate

If f € C"([—1,1]) (r times continuously differentiable), r € IN, then, for any polynomial degree
n=r,

. T T‘(” - r)!
Plggn"f_ PR < (1+7/2) —‘

f(") ‘

n! L=([-1,1])
(r) — (r)
where f L)) xg[l—al)fl] | (x)].
If - Lrf < (2/xlog(1+ n) +2)(1 + /2y LI 400 (623.20)
l> f=Lrflle(-1)) < (¥/nlog — po(]) 2.3.
— 0 ‘%Y%)
/A - /1
(7’ almeot Mgzbmc comagent
BN

f oy Pe C(ELIT) = oy gumted
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|2nw(,),(9))|2 = |Ty41(cos(6 _110gp))|2 afccct scol = /y( f
= | cos((n +1)(6 — 1log p))[?
= cos((n+1)(0 —1logp)) - cos((n+1)(6 —1logp))
_ %(pset(n+l)9 + p—(n+l)e—l(n+1)9)(p('1+1)e—1(”+1 +p (n+1) gt ("+1)9)

= 2(pAnHD) 4 g 2Ant1) 4 Q210 o= 2(nt1)0)

4

1 n+1 _p—(n+l))2 + l

_ 1
_ Z(P (et(n+l)9 +e t(n+l)9)2 ~ Z(PnH . 1)2 ,

l N
= =cos?((n+1)8)=0

2|7 1
N ) TP ) ~max|f(z)] (6.2.3.26)
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6.23. Chebychev  Interpolaton
6.233. (I : Compotatonal Aspects

C++ code 6.2.3.31: Definition of class for Chebychev interpolation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 13, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zirich

1 |class Chebinterp ({

2 private:
T 3 // various internal data describing Chebychev interpolating polynomial
Prerequisites. publpic :

e C++ and EIGEN // Constructor taking function f and degree n as arguments

4
5
e Arithmetic in C 6 template <typename Function>
Dependencies. Section 6.2.3.1, Section 4.3 7 PolyInterp (const Function &f,unsigned int n);
8 // Evaluation operator: yj=rp(xj), j=1,...,m (m “large”)
9 template <typename Vector>
0 void eval(const Vector &x, Vector &y) const;
1

Duration: ;) | minutes

1
1

L L:r“D = ;Zo « 7 /_J, [Cézéfé/%v e/(pd/)&('én 1




)
§ 6.2.3 .32

dea -

( Faot ewalcatom ﬂ{ C/;éb)/%év 4(/%0&(517)
e G- lem  recanaon

T, lx] = axT., x|~ Tog (X 4=
:’ilajn(« ) + &, T ( (6229 i x) + ap(2xT,—1(x) — T—2(x))
= Z a;Ti(x) +{@p—n —an) T, o (x) + (a1 +2xa,) T, _1(x) .

ﬁm%w Cﬁw/aﬁw expagsion, dgee -7 > recusOm,

C++ code 6.2.3.34: Recursive evaluation of Chebychev expansion (6.2.3.3)

2 |// Recursive evaluation of a polynomial p = E;H'll a;Ti_1 at point x

// based on (6.2.3.33)

// IN : Vector of coefficients a

// evaluation point x

// OUT: Value at point x

double recclenshaw(const VectorXd& a, const double x)

{

o N oo 0 s W

const VectorXd::Index n = a.size() — 1;
9 if (n == 0) return a(0); // Constant polynomial
10 else if (n == 1) return (x*xa(1) + a(0)); // Value a1 * X+ &g
1" else {

VectorXd new_a(n);
new_a << a.head(n — 2)0 a(n — 2) — a(n), a(n— 1)+ 2%x*a(n);
return recclenshaw(new_a,x); // recursion

> (st = Ofn) f

}

2k+1
2(n+1)

£0.23.3 (%W{?ﬁg%’%%)%dfd%?f exgumain

(Zo7):
Chebychev nodes

duckion to DET by champe of viables

IC: 0,.. (6.2.3.37)

p(tx) = f(t) , &

N,

e -

te L-1 /] = se R Ve dre ;|- poedic
+
/\/L") n
q(s):= p(cos27s) Za, COS 27T5) Det.§2.33 Za] cos(27js)

j=0 j=0

n
Z% (exp 2m1js) + exp(—2mijs)) [bycosz = %(ez e ?)]

(6.2.3.38)
(0 forj=n+1,
_ ’f exp(—2mijs) , with B := % orj=le.n,
_j:_nﬁ]exp mijs) , with ;= < 2 forj=0,
J/ \%“n—j forj=—n,...,—1.
7 JFV?\?OHOH%MC W%/WWM
. _ Zlet !
[ = q(6|<> = WDH/H ;o Oy Yln+l)
< = 0 q

| 4



Chebychev expansion for

)

Chebychev interpolants

Trigonometric interpolation at equidistant points — Section 5.6.3 £ DF

qls) emwn =

g (s) - 7[4»5)

> Eguwmlnt T.C. by eflechion

< k i 1 >_Z._ Yk
N2+ "2 +D) ~ T Vo

Jfork=0,...,n,

-

dork—=ntl.. 2n+1l. (6.2.3.40)
s=1/2
cnt kK =nrl
1

n+l
0(($ ) = };n ﬁ& @p(* LTS >
k 1 ntl 2711j 2.
q<2(n +1) N 4(n + 1)) N jzz_n<ﬁjexp(_4(n — 1))) eXp<_2(n — 1)k]> = %k
Z 3 [fcl‘mlwzhﬁ o %Hv i
2n+1 2m1(j=n) 2m nk
]; (ﬂj—n exp(_m)) exp<—mk]> = exp(—mn T 1)Zk , k=0,...,2n+1.
:wg{n-'l)!
i
y ¢ = |Bj_nexp(—ZHLY o
Fy(u41)¢ = b with [ ] ( 4("“;,1]1720 (6.2.3.41)
b = [exp(—mn"—ﬁ)zk}kzo :

N

(2n +2) x (2n + 2) Fourier matrix, see (4.2.1.13)

>  Solwe w/ FET , (asl = On Z@%n>
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 6.5.1: Approximation by Trigonometric
Interpolation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 15, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Dependencies. Section 5.6

Duration: 7‘ minutes

VI «4 p%foximf(on of  Funchions

in |
6.5 /Ipprax( mation @ T?(gommeﬁic @é/lpmﬂ(ﬁ
£ R R |-poncitic , cofuwoey . FH+1) = £IE)
¢ > alo oV agednhon
> L %wd‘ﬂmzfmzf%z /00%4 emil
5

n

= éP;mof | wnllnt), (o (Ont), sin(4rtl, %)
S0 (Jent ), cat (Zrnt) 7
= S { b= exp-m k)T,

m P = Onr
é{jﬁ"d\jﬂ g&m on nt



?& [ /bprox?ma&bn by Fgomméﬁt
/mfcgm(a Lion

Interpolation scheme + sampling — approximation scheme

(Trgomemehic )
intef polation f~:= Iy (f(t,) =Yi) .

sampling

)

free choice of nodes t; € I

f:ICR—=K (ti,yi == f(£)){Lg

Recall: Trigonometric interpolation — Section 5.6

Given nodes fo < t; < --- < tpy, tr € [0,1[,and values v, € R,k = 0,...,2n find

qe PZT;, := Span{t — cos(27jt), t — sm(znjt)}}’zo , (6.5.1.2)
with q(t) =y, forall k=0,...,2n. (6.5.1.3)

Terminology: 73??;, = space of trigonometric polynomials of degree 2n.

orcts / WNAgLLEness
Noke - W%E/@n% oole == FFT- bave alpithns
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Course Video

Section 6.5.2: Trigonometric Interpolation Error
Estimates

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 15, 2020
(C) Seminar flir Angewandte Mathematik, ETH Zrich

Prerequisites.
e Fundamentals of Fourier analysis
Dependencies. Section 4.2.6, Section 6.5.1

Duration: ;J § minutes

VI Ap%roxim&bn of  Forchons

in |
6.5 Approxi mation fy Tﬁgvmmeﬁic @éﬂm&(ﬁ
6.5.2. F@onomefn'c |nfer'po(d£/bn Frror Esfinrtes

|_\/) : CPZ,,,((&//J) - 2 @(7} ,
(T () = £(6) , .= -

Wit 1o &/v%% | £- Toflle v n —>=
o&pgm&&[m% 4 J(??{ﬁ#?i’?@S O{ 7C

LAT001) (LS (0001) )

ne A/

%,—_,



@
Ex/o\ 6.5 3|

#1 Step function: f(t) = 0for [t — 1| > 1, f(t) = 1for [t — 3| <
#2 C® periodic function: f(t) = :

1+ bsin(27t)
#3 “wedge function”:  f(t) = |t — 3|

C%r (odoz p/pﬁ

(Tn yomndfic In (C/W/%W emov

CWM%( nce

10" F ' .
;\_-___ e %
107 \\::""“‘--—---______“_‘_- /
w0} \ . i
=N
3
- 107 F
- 2\ —#
S ——#2
g ol e \ — 43|
2 oX bonan \
=T oM
107°} \\'\
\
\'\
10} \
\
1 1 L 1 1 \ L
2 4 8 16 2 64 128

n

L?([0, 1])-norm of interpolation error

§6_5-,7_3 ( Fvrioy senies —= Y. 26 )

pePl = p(t Z arexp(—2mit) forsome a; € C. (6.5.2.4)
k=—n
Foonar  Sedes dﬁ fe (500, /] )
= i frexp(—2mikt) inL2([0,1]) , fr:= /Olf(t)exp(kat) dt . (6.5.2.5)
k=—c0
1 Feouiay iedt i L. Furier cocffiient

()

Y/

Study trigonometric interpolation error for interpolands
given in Fourier series representation (6.5.2.5)

Idea:

65 6.5.2 2 (%&W’W% 7

Iri T
- Lz 1 ) e e
/UkI:g;I Mo |3 V Ne (@) Z



R 0 I
il Ao i
JH“;HIWIV I L TR
s I i sl
AN AT =t N =t
iRl J{ LR S
n='2 n='4 n='8
’> —l— — T _ » ”/l()/é 2 = "
We = W M Eok md Gt
f<t>=_=§1 Fimi(t) B T.(F)(t) = _2 Yii(t) v,-=j_ firtny - (65210)
> lnkrpolahion oo P
= o= o0 f = 5
. {— Y fieener) ifj€{-n,...,n} ,
Ej = (e Z\{0} jeZ (6.5.2.11)

Theorem 4.2.6.33. Isometry property of the Fourier transform

If the Fourier coefficients satisfy Y icz |¢j|> < oo, then the Fourier series

c(t) = Y Chexp(—2mikt)
kezZ

yields a function ¢ € L*([0,1]) that satisfies

A
1
lelIZ20,1) 3=/0 c()Pde =Y g2 —> C} boondeA

kez

2
n
If = Tuflizgoip = X | X Fireensny| + L Il
j=—n|leZ\{0} lj|>n
n e —
Df—Tnf”Loo(]o,l[) <) | firens)l + Y 1fil -
p = ez (o) i>n
by 4- /‘ne@@é&

Décw%t o> fov f} ——=  hioate

[

Stneothaess ﬂ{ £

(6.5.2.13)

(6.5.2.14]



f) - = L e
A

i 5

\|
__)—D
C\ﬁ
o~
)
SR
N
R
B
=K

Lemma 6.5.2.17. Fourier coefficients of derivatives

For the Fourier coefficients of the derivatives a 1-periodic function f € CK~1(R), k € IN, with
integrable k-th derivative f'*) holds

G(F)]-: (—2mj)ka]-, JEZ.
L~ boondeA

Lemma 6.5.2.20. Decay of Fourier coefficients

If f € CK-1(R) with integrable k-th derivative, then fA, = O([j|7*) for |j| — o

Theorem 6.5.2.23. Finite-smoothness L2-error estimate for trigonometric interpolation

If f € CK-1(R), k € N, with square-integrable k-th derivative (f*) € L2(]0,1])), then

If = Tufllizgoay < I+ e (27n) || f®

) (6.5.2.24)
£2(]o,1))

with ¢ =2Y% (20 —1)"2F < 0.

%(gébrcdc Converzena el 1<
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Course Video

Section 6.5.3: Trigonometric Interpolation of 65 /Ip)pmx(ma&'on [y TF(?WWEC /Bl)/mﬂ(ﬁ

Analytic Periodic Functions :
6.5.3. Tnqonomehic /nﬁa'po(aézon &7(
A nd[g he Tenodie Fonchons

Prof. R. Hiptmair, SAM, ETH Zurich

Definition 6.2.2.35. Real-analytic functions

Date: November 15, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

A function f € C*®°(I) defined on an open interval I C R is called (real-)analytic on I, if it pos-
sesses a convergent Taylor series at every point fy € I:

. _ . _ & fM(t) k .
VipeI: 3p=p(ty) >0: fB=) o E—tg)" Vtel: |t—to| <pl(ty).
k=0 ’

Prerequisites.

e Elementary complex analysis o(to) is called the radius of convergence of the/ﬁylor series.
Dependencies. Section 6.5.1, Section 6.2.2.3

Duration: 5 minutes /VWW M’Zé&{ o D <
Im 4 (- e

Re

\/
\

(&= + .
I

v

N+




@)

53
Ex/) 653 ] (T&ﬁ%gxéﬁc n/@pokném

Lequiclatont |

Interpolationsfehlemorm

[y
o

L

—

.
ol
»

107

107"

FlE)

5{(%%&

t e K

O Lpx & 7

p—
—

\/4 ~ X Sl fane)

14 ln ’Z‘? o

ewﬁ%
CWWCZ

a=0.95,L"

a=0.95, L2
«=0.99, L~
«=0.99, L

0

I
10

1
20

1 1 1 1 1 1 1
30 40 50 60 70 80 90 100

Polynomgrad n /
7

§5533( p%ﬁé;n gwc //ér('m/&é%

Theorem 6.5.3.4. Exponential decay of Fourier coefficients of analytic functions

If f : R — C is 1-periodic and has an analytic extension to the strip
S:={zeC: —n<Imz<n}, forsomen >0,

then its Fourier coefficients decay according to

fil L@ fll e VkE€Z with q:=exp(—27n) €]0,1]. (6.5.3.5)
\ [0
P@Of: b= 0 ¢ z-plane
A ) .
’ 7 S X
R Re
by Cuhy gl Horan | 2 ,
Lk (i
f flbran )R

= p ok f Clare Mt
20k
O R R




) RecalV -

2
n
2 —~
If = Tufllzzqoap = 2 Z f,+[ )| + Y 1filF (6.5.2.13)
J=—n|leZ\ | lj|>n
1f = Tuflleoqoap Z Z |fj+€(2n+1)|+ Z ‘};I (6.5.2.14)
lj|>n

/r ]——n{EZ {0}

equmil. /ﬂgﬁ Wp (hip

—>5T
$on

Theorem 6.5.3.13. Exponential convergence of trigonometric interpolation for analytic inter-
polands

If f : R — C is 1-periodic and possesses an analytic extension to the strip

S:={zeC: —y<Imz<y}, forsomen >0,

then there is C;; > 0 depending only on 1 such that
If — Tufll, < Ct]e_m’n”f”Lm(s') , €N, (x

=12(10,1[), L*(]0,1[) ) (6.5.3.14)

exponen 94 comvensnce

sin(27rz) = sin(27mx) cosh(27y) + 1 cos(27x) sinh(27y)

é&ﬁ? 15 E)/F 653 WPZKMW&/)

7C(é) — \/4w K o () : gij(%

Frad domann of amadphedy D& of £
" Do &/’{%c/méf " pP=C\D

Fuaion -
Lemma 6.5.3.17. Principal branch of the square root
The square root function t — +/t, t > 0, can be extended to an analytic function on
C\R, :={z€C: Re(z) >0 or Im(z) #0}.
A Im

Re
> < domain of singularity of z — +/z, principal branch

D P2 A{z=el 1-xsnllnz)e RS F
2= Xty ! 1+ asin(27z)

)

€ Ry

€] —oo,—1—1]

)

sin(27tx) cosh(27ry) <-1 — 1 and ' cos(27x)sinh(27ty) = 0.



= Y E0 \ XxXé& Z+)
L—> cohhadicts

X e Z+%
= cash(ory) = |+ Y
Im
, I T4 ‘
¢\ cosh / a
\ / | = i i 2
N 4 | | e |

> f analytic in strip

S:={zeC: - <Im(z) <}

cosh( 77 5) = T+ 1/,




NumCSE@ETHZ




NumCSE@ETHZ




NumCSE@ETHZ




@

ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Interpolation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 18, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zrich

Section 6.6.1: Piecewise Polynomial Lagrange

\

VI Ap;l)]r)vxinnfxbn of  Fonchong
In

6.6, A]D]Dmk/'maf{on b/ Vecewrice
Blyromials ‘v

Interpolation scheme + sampling — approximation scheme

Dependencies. Section 5.2.2, Section 5.3.2, Section 6.2.2.2,

Duration: /) minutes

sampling

free choice of nodes t; € I Mo © p-w. WWWM

interpolation =~

f:ICR—=K (t,yi = f(t))it /l—> f=lry (ft)=y).

(Ch.5: pow. Une, wibic )
Benelibh @ - Lau&‘@/
g 6/765(/0 a/{qﬁw%m
shape  prescration




&)
(7

Idea: use piecewise polynomials with respect to a grid/mesh

r> ooutithon of I = [a,b] : flee o chace

General local Lagrange interpolation on a mesh (PPLIP)

M:={a=x<x1<...<Xxp_1<xy =0} (6.6.0.2)
to approximate function f : [a,b] — R, a < b.
Terminology:
4+ x; = nodes of the mesh M,
4+ [xj_1,xj| = intervals/cells of the mesh, a b
+ fiyg = max|x; — xj_q| & mesh width, % % % % w % e s
] 2 3 6 47 48 49 Ao A iz iz 4
4+ If x; = a+ jh = equidistant (uniform) mesh

with meshwidth 7 > 0

6.6.|

Precewrse

Blyrominl  Lagange.
ot og omul  Lagang

dee - Lol Lagenge pﬁ%m&mf% (ivkypolafion on celds

Fix polyromad dZW ng v goth bl (o x4 ]

F | F F
L 1 1 1 \trﬂ ’rb( ‘ﬁ'ﬂ} 1 I >~ t
L T 1 T \ 1 ¥ ) 7
U=Xy X Xa X X . X Ko = b

0,4 1 ikplahim il € Uiy, Xq T

® Choose local degree nj € INy for each cell of the mesh, j =1,...,m.
® Choose set of /ocal interpolation nodes

Tj2= {f],...,l‘{,j} C I]':= [x]'_l,x]'], j=1,...,m,

for each mesh cell/grid interval I;.
® Define piecewise polynomial (PP) interpolant s : [xq, xm] — K:
‘% i N, j=1,...,m.

sji=s5,€ Py, and s;(t) = f()) i=0,..

Owing to Thm. 5.2.2.7, s; is well defined.

I.C. > Lingy inkmolahim oportey Ly,

55,7 0,55 F
/DIU\QM//%/%C

atan(t)
—&—piecew. linear > [73_ = /
| —e— piecew. quadratic

—#&— piecew. cubic

051

TZ/Z = Xg-1
-05} 616( - /‘Z (/YV +Xa"(>
s
“1f 2 = X%_

(6.6.1.2)




2 oy nkepoleent € C°(la,b]) 2
M == t.-n -t gl

m o amhinaedy ¢
—— ot avhee cokle éy PHL I
Focawn %5/ moblics of  wepdation erpy
Fix Ny =n oA ame mtpclafion scheme Y el
Comicoy  sequumces of wmwhés with  hy,—= O
Z H%mmﬁemcz
| ¢ - T, 1, = CT(h,)

it
pec™L): o
Thm.6.2.2.15 = ||f—Lf,—f||LN(I)§T)’f"“ fealx\(t—to) ----- (t—t,)| . (6.22.22)
= \/—“——/1

b T=0x X1 Z ohy bk k
%PP%M% H:JVIPQ,Q F J FMc

Tk

max oo afl @l
(L

[ £ ”Im@[/,,/m‘b] = (he/)
Ol gy )
gobien o with wk b+ 7

-—

—_—

E A PN

er(77,oo M

6.6.] 7 (h’cmﬁvm g{ PPL/P)
£(L) =cuclont, T= (-657 , equd. mash.
[ Faidiplort teal ifepetzction moln

[[Interpolation error||

10°
mesh width h

T T '

N Lo . .Jr—""": Lo

HE . e V.‘:"'*-J'V.---‘/ﬁ" Lo

Dot D e A T :

: P /
i P /. : Lo :
P> 483% ) P on
P : /
y 4.--’ . . / . .
« o .‘// . . .
# /A
K : Lo
/ ) : :

7ol : .

. S N L Deg. =1
: L BK *— Deg. =2

vd ”* Deg. =3

yd L Deg. =4
* - Deg. =5
Deg. =6

10 10

7 (’07(.//4 -l

| [ ooy pints om bies |

aler, ~ 1)+ |
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Course Video

Section 6.6.2: Cubic Hermite and Spline
Interpolation: Error Estimates

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 19, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zrich

Vi Ap,tl)]r)vxinuf/bn of  Fonchons
D

6.6, Ap]umk/' mation by Vecewise
%Kgmm[a[s

Interpolation scheme + sampling — approximation scheme

Dependencies. Section 5.3.3, Section 5.4.2

Duration: minutes

[ getemlized 1
f1 ICR =K sampling (ti,yi - f(ti) ;,1:0 interpolation f;: |7‘y (f(t,) —y ) .
free choice of nodes t; € I / \
e S

[ acic lbanife Wfp. [cécb/( Splcae 7D, |
Sacf 305 S %




&)
6.6.2. Cubic Hemile (m‘el;méalfl'on
Eorer Eshmates

Definition 6.6.2.1. Piecewise cubic Hermite interpolant (with exact slopes) — Def.

Given f € C!([a,b]) andamesh M := {a = x0 < x1 < ... < X1 < X = b} the piecewise
cubic Hermite interpolant (with exact slopes) s : (2, b] — R is defined as

— S|k €P3, j=1.,m o, s(x)) = f(x)), s'(xj) = fi(xj), j=0,...,m.
|

1
( 0@%«?%%%‘%%&%)
—> S e C//f&((b:Q

EXP, 6.0.7.7 - /ﬁmﬂg etk /N/é//ﬁ@/}m with)
h - womogend?

Piecewise cubic Hermite interpolation of

f(x) = arctan(x) .

norm of interpolation error
2 R

4 domain: I = (—5,5)

_ e _ 10
+mesh T ={-5+hj}j_oCLh=73, .
4+ exact slopes ¢; = f'(t;),i =0,..., n

B> alg¢braic convergence O(h*)

= oquidiohan! ek e enie e

10°
meshwidth h

Theorem 6.6.2.3. Convergence of approximation by cubic Hermite interpolation

Lets be the cubic Hermite interpolant of f € C*([a,b]) onamesh M := {a = xo < x1 < ... <
x"]_l < x"1 - b} according tO Def. 6.6.2. 1. Then

1

If = sll oo () < 4!h3‘/‘ \)f(4)|‘L°°([n,b]) '

with the meshwidth h \( := max; |x; — x_1].

6.6.3. Gdic Sline Iitetpolation -
Enov l—ééﬁméfs ,50(5(

e - WZM}) - ket seC

. A/WIC%( / 6&0@&7{2&{4% jass /an‘ WM%%M o

Definition 6.6.3.1. Complete cubic spline interpolant

Given f € C!([a,b]) and a mesh (= knotset) M := {a = xo < x1 < ... < X1 < X = b} the
complete': cubic spline - " interpolant s is defined by the conditions

seSsm, s(xj)=f(x), j=0,....m, s'(a)=f'(a), s'(b)=Ff(b).

= aldd delbindbion gzl CGT




2 Thea
EX/?. - 6.63] 4 zeimafion . b / (//m/)&fc b Y -
4 /77%790 &s ) feCltotn])  IIf — sl < — || f&) . (6.6.3.3)
L=([totn]) = 384 L>([to,ta])
L=/-117 afwé%w/mé e
0 ift < —2,
1 0 1 3 A 1
) =1 €C° () , flt)={2(1+cos(n(t —3))) ,if—5<t<35,€C().
1 otherwise.
107 —— . = 1
o . 2 10-1_ = = L“~Norm
’ 107} ;
10°
= / E10"-
- 10° | f’;’_,/-, = 107} p .“""l'” ]
P o~ 10 e “J:-.'{-" it T v
107 #7 L&ﬁ ] (/O% 70/6%‘ | 10° 'fl'.’f!?{"‘t'\?fm “
107" - 107
1072 107" 10 107 107" 10°
Meshwidth h Meshwidth h
1fi = sl (1,1 = O(H*) 1f2 = ll s 1,17y = O(H?)
—>  |pw smthpass lmiks
(WZM?@WCZ
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Course Video

Section 7.1: Numerical Quadrature:
Introduction

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 21, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Prerequisites.
e Knowledge of C++
e Calculus: interpretation of finite integrals
e Power formula of circuit theory

Duration: é minutes

A

Nomencal  Quadratore

Introduc tion

[anm <

b
(Omp(ﬂ% fd flt) A€
| #FP@L'MM? T

? |
\ Gven i fz/m/&%/ o

period T > 0.
u(t)

(mz% u‘gj/ﬁ L2l g v

Fx 7.1.0.4 Hm/f p/@aéo(y?%m 7 e(zdw% wvccmés )

. assume time-harmonic periodic excitation with




€ T
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 7.2: Quadrature Formulas/Rules

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 21, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zdrich

Prerequisites.
e Substitution/transformation formula for integrals
Dependencies. Section 6.1

Duration: 025 minutes
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Definition 7.2.0.1. Quadrature formula/quadrature rule

An n-point quadrature formula/quadrature rule (QR) on [a, b] provides an approximation of the value
of an integral through a weighted sum of point values of the integrand:

[ Fdt ~ Q) = Y wl ). M
a =V
: i DN :

ettt (R.R) ~ n

Rem 7.2.0.4 - (Troom brwakion of quatietene i)
Ve Oz hom *{7{ app@dmﬂﬁmﬂ heme § -

" m Wmm@w% =~ [,

AR m Cab ] o
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[ et st f £I4(E)) /%ﬂé)

L> = K (b- J/)
v, P(#(C,))

~ Jlb-a)

2 (

B> quadrature formula for general interval [a, b], a,b € R:

n . N Cj
(b— a)):w]f(c]) jglw]f(c]) th =

l\)lo—l

JP () de ~
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n wdo o S (Syoun )4, B welence
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Course Video

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 21, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Section 7.3: Polynomial Quadrature Formulas

Dependencies. Section 5.2

Duration: 7 6 minutes
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(7.2.0.11)
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Ex. 7303 ( Midpint iz )
[ (e O0) . = flb+a )

E X ( Tiepezoulal wle )

n=4 (degree I) | £ -a, L.
L () =~ 7=
C

)

- b

> trapez := newtoncotes(1l);

N 1

Qup(f) := E(f(o) +f(1)) (7.3.0.5) _

2
t

Ex 230Y ///MOW % %fm(/[ﬂﬁ)
E@ch@a/mé quadidvie. o) wm La,67
ty = 4 *g%i—;” 4O 00l

> @WWW v n ==/ . /7% m%%, o,/ |
with M/&/m//v% &%ﬁ L= canellatpn
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» dew{
fe C(L)
)f(rH—l)H
(1)
1f = L7 fll ooy < CESH] LEM (t— fn)b (6.2.2.22)

v

fecint) = |[ Andi-Qun| < -

f<”)HLm([n’b]) . (7.3.0.10)
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Section 7.4.1: Order of a Quadrature Rule

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 21, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Dependencies. Section 5.2.1, Section 7.2

Duration: |5 minutes

VIL Aomeneal (Qoadratore

U Gauss Quadratore

2.5

ﬂm el e

/ﬂbmw&é

1 ? \

Definition 7.2.0.1. Quadrature formula/quadrature rule

An n-point quadrature formula/quadrature rule (QR) on [a, b] provides an approximation of the value
of an integral through a weighted sum of point values of the integrand:

n

/nbf(f)df ~ Qu(f) =) wlif(c}). (7.2.0.2)

j=1




@)

ZU |l Ode of a Quadratore Kule

Yusge o quadily of QR -

Definition 7.4.1.1. Order of a quadrature rule

The order of quadrature rule Q, : C%([a, b]) — R is defined as

b
order(Qn) := max{m € INp: Qu(p) = / p(t)ydt Vp e Pu}+1, (7.4.1.2)

that is, as the maximal degree +1 of polynomials for which the quadrature rule is guaranteed to be

(K{zg&fv% mem - n

e Oy s skble wmden alline W 4R

Corollary 7.4.1.4. Invariance of order under affine transformation

An affine transformation of a quadrature rule according to Rem. 7.2.0.4 does not change its order.

© 01T = (e b T alline
pe P, = t P(¢(é)) &

Qezmn :

For noce et dc,. .., cpf
J weght Luy, 3, that geld ovlw-n QR

Vpe 5. p = }Zm plt,) ﬁac

Lﬂﬂmg% ,w( _

i b
fﬂb(?(é/%% = Zplt) [ LE)AE
< —

= weigd 0,

Theorem 7.4.1.6. Sufficient order conditions for quadrature rules

An n-point quadrature rule on [a, b| (— Def. 7.2.0.1)
n
Qn(f) :== ijf(cj) , f€ CO([”/ b)) ,
j=1
with nodes t; € la, b] and weights wieR,j=1,..., n, has order > n, if and only if

b
w]=/ Lj_l(t)dt, j=1,...,7’l,
a

where Li, k = 0,..., n — 1, is the k-th Lagrange polynomial (5.2.2.4) associated with the ordered
node set {cq,¢c2, ..., colls
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Rem ZY. 1.2 - ( 54{% 75/5#% oy quudain

{PI.N,PV,} = bmwﬁ‘{ \/(Jm-/

b
Aim - , (/Dj = JQ ZD/é)O% %963%—:
&
Qn(pj) = /b pi(t)dt Vj=1,..., n & Oy has order > n . (7.4.1.8)
N = = ow, L)
ayn LSE v o

(7.4.1.9)
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Section 7.4.2: Maximal-Order Quadrature
Rules
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VIL Momencal Qvadratore
Y Gauss Quadratore

Definition 7.2.0.1. Quadrature formula/quadrature rule

An n-point quadrature formula/quadrature rule (QR) on [a, b] provides an approximation of the value
of an integral through a weighted sum of point values of the integrand:

/ﬂ bf(f)df ~ Qu(f) == ) wf f(c]) . (7.2.0.2)

Prerequisites.
e Orthogonality and Gram-Schmidt orthogonalization
Dependencies. Section 7.2, Section 7.4.1, Section 6.3.1.3

Duration: 3¢ minutes

Definition 7.4.1.1. Order of a quadrature rule

The order of quadrature rule Qy : C%([a, b]) — R is defined as
b
order(Qn) := max{m € Np: Qu(p) = / p(t)dt Yp € Pu}+1, (7.4.1.2)
Ja

that is, as the maximal degree +1 of polynomials for which the quadrature rule is guaranteed to be
exact.

V npt QK. o =n pasqble
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24 2 Maximal- Oder Quadratoe Rules

Theorem 7.4.2.1. Maximal order of n-point quadrature rule

The maximal order of an n-point quadrature rule is 2n.

&> % npt &R, of v In+ |
Pool (inclirect ) - QR w/ neler §c, ., ¢, ?
Assome - am(p) = ffp(é)a&‘“ Vpe (G
[ oy = In+ ] |
&(Zé) = ﬁ (éfcgjuz (R g =0
L b
= /q/é)a% =+ Qlgl= O
— Decainz q/cét) —0 !
> (

H*pﬁ AR o owle n <

Hewpishic s - n-pt QAR. 1owlies In J.0.F
= o 5.,
Frnd Cy, Wy g=7/,,,r): b
_ Yo ¢ (b ]
@, (1t = t°F) = Z W, G flé L, -0 ]

Lhr2n  nou-Uneary J)(f/m? A éé/ﬂ/ﬂf’im§

Ex . 2494 - (Q-pé quadhaline wle of oy 4 )

1

b
Qulp) = / pt)ydtVpePs & Qu({t—17}) = — (b7 —ath), 4=0,1,2,3.
Ja 47\/ q
4 equations for weights w; and nodes ¢j,j = 1,2 (a = —1,b = 1), cf Rem.7.4.1.7
1 1
/ 1dt =2 = 1wy + 1w, / tdt =0 = cqwq + cowy
-l i (7.4.2.3)

1 2 1
/ 2 dt = 3= 3wy + Swy / Bdt =0=clw +cws .
J-1 J-1



©

> weights & nodes:

{wz =1,w =1,c1=1/3 '\/§,C2 = —1/3 \/5}

1
B> quadrature formula (order 4): /_]f(x) dx ~ f(%) +f<—7§)

(7.4.2.4)

SHULE L o T

Optimist's assumption: 3 family of n-point quadrature formulas on [—1,1]

Qn(f) L= / f , ZU;'O)EIR,IIE]N,
]_
_ LN of order 2n <> exact for polynomials € Py, 1.
Define P, (t) := (F—c{™)----. (t—c™)y, teR = P,eP,.
L T
> q & J -

J ﬁ(’é)‘ﬁ,lﬁ)ﬁ — 2% ]7 (n > [C(”))
F =

& 5 ::0

(7.4.2.6)

UE10T) ottty - [ g B dt =0 Wes,

4.2%)

pn
x PII

P equipped  with  the

(p.q) — [ p(t
Euclidean space:

inner  product
)q(t)dt can be viewed as an

< P, L Py

P o
- P Km&% cocflizint = /
> F wmp

> 5! Picec !

The nodes of an n-Qoint quadrature formula of order 21, if it exists, must coincide with the unique zeros
of the polynomials P, € P, \ {0} satisfying (7.4.2.7).




€)

Theorem 7.4.2.11. Existence of n-point quadrature formulas of order 21

Let { Py}, o, be a family of non-zero polynomials that satisfies
o P nlE P,

: / q(OP(1) dt =0 forallg € Py

(L2([—1,1])-orthogonality),

m

e The set{c;”) =1 m < n, of real zeros of P,, is contained in [—1, 1].

m
Qu(f Z w,; ) £ f

with weights chosen according to Thm. 7.4.1.6 provides a quadrature formula of order2n on

Lo QR by oetor = 1
Proo/ &

?0@ aomiald devision

T

dt—

Then the quadrature rule (— Def. 7.2.0.1)
?
with hrel

) (7.4.2.14)

)

oars [0

=
—0 by (7.4.2.12) 0&1-/7%7/7@&&

(n!

Noke : I’(c;)) = 70(63

m

n) (7.4.2.13) (n
s w. F
> W,

E ZU n)

=

B exist o wmionee

Definition 7.4.2.16. Legendre polynomials 0.8
The n-th Legendre polynomial P, is defined by
L4 Pnle P,
[ J /lpn(t)q(t)dt =0 V[]E Pn—], €= 0
- o
e P,(1) = 1. o
-0.4

Number n of quadrature nodes

\V4 _
mf#ﬁgdm/ W%ZMWZ{/ os
- shi open -

Zeros of Legendre polynomials in [-1,1]

20y *x * A« & ¥ * * ¥ * * * ¥ * & N & Yor
e % * A K * * * * * * * * o Kk K o

18f%x * * & * * * * * * * % * Kk K ARk
e % * * * * * 3 * % * *  f fek
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e & * # #* * * ] * * * otk
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8w * * * -4 * 4 *
¥ ® % ® * * *

6F » * * * * *

* * * * ¥
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Legendre polynomials

|‘\
H \ n=2
l', \ n=3
\ \ n=4
L\
\ ’
ll‘.\"l\ > / X /’”
N> | AKX
1 —015 0 015 1

Lemma 7.4.2.17. Zeros of Legendre polyno-
mials

P, has n distinct zeros in| — 1,1].
Zeros of Legendre polynomials = Gauss points
/
nocken o Hhe 1707
n-pt QR of oew 2n!
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Assome - R, ha m)% h<n 2007 Xy € -1, 17
af which it c/m%@ Sih
K

q(é) T ;{_: T(é’)(c;)

=7
£ ~ T = 0 i []7
f/lﬁ,ﬁ&&f = (

confadicfs oy MW&&

Definition 7.4.2.18. Gauss-Legendre quadrature formulas

The n-point Quadrature formulas whose nodes, the Gauss points, are given by the zeros of the n-th
Legendre polynomial (— Def. 7.4.2.16), and whose weights are chosen according to Thm. 7.4.1.6,
are called Gauss-Legendre quadrature formulas.
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Section 7.4.3: (Gauss-Legendre) Quadrature
E 'ror ES“ mateS Definition 7.2.0.1. Quadrature formula/quadrature rule

An n-point quadrature formula/quadrature rule (QR) on [a, b] provides an approximation of the value
of an integral through a weighted sum of point values of the integrand:

n

b
/ fydt =~ Qu(f) =) w! f(c}) . (7.2.0.2)

j=1

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 22, 2020

(C) Seminar far Angewandte Mathematik, ETH Zurich Zeros of Legendre polynomials in [-1,1]
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Gauss-Legendre weights for [-1,1]

Obviously >

n=
« n=14

Lemma 7.4.3.1. Positivity of Gauss-
Legendre quadrature weights |

The weights of the Gauss-Legendre quadra-
ture formulas are.positive.

[abo CC-wlon |

Pov/ L Cewon naten Cé”’ l

C(K(é> g W’(é ") e Qn»e
q(c/c‘;h)>7ﬁ 3:H< [<¢//-»/V&
44k (
0O £ f %C(é)o% = %W/K%C/ng))
~( Y
= O

<

§ ZY3.2 (Luahaline ovor A bgg%»ﬂpﬂﬁ/dmbm
oo )

Qv =  GR of oedov g =1 m La,6]

CQuatatre ey . £ € O (#,07)

Fo(f) = B (f- ) Vieels,
- | fjw)m&f - 2w, |
= lbeal If-pl, + z | 1ol

= (/bﬂz/’rzw@)/f’p//

£ oy =0 N (Wl =

F=1

b-a

> BG) = 2 0-a) IF-pl, Vpe &,
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Theorem 7.4.3.3. Quadrature error estimate for quadrature rules with positive weights D J4 Symp/ﬁ/’(t S §{ E v ( 'F > IL‘@/ ) > P0
For every n-point quadrature rule Q, as in (7.2.0.2) of order q € IN with weights w; = 0, j = —
1,...,n the quadrature error satisfies L ‘CW a ! ’Q ) W/ WOQ O Z
b
E(f) = | [ f(0)dt = Qu(f)| <2b—al inf [If = pllisany VS € (b)) . 7:43.4)
J ) —

peb, )  Cane o limiled smecthnees of F .

N
best approximation error

> Aoy whmib of Ch 6 P e Cllmby), f£e (b)), req

= — ~F -
Theorem 6.2.1.11. L™ polynomial best approximation estimate => E.n (JC > = 0 (T? ) {;/V n —— =~
If f € C"([—1,1]) (r times continuously differentiable), r € IN, then, for any polynomial degree

n>r,

N ] ‘

Al w@zbmz g wWith eke
inf || f — p|| < (1+,~r2/2)r‘u (r)

plél'Pn f=r L=(=11]) = n! f Le([-11]) 7

) - Anadgh € gl
34e 0017 . B, (f) = 0(7") fvn—>-

where ‘

f(f‘)
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Ex. 7939 ( {W ol qisbal quadizle
I - (0( /K

f

f) = < +(15t)2, an analytic function, see Rem. 6.2.2.59,
2. fo(t) = /t, merely continuous, derivatives singular in t = 0.

0 Numerical quadrature of function 1/(1+(St)2)
10 T T T T T T T
-2
i L | 1
-ty ﬁ/ﬁ
107 I/
5 12
S
S 4o .
e empiric et - cog,
2
g
T 10
3
k=2
107
107"
—+— Equidistant Newton-Cotes quadrature
—+— Chebyshev quadrature
" —— (Gauss quadrature
1 1 1 1 1 1 L 1 L 1
0 0 2 4 6 8 10 12 14 16 18 20

Number of quadrature nodes

quadrature error, fi(t) := 1+(5t)2 on [0, 1]

. Numerical quadrature of function sqrt(t)

|quadrature error|

—+— Equidistant Newton-Coles quadrature’
—+— Chebyshev quadrature ]
——— Gauss quadrature

10"

Number of quadrature nodes

quadrature error, fo(t) :=

Vton [0,1]
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In the case of algebraic convergence with rate r € IR a reduction of the quadrature error by a factor
of p is bought by an increase of the number of quadrature points by a factor of pI/ "



@ NumCSE @ETHZ

<
7]
>
T~
—,j

Vi 7 = [~

rat —n (T

v B (£)

/
(+) => =1 = §f = m"nZ%
F9

In the case of exponential convergence (7.4.3.15_
.:y —logp : log g results in a reduction of the quadrature error by a factor of p > 1.
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Section 7.5: Composite Quadrature

" interpolation approximation quadrature
— —
schemes schemes schemes

Prof. R. Hiptmair, SAM, ETH Zurich —> R.R WCZMC@/ by F(%MSC

po

Date: November 22, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

A dient view -
- Start fom meoh

Dependencies. Section 6.6.1

1111111111

Terminology:
Duration: minutes 4+ xj =nodes of themesh M, 4=/ .., m
+ [xj,l,xj[ = intervals/cells of the mesh, a b

llllllllll

+ hpg:= max|x; — xj_1| = mesh width,
]

4+ If x; = a+ jh = equidistant (uniform) mesh
with meshwidth 7 > 0

b m

Z K (7.5.0.1)

\,1

s otpp(% an y-pt (ol AR
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General construction of composite quadrature rules

Idea: » Partition integration domain [a, b] by a mesh/grid (— Section 6.6)
M={a=x<x1<...<xy =0}

#® Apply quadrature formulas from Section 7.3, Section 7.4 locally

on mesh intervals [; := [x;_1,x],j =1,..., m, and sum up.
> composite quadrature rule
N
cost = #4Fanl [ ~ = Ny
g =e

Ex 7503 (St Cﬁh’;ﬂc(?é(zz) %ﬂﬁ%@&(

Y)%:’éz

Composite trapezoidal rule, cf. (7.3.0.5) —
b | x
) (75.04) °

m%zﬁ

Composite Simpson rule, cf. (7.3.0.6)

ifﬁﬂf=

(x1 —x0)f(a)+
n—1
Y e(xj1 — xj0)f(x))+
i=1

]:

/\\\

m
Y 3(xj—xjo1) f(3(xj+ xj-1))+ ‘ r
=1

%(xm — xm—l)f(b) .

> Locad ovdev=Y
¢ 71503 ( Judelye ooy SN 7

Yy, m%'a/&/ n?pis (ccal @Q
w{% ZO&(WS > O (
> A, B .o lx,x ]

L, = 2

——

(7.5.05) 7

= O=

[ (X;,-{,Xg]

(VUS // 70 - P //oa, Ty Yo L

Ky ™ Xg
Pe iy




©)
Oe " (ta b 7).

LA oo
Thm.6.22.15 =

1f = L7 fll Loy —(eréaIXI(t —tg) - (t —tn)]

e cab]) -
o ()l < Clxj_xj_l|min{r,q;}+1”f(min{rvq})H
Adding vp-
Xom I min{r,g;}+1 (min{r,g;})

fyae-Qp| s c Famient | simeiean|

(7.3.0.10)

Lo ([xj—1,xf])

. A‘

Lo([xj_1,%;])

Xm

f(t) dt - Q(f)l < CHM b — al | fminiar)
/0N

(7.5.0.10)

X0

// I/
h”COVW%gZﬂC(
Algdbtanc cvg. b by — O writh @ min{g e 3

‘LN([n,b]_) '

Seothpess (Kot S m)g _

Cxp. (%W onen v Compedle quadiabte
> On W01 | ewudiotanl peh

X al % / gf = & ~ = 7
. numerical quadrature of functlon 1/(1+(5t)2)
10 r
—+— trapezoidal ule| —=> 0(’6/5( 2 L/ - _.,__—_;_;'__;
_—4_—_ Simgson e | —> o I - AT _
o y 4 leg- ‘/”54 pet-
- 107° \L/
()
g CZ%. C@U/p
2
S
®
A
10 "}
10_15 -2 ‘-1 a
10 10 10
meshwidth
quadrature error, fi(t) := 1+(15f)2 on [0, 1]
L - Iw@glzﬂ/w(



numerical quadrature of function sqn( )

T A gy et
4. Cop.

10
—— trapezmdal rule
—+— Simpson rule
10_1 ¥ O(h15)
107°F
]
@ 10|
o 10
p |
s .
T 10 |
S
o
107°F
107°F
10”7 .
107 10” 10
meshwidth

quadrature error, fo(t) := v/t on [0, 1]
L & clito 7) . &?ﬁum

— Wﬁ% atz 75

n. [
Rem . 502 {((Z/}w ‘e g %{ 1l 725
B > -[. QK

on  equadislant,  medec

Comp . QK. (L 2. K

focln) - olmm)  ofnr)
QA ) /[

Gl ot

éfﬂﬁ%‘izw@) -1 ) exp. cg.

| 2
| Use Gauss-Legendre quadrature instead of fixed order composite quadrature on equidistant meshes. |

X %Mh% AR, mey be bebbr o, C&[@Z‘% elinect




Prp- 75016 ot conopge BT ot ) §75018 (] L O B

/bf(t)me"’(f)‘:"’(%f(“Hmif(k"’)*%f(b))’ h’=b;a- (75.0.17) £ = g- mnoﬂélc
Ja =
T (F) = % 2 RH) - hepad wi

|~ perii< For £.(4) = ezmkt ., ke Z

1 >
= V1—asin(2nt—1)° Oca<l. €L

1o Trapezoidal rule quadratur'e for non-periodic function » Trapezoidal rule quadral e for 1./s qn(1-a in(2* p +1)) / \
. - > )
[ 0-7 - g
/N _ 2apt &az g > L5 e
= 10 — =
g 10 A 5 fﬁ 6 - 0,1 Tlﬁ (ﬁ 17 Z 6
S & 10 d»o
® g Z
§-10“’ ‘g 107 i ' f I< - M
k=2 g —_—
10+ * . 107" AN 1 0 / 6/ S g
BT \ (
a=0.95 12| | —+—a=0. —_ -
A o B <> Tolfe) = J flblf | ~n < k<
" no. of. qua:i(:ature nodes 0 pey | Sm—— 2=0.99] . . . . . . .
1 0 2 4 6 8 10 12 14 16 18 20
quadrature error for T;,(f) on [0, 5] no. of. quadrature nodes
i quadrature error for T,,(f) on [0, 1] Lemma 7.5.0.22. Exact quadrature by equidistant trapezoidal rule
merely algebraic convergence The n-point equidistant trapezoidal quadrature rule
exponential convergence !!
b n—1 b—a
/ f() dt = Ty(f) = (@) + Zf (ki) + 3 (B)) , hi= 2 (7.5.0.17)

is exact for trigonometric polynomials (— Section 6.5.1) of degree < 2n — 2.
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Section 7.6: Adaptive Quadrature

General construction of composite quadrature rules

Idea: ® Partition integration domain [a, b| by a mesh/grid (— Section 6.6)
M={a=x<x1<...<xpy =0}

® Apply quadrature formulas from Section 7.3, Section 7.4 locally
on mesh intervals [; := [xj_l,xj],j =1,..., m, and sum up.

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 22, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

> composite quadrature rule

Duration: 20 minutes
8000}

ix. 26.0.2 ( Rahonale v adaphve quadibie )
Dependencies. Section 7.5 10000 ‘ ( ‘ k b /6
 Infey £ oM podi!
BRI R - %75

“ ounp muoh

| | Conl - Aolomatid . chvie
Hne| mesh ‘ V4 mah
2000: \/ I\/ \/ ]

50001

ft)

40001

30001

\> N
i
v




)
gi_éﬂﬁ (?&%: Eqmr&/b/ﬁbu(w ﬁf e

)

Ex 0 cmpace TR, (ozf qua- eper>

[ £ dt =5 () + F)] < BRI iy gy = = 6

Xk—1

Hewrdche c/wg/% b soch that (zel

e @oméz&/n/» hove

"adlomae " baoad om

if( %gﬁ%?é&/ 5&4/77

4 0777/00

(7.6.0.3)

> A g a’d&;p/wc ) rehnemenl

Adaptation loop for numerical quadrature

>{1) ESTIMATE: based on available information compute an approximation for the quadrature error
on every me :
(2) CHECK TERMINATION: if total error sufficient small — STOP
(3) MARK: single out mesh-intervals with the largest or above average error contributions.
(4) REFINE: add node(s) inside the marked mesh intervals. GOTO (1)

Idea: local error estimation by ¢ aring local results of two quadrature formu-
las Qq, Q> of different order local error estimates
heuristics: error(Q;) < error(Qy) = error(Qq) ~ Q2(f) — Q1 (f) -
Here: Q1 =trapezoidal rule (order < Q> = Simpson rule (order 4)

Defeuls no -

(Error estimation)

|VVL/’{€(// {)(g 3 < p

o

.,m (midpoints py := %(xk_l + %))

B (o) + 4 (i) + £ (30) = (Flaeon) + 26 () + F))]

- 7 .

B v
Simpson rule

|
\/
oy =Y

(7.6.0.11

NV
trapezoidal rule on split mesh interval

2

—
—



3
®  (Check termination) E)(]D;Zép /op ( b’%&(pﬁ% /?0?77@(784/( qué(ﬁ(é//%?;% )

. . . . . b -
Simpson rule on M = intermediate approximation I ~ [~ f(t)dt ,C({,/] — 6)(/7 / 6 <l (QZT —é)) o7 C&/ / J
If Z EST; <RTOL-I (RTOL := prescribed relative tolerance) = STOP;{(< (7.6.0.12) L
k=1 L
L obimt &0 blal aoof fapeitl e |,
. . ; 450 -
X whm 4 ppier ol 1077 {7/ Simpon  Jule
400+ -
3504
®  (Marking) 300 -
1 - w— 250
Marked intervals: S:={ke{1,..., m}:EST, > 17 - p- ZEST]-} , n=09. (7.6.0.13) 2004
j=1 04
W lewl emov 100
50
0
®  (Local mesh refinement)
new mesh: M= MU {p:= %(xk_l +x¢): ke S} (7.6.0.14)
X
Then continue with step ® and mesh M «— M*. ? quadrature level

X = quadairc nades

\L adel m[a/p%hfs J{W/@% 4 /ﬁmonw% &Z}/)/ﬂﬁu%d Z

4

)

ﬂ%aph'z% Ca’y/p
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Course Video

Section 8.1: lterative Methods for Non-Linear
Systems of Equations: Introduction

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 1, 2020
(C) Seminar fir Angewandte Mathematik, ETH ZUrich

Dependencies. Ex. 2.1.0.3

Duration: |() minutes

VIU Veralive Mettods for Jon-Linear
Syﬁems of Equmé/bns

81 Introduction

Abeback NVLSE

Flx) = 0O
F:DcR™ —= R"
S : | ( = / (at
ne ne ﬁ{ caly) s th/g?/ng;s%}
[SE Ae R" befpr
Ax-b = Fli) =0, F)=~b-Ax



Ic, I, IE:

Ugg, Upc:

( Npn -Uineary elechc comeadt )

U+ )y ' It '
|:| R3 R R < 55/6/77/{[7/ ﬁ]jjé( %{Mé
@ 1

] /VI[%/ b(‘/)élﬂ/" /L)Z//Z{(:fgﬁ
o Uout collector
R, QRZ
— base
emitter

(8.1.0.2)

current in collector/base/emitter,
potential drop between base-emitter, base-collector.

©@®e e

Nedal imddipy e

. Ry + Ie(Us — Uy, Us — Up) + Ie(Us — Uy, Us — Uy

R3(Uy —Uy) + Ry (Uy — + I.(Us — Uy, Us — Uy

Ry(Uy — Uy) + Ic(Uz — Uy, Uz — U

Us) ( )
) ( )
Ry (U3 — Ulg + IBEU.% — Uy, Uz — Uz%
Ry(Us — Uin) + I( )

+ Ig(Us — U4y, Us — Uy

5 equations <> 5unknowns Uy, Uy, Us, Uy, Us

Flz) = O

OOOOO

~ ~ ~ ~

/)0(6{7//50( 5(/?4 @

(8.1.0.3)
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 8.2.1: lterative Methods: Fundamental
Concepts

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 1, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zdrich

Prerequisites.
e Sequences and convergence

Duration: |O minutes

Note: Possible minor mismatch of video and tablet notes!

A

[Corrections and updates can be incorporated into tablet notes only]

VIU Veralive Methods for /on-Linear
§y5£ems of :qaazé/'ons

§0. |terative Nethod
821 Fondamental Con(epfs

, n N
NLSE Fix| =0 |, FDelR" =R
D
An iterative method for (approximately) solving the
non-linear equation F(x) = 0 is an algorithm gen-
. . . k) ___».x(s)
erating an arbitrarily long sequence (x( )k of ap- x2)
proximate solutions. A X. (@
X o x(6)
x k) = k-th iterate
%) x(5)
Initial guess

/
o olphm: Fler) =0



@)

Com nce X% = L x
Lﬂ%x 137 “re
Mere comeele -~ - mﬂf ( faaPon
?) 4 k~mri)
%lu CF()(({)'qX( H>

L—> ( ke biom @/74/ 2y
Needed N M//M//W x "

Visualization of a 1-point iteration:
x5 = p(x)y (8.2.1.6)
with an iteration function

®:DcCcR"— R".

2208

Ke A/

{m( = k?/g

Definition 8.2.1.7. Consistency of iterative methods

A statioanry m-point iterative method

xE+D — @p(x0),

A

x(k—m+1))

Op(x*,...,x") =x" —

, meIN,

is consistent with the non-linear system of equations F(x) = 0, if and only if

F(x*) =

(8.2.1.5)

x @ mxg%

G conpishent; = [F(x*) =20
& cmhnuons
Theorem 8.2.1.8. Consistency and convergence

The limit of a convergent sequence (x(k ))k N generated by an m-point stationary iterative method
€INp

with a continuous iteration function ®r that is consistent with F(x) = 0 is a solution:

x(k+1) — @F(x(k), o ,x(k—m+l))

’

x* := lim x® =  Ex)=0.

k—o0

é@?.(,ﬂ ( Lo cmwrg%m)

o~ o \ <] [/zjg- wild f zmééé
0(6/0 vl incliu WS

/ 7 //XQ . Lol (/%Z
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Course Video 67/5{,'60)5 010 ,qumé/'ons
Section 8.2.2: lterative Methods: Speed of

Convergence g o? H;emf('ve M@#?OJ/ﬁ

8§72 s,w/ ot [anver\((ence
Hoo faot  [x —x* | —= O [«

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 1, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zrich

Definition 8.2.2.1. Linear convergence

Prerequisites.
e Computing with logarithms
e Norms

Dependencies. Section 8.2.1

A sequence x5 k= 0,1,2,...,inIR" converges linearly to x* € R",

<L<1: Hx(kH) - X*H < LHx(k) —x*” Vk € INp .
/N

Duration: Jf minutes

|
Smalles L - tw%ﬂ%(%/




@)

Rem §2.2.6 (@@/Zdz'% Wnery CW%LZﬂc{)
A@wme \cbowpme&g .' 5{41’ fk” 7“// Py L (MAX%//
(C/u/ ~ L 2)4 '
(i) Quolents g a2
(i) . o~ [ "¢,
Cﬁdﬂu Lo X < %}/ + [0% £,

> Euor éo(m%g /{/&W&/ w  ln- Qaﬁ /Q/é?L

Ex £.228 /L/'Wz?/ sz/z?mé @%m)

(k)
n=1: XUC”) = XY+ ca )’[,L/c) //<6‘A{
st (x®)

iteration error

k v(0) =04 x©) =06 y(0) =1
. (1) T —2(15) (1)
Xt |er 1}_11(15|)| x () lllqlk 1}_\1(15|)| x(k) |1|(XA 1;j1(15|)|
2| 3.3887 0.1128 3.4727 0.4791 2.9873 0.4959
3 || 3.2645 0.4974 3.3056 0.4953 3.0646 0.4989
4 (| 3.2030 0.4992 3.2234 0.4988 3.1031 0.4996
5| 3.1723 0.4996 3.1825 0.4995 3.1224 0.4997
6 || 3.1569 0.4995 3.1620 0.4994 3.1320 0.4995
7 || 3.1493 0.4990 3.1518 0.4990 3.1368 0.4990
8 || 3.1454 0.4980 3.1467 0.4980 3.1392 0.4980
10 E—C Iﬁd% ~ 0 5
——x% -08|]
14 Un - éoﬁ p/mL

107

5

6

index of iterate

10




Definition 8.2.2.10. Order of convergence — ,,

A convergent sequence x*), k = 0,1,2,..., in R" with limit x* € IR" converges with order p, if
p=1I
p A
3C > 0: Hx(k+l) —x*H < C“x(k) —x*” vk € Ny, (8.2.2.11)

and, in addition, C < 1in the case p = 1 (linear c%nvergence — Def. 8.2.2.1).

|
wnknoon !

Rewmy §.22 12 (@@{@/’2’% ordery p>/ a;/ le/é{?é{%)

ﬂswme &I’)MZQIQZ&Q ; ey ® C 5If

é(?dﬁ Exce (0 C + p (% g
713 . L
6(7051 S X (Oijé C + p (% = &tiXO §.2.2] {QZ&V % WQM 1C mmgz&%& >

—

1

(k+1)_2( (k)+(_)) = |x*tD) \/—| 2r(k)|x —Val?*. (8.2.2.14)
W\)
Lo e = o £ pV, L \———g\J
C@Vg 2 ~ Cc% o ~ P ‘ ex
|’(9m'ml TLCIC(//’IUW / ¢ic)
! = g sice Xzl

Fabulafe Hhis > p=2, ¢ fﬁ n Rl §2210




(K} elk—=1)

k x(k) ek) .= x(®K) — /2 logHm)L| log| T
0 | 2.00000000000000000 | 0.58578643762690485

1 | 1.50000000000000000 | 0.08578643762690485

2 | 1.41666666666666652 | 0.00245310429357137 1.850

3| 1.41421568627450966 | 0.00000212390141452 1.984

4 1 1.41421356237468987 | 0.00000000000159472 2.000

51 1.41421356237309492 | 0.00000000000000022 0.630 ~_

C(ﬂaol. ovg -

Note the doubling of the number of correct digits, in each step !
-«

2 elohye ooy A0

_ ~
[impact of roundoff !]

C | x¢
C | S§r™l"

XCI() _ Xy (77L igk>

[x @A ] w

= | Sus x7* | %
— g(a/ X C/X%( df)f

a condapt %[

)/Xﬁ/q

> Rewvew @W/J%bms

§ 2210
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 8.2.3: lterative Methods: Termination
Criteria/Stopping Rules

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 1, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Dependencies. Section 8.2.2

Duration: /& minutes

Note: Possible minor mismatch of video and tablet notes!

A\

[Corrections and updates can be incorporated into tablet notes only]

V

675£ems of

§.d.

§.2.3.

ferative NMetheds for Non-Linear
:quazé/'ons
Herative Nethads

emination  Critena /

Stopping. Rules

SegMW( ¢ (x (e >:<e &, DegieA
Hx(K) —x* T.bs = prescribed (absolute) tolerance.
Hx(K) —x*|| < Trel oré prescribed (relative) tolerance.
T 2 lution , Fl) = O
| Aecl - Nt accessitly

STOP at step

\|/ Tabs
K= min{k € Ny: Hx(k) —x*|| < or

Trel||X*|| .

(8.2.3.3)



@) . ‘
§ 8234 Pachat ‘S%P/pm(ﬁl vle” o« Comechon - based  teomina bion

- A pﬂ'm’f teomina ko

STOP convergent iteration {x¥)}, ., , when

— s 7' Tabs
= STOP J{ﬁ/d A ﬁ/(ﬂ/ ne. 0/ SE/D ”x(k“) — x(k)H < or Tabs prescribed ablsol.ute tolerances > 0.
T X(k+l)H , Trel relative
o Resdiual - baved  lenmination L> comechoy
. . _ Clet 1) #
. , Lod Oy p - (feiafion > X ~ X
STOF when || Flx®)| ¢ 2 ’ZZZ;@ P P

et oll i ahonct IxC-x=)
- (lc ,_X% .
g 7 Se Rem. §2.35 ( STOP. when \skc/v‘anzm/ wn M)

n="1: C++ code 8.2.3.6: Square root iteration —

F(x) F(x) Ex.8.2.2.13 5,
/_J /‘ double sqrtit (double a) Q % (S 6@7/L£ML
{

2
3
” » v 4 double x_old = —1;

X ’ X" ’ s | double x = a;
s | while ((x_old != x) { %WMK@% %Kéﬁf’
7 x_old = x; _
8 x = 0.5%(x+a/x); X E{DS
J }
0 return x;
1

—_ -

HP(x(k))H small %4 |x — x*| small HF(x(k))H small = |x — x*| small




©

§ 8237 (mz %Jmm I nﬂmﬁg{g@wn for

|/1(W)’L<%// = ] //)Lclcv/ry// ) =
(Id (u( i,’mﬂ’f%' Clertl () o Cx)
[P N N P W AN S S
[ L] 2 L 0x  r x -
( )//)(“C // = //A [{QH’ZUO//
//l - X // = -{— //lem) “A(m//
||2§U(+I x // L ///)LUW\) (k)//
cm/zojéab&

o Reliuhle amor whimake | iF Un% we
kg vppr buod /- [ 4L <)

Fx §239 |

n%

L)

[

_ K

k) o cos x(K) +1

A p

kg

sin x(k,)

Obseonsec!

L~ Y%

%ﬁm )

= x%) 5 7 for x'9 close to 7.

>

20 — 7]

ﬁ‘x x(k—l)‘

slack of bound

— et — et —
T RhRODNIo©OONOO O A ®N =

2.191562221997101
0.247139097781070
0.122936737876834
0.061390835206217
0.030685773472263
0.015341682696235
0.007670690889185
0.003835326638666
0.001917660968637
0.000958830190489
0.000479415058549
0.000239707524646
0.000119853761949
0.000059926881308
0.000029963440745

4.933154875586894
1.944423124216031
0.124202359904236
0.061545902670618
0.030705061733954
0.015344090776028
0.007670991807050
0.003835364250520
0.001917665670029
0.000958830778147
0.000479415131941
0.000239707533903
0.000119853762696
0.000059926880641
0.000029963440563

2.741592653589793
1.697284026434961
0.001265622027401
0.000155067464401
0.000019288261691
0.000002408079792
0.000000300917864
0.000000037611854
0.000000004701392
0.000000000587658
0.000000000073392
0.000000000009257
0.000000000000747
0.000000000000667
0.000000000000181
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 8.3: Fixed-Point lterations

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 1, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Prerequisites.
e Mean-value theorem
e Taylor expansion
Dependencies. Section 8.2.1, Section 8.2.2

Duration: 20 minutes

VI Wetive Methads for Men-Linear
575fems of EqUCIﬁlbne

§.3. Fixed-Tont [Herations

FiDeR > R
/- /Jm'm‘ [Tz 1on

NLSE Flx) =0
‘ . . ‘ A
Frixed - /Dmnf [feahon =
B> A fixed point iteration is defined by iteration function ® : U C R"” — R":

iteration function @ : U C R" +— R”

> | iterates (x¥)), 0 xEHD) = @(x®)) | |

initial guess x0) e U keNp*
— 1-point metR,od, cf. (8.2.1.5) ’
Nasme 47 conhinuwu S
* = Uim x = X" = ¢ (x*)
|7 T - )

—~—

x* s w bixad pm’nf o 9



@)
£3.1.

Definition 8.3.1.1. Consistency of fixed point iterations, c.f. Def.

A fixed point iteration x*t1) = & (x%) ) is consistent with F(x) = 0, if, for x € U/ N D,

F(x) =0 <& ®(x)=x.

Consistent  Fixed- Point  lezhons

General construction of fixed point iterations that is consistent with F(x) = 0:

7 @ Rewrite equivalently F(x) =0 < &(x) = x and then
@ use the fixed point iteration

W) = p(x®) .

(8.3.1.2)

function @

function &,

function ®3

50 — 2

) — x

|x§k+1) . x*|

—> /an% Pa;\cr(él//z‘d |

Nn =
F(x) =xe*—1, x€10,1].

Different fixed-point forms:

Exp. §3.1.3 [ Comertnt fixed priot iliahions )
| T

q)](X) = e_x P e o
1+x
D = ,
2(%) 1+e*
P3(x) = x+1—xe*.

b(c) =x & Flx) =0

S©ONOOUAWN = O

0.067143290409784
0.039387369302849
0.021904078517179
0.012559804468284
0.0070786624 70882
0.004028858567431
0.002280343429460
0.001294757160282
0.000733837662863
0.000416343852458
0.000236077474313

0.067143290409784
0.000832287212566
0.0000001 25374922
0.000000000000003
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000

0.067143290409784
0.108496074240152
0.219330611898582
0.288178118764323
0.723649245792953
0.410183132337935
1.186907542305364
0.146569797006362
0.310516641279937
0.357777386500765
0.974565695952037

%
Uneeov C?/OQ )

%
Wﬂ%ﬂtﬁ& .

v

ne 57/&4 :




& §3.4. Convu:z]ence 0]( Fied- Bint  ltechens

Rem §&374 - ( Iﬂy/}/ﬁf%/ép@)zaﬁaw ﬂ{ ﬁ/’((/‘/zﬂbé /JZé/Z(/fO/?S

| D(x) y P)
(1
X! r K 7 -
\ -
]
) ' A
|
)(76 X X" X
—1 < ®'(x*) <0 >convergence 0 < ®'(x*) <1 > convergence
. ©(3) | ©(x)
‘ .
>
:
ST 4
e Y
K X X
f = .
@' (x*) < —1 > divergence 1 < ®'(x*) > divergence

> Gb[/x*) s crocl d/&pe C 4

EXP 67_3./.3 .

7‘}: 04
43& 0 :

®q: linear convergence ? ®,: quadratic convergence ? function ®3: no convergence

Lemma 8.3.2.7. Sufficient condition for local linear convergence of fixed point iteration —

If®: U C R R", d(x*) = x*,® differentiable in x*, and |D ©(x*)|| < 1, then the fixed point
iteration

xk+D) .= @(x*)) , (8.3.1.2)
converges locally and at least linearly that is matrix norm, Def. 1.5.5.10 !

H0<L<I: Hx(kH) —x*

< LHx<k)—x"‘H Vk € Ny,

provided that the initial guess x'°) belongs to some neiﬁhborhood of x*.

/
A(b) //\SUFG‘C(C/WLW C[&‘Zféf/ /,& —&%



| E = 9l ™) = @ le)] > Revwew quotens §3.2.21
- [ DH<) (xO-x7)+ OUFx i) |

Lemma 8.3.2.15. Higher order local convergence of fixed point iterations

If®: U C R~ Rism+ 1 times continuously differentiable, ®(x*) = x* for some x* in the
interior of U, and CD(’)(x*) =0frl=1,..., m, m > 1, then the fixed point iteration (8.3.1.2)
converges locally to x* with order > m 1 (— Def. 8.2.2.10).

\ V
D) =0 =~ M lwt quci:
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 8.4.1: Finding Zeros of Scalar
Functions: Bisection

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 1, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Dependencies. Section 8.2.1, Section 8.2.2
Duration: |(} minutes

VIL Wetive Methods for Men-Linenr
575fems of :quﬁ/bns

§Y. |~|nA/ng Zeros of Scalar Forchos
n =/

Sow

Find =~ x”e R - Fix*) - O



2 gd | Bisedon

Assome F o conhnuews
F(x)

Input: a,b € I such that

F(a)F(b) < 0. (different signs!)

Jx* € min{a, b}, max{a,b}|:
F(x*) =0,

[mlmmd/oﬁ wakwe thevem [

>

ldeot © Fucdppe x* 1 W/WM%A Wﬁﬁ/
infewetn La®™ b1 o which f
LMW%S @/gm PO E(LY) < O

)
B

Qg

C++ code 8.4.1.2: Bisection method for solving F(x) = 0 on [a, b]

2 |// Searching zero of F in [a,b] by bisection
3 |template <typename Func, typename Scalar>
4 | Scalar bisect(Func&& F, Scalar a, Scalar b, Scalar tol)
2
{
6 if (a >b) std::swap(a,b); // sort interval bounds
7 if (F(a)*F(b) > 0) throw "f(a) and f(b) have same sign";
8 static_assert(std::is_floating_point <Scalar >::value,
9 "Scalar must be a floating point type");
10 int v=F(a) <0 ?2 1 : —1;
1 Scalar x = (a+b)/2; // determine midpoint
12 // termination, relies on machine arithmetic if tol = 0
13 while (b—a > tol) { //
14 assert(a<=x && x<=b); // assert invariant
15 // sgn(f(x)) =sgn(f(b)), then use x as next right boundary
16 if (vxF(x) > 0) b=x;
17 // sgn(f(x)) =sgn(f(a)), then use x as next left boundary
18 else a=x;
19 x = (a+b)/2; // determine nexti midpoint
20 }
21 return x;
2 |}

" Linegor - fy/% ! COMANGNL | ke = Z

b a9 2 27 bl
> | x® x| & 27 bal

+  Guananleed commgncl obost  metteol
+ F - owduskions only " doigaihive- Gee”
£ Weh Y comfinuen
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 8.4.2.1: Newton Method in the Scalar
Case

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 1, 2020
(C) Seminar fur Angewandte Mathematik, ETH ZUrich

Prerequisites.
¢ Differentiation: product rule and chain rule
Dependencies. Section 8.2.1, Section 8.2.2

Duration:36 minutes

Y

fetative Methods for Men-Linear

Systems of

Equﬁ/bns

g4y Minﬂ Zers of Scalar Focbors

2

x?e T . flx) -0, £ T<R =R

§432. Madd Fonchion Methads

ldea: Given recent iterates (approximate zeroes)

x(k) x(k=1) xtk=m+1) 4 e N
(1] replace F with a k-dependent model function fk
(based on function values F(x(K)), F(xk=1)), . . F(xk=m+1)) and,
possibly, derivative values F’(x¥)), F'(xk=1)), ..., F! (xlk=m+1)))
(2} x4 .= zero of F: F (x*+1)) =0

(has to be readily available <+ analytic formula)

ja
Lo@w{% aond x“

= (x| &« F (x|




@)

§47.1

Newton Methad in the Scalur cuse
fec’

U

Ascome

Meolel Aonctgon
ﬁ{ﬂgm% af o (" F)
) = Fl@) + Fllc @) le-x )

F

tangent

F[/(IC))
e N )
2 Newhon ki

Newlon conecvm

Cerl) _ \, Ce)

F /‘AH) x(®)

Fix®) 0 requtie

C++11-code 8.4.2.2: Newton method in the scalarcasen = 1

@ N O 00 & W N =

3% 23 o

template <typename FuncType,typename DervType,typename Scalar>
Scalar newton1D (FuncType &&F, DervType &&DF,
const Scalar &x0, double rtol ,

{

double atol)

L—-—; indh ?M@%
Scalar s, x = x0;
do {
s = F(x)/DF(x); // compute Newton correction
X —= §; // compute next iterate

}

// correction based termination (relative and absolute)
while ((std::abs(s) > rtolxstd::abs(x)) & (std::abs(s) > atol));
return (x);

>

Ev 5473 [Wiuméwm’)? r/aa/ﬁ(m oWy A

Fix) = x%-a o = (O
Fix] = 2x
(k)\2
k1) _ ) X)"—a oy, A
g * e 23 m)

Observed = quuadhefic cvy .
g@%?ﬁ ( WOW&%W@WWJWMW(
Newiten /Wmn As (- print duatin,
e = ), Bl

Flxte

Foc)

Fl)

= X-

Lemma 8.3.2.15. Higher order local convergence of fixed point iterations

If®: U C R — Rism+1 times continuously differentiable, ®(x*) = x* for some x* in the
interior of U, and @) (x*) = 0 forl = 1,..., m, m > 1, then the fixed point iteration (8.3.1.2)
converges locally to x* with order > m + 1 (— Def. 8.2.2.10).



©

(

& (x) -

Fix) R lx)
Fix)*

x| = PRIPK)
Filx)*

-

Fix*) = (0 (
) 2 =S 0
¥ = xm | =] Gle®) — Pxn))

Ty + = ) e O o) |

Convergence of Newton’s method in 1D

Newton’s method locally quadratically converges (— Def. 8.2.2.10) to a zero x* of F, if F'(x*) # 0

Ex. §Y 7Y . (W@UbWrm%M%M>/Z>)

k) x(k)e"(k) —1 (x(k) )2 + L’ﬁx(k

F(x)=x¢*—1= F(x)=¢"(1+x) = x* =4

(k)

a (?-‘"‘k)(l + x(k)) - 14 x(®)
x0) —p=x™ 4 ()
L)X e 1+x

— _ p—X / — ,—X _
F(x) =x—e = F(x)=1+e = T @ T

d 1

Sime x* ditlwent Newbn Hoabins

x(k+l)

=x §4.0.9. (mplit diffrentction of F )

Lineay  cimeilt

Ry uy Ry up, Rz uz

Ry

FT

u R R

L

L L

L I
Find R such
\ﬂ/ 0&/ ﬂ&z WVM/[%?M ;

R

tha/t  polenlid A o=

Uy Up—2 Ry_1up—1 Ry

R R
L

L

1 1 1
—(up —U) + zuy + —(uy —up) =0,

Node 1:
R, R'R,
Node j: R_L(uj —uj_1)+ %”!’ + %(u’/ —ujp1) =0, j=2,...
j—1 j
1 1
Node 7: R—(u,, —Uy_1)+ Rln = 0.
n
A+l I|lu=D>b
P —
1 1 1
/RTR TR
S S s T
R TR 'R’ R
10 11 1
R3 R3 Ry Ry
1 1 1 1
Ran R1172 +1R -1 1_ 711 1
"R R TRy T Re
_L €
RH RH

Un




S FinA X:7%Q > -
R — R

F(x) =0 with P:{ x > wi(A
= @, (ot veckr) =

g =(x ) w7 u (x) - |

(A+x T ) y lx) b

Fl(x) < Thck -

4

peduct wle

> w1t x)
> = %)
> Newkon ilahion

x(k+1)

+xI)7 b —1

c—

o

p——
—

r

p—

|{%/DA(H}L Al e renhationn

(A+ xT)ulc) =b
Tulc) v (Arx T ) 4'lx)

p—

A ArxT) ylx)
W ' (x )

—
—_—

p—

= x® g EO)

X wTu(’x[k} )
w'lz

F(x(k))

(A +xPDu") =b,

(A +xD)z = u(xW) .

—1

X > 0

2 LSE it fﬂ%{d vl

(8.4.2.12)

Y

(8.4.2.14)

g §4715 | ﬁ{cmdé/bmh% o Newlon'’s method )

AN A1
f FrF = g&: = Flx) ~ X
/& (/4&9(/(746 g f:”/ cat) be (é/’W/U/f// émc/'l&é
Fixl =0 = x) a ﬁ/x)ﬁ Flle) = O
(= s "wmest lun " e Absrneedy
%mw@wc{%
A | F(x)
[F') = EopT o &(x) = Flpt)
> Naon 6. By G
2D = 50 G(x(kz):aifli()x(k))) (8.4.2.19)
g(xW) = F1(F(x)) G(xW) = g(x®) —yy, yo:=F1(0).




6

Ex. §47.70  FendihoneA NMavkn metbod )

— + { - >
e e i L X =0
71
= e
A = ~ r
|'\()<\ F/)() X2 ( 10 —p
9f — 9(x)
By = 1
~er
6.
5_
4.
3.
2.
1 |
1]
0
Convergence recorded for x(?) = 0:
k x(k) F(x(k)) x(k) — x(k_]) x(k) —x*
1 0.91312431341979 0.24747993091128 0.91312431341979 -0.13307818147469
2 1.04517022155323 0.00161402574513 0.13204590813344 -0.00103227334125
3 1.04620244004116 0.00000008565847 0.00103221848793 -0.00000005485332
4 1.04620249489448 (0.00000000000000 0.00000005485332 -0.00000000000000

>

Rg@iw qw/ﬂbns § Y95 /é
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 8.4.2.3: Multi-Point Methods

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 2, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zdrich

Prerequisites.
e Inverse functions in 1D
Dependencies. Section 8.2.1, Section 8.2.2

Duration: 3 minutes

VIL Wetive Methads B Mon-Linear
575fem5 of Equﬁl'ons

§4. Findi 1 Zeros of Scalar Forchors

Find x*e T © Flx*) =0 , F-T <R — R

§432. Mudd Fonchon Methads

Idea: Given recent iterates (approximate zeroes)

x(k) yk=1) xk=m+1) p e N
(1] replace F with a k-dependent model function fk
(based on function values F(x)), F(xk=1)), . . F(xk=m+1)) and,
possibly, derivative values F(x(¥)), F/(xk=1)), ... F'(x(k=m+1)y)
(2} x®+1) .= zero of F: F (x*+1)) =0

(has to be readily available <+ analytic formula)




@)
8423 Multi- Pont  Method's

Construction of multi-point iterations in 1D

/o ldea: Replace F with interpolating polynomial

[
N producing interpolatory model function methods

§(_%2_2§ (The seamt methed )
Fx) /Mﬁf{@/ ﬁ/nd?bm

= e convnechn

~ ]:[ (k! ’F[ Cic-0
\\/ F(X) = F/)((U) t Xx((c)), X()(jfr?)

i
(fes1) (lc) F[X“ﬂ) AF(X“('”) — )
X = X i x (6 ,X(I(—/) F(K(lc)

A—

r

T(k—l) y (k1 T(k) ()((w, /E/X(M)/)//W, F&(t)))

[}(ﬁx (K))

N
) Cletl) = UC)A =17 Cle) "l; () \
/(/Iw/ﬁ;/l = X X | & ) | (X ) fép/aéés {:’(Xacz)
1y Mawln it

secamt mefh. = o?—/)@l'mf nethed

= Two indiad gueoses x @ (0 wgico

C++ code 8.4.2.31: Secant method for 1D non-linear equaton

0w O N OO 0 s W N

// Secand method for solving F(x)=0 for F:DCR— R,
// initial guesses Xy, X1,
// tolerances atol (absolute), rtol (relative)
template <typename Func>
double secant(double x0, double x1, Func & F, double rtol, double atol,
unsigned int maxlt) {
double fo = F(x0);
for (unsigned int i = 0; i < maxlt; ++i) {
double fn = F(x1);
double s = fn * (x1 — x0) / (fn — fo); // secant correction
x0 = x1;
x1 = x1 — s;
// correction based termination (relative and absolute)
if (abs(s) < max(atol, rtol * min(abs(x0), abs(x1))))
return xi;
fo = fn;
}

return x1;

}

+  dovehipe - bee

+ 4 F'WUCMCMWWJZEP



©

E%F Y2332 ( (o

vogence of st method )

= _ _ ] —
Fixl = xeX-1 | x¥=0 xlM=1§
~ ovdov of czy
F(x) = xe* — 1, using secant method with initial guesses x(©) = 0, x(1) =5 \J/
2 ) “log [o®
k x(K) F(x®)) ek) — x(k) _ y* izi :em|_|1og§|k"”:
2 0.00673794699909 -0.99321649977589 -0.56040534341070
3 0.01342122983571 -0.98639742654892 -0.55372206057408 24.43308649757745
4 0.98017620833821 1.61209684919288 0.41303291792843 2.70802321457994
5 0.38040476787948 -0.44351476841567 -0.18673852253030 1.48753625853887
6 0.50981028847430 -0.15117846201565 -0.05733300193548 1.51452723840131
7 0.57673091089295 0.02670169957932 0.00958762048317  1.70075240166256
8 0.56668541543431 -0.00126473620459 -0.00045787497547  1.59458505614449
9 0.56713970649585 -0.00000990312376 -0.00000358391394  1.62641838319117
10 0.56714329175406 0.00000000371452 0.00000000434427
11 0.56714329040978 -0.00000000000001 -0.00000000000000

>

Frachiomad ot of vz, P 762

§57—%_97_ 39 (//W)% /ﬁ/ﬁpﬁ&ﬁbn

Assume: F : I C R+~ IR one-to-one (monotone)
F(x*)=0 = F10)=x".
® Interpolate F~! by polynomial p of degree m — 1 determined by
=

p(F(x x k= Ny = x=i) j=0,....m—1.

» New approm?zgo xHl) = =p(0) — - Fm'fﬂl W@%M
ll diftorent if x O bl difltient

The graph of F~! can be obtained by reflecting the .
graph of F at the angular bisector. > 2l

F(x*)=0 & F10)=x"

wat  tethooA



€)

N> nmetbod v o) = 3 -
cf/mmwﬁc honae /o‘/ayyb//z/vw

» Y(k+1)

F§(Fixp — Fox1) + Ff(Fxo — Foxa) + F5 (Foxi

— Fix0)

F§(F1 — F2) + F{(F, — Fo) + F3(Fo — F1)
( By := F(x*2),F := F(x%* V), E, .= F(x®), xp := x*=2) x; := xk-D x, := x0))
Fxp. $42.490 /%OJW %Wﬁlmﬁ&ﬁ‘c el
[ntpian om
I”HW fov
F(x)=xe*—-1, x© =0,xV) =254x2 =5, W
k k k) . ok log |e™ 1] —log [e™)]
k x( ) P(x( )) e( ) = x( ) —x* log|1”‘ hog |o = ”|
3 0.08520390058175 -0.90721814294134 -0.48193938982803
4 0.16009252622586 -0.81211229637354 -0.40705076418392 3.33791154378839
5 0.79879381816390 0.77560534067946 0.23165052775411 2.28740488912208
6 0.63094636752843 0.18579323999999 0.06380307711864 1.82494667289715
7 0.56107750991028 -0.01667806436181 -0.00606578049951 1.87323264214217
8 0.56706941033107 -0.00020413476766 -0.00007388007872 1.79832936980454
9 0.56714331707092 0.00000007367067 0.00000002666114 1.84841261527097
10 0.56714329040980 0.00000000000003 0.00000000000001

> ﬂga/m

brackivad odey X 1.&

A WW}% :

F(x) =

arctan(x)

i
2

ch’ﬁ// C@?. m% /
Ex £12.38 /%ﬁ/ﬁfgﬂw;g@w of e szant

Model problem: find zero of

F(x) = arctan(x)
- = secant method converges for a pair
(x(©),x(M)) € R2 of initial guesses.

We observe that the secant method will converge
only for initial guesses sufficiently close to 0 =
local convergence — Def. 8.2.1.10

>

<
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 8.4.3: Asymptotic Efficiency of Iterative
Methods for Zero Finding

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 2, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

Dependencies. Section 8.2.1, Section 8.2.2, ' Section 8.4.2.3

Duration: |} minutes

V]

fetative Methods for Men-Linear
575fem5 of Equﬁ/bn5

g4y, F Minﬂ Zeros of Scalar Fonors

Geek y*eT

Fix*) =0  F TP - PR

£43. Asympbohc Effiiengy of e

E%uem% —

Methods for Zeeo Find (ngz

i & ne. ﬂ{ conecll éﬁflb
gﬂf& # Pl + # F-evd

For o itmelive muthod (€@ 2 ilaakdon enor)

@&Urﬂ :
nemel
wm/l &> [;’ZA)W

le®| 2 ¢ ]e@ (o £ ()

gv_m /2%);«{ skpe it fakes b acueve



@)

Notice:

Measure for efficiency:

|logp| <+ Gain in no. of significant digits of x5

—_—

[ Efficiency := }

H# Fooml + #F'-opal M&/?p

no. of digits gained | log
total work required ~ k(p) - W

A

——
—

W

Fozury W—p{/mwﬁbrz/p>/
. r/ p? 2 p?
'e( )' < C‘e(k—l)‘ < Clrlek=-2)|" < cltptp?|pk=3)
< CHPHP |, 0) P _ C’% 0(0) Pt e
Assome £ Jk
¢ - y /
¥ 2@l 2 (CH @)
1 logp
k(p) > Og(l%%) , Lo:= c"/P—1|e<°>| <1
ogp

(8.4.3.10)

§6.43.0 ( Aymplohic efficience |
§ << | = [6&?f|>x/

B> asymptotic efficiency forp <1 (= |logp| — oo):

_logC

Jf p=1,
W
log p ' | logp\ (8.4.3.12)

W log(|logp|)
N

I
e /[L( e _ i .
épeomﬁ{c v the ibyzefom @%M@C @m/r Wéﬁc

§ BAIC Comparin, o fachs et
-

Frawl + |
= | Franl
WNewton = 2Wsecant »

Efficiency|p<<1 = { ; ,
Jf p>1.

= /"ewo(

lOg Psecant
Wisecant

10g PNewton

= 0.71.
WNewton

PNewton = 2, Psecant = 1.62

> Secat mthod ooe efficcent



®

~

+  Newton method
* secant method

(2]
T

1 Simegloahed doahins
| C =7
le®= 0]

no. of iterations
w =S o
T T T

N
T

—
T

o

10

o
N

~tog, (%)
10

> Revrew w%}mg §Y3 (5
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 8.5.1: The Newton lteration in IR (1)

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 5, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Prerequisites.
e Multi-dimensional calculus: Jacobians
Dependencies. Section 8.4.2.1

Duration: |(9 minutes

VI Weratie Methads for fon-Linear
5ysfem5 of Eqmi/'or)s

85 MNewtn's Methed in R

NLSE © Fd x7e D < R™ Fix) =0
Assume F DR — R 4 cnhniiotdy % A Rerenfinkt

5.1 The Mewlon |feration

4 Mewton methoo 1 [D
Mwel  (achon
tangent /{}’/)0 = Plct) F’/X(ZO)OM(“C?
() Eyten) - %
f — )
r /‘/(;(Jr]) +() X(IC(-/) — X(k) L 1;’[(;);(7

L OR(x) £



@)

Mo

= 2 hunakd

T exp. s oA x ()
o (ol %@W LU ’Wz

> Same R [ F D" — "7
/IE/[Z> = /;/X“C)) ~ :DF/X(K)/(X’X“())
Jacobiain &)™ iy |
X(Ia‘l)) — 0 ,‘ X(ScH) — (Ic j?F/)(“d) | [X[k))

ldea (— Section 8.4.2.1): local linearization:

Given x©) € D > xkt1) a5 zero of affine linear model function

~

F(x) ~ F(x) := F(x®) + D F(x®)(x — x)),

aF n
DP(X) c R™" = Jacobian, DF(X) = [a_\i(X)] » 1.
] jk=

B> Newton iteration: (generalizes (8.4.2.1)ton > 1)

(8.5.1.6)

xk+1) .= x(®K) _ p p(x®))~1p(xK)) ‘ , [if DF(xX)) regular ]

Terminology: -=— D F(x®))~1F(x®)) is called the Newton correction

A
ve aen LSE - DFO*)s = - P/x®)

$851.8 (Mowkn's methat 0 C++ )

C++11-code 8.5.1.9: Newton’s method in C++

template <typename FuncType, typename JacType, typename VecType>
VecType newton(FuncType &&F, JacType &&DFinv, VecType x, const double rtol ,
const double atol) {

// Note that the vector x passes both the initial guess and also
// contains the iterates
VecType s(x.size()); // Vector for Newton corrections
// Main loop
do {
s = DFinv(x, F(x)); // compute Newton correction
X —= S; // compute next iterate

N = O 0w ® N OO s W N

Vjéﬂ correction based termination (relative and absolute)
while ((s.norm() > rtol * x.norm()) && (s.norm() > atol));

} return x; /}\ /I\
el foleence b lueme

Rem & 5.1 11 Lhthnesinvamnze. ﬂ//%z///an W%M)

»g{vm F o comddoy tHhe Nowtbm Huation
G ) =0 , () = A Fl) ,ﬂé/@b’nfe?zz@y

L D) = A -DF(x] : petudt v T

=

o =

>




© |
AT . % = x© T 4] A4 Fx®) > Kevww Wﬁ&ﬁﬁ §514H6

= x® = DR AA i)
> womt w NUT. v F VA

> prp('mg wle s Shodd  be e miant

m Te kn (ocle 659 C
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 8.5.1: The Newton lteration in IR (11)

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 5, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Dependencies. Section 8.5.1 (Part I)

Duration: 37 minutes

VII Werative Methads for Jon-Linear
5ys£em5 of Eqmzf/bns

85 Newtn's Methed in R

NLSE

Giwen C F DR —= R, nel
Cind x¥e I_ F(A)z&

€51 The Mewton Iferahon

e
B> Newton iteration:

(generalizes (8.4.2.1)to n > 1) Jd(ﬁb(d’? s/

x(+1) = x® _p F(x®)Tr(x®)y |, [if DF(x®) regular ] (8.5.1.6)
Terminology: —-D F(x(k))‘lF(x(k)) is called the Newton correction S < /Rh
Newlon covrection b/ Mm"n% LS E

DE(xE)) s = — F(xE)  (ALSE)



@
§ £5125 (A WL&%@Q%/%%W /{ewﬁbms)

beR”
A(.&ng.(\ = b. / A //Q ”7_> Qnm (/}77(. d[p?o
Fix) =0 « F(x) = b~ Al)x | DF) 2

o Z blney Pk . preadiuct wle

Productrule: F: D C V+— W, G: D C V — U sufficiently smooth, b : W x U + Z bilinear, ie., linear
in each argument:

T(x) := b(F(x),G(x)) = DT(x)h=b(DF(x)h,G(x))+b(F(x),DG(x)h), (8.5.1.17)
heV,xeD.

Hee. b = MxV | Flx)e> Ak) , (== oA

> DFkh = (DAKL)x + Alk)Xh
(WAx)n)

& /)inn
4
NCLSE

(DA s ¥ + ALY s = Ax®)x®-b

Ex.&85130: (A al U k
x. & ( eqff%ms%{m necy sysern 4f
heR" D
Ax)x=b , A(x):= _ e R™", (8.5.1.31)
) Ty (;) 1 _
Fix )= A\t - b =01 ) /&) = 34l
a1 _
1 3 1
> A(x)x = Tx+x||x||,, T:= _3
o) = Tx + xlxl - b 1 81
DEx)h = Dix—=Txih + Di{x — xlsll, F6)h
Uneary T p/%(mﬂ /0((

—

Use  Dixr— Il jxh = ﬁ;/e N

> DFlx\h

- Th+ bld+ x{3h
= (A&)%X—z{ }:7_

I X1,




3
> MCLSE -
XUC (} )

[ Al + 200

ok - | - mx&ﬁcc%mn oA /mécajm?(&/ e -
Mse  SMW Bmudoc + QR & Dln) - slox

Ex. &5 38 (//%4 WE207% bynflm”/)ﬂf/%mj

- b ﬂ/X({CI>XC/c)

J

A s //22 NN 7
F /Q“ — R
F(AT) = 0ty {
> L A’X’ [

NCLSE 2
Ex. &5.0.35 ( Danahive of muhix inwnoion )

_ N1 S /?Qn,n nm/}

Ny - { ; et Ry" = wguln maiices

D inr = ¢

e - ( mp&bcﬁ( diRrentint jon

D: | XXy = I

prded wle = HelpX )+ ) DimpOOH = 0 HeR™
> Vil VH = - XWX~
DFOH = KHXT, Xe R
NCLSE -

DR S = (xB) S (X ) S =) = ) A
S = XA K= xS
X()&/? — )<<m7‘§ _ X(W(QI~4X[’C))

>
NT. -



€)
Rem, 85,1441 ( Simplibed  Nealon maethor ) > Revwew me?; §5.146

2 NMewlon methad weth " fozen Juaobivn ”
For Flx) =0:

X(Ia(} — X(K\ _ @F(X/ﬁ))’//:/)(/'()) / /<6ﬂ/
Benelit . Ruwoe of LU-dec. of DFG?)

C++ code 8.5.1.44: Efficient implementation of simplified Newton method

2 |// C++ template for simplified Newton method
s | template <typename Func, typename Jac, typename Vec>
4 |void simpnewton(Vec& x, Func F, Jac DF, double rtol, double atol)
5
{
6 auto lu = DF(x).lu(); // do LU decomposition once!
7 Vec s; // Newton correction
8 double ns,nx; // auxiliary variables for termination control
9 do {

lu.solve(F(x)); —> 0(?’)3)
X—S : // new iterate
s = s.norm(); nx = x.norm();

14 // termination based on relative and absolute tolerance
15 while ((ns > rtolxnx) && (ns > atol));

Diwwback < Slewey vz
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ETH Lecture 401-0663-00L Numerical Methods for CSE

VI ferative Me thods Hor Non -Linear
Course Video 5)&51&6075 g 7[‘ Eqwz/'m’B

§ 8.5.1.15: Multi-dimensional Differentiation 85 /l/€W7[0r) S /M@{W /ﬂ ZR

MSE: Gwn C F DR —> R e N,
nd x¥e I_ /:(A):0

€51 The Mewton lferahon

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 5, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Prerequisites.
e Elementary derivatives

el (Ic) j)/:/)(/k)) I[:(X(k)) f<6//f/

e Multi-dimensional calculus
Dependencies. Eq. (8.5.1.6) D F:(X (e ) & /)Q mna 7&(60&//(f7
Duration:35 minutes
" JF dF dF.
w(z) 2(z) - - o (2)
h oF 0
JF; =(z 2(z
D F(z) = [a_rl<z)] = Wl_( ) ml( a8 (8.3.2.8)
Aj i j= : :
G2) F@) o ()




&)
Newotm  comechon

LSE
& 85.1.12 ([ Dovivatives )

S = -:DF(X(/A)“’ /:/)((k))
P
DE(x™) 2 = - £(x™®)

(el loneat

Temvechon £
Fle+h) = F (&) + DEX)h + O0h7)
foy h— o

N , —
T pa%urmjlaw eln J/
A Uneoy Mﬂ/?p/'ﬂﬁz P"— R"

Definition 8.5.1.13. Derivative of functions between vector spaces

Let V, W be finite dimensional vector spaces and F : D C V — W a sufficiently smooth mapping.
The derivative (differential) D F(x) of F in x € V is the unique linear mapping D F(x) : V — W
such that there is a & > 0 and a function € : [0,0] — R satisfying limz_,y €(&) = 0 such that

|F(x+h) — F(x) —DF(x)h|| = ¢(||h||) YheV,|h| <é. (8.5.1.14)

0T TR
V=W-=0R

DEG\ > Fl)e R > Ly mﬂf(mg' { o

TR0 5

§ § 5.1 |5 (//@%'M” di erenhuten )

FV— W by = DF-F |
(Fi) - A, Ae R™ = Drlh = Ak = F(k) )

Chatn wle - F V=W, & -HA—1V
F(&+h)) = FlEel)+D6l)h + ki)
= P(G(x))+* DECEE)DECO R + TR
-
= D(Fel=)X) b

Chainrule: For F: V — W, G : U — V sufficiently smooth

D(FoG)(x)h = DE(G(x))(DG(x)h), heV,xeD. (8.5.1.16)

Product il

— F\/—>W/&V—>//(
- b Wx U — Z  bllwar

= TV == T=blFK GCK))



©)
[\/7\/\/% =2 ‘;’*/R .
T(x) = Flx)-G(x )
As L. T)h

o(Ih*)

T(x +h) = b(F(x + h);G(x +h)) J
(F(x) + D F(x)h +o(||h]]),G(x) + D G(x) + o(||hl[))
b(F(x), G(x)) + b(D F(x)h, G(x)) +

=D

)\

b (xy)
= Tk) = F
}-

= (Flh

%
/0(?&(%) + Flx) & )
Llx) + Blx) [.é/)()b)

b(F(x),D G(x)h
x)h

) +o(|[h]]) .

:!<

Productrule: F: D C V +— W, G: D C V s U sufficiently smooth, b : W x U > Z bilinear, ie., linear
in each argument:

T(x) := b(F(x),G(x))

= DT(x)h =b(DF(x)h,G(x)) +b(F(x),D G(x)h), (8.5.1.17)
heV,xeD.
- < — r7
SpectaL ndiom v F:R7 — R

Definition 8.5.1.18. Gradient and Hessian

For sufficiently smooth F : D C R" + R the gradient grad F : D — IR", and the Hessian
(matrix) HF(x) : D — R"™" are defined as

grad F(x)Th:= DF(x)h,

A
LM, R"

h{ HF(x)hz := D(DF(x)(h1))(h2) ,

PR

Vh,hy, h, € R”.

IS

2 DOF) 2 LM R — {Lm R"— RT

biltnesy ma//)(ﬂg R'R"— IR

Fx 85119 ( Devivecdive of « bilivear o)
YR — R, Plx) = AR

Productrule: F: D C V. — W, G: D C V — U sufficiently smooth, b : W x U + Z bilinear, ie., linear
in each argument:

T(x) := b(F(x),G(x))

Now - = R R" | blry)=xAy
DY) b BTAX + XAh - (x4+2A4)h
ﬁ/dﬁmﬂ&) — [ATrA4)x ¢ KT

" Fededhiian waga !

1N

= D T(x)h =B(DEXK, GX)) + b(F(x),D G(x)h),

(8.5.1.17)
heV,xeD.

= &

—_—

=>

n n

n n
Y(x) =) Z(A)k,jxkxj = (A);x7 + Z(A)i,jxixj + Z(A)k,ixkxi + Z Z(A)k,jxkxj ,
k=1/=1 for i
alij(x) n n n
(x) =

A)iixi+ Y (A)iixi+ ) (A)gixg = Z
=1 k=1

- j=
J#1 k#i
=(Ax+A'x);, i=1,

111+2

kzrk

ce N




€)

=x &5.] 20 [?M'ﬁéﬂ% Guclidlear) o

o RN\ {07 — P,
F=GoH |

Flx)

GO5)=)35 " Hx) 1’:
YATVG = =4, DHE R -

Chainrule: For F : V — W, G : U — V sufficiently smooth

D(FoG)(x)h=DF(G(x)(DG(x)h), heV,xeD.
e F =— & L6 =— H
= DRl = @&/H/K?TIWZ )

= QW’—( QX7(’7

X
X, ¢

)

X + O

;//2.(//,,2 —;/b_zzL’—XiQ |

(8.5.1.16)

é 85 .22 (lewdon iboaren v poduct wle )

We seek solutions of F(x) =0 with F(x) := b(G(x), H(x)), where
4+ V,W are some vector spaces (finite- or even infinite-dimensional),

4+ G:D—V,H:D— W, D C IR", are continuously differentiable in the sense of Def. 8.5.1.13,
4+ b:V x W — R"is bilinear (linear in each argument).

[(F:D<R"™ — R" ]

LSE v Jfewlom amechon - DFL)S = - Flx)

Prodetch role
D F(x)h = b(D G(x)h, H(x)) + b(G(x),D H(x)h), he R". (8.5.1.23)
|} PP
b(D G(x")s, H(x")) +b(G(x™), D H(x*))s) = —b(G(x*), H(xX))) . (8.5.1.24)
ASWX LT,
2 Ms , MeR™ SR’
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 8.5.2: Convergence of Newton’s
Method

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 5, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zlrich

Dependencies. Section 8.5.1

Duration: |6 minutes

VII Yeeative Methads fr Aon-Linear
5ysﬁem5 of Equ/'or)s

§5 Newlm's Methed in R

NLSE:  Gruen C F:Dc ﬁ—> h,ﬂé/(/
fipd x*e T_ Fx*) =0

B> Newton iteration: (generalizes (8.4.2.1)ton > 1)

x(k+1) . — x(k) _ DF(x(k))_lF(x(k)) , [if DF(x(k)) regular | (8.5.1.6)

Terminology: ~ — D F(x®))~1F(x")) is called the Newton correction



&)
§.5.2. Convergence of Newtons Method

n="1 = Lol quadiahc  cvg.

Definition 8.2.2.10. Order of convergence — ,,
A convergent sequence x\¥), k = 0,1,2,..., in R" with limit x* € RR" converges with order p,
p>1,if

aC > 0 Hx“‘“) _ xH < C”x(k) —x*HF Vk e Ny, (8.2.2.11)

and, in addition, C < 1in the case p = 1 (linear convergence — Def. 8.2.2.1).

NI & hred- pm’n/ lozting m R
X = @ (W) PUx) = x — DP)FUX)
[ Fix?) -0 &= P(x7) = X]

I x ¥ Vg7 ) = I @) -y )]
Tiglov  Fe C° = | DL ) (x - x7) + Ol x)
By prodeecd wle
DoxVh = T - Dix — PG Hp Fix)+ OFG9RK) b

Do(Vh = b - Dix e
-0 YVh
> Ix™-x" ] =

P S OFEFIER) R

O (Ix®-x7)")

Local q/mz% hic .

Fx §5.23 (Gm

o Mo 1heeching

BN mighix indenen —> Ex. §5.138)

Ae R' /{WM/ .'

[ XK1 = x®) — (x®WAx®) - x®)) = x®) (21 — AXK)) ] : (8.5.1.42)

: — (lc () ~! ,
> Recwmdon v enoy ¥ xY. 4 e K"

E(k+1) - X(k+1_) o A—l

(8.5.1.42) X( )(21 _ Ax(k)) _ A_l
= (E® A (2 - A(EW + A1) —A!
(E® + A )1 —-AEW) —A~1 = —_EWAEN

1ABI< 1Al IIB//

Local

> HE k“)H < HE(")”2||A|| = qudihic co. 8524



) . T C(m?}f%jémf;

| YA = 1 X""A-T | = |

>~ Rewveww W%rmvs § 528
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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 8.5.3: Termination of Newton lteration

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 5, 2020
(C) Seminar fur Angewandte Mathematik, ETH Zurich

Dependencies. Section 8.5.1

Duration: | minutes

VI Yeratie Methads for fon-Linear
5ysﬁems of chmf/'ons

85 MNewtn's Methed in R

NSE: Gun €' F DR —= R .nel

' , *
find x*e I_ F(x*) =0
B> Newton iteration: (generalizes (8.4.2.1)ton > 1)
xk+1) = xO D F(x")Tp(x®)) |, [if DF(x'®)) regular ] (8.5.1.6)
Terminology:  — D F(x"))~1F(x¥)) is called the Newton correction

> Lo/l 5/,(/(5(//(/5%'5 et ?}zi/?@(y(g fo
x*eD, Flx*) =0 . if DFL?) i



@ £.5.3. Terminaton of Muwton (eaton

Yol I ser | Tamntl’
Qoad vy = |f. N. T conpeo, dgympk/?'c%

//A(’Cf‘”ﬂx?ﬁ // 44 /)XUC) ,_)_(7‘ //
e R R FEEP |
STOP,|as soon as HAx(k)H < Trel x(k)H or HAx(k)H < Tabs
(8.5.3.2)

with Newton correction  Ax\® := D F(x®)~1F(x™)).

x (s M aeceoals z/om%

rzw([wdg compuecd K< %@cm/ér el bt
— vty fow 67%/)5 ruzclo |

> (J¢)

~ ot = O0(p?) p@/ﬂg/)

g §o34 ( Tﬂvrzfmﬁro_& % /ﬁ?ﬁ%@ﬁ!ﬁ&% )Z)méy(

ol 6((\'1/)&

Replace D F(x®)) with D F(x'*~1)) in any correction based termination
criterion.

Idea:

Rationale: LU-decomposition of D F(x*~1)) is already available » less ef-
fort.

Terminology: AxF) = D F(x*k=1))~1F(x%)) = simplified Newton correction

B> Economical correction based termination criterion for Newton's method:
STOP, as soon as “Ai(k)” < Trele(k)H or ”A)‘((k)” < Tups »
(8.5.3.5)
with  simplfied Newton correction  Ax%) := D F(xk=1))~1p(x(K).

T

Abne invmignt - doer not OMMGM hen
F s AR, AR aplar



©

C++11 code 8.5.3.6: Generic Newton iteration with termination criterion (8.5.3.5)

w0 O N OO 0 s W N

template <typename FuncType, typename JacType, typename VecType>
void newton_stc(const FuncType &F, const JacType &DF, VecType &x, double rtol ,

double atol) {
using scalar_t = typename VecType :: Scalar;
scalar_t sn;

do { 3
auto jacfac = DF(x).lu(); // LU-factorize Jacobian ] —7 0/” )
x —= jacfac.solve(F(x)); // Compute next iterate — ﬁ(/q?}
// Compute norm of simplified Newton correction
sn = jacfac.solve(F(x)).norm() ; — @[172)

}

// Termination based on simplified Newton correction
while ((sn > rtol * x.norm()) && (sn > atol));

> Review WT?WW § 5. 39
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ETH Lecture 401-0663-00L Numerical Methods for CSE y I H'er a &( /e /Me ]L/}a% S -{é/» %ﬂ - [_/,7 ia
Course Video 5)/5 ﬁe ms 0 f Eqw 5/0'7 S

Section 8.5.4: Damped Newton Method 85 /VéW’%D() ’S /Mfl{w » ZRn

MNLSE:  Giuen c' FfDCﬁn—> R’ ,(/76/%
{ind x*e I_ F(x*) =0

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 5, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zurich

B> Newton iteration: (generalizes (8.4.2.1)to n > 1)
Duration: J() minutes
Terminology:  — D F(x®))~1F(x(¥)) is called the Newton correction

Summary: Newton’s method =7 qMC{W?%/;rC (ﬁ(d&( .
' 7

Note: Possible minor mismatch of video and tablet notes! _ ) ) o d/(
often a very small region of convergence, which requires an initial guess (oa

@ converges asymptotically very fast: doubling of number of significant digits in each step
® rather close to the solution. C /l/g’ .

[Corrections and updates can be incorporated into tablet notes only]




&)
§.5.9. Damped Newton Methad

Coed. - EDZMVUM Amoin of oy
Fx &54 | (locad convergonee o Newkbns mete)

n=|
X +— xet —1
F(x)=x¢*-1 = F'(-1)=0
x0 < -1 = x® 5 —co, ‘ /
[()> —1 = x5y, . /
Newien camo/ in the H\%/
WVO% 603(6 '701/1 25 2 s - o5 o 05

no f@m@%

F(x) = arctan(ax) , a>0,x € R g of

with zero x* =0.

Diverging Newton iteration for F(x) = arctan x




B> we observe “overshooting” of Newton correction
Idea: damping of Newton correction:
k) ) 'l[(‘xtjk]‘, ) )

with A > 0: x*tD .= x*) _ A p p(x!

/N
Terminology: A%) = damping factor, A 6]}),1].
cheosen by henishi S

r> (Id 2(/5\ not W(/ﬁ/ when i aomﬁ — AF

(8.5.4.2)

AC [Q ('?If) (WZM
Affine invariant damping strategy
Choice of damping factor: affine invariant natural monotonicity test (NMT)
choose “maximal” 0 < A®) < 1: HA?(/\("))HZ 1-2= ”Ax H (8.5.4.4)

Ax®) .= D F(x®))~1F(xk)) — current Newton correction ,
where

Ai(/\(k)) )= B P(x("))‘lP (x(k)._. /\(k)Ax(k)) — tentative simplified Newton correction .

L> lenkehive next ilemde
£ qx,{a%. cvg. => 14 %) S | Ax UC)//
& NMT fuwls = ) = % & hy

= (600 Z) | ke k]

s
. ) — (Qﬂ v vext \d}/)

A ({jem‘ - acceﬁ dﬁp/maf?

C++ code 8.5.4.5: Generic damped Newton method based on natural monotonicity test

template <typename FuncType,typename JacType,typename VecType>
void dampnewton(const FuncType &F,const JacType &DF,
VecType &x,double rtol ,double atol)
{
using index_t = typename VecType::Index;
using scalar_t = typename VecType:: Scalar;
const index_t n = x.size(); // No. of unknowns
const scalar_t Imin = 1E-3; // Minimal damping factor
scalar_t lambda = 1.0; // Initial and actual damping factor
10 VecType s(n),st(n); // Newton corrections
11 VecType xn(n); // Tentative new iterate

w0 O N OO 0 s W N =

12 scalar _t sn,stn; // Norms of Newton corrections
13
14 do {
15 auto jacfac = DF(x).lu(); // LU-factorize Jacobian
16 s = jacfac.solve(F(x)); // Newton correction
17 sn = s.norm() ; // Norm of Newton correction
18 lambda *= 2.0;
19 do {
20 lambda /= 2; // Reduce damping factor
21 if (lambda < Imin) throw "No convergence: lambda — 0";
2 xn = x—lambdaxs; // Tentative next iterate
23 st = jacfac.solve(F(xn)); // Simplified Newton correction
24 stn = st.norm(); W
25 } .,7
2 while (stn > (1—|ambda/2)*sn) // Natural monotonicity test
27 x = xn; // Now: xfiacecepted)as new iterate
28 lambda = std::min(2.0xlambda,1.0); // Try to mitigate damping
29
}

30 // Termination based on simplified Newton correction
31 while ((stn > rtolsx.norm()) & (stn > atol));
32

}




@
EXFJ 6,46 ( D&cmfé&/ Newtn methed )

kAWK x (k) F(x®)

e LMIN = 0.001 1.00000 -0:00549825489514 -0.00549819949059

1.00000 0.00000011081045 0.00000011081045
1.00000 -0:00000000000001 -0.00000000000001

1 0.03125 0.94199967624205 0.75554074974604
F(x) = arctan(x) 2 0.06250 0.85287592931991 0.70616132170387
0) — o ’ 3 0.12500 0.70039827977515 0.61099321623952
* 1 4 0.25000 0.47271811131169 0.44158487422833
*1=2 5 0.50000 0.20258686348037 0.19988168667351

6

7

8

Exp- § 547 ( Fuilure ﬂ% &/dnfz/)e/ Newkn m@%{)

Al ¥ = ye* —1 ko AWK x (k) p(x(k))

1 025000 -4.4908445351690 -1.0503476286303
| y [6) 2 006250 -6.1682249558799 -1.0129221310944
: | 3 001562 -7.6300006580712 -1.0037055902301

4 000390 -8.8476436930246 -1.0012715832278
| / 5 0.00195 -10.5815494437311 -1.0002685596314

1 Bailed out because of lambda < LMIN !

> Revwe w Wﬁmﬁ £S5 Y8
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A %jfmc( led  veruon compatedd f

VI Veratie Methads for Mon-Linear
5ysﬁem5 of Equ/'ons

§6 Quasi-Newton Method

NLSE -~ x"eD Fix*) = O
F:Dc " — R"
Dawback ¢ Newiton metneA - DF reqeecieA

Goal - Denwfive - et [fuehon o VLEE

Acteved v n = | . Seant methad, 423

X(K”) B X(|C7 B K[K)” X(I(/()
Fx@9) = F (e

)) /:(XUC))

£ ( —
/\/I : ><(I( N ><(IC) . EITL ) = O((’”?



n =1, :
. () _ [, (k-
]DF(X [ )) = /:)[:(ua) _F}:((/mz) =
N = /:

Replace DF (1) wy/ Ailloent Wﬁﬁmﬁ

/

Idea: ,
Ji & DF(x®), x® =

(SC)

>

the current iterate:

Je(x®) — x(k=1)) = p(x®)) — p(x*k-1))

) L (6)

lteration: — ' E(xW)

dooo ot (¢ J,, + Revds \714—{ - J, =

= Broyden’s conditions: Jiz = J, 1z Vz:z L (x(k) —
(BC)
F(x®)) (xk) — x(k=1)yT
| =g )

[ — x|

(BC) + (SC) iUl deleming j)(

APl J,eR™

rewrite (8.6.0.1) as a secant condition for an approximation

(8.6.0.2)

(8.6.0.3)

/ N O/
3., om "onsecant diiehions”

x(k_l)) :
(8.6.0.4)

(8.6.0.5)

Final form of Broyden’s quasi-Newton method for solving F(x) = 0:

x(k+l) = x(k) + Ax( ) , Ax(
F (k+1) Ax()
Jev1 = Jk + X
| ax®);

= -J; 'F(Y),

(8.6.0.6)

o DF (™)

Zi wiheel gl .8 A

T = DF(x™®)

Exp. 86010 ((WW A B)@gﬂwfg W%ﬁ%}

2_ .4
F(x):{xl xg],

X1 — X5 X2

X = lxl } € R? with solution F([}])zo,

| > b asy épb/z“c

(8.5.2.2)

q L(\W’Z% aor //@%

7,&(5(%{% C 7.

and take x\*) = [0.7,0.7]T. As starting value for the matrix iteration we use Jo = D F(x(?)).
10°F . /'\ —*-—. g’:.’y%e.:r:\;lﬂ:;r lr|1|orm T
£ * Newon: |[Fix®)|
—#¥— Newlon: arror norm
1072 . Newion (simplified) |+
» 107
2
@
o 10°
E
[s]
c
5 10°®
B
-
R = 8
]
1072
10'14

Step of iteration



3
5%7,6.0, 5

T

Final form of Broyden’s quasi-Newton method for solving F(x) = 0:

x(k+1) o— x(k) _|_ Ax(k) , Ax(k) = _]}\ ]F(X(k
F(x*+D) Y Ax(FYT
Jig1 :=Jx + ( X 2 ; T =
HA"(k)Hz

).

A vank-] oo (i f8-6.09)

Lemma 2.6.0.21. Sherman-Morrison-Woodbury formula
For regular A € K™", and U,V € K"* 1,k € N, k < n, holds

(A+UuvH) "1 = A1

if T+V7A~'U s regular.

MW fry K= |

A luv' 1
<1_1+VTA1u)A /
with = F(x%9)

> Mpdate Grmle  fov \712/

(A+uv') ™! =

— AU+ VvHA-TU) IVHA T,

1+viA lu#0,

AX&)

I Ax @[S

Ji TEGERD) (Ax ()T )]1 - <I—
|ax®||% + (ax®) T (D) ) *
(8.6.0.16)

/l\( f lt Fecd gf{% Mesobn conechon
Osefrl femiahon £ /mpag )
| 4@)? AX“CH)/ 4 //AX(IC//

AXFTD (AxR)T
[ax®) |3+ (Ax®) T Axk

e = (I 1)>J;1,

}2@4. :

_lﬁ . AXHD (Ax(O)T
o\ [|AxO)F + (ax(©) T Ax

— LN - Buckmze once

Axtk) — —Jk_lF(x(k)) _

+1)) Jo LF(x )y

I2

o(n®)

to € R": Jotp = F(x¥)), — & /WWIW/M oty On® }
, AxENT
t[<+1 = t[ - A)_(({ +1) ( X ) t[ , 7 [ - O/' . '/k_ 1 7 (86018)
||x H2 + (AxO) AU -
) > O(kn)
AxF) .= —t,

Told st =

O n>+ /i/nte /me)
(A ste ps)
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VII' Weratie Methads for fion-Linear
5ys€em5 of Eqmi/'ons

§7 Non-Linear |east 5704#65

LSE : ﬂ‘_)ﬁ b_ / /46 @(77//7
ovedelennidned £ nH = I

)

NLSE Flx) =0 , F:DeR"— R™
oveideieemined =~ nn =N

> (LSE Geneilized comcept of solwhiores

Definition 3.1.1.1. Least squares solution

For given A € R"™" b € IR™ the vector x € IR" is a least squares solution of the linear system of
equations Ax = b, if

X € argmin||Ay — b||§ ,
yE[Rn

)

2
m n
Ax — b||2 = min||Ay — b||> = min A). .y, —(b). | .
| Ax ~b]}3 = min Ay — b|; @(Zf )i = ( >,)

]




Definition 8.7.0.6. Non-linear least-squares solution

Given F: D C R" —
F(x) = 0, if

R™, m,n € N, m > n, we call x* a non-linear least squares solution of

3 . 2
x* = argmin,p | F(x)|3

Non-linear least squares fitting problem (1) (1)

Non-linear least squares problem

F:D cC R"— R™,
x* € D:

Given: m,n € N, m > n.

Find: x* = argmin__, ®(x), @(x):=3|FX)|5- (8.7.0.7)

Given: 4  datapoints (t;,y;), i=1,...,m

4+ (symbolic formula) for parameterized function

Ex. §70 1 ( Leant Squanes  dade G‘/ﬁ%)
Recall : Lineaw bewot ~santone; 6‘/%"% (=57 )

General Linear least squares fitting problem:

Given: 4+ data points (t;,y;) € RE xR?, i=1,...,m
4+ Dbasis functions bj : D C R — R,j=1,...,n,n<m
Sought: coefficients x; € R, j = 1,..., n, such that Cﬂ/ﬂ&cémfﬁ
2
m
X:=[x1,...,x] := = argmin 2 Zz] yi (5.7.0.9)
zjeR4 i= 2

¢

Unzanr comblnafion

f(x1,...,xp;:) :DCR—R, n<m
Sought: parameter values x7, ..., x,; € R such that
(x),...,x ,,)—argflr;:niv X1, .00, Xn; bi) — y,l . (8.7.0.3)
. D
Llnem Rl P/X(\,,X,,,H = 32_—( X} /O&/é)
L—> gvelet, LS P[)g) =
—f(xlr'--rxﬂrtl)_yl— —xl-
F(x) := : , x=|: (8.7.0.4)
_f(xl/~--/xm tm) _ym_ _xn_
Fi Hing@ Cecvysuans =3 )
X, (b ~x
_P/XHXQ/Xj({;) - X(e < 3)
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e Multi-dimensional differentiation
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VI Veratie Methads for fion-Linear
5ys£ems of Eqmi/'ons

§7 Non-Linear |east 5704/’65

Non-linear least squares problem

Given: F:DCcR"—R"™, mmnelN, m>n.

Find: x" € D: x"=argmin ,®(x), P(x):= %||F(x)||§ (8.7.0.7)

S?eak(;/ arse . Linear lewt-squann  piettn

Flx) = Ax-b == &) = [Ax-bl,
AeR™", he R



)
§7 (fDamped ) Newlon Method

Asecome Fec”
[¢R"— R T
=min = grad ®(x)

. nxn ALLE
e D

/(/ W )/\Z(ZUL! ’ bt
wafwé[x)( = OM X

x5 = x) ZH@(x®)) =1 grad ®(x¥)) ,

R"™" is the Hessian matrix of ®

82® ' n,n
H®(x) = {ax,-ar] eR
l]_

qud . dx) = / Flx)" Fc)

where H®(x) €

Productrule: F: D C V+— W, G: D C V +— U sufficiently smooth, b : W x U + Z bilinear, ie., linear
in each argument:

T(x) := b(H(x),G(x)) = DT(x)h = b(DH (x)
heV,xeD.

with H=G i~ F , bl x)
D DY) h_ =

-
=0, where grad®(x):= [aﬁ(x) ..... a;()(x)] e R".
/7 L—_‘—\f__\—) axl

For sufficiently smooth F : D C R" — R the gradient grad F : D — IR", and the Hessian
(matrix) HF(x) : D — R™" are defined as

grad F(x)"h:=DF(x)h, h]HF(x)h

= L&

KRR ) Fla) + J Fe) (0Fr)R)
L Jncepian

= FE)Drx)h

Definition 8.5.1.18. Gradient and Hessian

9 1= D( F(x)(hl))(hz) , Vh,h;,h, ¢ R".

. HE .
Di xeDcp7 —>
ﬂgm(nt

h,G(x)) +b(H(x),DG(x)h),  (85.1.17)

ﬂfm(‘(%xj ~ DPG) R

Fo) PRk s K |
P/ﬁ%a{m‘ wle

D {X —> FZK TDF(/{?% j(l

WIOREE,) + /:(J@T DIDFL) b, ) o,



> e RP"" Jacobin

m

H®(x) := D(grad ®)(x) = D F(x)" DF(x) + }_ F(x)D*F;(x),
j=1

i
n [ 92F: oF. OF:
(H®(x))ix = ];{ ax,-a,]xk (x)Fj(x) + Tri(x)fr],-(x)} :

> LSE v Mwkyn (medim s € R

=

m
(D Fx®)TDF(x®) + Y Fi(x)) D? Fj(x(k))) s = —DF(x")TF(x®) .

=1 S (K
=grad @ (x*))

~

=H®(x(K)

Nerwlon mathood  Flx) = Ay b
Ae ™", heR™ <

Notad eaticction methool /

(8.7.1.5)

(8.7.1.6)

Kem §717 (Megln methor, el minss

@(g) —> D
/_%/UY appert whon at x

Tunk -
\dect -

®(x) ~ Q(s) := ®(x¥)) + grad &(x)Ts + %ST Ho(xM)s,

grad Q(s) =0 < HOxM)s+grado(xV) =0 < (8.7.1.4).

(8.7.1.8)

> Revvew Wﬁm’m 57400

Reareew qmﬁmfw §7 . 9
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Gauss-Newton Method

Prof. R. Hiptmair, SAM, ETH Zurich

Date: December 6, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zlrich

Dependencies. Section 3.3.4

Duration: 0272 minutes

Y

[ Verative Methads o Non-Linear

5ysﬁems of Eqwi/'ons

§7 MNon-Linear |east 5704/’65

Non-linear least squares problem =

Rx] =0

Given: F:DCcR"—R"™, mmneN, m>n.

Find: x* e D: x* =argmin _,®(x), D(x):= %”F(X) ||§ . (8.7.0.7)

xeD

$7 2. Gavss-Newton Method

Idea: Local linearization of F: ~ F(x) ~ F(y) + DF(y)(x —y)
> Leads to a sequence of linear least squares problems

lachve methed



@)

argmin || F(x)
x€R"

argmin||F(xo) +D F(xo)(x = xo) |l ,
x€R"

(®) i
A := DF(xp) € R"™" [ Jachiy]
b:= —F(xy) + DF(xg)xo € R™ .

is approximated by

= with

(#) & argmin|Ax — b|

xeR" /‘\

(K ecor ch)%»gqa&é&m—@ f(@é&m

Gauss-Newton iteration (under full-rank assumption (8.7.0.9))

Initial guess  x'*) € D

XD =B g g argminHF(x(k)) ~ DF(X(k))XH '
XER” 2

—
CN% /(/mp%m . el
cianr S a linear least sauares problem!

C++ code 8.7.2.2: Template for Gauss-Newton method

(8.7.2.1)

2 |template <class Function, class Jacobian>
s |VectorXd gn(const Eigen::VectorXd &init , Function & &F, Jacobian &&J,

double rtol = 1.0E—6, double atol = 1.0E—8) {
(k)

5 Eigen:: VectorXd x = init; // Vector for iterates X

6 // Vector for Gauss-Newton correction §
Eigen:: VectorXd s = J(x).householderQr () .solve(F(x)); //

8 X =X — 8§,

9 // A posteriori termination based on absolute and relative tolerances
while ((s.norm() > rtol_x x.norm()) & & (s.norm() > atol)) { //

11 s = J(x).householder@fY) .solve (F(x)); // —= UVLLIY L\SQ

12 X =X — 8§,

13 }

14 return x;

conecbion baaal

Newtm )

/

+ lzal quatedhs
o

Fx. §7249 (M- lineary ﬁ'//f% &Fa/m%)

F/r/fzfnéﬁ ](\Ul')dﬁrﬁﬂj 1(\/)({ X, /)(3/5) = Xt 6')(3‘6
> Ovedetemiped,  NVILSE  Fl) = 0

Kem. §72.3 /W&@“/Uzwbvz 29,

—

+ dnd-AdAeivedive Fee
1 ngW /mncoc(ﬁ f{(ﬁf

X1+ xoexp(—x3ty) — 1
F: RP— R" , F(x):= -

| X1 T X2 exp(_x3tm) — Ym

p N
I Ao

R dafee panh

4 initial value (1.8, 1.8, 0.1)T (red curves, blue curves)
4 initial value (1.5,1.5,0.1)T (cyan curves, green curves)



©

Newolon method for

'y
A
o B I\
I [\
< [
h* ;\"k e +
S’
< (
—
o
(]
= N\
o
>0k \
X

\\/’\f

14
N of s pf dampedNewt mthod

J(/ewv‘m i stk in lecad min,

2
2

value of HSF(x(k)) '

= Ca)g\ v

bolh x @

N of ste pofG Newt mthd

_norm of the corrector

5 'a & a
.

~ _norm of grad ®(xF))

Cawn - Terolert methol

4 6 8 1 12 14
No. of step of undamped Ngwton method

qutaohiic oy

*_*"’-‘

1B lineawy

C?ﬂg,

4 6 8 10 12
No. of step of Gauss-Newton method

8.7 3. Trost Region Methed

A

= Im p(/w{ﬂ% dam/%&( Cawrr - Mewlon outhod

Idea: damping of the Gauss-Newton correction in (8.7.2.1) using a penalty term

-+DF@“U4F minimize Wxﬂ )~ D F(x

instead of HP(x(k)
A

H + Alls|i2,

where A > 0 is a penalty parameter.

5 (et =2_<(/C|— E

S:= argmm”P

zcR™

Ls BxlendeAd SR p/ablém
Npemal equations

2
~ D F(x®)z| %A llzll3

(DP(x(k))TDF
o= <

(x®y+ /\1) s = — DF(x®)F(x®) . (8.7.3.2)

HepiicHes .

—= 0 apx"ox
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