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Basic mathematical concepts

® Fourier transform;

® Kramers-Kronig relations;

® Singular value decomposition;

® Spherical mean Radon transform;

® Regularization of ill-posed problems.

Mathematics of super-resolution biomedical imaging Habib Ammari



Basic mathematical concepts

® Fourier transform:
FIFI(€) = (2m) ™92 /d e " f(x) dx .
R
® Inverse Fourier transform:
FHAE) = (2m) 92 /R , e F(x) dx .
® Fourier transform of a Gaussian function:
f[ef\X\2/2](€) — ‘:;\€|2/27 EeRY.

® Time reversal operation in the time domain < complex conjugation in
the frequency domain:

FIF(=)](w) = F[f](w)

® Cross correlation of two signals involves a product of the two Fourier
transforms in the frequency domain, one of the transform being complex
conjugated:

f[ / f(s)g(t+ s)ds] (w) = V2r FIf](w)Flg](w).
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Basic mathematical concepts

® f: band-limited with bandwidth K if F[f] vanishes outside |£| < K.
® Shannon's sampling theorem:
f € L2(R): band-limited with bandwidth K; 0 < Ax < 7/K.
f: uniquely determined by the values f(/Ax), ! € Z.
Smallest detail represented by f: of size 27 /K.
Reconstruction formula:
Zf Im\ sin(Kx — Im)

Kx —Im

1€Z
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Basic mathematical concepts

e Causal linear systems, with input H(t), output S(t), and transfer function

f(t):
S(¢) :/ F(t — s)H(s) ds

e fc L2(R+); F(w) = F[fl(w) .
® Paley-Wiener theorem = F(w): analytic for w = £ +in € C* and satisfies

+oo
sup/ |F(£—|—m)| dé = / | dé < +0 .

n>0

® Hardy functions (F € H3(R)).

® Converse: all Hardy functions may be obtained as Fourier transforms of
L2-functions supported on R*.

® Real and imaginary parts of Hardy functions obey the Kramers-Kronig
relations.
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Basic mathematical concepts

® Kramers-Kronig relations:

o F(w) € H3(R),

+o0 SF(w
RF(w) = 1 p.v./ wF( w) dw' = —H[SF(W)] ,

+oo
SF(w) = %p.v./ ?jF_( w)

o0

= H[RF(w)] -

e Hilbert transform H : L2(R) — L3(R),

+oo w/
H[G(w)] = %p.v./ 6(w) dw'.

/
oo W— W

Mathematics of super-resolution biomedical imaging

Habib Ammari



Basic mathematical concepts

e f(t): real-valued = real and imaginary parts of its Fourier transform
F(w): respectively even and odd.

® Kramers-Kronig relations for real-valued functions =

+oo , Iox /
RF(w) = %p.v./o W) dw';

(w/)z — w2
2w T RF (W)
SF(w) = —?p.v./0 WP —u? dw' .
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Basic mathematical concepts

® Singular value decomposition:

e A: bounded linear operator from a separable Hilbert space H
into a separable Hilbert space K.
e Singular value decomposition (SVD) of A:

Af = o1(fi. ) e ;
/

e (1), (g): orthonormal systems in H, K, respectively;
e 0y nonnegative numbers, singular values of A.
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Basic mathematical concepts

e A*: adjoint of A

Ag =Y oi(eg)f
/

e ATAf =3, o? (fi, f) fi and AA*g = > o? (g1, g) & self-adjoint
operators in H, K, respectively.

e Spectrum of A*A, AA* consists of the eigenvalues o7 and possibly the
eigenvalue 0, whose multiplicity may be infinite.

® Moore-Penrose generalized inverse: least-squares solution to Af = g of
minimum norm,
g E U/ fl ;

® Sum: over the indices / s.t. o, > 0.
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Basic mathematical concepts

® Spherical mean Radon transform:

e Q: bounded open set of R.
e Spherical mean Radon transform R : CO(R9) — C%(0Q x RT)
with centers on 9Q for f € C°(RY):

RIF](x, ) = wid /5 Flx+56) do(), (x,5) € 09 x R

e S: unit sphere in RY; wy its area.

Mathematics of super-resolution biomedical imaging Habib Ammari



Basic mathematical concepts

® B: unit ball of center 0 and radius 1 (0B = S);
o R:C5°(B)— C™(S xR,

® Explicit inversion formulas

e For d = 3:
RIf]) —
- kv [ SERIDG.x—yl)
x =yl
e For d =2:

/ / [ds ds RV]}( s)In |s*~ly—x[*| ds da(y).
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Basic mathematical concepts

® Relation between the spherical mean Radon transform and the wave
equation.

do(t — [x — y|)

® yeR% Uyx,t) = o P

for x # y.
® U,: retarded fundamental solution to the wave equation
(07 — A)Uy(x, t) = 6,(x)do(t) inR>*xR.

e U, satisfies: U,(x,t) = 9:Uy(x,t) =0 for x #y and t < 0.

® U, corresponds to a spherical wave generated at the source point y and
propagating at speed 1.

® In 2D, retarded fundamental solution to the wave equation

® H: Heaviside step function.
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Basic mathematical concepts

e Wave equation in RY, d = 2, 3,
&p

S 0D —Bp(x, ) =0 in RY x R,

_ 9P\ o) =
p(x,0) = po(x) and E(X,O) =0.

e Support of py € C°(RY): contained in a bounded set Q of R?.

® Representation of p:

pxt) = [0l (x () dy. (x0) € B X R
Q
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Basic mathematical concepts
® Kirchhoff formulas:

CRIpI(xs)
1) — e = ds, d=2,
O (tR[po])(x,t), d=3.

e Q: unit disk (902 = 5),
po(x) = R"BR[po](x) ;

® R*: adjoint of R,

R1el) = 5 [ B D doy),

Ix =yl

® Filter B: for g : S x Rt = R,

Blg](x, t) = /a (x,5)In(|s* — £]) ds

Mathematics of super-resolution biomedical imaging Habib Ammari



Basic mathematical concepts

® Regularization of ill-posed problems:
o |ll-posed problem:
e It may not be solvable (in the strict sense) at all.
e The solution, if exists, may not be unique.
e The solution may not depend continuously on the data.
e Regularization methods:
e Truncated SVD;
e Tikhonov-Phillips regularization;
e Truncated iterative methods.
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Basic mathematical concepts

® Deconvolution problem:

e h: Gaussian convolution kernel, h(x) L e /2
: Gaussi voluti X) = —
' Var
FINE) = e <2

A: [2(R) — [2(R)

NG = [ i) dy

— 00

A: compact.
F[Af] = F[h f] = F[hF[f] = A: injective.
Solution to Af = g:

f(x)=F1 Eﬁﬂ (x), x€R.

Formula: not well defined for general g € L%(R) < 1/F][h]
grows as e /2.
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Basic mathematical concepts

A: bounded linear operator from a Hilbert space H into a Hilbert space K.

Consider the problem of solving Af = g for f:

e g may not be in the range of A;
e A may not be injective;
e A~ may not be continuous.

SVD of A:
Af = o/ (fi,f)a
1

Truncated SVD:

T8 = ZU/ (g1, 8

o>y

T <1/y.
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Basic mathematical concepts

® Tikhonov-Phillips regularization:

e Linear problems:

T, =(A"A+~1)1A".

Equivalently, £, = T, g: defined by minimizing

IAf — gl[? +IfI>.

: regularization parameter.

e In terms of the SVD of A:
T.g= ZF a)o;  (g1,8) i ;
o F\(0) = 0?/(0%+).
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Basic mathematical concepts

® Tikhonov-Phillips regularization:

Nonlinear problems:
A H — K nonlinear mapping.
f, = T,g: defined by minimizing

IA(f) — gll* + 7 G(f);

G : H — R: nonnegative functional (G(f) = ||f|[?).
A: Fréchet differentiable.
Ry, is the Fréchet derivative of A at f;:

A(fo + h) = A(fo) + R h + o([[hl]) -

e Linearization of A around a given point fy = minimizer
(around fp):

f=(RiRy +~1) "R <g — A(fo) + Rfof0> )
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Basic mathematical concepts

Regularization by truncated iterative methods

Drawback of the Thikhonov-Phillips regularization: inversion of the
regularized normal operator A*A + I may be costly in practice.

Linear Landweber iteration: iterative technique

O =0, = 49A"(g—Af"), k>0,
for some 1 > 0 small.
By induction,

= (1 —nA* A +nA*g, k>0,

= fk = T,g, withy=1/k, k > 1, and

1/v—1

T,e=n > (I-nA"A)Ag.
1=0
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Basic mathematical concepts

® g < 4o00: number of singular values of A;

® o, singular values arranged in a decreasing sequence and g; and f; be
respectively the associated left and right singular vectors.

o 01_2: good choice <

1/v-1 q
* * 1
n D (—nAAAg =3 (1= (1 =no) e o) ) -
1=0 I=1
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Basic mathematical concepts

Nonlinear Landweber iterations

H: Hilbert space and K: closed and convex subset of H.
F : K — H: Fréchet differentiable.
® Given y. € H,

F(x) =ys, x« €K.

® Minimize for x € K 1
J(x) = SIIF(x) —y?.
® [: Fréchet differentiable = J: Fréchet differentiable

F(x+ h) = F(x)+ dF(x)h+ o(]| h|

)i
dJ(x)h = (dF (x)h, F(x) — y») = (h,dF(x)"(F(x) — y.)).
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Basic mathematical concepts

Nonlinear Landweber iteration:

M = T dF (T (F(Tx™) — y.) .

T: Hilbert projection of H onto K
T :H>xw— argmin{||x —a}:ae K};

® 7: small positive number.

® Assume that the Fréchet derivative dF: Lipschitz continuous and that for
all x € K,
[dF (X) |l > ¢,
for some positive constant c¢. Then the nonlinear Landweber iteration
converges to x. provided that x(0): "good" initial guess for x. and n:
sufficiently small.
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Basic mathematical concepts

® Proof:

e dF: Lipschitz continuous = for all x such that ||x — x.||: small
IF(x) = F(x.) = dF (x)(x = x)|| < Cllx = x.?
< Cllx = xl[[F(x) = Fx)ll< mllF(x) = FOx)

for small constant p.
e Forall n>1, F,: nth error quantity F(Tx(") — y,,

I — |2 = [lx) — x|

< 2(x(M ) — T () sy 4 || x (D) — T2

A

(Fa, 20Fy — 20dF(Tx)(Tx" — x.)) — || Fal?
+(0Fn, (=1 + ndF(Tx\")dF (Tx\")*)) Fy)
(2 = 1)||Fal*.

IN
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Basic mathematical concepts

° =
D (1 = 2|l < [ — 2
° =
ad 0 _ 2
SIFT() -y < =l
o n(1 —2pu)

® Mean value theorem =
e TX) — x| <F(EP)(TX — )| = [F(Tx™) = F(x.)]| =0

for some X" = tTx(" 4 (1 — t)x., t € (0,1).
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