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Scale-Separation techniques

® Scale separation techniques: take advantage of the smallness of the
imaged anomalies.

® Small-volume expansions of measured data:

o Derivations based on layer potential techniques.

o Extraction of geometric and material features of the anomaly
from measured data.

e Notions of generalized polarization tensors and scattering
coefficients: building blocks of the small-volume expansions.

® Direct imaging algorithms: subspace projection algorithms.
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Scale-Separation techniques

® Conductivity problem in free space

e B: bounded smooth domain in R?; O € B.
e 0< k#1<+o0and A(k) :=(k+1)/(2(k—1)).
e h: harmonic function in RY: u:
V- ((1+(k—1)x(B)Vu) =0 inRY,
uk(x) — h(x) = O(|x|*=9) as |x| = +oo.

o Integral representation formula:

ue(x) = h(x) + Sp(A(k)! — (’C%)*)’I[%\as](X) for x € R,

o \k):=(k+1)/(2(k —1)): conductivity contrast.
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Scale-Separation techniques

® |Integral representation formula:
ue(x) = h(x) + Sa[](x).

® Transmission conditions:

® U+ = uk|— on OB.
o k%%, = 2%|_ on JB.

6= (K — (K5)) 120 6]
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Scale-Separation techniques

® Taylor's formula expansion:

+oo
—1)lel
Fo(x—y) = E ( oj O To(x)y®, yin a compact set, |x| = +oo.
a,|a|=0 ’

e Far-field expansion of (ux — h)(x) as |x| = 4oc:

ey o
S B pery(x)0° h(0) / K —(K%)) " [()- V] ()y” dor(y).

al B!
lal,|81=1 B!
e For a multi-index o = (au, ..., aq) € N 9%f = 97 ... 93¢ f and
x* =Xt xG

® h: entire harmonic function in RY.
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Scale-Separation techniques

Generalized polarization tensor M., o, 8 € N

Mos(A(K), B) == /8 Y 6uy) daly);

® o,:
Pa(y) = (\(K) = (KB)") " [v(x) - Vx"](y), vy €0B.
® For |a| = |B] =1, M = (mpq)4 4—1 polarization tensor
mog = [ a0 = (K8 ) dr (),
® v=(v1,...,V4q).

® Generalized polarization tensors = complete information about the
far-field expansion of u.
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Scale-Separation techniques

® Spectral representation formula for (K%)* =

()1 = (k2)) 1wl = 3 e

(A, ;): eigenvalues and eigenvectors of (K3)* in H*.

® Decomposition of the entries of the polarization tensor:

> (Up, 0V 3= {Pjys Xq) _
mpq(A(k), B) = Z - ;({k)"i Aj

Jj=1

11
2°2

[ ]
S
=
Q

(o]
=
|

=0. o =1/2 = (vp,p0)n= = 0.
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Scale-Separation techniques

(ixa) iy = (=) (1 = (KB) )il xe)

_ 1 <33g[%‘]
1/2—)\ B

(NI
M=

11
22

- s [ /63 ansB[w]da— /B (8xSBle) —qusg[¢j])dx]
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e Z (15 X000 %)
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Scale-Separation techniques

® Properties of the polarization tensor:

M(X(k), B): symmetric;

M(A(k), B): positive definite if k > 1;
M(A(k), B): negative definite if 0 < k < 1.
Optimal bounds:

1
k—1

tr(M\(K). B)) < (1+ 1)|B

and

(1+k).

(k= 1)tr(M(A(k), B)™") < IB]
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Scale-Separation techniques

I =k ke Dk

7

A
1/ +1/%,=(k+1)/(k=1)

: \
(k—1)/k]

0 (k-1)k k-1

Optimal bounds for the polarization tensor.
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Scale-Separation techniques

OB}t . I RO P 05t : ......
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(K, k,)=(1.5,1.5) (k,k,)=(15,3.0)

Equivalent polarization tensor.
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Scale-Separation techniques

Properties of high-order polarization tensors:

® Recover high-frequency information on the
shape;

® Separate topology;

® Determine uniquely the shape and the ; @
material parameter.
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Scale-Separation techniques

® Positivity and symmetry properties on harmonic coefficients; optimal
bounds.

® Harmonic coefficients:

(xa+ i)™ = Z amx® +i Z bg’xﬁ.

la|=m |B]=m

1, J: finite index sets, {aa }, {8}: harmonic coefficients,

Z Meugaabg = Z Meagaabg, Z Mgaaaag >0 (k> 1).

acl,ped acl,Bed a,Bel

® Translation, rotation, and scaling formulas.
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Scale-Separation techniques

Conductivity anomaly D inside a background medium Q.
® k: conductivity of D; 0 < k # 1 < +00; 1: background conductivity.
A= (k+1)/(2(k —1)): conductivity contrast.

® Detect, localize, and characterize the anomaly D from boundary
measurements on O0f).
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Scale-Separation techniques

® Representation formula

® For g € L3(09Q), electric potential u:
V- (1+(k7 l)x(D)>VU:O in Q,

du
v

[2}9]

/m u(x) do(x) =0,

® Background solution U:

)

AU=0 inQ,
ou|
ov m—g7

U(x)do(x)=0.
aa
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Scale-Separation techniques

® Decomposition formula of u into a harmonic part and a refraction part:
u(x) = H(x) + Sp[¢](x), x € R\ oQ;
® Harmonic function H:
H(x) = —S3lgl(x) + DRIFl(x), x €RI\OQ, fi=ulog € H(99) ;
o ¢ c L3(OD):

on 0D .
aD

k+1 0\ OH
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Scale-Separation techniques

® The decomposition into a harmonic part and a refraction part: unique.

® YV n €N, there exists a constant C, = C(n, Q,dist(D, 9Q)) independent
of D and the conductivity k s.t.

||H||cn(5) < CanHL?(an) .

H(x) + Sp[¢](x) =0, VxeR\Q.
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Scale-Separation techniques

® Harmonic part H:

u)~ (k=1) [ V,To(x =) Vuly)dy.  xeq.
D
H(x) =
~(k=1) [ V,o(x—y) - Vuly) oy xR\ Q.
D
® Proof:
e Jump formula = on 9D:

Ju
ov|_

— b grstlal] = S-Sl = g

e Green's formula.
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Scale-Separation techniques
e For g € L3(99Q),
Uy) = [ Nxy)e) do).
N
® Representation formula:
u(x) = U(x) — Np[¢](x), x € 99.
® Proof:

e Representation formula = x € :
H() = ~SBlel0) + D | Hlon + S3lellen] ().
e Jump formula = on 9
(38 ) iHon] = ~lelln + ( 31+ K5 ) 1591elon] .

o U= -83[g]+ DY[Ulsq] in Q = (by Green's formula)

1
=1 — K ) [Uloa]l = —Salgllon -
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Scale-Separation techniques
o ¢cL3(0D) =

_ (%/ _ K%)[No[qﬁ]]\m] = (S3[6)lon -

(%/ - K%) [H|arz ~ Uloa + (%/ + K%) [ND[¢]|391} _o.
° . )
Hlaq — Ulaa + (EI + ICQ) [Np[¢]laa] = C (constant).
(51 + KB)INo[6llon] = (Nol6Dlan + (S3[8Dlon -

ulog = Ulaa — (Np[¢])laa + C .
e All the functions € L3(0Q) = C = 0.

Mathematics of super-resolution biomedical imaging Habib Ammari



Scale-Separation techniques

® Energy estimates:

C(k —1)lglli2(a0)| DI ifk>1,
llu = Ull20) < 1 _

e H-U=Dd[u—-U]in Q=
[IVH = VU|| @) < Cllu = Ul|200) < Clk — 1]||gll200)| D!

e C depends on dist(912, D).
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Scale-Separation techniques

® Small-volume pointwise asymptotic expansion on 9€2:

u(x) = U(x) — 89VU(z) - M(\, B)V.N(x,z) + 0(6"");

D=6B+ z;

o O(09): dominated by C69*!||g]| 2(aq) for some C
independent of x € 9Q;

U: background solution;

N(x,z): Neumann function;

M(X, B) = (mpq)9 ,—1: polarization tensor.

® Dipole approximation of the anomaly D.

® Generalized polarization tensors: building blocks of higher-order
asymptotic expansions.
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Scale-Separation techniques

® 4 > 0 and g > 0: permeability and permittivity of the background
medium Q;

® 4, and e,: permeability and the permittivity of D;

Mo XGQ\E,
ps(x) =
J xeD.

® Piecewise constant electric permittivity £5(x): defined analogously.
® w > 0: given frequency.

® ky = wy/cotto; K = wy/Exfbr.
e D=$B+z
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Scale-Separation techniques

® u: the solution to the Helmholtz equation

V-(iVu)—i—ofsgu =0 inQ,
Hs

with the boundary condition u = f on dQ with f € H2(9%).

® Equivalent formulation:
(A +w’eoo)u=0 inQ\D,

(A +weus)u=0 inD,

i@u 1 Ou

e OV | o v

10 v =0 ondD,
0

+

u|7—u|+:O on D ,
u=1f ondQ.
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Scale-Separation techniques

e Assumption: w?eopo is not an eigenvalue for the operator —A in
[?(Q) with homogeneous Dirichlet boundary conditions.

® = existence and uniqueness of a solution u at least for § small enough.

® U: background solution

AU+ IKEU=0 inQ,
U=f on 9.
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Scale-Separation techniques

® Small-volume expansion: For any x € 09,

ou ou

du OV Gy, (x, z)
ov (x) = v

(x )+5d(VU(z) M(X, B) B

0G,(x, 2)

R - DIBIUE) 22 ) 1 oy

e M()\, B): polarization tensor with

_ (mo/p) +1
2((no/ps) = 1)

® Gy,: the Dirichlet Green function.
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Scale-Separation techniques

® |nternal perturbations of u.: Small-volume expansion does not hold
uniformly in Q.

® [nner expansion:

u(x) = U(z) +5v(Xiz, @) -VU(z) for x near z;
o
® k= po/px; v
Av=0 inR‘\B, Av=0 inB,

vl-—v|l+=0 ondB,

v ov

5%~ 5,

k
ov

=0 ondB,
"

v(€) —€—0 as|§ — +oo.

® Relation between v and M:

M(\, B) = (k — 1)/‘;Vv(£, k) de.
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Scale-Separation techniques

® Anomaly imaging algorithms

e Direct imaging for the conductivity problem:
e Projection-type algorithm;
o MUSIC-type algorithm.

e Direct imaging for the Helmholtz problem:

o MUSIC-type algorithm;
e Backpropagation-type algorithms.
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Scale-Separation techniques

® Projection-type algorithm: Detection of a single anomaly.

® Apply a special type of current that makes VU constant in the inclusion
D.

e Injection current g = a- v for a fixed unit vector a € RY = VU = ain Q.

® w: harmonic in Q = Weighted boundary measurements /,[U]:

1 [U] := /m(u - U)(x)g—‘:/v(x) do(x) =~ =3°VU(z) - M(\, B)Vw(z) .

d =2 and D is a disk. Set

w(x) = —(1/2m)log|x —y| fory e R®\Q,xeQ.

k-—1D|(y=2)-a

_(
h[U] m(k+1) |y—z]?

, yeR*\Q.
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Scale-Separation techniques

® |ocation search algorithm:
e Take two observation lines ¥; and ¥, contained in R?\ Q
given by
Y1 := a line parallel to a,
>, := aline normal to a.

e Find two points z° € ¥;,i = 1,2, s.t.
W[UI(z) =0, 1[U)(z5) = max |l [U](y)] -
YEL

e z°: intersecting point of the two lines

M(z):={yla-(y—2)=0},

My(z5) :={y | (y — 2z5) is parallel to a}.
e z° close to the center z of D: |z° — z| = O(6?).

e Once one locates the anomaly, |D|(k — 1)/(k + 1): can be
estimated.
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Scale-Separation techniques

e A MUSIC-type algorithm: Detection of multiple anomalies

® P well-separated anomalies D, = § B, + z,, with conductivities kj,
p=1,...,P.

® B,: disks.

yi € R*\ Qfor | =1,...,n: source points.
® Set

U, =wy, :==—(1/2n)log|x —y| forxeQ, [I=1,...,n.
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Scale-Separation techniques

® MUSIC-type location search algorithm:

o For n € N sufficiently large, define the response matrix
A= (An)l = by

A = (U= [ (0= 0,)() G2 () do)

e Small-volume expansion =

P

2(ky, — 1)|Dy|
An =3 S BV Uy () - V Uy (29)
p=1

e For j =1,2, introduce
] T
gV (z%) = <ej-vuyl(zs),...,ej.vuyn(zs)) ., 22€eq,

{e1, &}: orthonormal basis of R2.
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Scale-Separation techniques

® MUSIC characterization (in terms of the range of the matrix A): There
exists np > dP s.t. for any n > ng

g(j)(zs) € Range(A) for j =1,2iff 2° € {z1,...,zp} .
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Scale-Separation techniques

® [loise = I — I, where I1: orthogonal projection onto the range of A.
e Given any point z° € Q, form the vector gV (z°).

e Form an image of the anomalies by plotting, at each point z°, the cost
function
1

\/Hnnolbe ZS)H2 + Hnnmbe[ ( )](ZS)H2 .

IMU(ZS)

® Resulting plot will have large peaks at the locations of the anomalies.

pl(kp —1)/(kp +1), p=1,..., P:
estimated from the significant singular values of A.
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Scale-Separation techniques

® Direct imaging algorithms for the Helmholtz equation

e w: smooth function s.t. (A + k3)w =0 in Q.

Weighted boundary measurements /I, [U, w]:

U ,w] = /Bﬂ(u — U)(X)g—iv(x) do(x).

Small-volume expansion =

l[U,w] ~ —6¢ (VU(z) M\, B)Vw(z) + kg(i—; - 1)|B|U(z)w(z)).
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Scale-Separation techniques

® P well-separated anomalies D, = z, + dB,, p =1, ..., P. Permeability
and permittivity of D,: pp and €p, respectively.

® B,: disks =

WU ] ~ Z\D\(“U 027U (z,) - Tw(zp) + k(2 — Uz Iw(z)) -

€0
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Scale-Separation techniques

® MUSIC-type Algorithm:

o (01,...,0,): n unit vectors in RY.

e 0c{b,...,0,}, U(x) = ekolx
o w(x)=e ™" for ¢ e {0y,...,0,}.
« =
Mp ' iko(0—0")-z,
1o[U, w] ~ Z|D |k0( Al - 1)e .

e Response matrix A = (A///)ﬂ,,zl e Cnxn:
A=y, (U, W],

Ui(x) = e®ofx yw(x) = e *ofrx | =1 ... n.
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Scale-Separation techniques

® Forl,I'=1,...,n

An = = Z\D\ S0ty g, 4 52— y) ki

e Introduce the n-dimensional vector fields g¥)(z°), for z° € Q and

j=1,...,d+1,
i .z° il 2SN\T .
g(z°) = —( 01e™N T g 0,7 j=1,....d,
N
and 1
(d+1)/_Sy _ iko01-2° ikoOn-z°\ T
g (z)_—(e Y-S ) ,
vn

{e1,...,eq}: orthonormal basis of RY.

Mathematics of super-resolution biomedical imaging Habib Ammari



Scale-Separation techniques

g(2°): n x d matrix whose columns are g (z°),...,g®(z°).

fnZ D511 (2121 5 (208 (20) (216" 2)6 T (=) )

® [lyoise = I — I, TI: orthogonal projection onto the range of A.

e MUSIC-type imaging functional:
d+1 _ _1y
T (%) = (3 [Maciee6)(2")] )
j=1

® |arge peaks only at the locations of the anomalies.
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Scale-Separation techniques

® Backpropagation-type algorithms:

e (01,...,0,): n unit vectors in R
e Backpropagation-type imaging functional at a single frequency
w:

1 < ; s
S . —2iko6,-z .
IBP(Z aw) = ; ;e 2ot IW/[UIaw] ;

U(x) = wi(x) = eofrx | =1,... n.
e (01,...,0,): equidistant points on the unit sphere S971.

Mathematics of super-resolution biomedical imaging Habib Ammari



Scale-Separation techniques

® For sufficiently large n,
no sinc(ko|x|), d=3,
LS (YR () =
"= ko Jo(kolx|), d=2;
sinc(s) = sin(s)/s: sinc function; Jy: Bessel function of the first kind and
of order zero.
® Resolution limit:

{ sinc(2ko|z® — zp]) d =3,

P
Ho — HKp | (Ep
Tup(2°,w) m = Y [Dplkd (252 +(£-1) ) %
Z i ( o + pp €0 ) Jg(2ko‘zs — Zp‘) d=2.

p=1

Mathematics of super-resolution biomedical imaging Habib Ammari



Scale-Separation techniques

® Tpp uses only the diagonal terms of the response matrix A.

Use the whole matrix = Kirchhoff migration functional:

d+1
Tkn(z°,w) = > g0(z°%) - AgV(2°) .
j=1

° P:]-;/"’*:,U'OY

A= —n|DIR(Z — 1)g D (2)gl@ D (z)"

Ex
€o

Tvu: nonlinear function of Zxum

Ex —
Tiou(#*,) = ~nlDIG(E - 1)(1- T )
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