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Photo-acoustic imaging

® Photoacoustic imaging:

o Optical energy absorption causes thermoelastic expansion of
the tissue;
e = propagation of a pressure wave.
e Acoustic signal measured by transducers distributed on the
boundary of the object;
e |maging optical properties of the object.
® Major contribution of photoacoustic imaging: provide images of optical

contrasts (based on the optical absorption) with the resolution of
ultrasound.
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Photo-acoustic imaging

® Acoustically homogeneous medium with the same acoustic properties as
the free space:

e The boundary of the object plays no role;

e The optical properties of the medium can be extracted from
measurements of the pressure wave by inverting a spherical or
a circular mean Radon transform.

® The free space assumption does not hold:

e Brain imaging: the skull plays an important acoustic role.
e |f a boundary condition has to be imposed on the pressure
field, then an explicit inversion formula no longer exists.

e Use of a geometric-control approach.

® Take into account the acoustic attenuation:

e Use a frequency power-law model for the attenuation;
o Compensate the effect of acoustic attenuation.
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Photo-acoustic imaging

® Photoacoustic imaging problem in free space:
e Recover the absorbing energy density from limited-view data.
o Correct the effect of acoustic attenuation:
e SVD approach;
e Technique based on the stationary phase theorem.

® Correct the effect of imposed boundary conditions.

® Quantitative photoacoustic imaging approach in the framework of small
absorbers.
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Photo-acoustic imaging

Mathematical formulation.

Acoustically homogeneous medium Q C R?, d = 2, 3; irradiated by
optical laser pulse.
Photoacoustic effect:
o OH
T:(X7 t) — G Ap(x, t) = fya(x, t), xeQ,teR;

Co: acoustic speed; «v: dimensionless Griineisen coefficient ; H: heat
source function (absorbed energy per unit time per unit volume).

~: a measure of the conversion efficiency of heat energy to pressure.

D1 =1,...,L,: absorbing domains inside the nonabsorbing background
Q.

Stress-confinement assumption = the source term modeled as

L
YH(x,t) = do(t ZX (DHAI(x),

=1

do: Dirac distribution at 0.
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Photo-acoustic imaging

® Pressure p satisfies

&%p

5)7()(’ t) — CgAP(K t)=0 xe€Q,te(0,T)

for some final observation time T, the initial conditions

L
plico=po =Y x(D)A(x) and 8:pleo =0,

I=1

and either the Dirichlet or the Neumann boundary condition (if Q:
bounded)
p=0 or @:0 on 9Q x (0, T)
ov T
® Neumann boundary condition: tissue/water interface; Dirichlet boundary
condition: tissue/air interface.
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Photo-acoustic imaging

® |nverse problem in photoacoustic imaging: determine the supports of
nonzero optical absorption, D; € Q,/ =1,..., L, and the absorbed optical
energy density times the Griineisen coefficient, A(x) = S, Ai(x)x(Dy),
from boundary measurements of the pressure on 99 (if Q: bounded) or
measurements on the boundary of a bounded domain if Q = R?.

® Final observation time T s.t.
T > diam(Q)/co .

® |nverse source problem.
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Photo-acoustic imaging

® Density A(x): related to the optical absorption coefficient distribution
pa(x) = 312y u(x)x(Dr) by

A(x) = ypa(x)P(x);

e &: light fluence

1 1
a— =V d=0 inQ
(1w 3V PR V) in
with the boundary condition
o® + 1o =g ondQ.
v

® 1 reduced scattering coefficient; g: light source; 1//: extrapolation
length.

® Quantitative photoacoustic imaging: A: nonlinear function of p..
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Photo-acoustic imaging

® Photoacoustic imaging in free space: Full-view setting
® o = 1; Support of pg: contained in the unit disk Q; 9Q: boundary of Q.
® Reconstruct po from the measurements g(y,t) = p(y,t) on 9Q x (0, T).

® Filtered backprojection formula:

po(x) = R"BR[po](x) ;

® R: spherical mean Radon transform
RIF(x,5) = — / Flx+ 56)dol(€), (x,5) € I x R ;
21 Joq

® For g:9Q x RT — R, Backprojection operator R*:

Rlel) = 5 [ B aogy),

e Filter B:
2 823’ 2 2
Blalixt) = | 5E(x,s)log(ls* — ) ds.
0
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Photo-acoustic imaging

® 3: symmetric and positive.

® Wave operator W: for g : 0Q x RT — R,

Wil = 2 [ L) o

Kirchhoff formula =

Rlpol(y, t) = WIpl(y, t),

Filtered backprojection formula — initial data py from measurements of
the pressure p on 9Q x R*.
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Photo-acoustic imaging

® Time-reversal imaging: applied in order to reconstruct the initial data
po(x) from measurements of g(y, t) = W[p|(y, t) for
(y,t) € 92 x (0, T).

® v: solution to

*v

o2 (x,t) — Axv(x,t) =0, (x,t) e 2 x[0,T],
v(x,O):a—‘t/(x70):O, xe,

v(x, t) = gg(x7 T —1t), (x,t) e 002 x [0, T].

® Time-reversal imaging function: I<Tll){(x) =v(x,T), xeQ,
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Photo-acoustic imaging

® Time-dependent fundamental solution:
1
s, t) = 5 [ Fulxoy) expli(e = )
21 Jg

e T, fundamental solution to the Helmholtz equation (A + w?) in RY
subject to the outgoing radiation condition.

e [ solution to

o°r
w(xvy7s7 t) - Ayr(x7y757 t) = _5X(.y)55(t)7 (y7 t) € Rd xR ;
r(X7y7s7t):%(X’y7s7t):07 yeRd7 t<s'

ar
g(}/7t):_/E(ZL}/’O:t)pO(Z)dza yeaQ7 t€[07 T]
Q
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Photo-acoustic imaging

® Retarded Dirichlet Green function:

&Ge

ot? (X7y757 t) - AyGC(X,y, S, t) = _6X(y)55(t)7
G°(x,y,s,t) =0, %%%&yﬁJ)=Q

GC(X7Y757 t) = 07

® Advanced Dirichlet Green function:

9*G* a

W(Xv}/’& t) - A,VG (Xa)/a S, t) = _5X(y)65(t)7
Gy s ) =0, O (xy,5,8) =0,

Ga(X’y7 s? t) = 07

® Time-reversibility of the wave equation:

(v;t) EQXR,

yeQ, t<s,
(y,t) €00 xR.

(y,t) €QxR,

yeQQ, t>s,
(y,t) €02 xR.

Ga(X7 .y7 57 t) = GC(X7 .y7 57 2s - t) = GC(X7.y7 t7 S) *
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Photo-acoustic imaging

e Symmetric Dirichlet Green function:

GOx,y,5:1) = 5 (60,5 OX((=00, (467 (x5, OIx((5,00))(1)) -

® G: contains both the causal and anticausal Green functions,
0°G
W(vaysa t) - AyG(X,}l,S, t) = 7(5)((_)/)65(1'), (y7 t) € Q x R7

G(X7_y757t):07 (y,t)G@QX]R

Mathematics of super-resolution biomedical imaging

Habib Ammari



Photo-acoustic imaging

. 7.
1 /7 9G(x,y,s, T
00 = =3 [ [ FEELED e T do(yes.
y

° =

1 /7 0G*(x,y, T,s

000 = 5[ [ PEEI T, T gdoty)as
y
)
0G(x,y, T,s
= [ BTy T gdo(y)as
o Joa Vy

-
0G(x,y,0,t
=[] 20 ndotya.
o Joa Yy

because G is even.
® g(x,t)=0fort>T and fort <0 =

0G(x,y,0,t
000 = [ [ 20D gy, dayyat
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Photo-acoustic imaging

o I(TIE{(X): gives a perfect image of po(x).

°
o) i oG, —
Irp(x) = 5 /Q f(z) /Rw " —ayy (X, ¥)lw(z,y)do(y) dw dz .

® |ntegration by parts over Q =

0G,
oq Ovy

(va)i(zvy)do—(y) :i(zvx)fcw(xvz) = H(X,Z)wa(X,Z) ’
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Photo-acoustic imaging

® G,: real-valued (t = G(x,y,0,t): real and even) =

3 [ Gzt =3 {Tolx 1)} = -3 {Mulx.2)}
T (x) = _%/QPO(Z)/RMS{FM(X,Z)} dw dz .
® From )
p /RwS{rw(x, z)}dw = —d;(x) ,
° =

278 (x) = po(x) -
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Photo-acoustic imaging

® Modified time-reversal imaging

® Use “free boundary conditions”:

vs(x, t) = — /69 %(x,y,s, t)g(y, T —s)do(y) .

e Forse[0,T],

v, dds d
pre (x,t) — Axvs(x, t) = gt ()g(x, T — s)dsa(x), (x,t) R xR,
vs(x,t) = 0, %(x,t)zo, xeRY, t<s.

doq: surface Dirac measure on 0X2.

® Modified time-reversal imaging functional:

;
I%)‘(x) = / vs(x, T)ds, x€Q.
0
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Photo-acoustic imaging

. I%)a' approximation of I"(FlF){'

® g.(y) = [g(y,s)e*ds: Fourier transform of g,
g.0) = v [ Tu(z.y)po(z) d2
Q
® Parseval’s relation =
;
or
000 = - [ [ Feler.0.0eltdo(n)at
o Joa
1 . _
= 5 ] Ty E oty
= 50 [ e [ [ ez )doty)duds
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Photo-acoustic imaging

® Helmbholtz-Kirchhoff identity:

| TelenFlzndot) = - 23 (ru(x2)} |
o

272 (x) ~ _lAdm(z)Aws{rw(X,z)}dwdz ~ po(x) .

™
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Photo-acoustic imaging

® Limited-view setting.
e Disposal data on S x (0, T), where S C 99.

® Restriction: not stable enough to give a correct reconstruction of po,

) = o [ [ [Smtmlon 0] togle = by = x ot do ().

® |nverse problem becomes severely ill-posed: regularized.

® Total variation regularization: regularized minimization problem,

. 1
”;l')" L [f] = §|\Bl/2 [R[po] — &] ||§2(5x(o,2))+”/HVP0HLl(m ;

~: regularization parameter.
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Photo-acoustic imaging

e Compensation of the effect of acoustic attenuation
® Attenuating medium: p, solution to

1 9°p, 14
?g ot? (Xa t) - Apa(X, t) - L(t)*pa(X7 t) - ?g E§O(t)p0(x)7

"t L(t) = \/%/R <K2(w) - %2) e tdy.

® Causal models for K(w):
e Power-law model
w

K=

w: frequency, c(w): frequency dependent phase velocity and
1 < ¢ < 2: power of the attenuation coefficient.
e Thermoviscous model:

+ ialw|*
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Photo-acoustic imaging

® Strategy:
o Estimate the solution p(y, t) of the non-attenuated wave
equation
TP . 1) — Dol 1) = & & so(E)en()
——(x,t) — X, t) = —— X
Cg 912\ PLX, Cg dt o\t)Po ;

from p,(y, t) for all (y,t) € 902 x R*.
o Apply the inverse formula for the spherical mean Radon
transform to reconstruct py from the non-attenuated data.
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Photo-acoustic imaging

Relationship between p and p,
Fourier transforms p = Fi[p] and p, = Fi[pa] satisfy

@+())wm J*wa)
and i
(A+KWYﬁM&wF:z§%mUX
= K
B(x, oK (w)) = C()T(w)ﬁa(x,w).

Estimate p from p, using the relationship p, = L[p],

— i w —iws > icgK(w)t
£0l6) = 5= [ e ™ o0 ded.

L: not well conditioned.

Regularized inverse of L via a singular value decomposition.

Asymptotic behavior of £ as the attenuation coefficient a — 0.
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Photo-acoustic imaging

® SVD Approach:

Llgl =" o1t d) ¢,

!

(1) and (t1): two orthonormal bases of L2((0, T)) and o/: positives
eigenvalues s.t.

L =30, O,
LoLlgl =%, 07 (%, @),
LLg] =3, 071, d)r .

® Approximate inverse of L:

Lol =" U’%(wl, S,

i

~v > 0: regularization parameter.
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Photo-acoustic imaging
e Coefficient of attenuation a: very small.
e Approximation of £ and £7! as a — 0:
Ljlg] = L[g] + (@) and  L55[¢] = L7[¢] + o(d),
J: order of approximation.

® Thermoviscous model:

L[](s) ~ %/0 <z>(1:)/IR (l—iﬂw) e 20 i) gy it

2
® From R
1 _1¢ 2 . _ 1 _1(s—1)
e 29w telw(t s)d — e 2 qat ,
V2T /R v \/ Coat
. a2
1 /wefécoaw%eiw(tfs)dw _ 785 ( 1 e*%(sq];z ) ,
V2 Jr Coat
o —
ac 1 too 1 G Ji
c z(1+—°8) —/ t e 2 «at dt
[¢] 5 0 5 ), (1) YT
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Photo-acoustic imaging

® |Introduce

1 [t , -0 i
N .
qﬂ~¢ﬂA o) e 2 @it dr,

® Quadratic phase and a: small = (stationary phase theorem)

Ziel(s) = S D el(s) + o().

Di[g](s) = (t'é())*(s).
® Approximation of order j of Lt

acp

LWl =, Li']l=v— (),

acp acp

L[¢] = ¢+7(t¢) +o(a) and L, 1[¢] w_i(tw)
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Photo-acoustic imaging

® Photoacoustic imaging of small absorbers with imposed boundary
conditions on the pressure

e Q: bounded smooth domain. Consider the wave equation in Q with the
Dirichlet (resp. the Neumann) imposed boundary conditions on
o2 x (0, T).

® Reconstruct po(x) from the measurements of %(X, t) (resp. p(x,t)) on
the boundary 9Q x (0, T).

e |dentify (well-separated) small absorbing regions from boundary
measurements: D;,/ =1,... L, absorbing domains inside the
nonabsorbing background €.

D)=z + 6B,

z;: “center” of Dj, By contains the origin and plays a role of a reference
domain, and §: common order of magnitude of the diameters of the D;.
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Photo-acoustic imaging

® Probe wave:
1 9°v
g or?
with the final conditions

—Av=0 inRYx(0,T),

av
Ot le=1

V|t:T =

® |ntegration by parts =

/ /,99 (x; t)v(x, t) do(x) d zL:/ Ai(x)Orv(x,0)dx .
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Photo-acoustic imaging

® Suppose d = 3. For y € R*\ Q, consider the spherical wave emitted by a
point source at y at time —,

8o (t—|—7' =yl

vy(x, t;7) = ° ) inQx(0,7T),

4r|x — y

T >

dlstizan) parameter.

® Suppose that

N1
A/(XZZ— (x—zY

J

LN
1 1

—2221— " /(x—z,) Orvy(x, 0; 7)dx
& D,

I=1

/ / (X t)vy(x, t;7) do(x) dt.
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Photo-acoustic imaging

® Determination of location: (L =1)

T»—>/ / (x, t)vy(x, t; ) do(x) dt
o0 0

nonzero only on the interval [7a, Te], 72 = dist(y, D)/co: the first T for
which the sphere of center y and radius 7 hits D and 7.: the last 7 for
which such sphere hits D.
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Photo-acoustic imaging

® Imaging with limited-view data.

® Reconstruction of the location z from boundary measurements of % on
5$x(0,T); Seon.

® Use as weights particular background solutions constructed by the
geometrical control method.
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Photo-acoustic imaging

® Geometrical control of the wave equation:
® T and S: geometrically control ;
® 3 C5(Q): cutoff functions.t. B(x)=1inQ €, ze Q.
® For any function w € H'(Q), there exists a unique
gw(x,t) € H3(0, T; L*(S)) s.t. v € Co0, T; L2(Q))nC0, T; H1(Q))

%— 5Av=0 inQx(0,T),

v=0 ondQ\Sx(0,T),

v=gw onSx(0,T),

v(x,0) = @ B(x)w(x), d:v(x,0)=0 inQ,

satisfies the final conditions
ov

S = — = 0 i Q.
Ve = 5l s "
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Photo-acoustic imaging

® Reconstruction procedure from measurements only on S:
T
/O /S%u, t)v(x, r)da(x)dt:/on(x)%(x,o)dx.

® Choice of w:
do (T - %)

W)= oy
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