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Quantitative thermo-acoustic imaging

® Quantitative thermoacoustic imaging:

o Reconstruct the absorption coefficient from thermal energy
measurements;

e Given several data sets = analytical reconstruction formula;

e Formula involves derivatives of the given data = unstable:
small measurement noises may cause large errors;

e Regularization technique = good initial guess;

e Optimal control approach.
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Quantitative thermo-acoustic imaging

e 4 solution of
Auvf 4+ (K2 + ikq)u* =0 in Q,
ut = g on 0.

® Thermoacoustic imaging problem: inverse problem of reconstructing the
absorption coefficient g from thermoacoustic measurements glu“]? in Q
for k € (k, k).

e g|u“|? in Q: heat energy due to the absorption distribution g.

® Heat energy generates an acoustic wave propagating inside the medium.
Finding the initial data in the acoustic wave from boundary

measurements — the heat energy distribution.

e Quantitative imaging: separate g from u.
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Quantitative thermo-acoustic imaging

® Polarization procedure to obtain more data:

* 1,8 € [(9Q). For j = 1,2, and k € (k, k), uf: solution of
K 2 g Nk
Auf + (k* + ikq)uf =0 in Q,
u}‘ =gj on Q.

e Function:
Ex(x) = q(x)us (x)uf(x),x € Q
can be evaluated from the knowledge of the data

gluf + u5|? and qliuf + uf]* < g = g1+ g and g = ig1 + &.

e Proof:

1 i
By = 5 (alui+us P —qlur*—qluz ")+ 5 (qlivy +uz|*~ qluf P~ qluz ).
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Quantitative thermo-acoustic imaging

® u: solution corresponding to (g )J 1 =1, xt,...,xd).

® Polarized data: £ = (Ef){] = (qufuf)!) V ke (kk).

® Proper set of measurements:
e Assume that g: compactly supported in Q and denote by Q'
its support.
e = There exist N > 1 pairwise disjoint open subsets _
By, B, ...,Bn of Q, and N frequencies ki, ..., kn € (k, k) s.t.
Q’CU 1BJ- CQand, foranyn=1,... N,
(i) |uf"| > 0in By;

(i) The matrix [uf”,Vuf"]lgjgdH is invertible for all x € B,.
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Quantitative thermo-acoustic imaging

® Proof:

e Fix an arbitrary point z € Q, assume that uf(z) = 0 for all
k € (k, k).

e ks uk(z): analytic = uk(z) =0 forall k e R = u¥(z) = 0.

e k=0andg=1= z)=1.

o = Forall z € Q, there is k, € (k, k) s.t. u(z) does not
vanish.

e By the continuity of uf, |uf*| > 0 in B,, a small neighborhood
of z in Q.

e : compact = one can extract By, ..., By from {B, : z € Q}
s.t. By,..., By cover Q, and hence (i) holds.

e (ii) can be proved similarly using the differentiability of the

determinant.
* (g Jc-'ill C L2(8Q): proper set of measurements on (k, k) iff the
corresponding (uf), j=1,...,d +1, k € (k, k) satisfy (i) and (ii).
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Quantitative thermo-acoustic imaging

® Exact formula:
® Proper set of measurements (gj)fjll.

e Fixne{l,...,N}. InB,,for2<j<d+1land1</<N,

Ek/
ki kioki ]
u' =o'y, o =

J J Ekl :
1

o Let 84 = (@' Vuy"). Then

-V g =KES" inB,.
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Quantitative thermo-acoustic imaging

® Proof:

e € CZ(B,,R): arbitrary function; Use pu; € H}(B,) as a
test function in

—Auf = (K + ikiq)uf
o =

/QwIVulk’ldeJr/QUTk’VUf’ -Wpdx:/(k’ + ikiq)|uy' [P pax

e Taking the imaginary part =

—/v \Sul’Vuf’)godx—/k/q\u1’|2<pdx:/k/E1k’<pdx.
Q Q
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Quantitative thermo-acoustic imaging
® Forall2<j<d+1land1 </ <N,

. k,
Va -(w 9 _ 2iqfB >:Ao/.” in B,

®Er T E /
® Proof: Fixje {2,...,d +1}. uf’: solution of the Helmholtz equation =
(k7 + ik,q)af’ ul = —A(af’ k’)
= (k' + ikq)ay; Mg — ul’Aak’ — 2Vl Vozk’
° =

fElk’Aaj’f’ = 2qu1'Vuf’ Vak’

(V|u1’| + ZIJUI’VUf’) Vol

J

= qV|uf’|2 . Vajf' = fElk’AaJ’f’ — 2igBk . Vaj-(’ .
Differentiating E;' = q|uf’ |2
VE! = qV|uf'P + Ef'Viogq.

o = (VE' - E'Vlogq) - Vo = —E{' Aol — 2ig8" - Vo' .
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Quantitative thermo-acoustic imaging

® The set {V(lj-(/}2§j§d+1: linearly independent for all x € Q.

® d=2:
det Vay _ ul'Vul — uVul
€ v ki - ki\a € k/v ki k/v ki
Qs (ug") uy'Vuy' — u3' Vuy

kixg , ki
uy' Vu,

= det
(uf)* < UVl — Ul
ki
k Vu
up' det [ IVl —luk’Vuk’ })
1 Vi3 3 Vi

ki ki
= L (uf’ det [ Vi, } + ul! det [ Vi ]

(ufry3 Vuy! Vuy!

Vuy
—ul! det [ k
Vs,

1 ul vy

= Tk det U;I Vug’ # 0.
(v ki ki
uz' Vg
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Quantitative thermo-acoustic imaging
o Ak = [Va +1]1<J<d invertible in B, =
1
V log — 2"’? = g
==
ak: vector (A" AR T AR (W - AN
® Evaluate g: split R® and & parts =

)

K k
q Vaq k k k E'S(a")
Vieg—/ = — —Vlog E;! = R(a"), pY=-—"7—".
Ef ™ q v =R 2q
e Differentiation =

W _ B'S(d)-Vq V- (E'S(a))
v. gl = . - :
2q 2q
° =
g - _ B+ ViogE) 3(a) ~ V- (£S("))
2Kk E;
_§R(ak’) -3(a") — V- 3(a")

2k
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Quantitative thermo-acoustic imaging

o Ak
Kk k 1d
A" = [Vajializ,
Ek
k
o~

and the data (Ej)J‘-ﬁ'll: given by proper set of measurements
{1,X1, e ,Xd}.

® Exact formula:

o a = (A A AT A
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Quantitative thermo-acoustic imaging

® Optimal control approach:

e Minimization ofthe discrepancy functional:

1 [k 2
J[q]za/ /|q|uk|2—E’<y dxdk
k JQ

o |nitial guess:

dk .

o — 1 A—?R(ak)-%(ak)+v-i‘y(ak)

k—k 2k
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Quantitative thermo-acoustic imaging

e Differentiability of the data map and its inverse:
e Let 0 < g <q. Let L°(Q): open set in L>(Q):

L‘f(Q):{pEL‘X’(Q):q<p<qinQ}.

e Fix k € (k, k). Define the solution and the data map as
ki LR(Q) — HY(Q)

g — u¥q]
FEolo@) — 2R
g — FKqgl=qlu*[q]?,

u¥[q]: solution of
Auk 4 (k% + ikq)uk =0 in Q,
uk=1 onoQ.

o Fk: well-defined + u* € C1(Q).
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Quantitative thermo-acoustic imaging
o u*: Fréchet differentiable in L3°(). Derivative at g given by

du*[q](p) = v*(p), Vp € By,

By C L°(82): open neighborhood of 0 (that depends on g) in L*°(£2) and
v¥(p): solution of

AV + (K + ikq)v* = —ikpu*[q] in Q,
vk=0 on9Q.

e Differentiability of F*:
(i) Fk: Fréchet differentiable;

dF¥[ql(p) = plu*[q]l> + 2gR(u*[q]V*(p)), Vq € LT(Q).p € By.

(ii) Dual of dF¥, dF¥": given by

(<" [al() = [ (alulalPh + ik [l (1) o
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Quantitative thermo-acoustic imaging

e p(h): solution of the dual problem
Dp* + (K + ikq)p® 2qu*[glh in Q,
p“ = 0 on 09Q.

(iii) There exists ¢ > 0 s.t. for all p € L?(Q)

k
/ 1dF“(q)(0) 2y K > cllol ey -
k
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Quantitative thermo-acoustic imaging
® Proof: It is sufficient to show that

k k k
u +pl—u —v
lim h(p) =0; h(p) = u“[q + [q] (P)li2(@) ’
1olioo @)=0 l[olloe ()

o u¥[q+ p] — u*[q] — v*(p) solution to
(A + K2 + ikq)(u“[a + p] — u*[a] — v¥(p)) = —ikp(u*[q + p] — u*[q]) in Q,
{ u“[q + p] = u¥[g] = v*(p) = 0 on IQ.
° =

Il @) I(+*Ta + 7] — ¥l .20
[ la+ o] = *la] = V' ()lli2ey < T @

o u¥[q + p] — u¥[q] satisfies
{ A(u¥[g + p] = u"[a]) + (K + ik(q + p))(u*[a + p] — u*[a]) = —ikpu*[q]
u“[q + p] — u*[q] 0
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Quantitative thermo-acoustic imaging

Hp”L"O(Q)HUk[q]”LZ(Q)
inf(q + p)

e Since dF*[q] = |u*[q]|*(/ + compact), it is sufficient to prove that

|u*[q + p] — Uk[CI]HLZ(n) <

ﬂke(K’;)KerdFk[q] = {0}

and then apply the Fredholm alternative.
® Assume there exists p € L*(Q) \ {0} s.t.

dF¥[gl(p) = 0

for all k € (k, k). By analyticity, it follows that dF°[g](p) = 0.
Contradiction: v°(p) =0 and u°[q] = 1.

® Regularity theory = u*[q] € L>°(Q) = dF*[q] can be extended so that
its domain is L?(9Q).
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Quantitative thermo-acoustic imaging

e J: Fréchet differentiable in g. For all g € L (Q),

dJ[al(p / / Half (alu ? — E¥) + Rikp*[q] ) dilk;

p*: solution of the dual problem with h = (q|u*|* — E¥).

® Gradient descent method to minimize J:
gV = 1q" - ndJ[Tq")],

n > 0: step size,
Tf = max{qg, min{q, f}}.

® |andweber scheme:
g = T\ —y / {dF*[Tq(")](Fk(Tq(")) — EX)|dk.

® Landweber scheme or equivalently the optimal control approach
converges to q«.
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