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® Mathematical and numerical framework for ultrasonically-induced Lorentz
force electrical impedance tomography:

e Ultrasonic vibration of a tissue in the presence of a static
magnetic field — electrical current by the Lorentz force.

e Current: depends nonlinearly on the conductivity distribution.

¢ Imaging problem: reconstruct the conductivity distribution
from measurements of the induced current.

e Solve this nonlinear inverse problem:

e Virtual potential: relate explicitly the current measurements
to the conductivity distribution and the velocity of the
ultrasonic pulse.

e Wiener filtering of the measured data: reduce the problem to
imaging the conductivity from an internal electric current
density.

e Optimal control approach.

o Viscosity-type regularization method.
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Lorentz force electrical impedance tomography
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Example of the imaging device. A transducer is emitting ultrasound in a sample
placed in a constant magnetic field. The induced electrical current is collected
by two electrodes.
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Lorentz force eIecgricaI impedance tomography
Bes

support of x — v(x, t) r support of the acoustic beam
1

er I — |

® [nteraction between v(x, t)§ and Bes: induces Lorentz’ force on the ions
in Q = separation of charges = source of current and potential:

Js(x, t) = Bo(x)v(x, t)7(€); 7(€) = & x e3; e*: elementary charge.
® Voltage potential u:

-V (6Vu)=V-js inQ,
u=0 on rlurz,@:O on lo.
v

ou

® Measured intensity: /(y,&) = o—.
r, Ov
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Lorentz force electrical impedance tomography

® Virtual potential:

-V -(cVU)=0 in Q,
U=0 only,

U=1 on I,

o,U=0 on [o.

U:=Flo] =

® Assume that the support of v does not intersect the electrodes I'1 and I'».

® [ntegration by parts =

—/O’VU-VU+ ng/js-VU.
Q r ov Q

I:/js-VU.
Q
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Lorentz force electrical impedance tomography

Link between the measured intensity / and o:

B
I = ps /Q v(x, t)o(x)VU(x)dx - 7.

® v depends on y, &, and t, so does /.

Define the measurement function:
My.6.2) = [ vlxiz/c)ol)V Ulx)dx - 7(€)
Ja
forany y € R® £ € Sand z > 0.

e Assume the knowledge of this function in a certain subset of R® x § x RT
denoted by Y x & X (0, zmax)-
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Lorentz force electrical impedance tomography

e Construction of the virtual current: Obtain oV U from M <+ separate v
from M.

e Ultrasound pulse:
v(x,t) = w(z — ct) A(z,|r]);
z=(x—y)-fandr=x—y—z6 €¢Te¢:={CcR®: (-£=0}.

e For any z € (O,Zmax)v

Mi.62) = [ [ wlz =)oV + 26+ NAE. rharde’ - 7(6)
R Tg

= [we=2) [ VO + Ze+ DA e 7(e)
R T&

= (Wxd,6)(2)-7(¢),

W(z) = w(—z); x: convolution product;

,¢(2) = /T oy + 26+ DAz, )V U(y + 2€ + r)dr .
RN
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Lorentz force electrical impedance tomography

® Deconvolution:

e Recover ¢, . from the measurements M(y, &, -) in the presence
of noise.

o Wiener-type filter.

e Assume that the signal M(y, &, ") is perturbed by a random
white noise:

M(y.€,z) = M(y, €, 2) + u(2),

: white Gaussian noise with variance 2 s.t.

Elu(2)u(z)] = 12do(z — 2')
and
E[F (1) (k) F (1) (k)] = v2d0(k — k') ,
where

fwwra%;/MAfhw.
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Lorentz force electrical impedance tomography

My.e(2) = (W xW,.¢) (2) + u(2),
Vye(2) = @,.6(2) - 7(6)-

® S(V,¢) =[5 |[F(V,.e)(k)|>dk: spectral density of W, ¢; F: Fourier
transform.

® \Wiener deconvolution filter in the frequency domain:

IFIW)P(K) + s, o

® Quotient S(V, ¢)/v%: signal-to-noise ratio.
® A priori estimate of the signal-to-noise ratio.

® Recover W, ¢ up to a small error by

Ve = F " (FM)L) .
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Lorentz force electrical impedance tomography

e Wiener deconvolution filter: recover D(x) = (¢VU)(x) from measured
intensities /(y, ).

® Recover o from D = oV U.

e Optimal control algorithm.
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Lorentz force electrical impedance tomography

® Fora< b, L3(Q2) :={f € L>*(Q) : a<f < b}; Define
F 1 L3Z5(Q) — HY(Q) by

V-(eVU)=0 inQ,

U=0 only,

Flol=U: U=1 onTls,
ou

E—O onro.

® dF: Fréchet derivative of F. For any o € L3°+(2) and h € L*(Q) s.t.
o+ he L),

V- (oVv) ==V - (hVFlo]) in Q,
dF[o](h) = v: v=20 onUT,
? =0 onlyg.

v
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Lorentz force electrical impedance tomography
® Proof: w = Flo + h] — Flo] — v satisfies
V- (oVw) = =V - (hV(F[o + h] — F[o]))

with the same boundary conditions as v.

e Elliptic global control:
1
IVwlliz@) < — llhlloo ) IV (Flo + ] = Flo])ll 2
e V. (oV(Flo+ hl — Flo])) = -V - (hVF[oc + h]), =

1
IV(Flo + h] = FloD)ll 2 () < 7z 1Al (@) IV Flo + hlll ()

® = There is a positive constant C depending only on Q s.t.

IV Flo + Al < €2

Vo

HVWHL?(Q) < C? Hh”im(ﬂ) :
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Lorentz force electrical impedance tomography

® Minimization of the functional: J[o] = 1 [, [0V F[o] — DJ*.

® Gradient of J: Forany o € L°(Q2) and h € L*°(Q) s.t. o+ h € L7(9),

dJ[o](h) = — /Q h((er}"[rr] —D-Vp)- V]—'[g]) ;

p: solution to the adjoint problem:

V- (0Vp) =V - (6°VF[o] — oD) in Q,
p=0 on r1Ur27

0
8—520 onlyg.
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Lorentz force electrical impedance tomography

Proof F: Fréchet differentiable = J: Fréchet differentiable. For
0 € L3=() and he L*(Q) s.t. o+ h e L7=(9Q),

dJ[o](h) = /Q (6V Flo] — D) - (hWFlo] + oVdFo](h)).

/Q oVp - VdFlo](h) = /Q (0*V Flo] = oD) - VdFlo](h).
/Qan-Vd]-'[a](h) - —/QhV]:[a]-Vp,

dJ[o](h) = /Q h(cV Fo] = D — Vp) - V.Fo].
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Lorentz force electrical impedance tomography

e Optimal control algorithm:
o min/ |oV F[o] — D|? + regularization term (a prior) :
o
Q

® o: smooth variations out of the discontinuity set =
regularized functional:

1
Jfo] = 5/Q|awr[a] - D|2+s|a\mm,

€ > 0: regularization parameter.

e Nonconvexity (numerically); high sensitivity to noise.
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Lorentz force electrical impedance tomography

Direct method
® Assume U(x) = xo g = U: solution of the transport equation:

Dt .-vU=0 in Q,
U=x on 0Q.

If transport equation: well posed and can be solved = we can reconstruct
the virtual potential U =

1 D-VU
o D

First-order equation: really tricky.
® Existence and uniqueness challenging if F: discontinuous.

® Characteristic method: unstable.
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Lorentz force electrical impedance tomography

Direct method
® Viscosity-type regularization method:
V- (el + (D (D"))VU. =0 in Q,
{ U: = xo on 0Q.
® Reconstructed image:

1 D-VU. 1.
= — —in L
- B — U*ln

as the viscosity parameter € — 0; o«: true conductivity.
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Lorentz force electrical impedance tomography

® (U, — U)eso converges strongly to zero in H3(Q).
® Proof:
e F:=D+.
(Ue = U)eso— 0 Weakly
For any ¢ > 0, U. := U. — U € H}(Q) and satisfies

v [(5I+FFT)V08] — AU inQ.

Integration by parts =

e/ |v05|2+/ |F-VUE|2:—5/VU~VUE.
Q Q Q

< [ 90901 < Ul [ 0

MNhr) — HY(Q)
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Lorentz force electrical impedance tomography

U.

od

< ||U .
iy < Ul

(U.)eso: bounded in Hi(Q); by Banach-Alaoglu’s theorem = extract a
subsequence which converges weakly to U* in H3(Q).

/(F-VUE)(F-VU*):—s/VU-VU*—&/VUE-VU*.
Q Q Q

€ =0, |[F-VU"[|j2q = 0. = U": solution the transport equation:

F.-VU* =0 in Q,
U'=0  ondQ.

® Uniqueness of a solution = U* =0 in Q.

e U*: independent of the subsequence = convergence holds for ..
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Lorentz force electrical impedance tomography

® Strong convergence:

/|v05|2§—/vu-v05.
Q Q

e U. —0in HYQ ﬁ‘lj
€ O() EH&(Q)
[ ]
1 _D-VU.
oe  |DJ]?

1 .
strongly converges to — in [*(Q).
o

*
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Lorentz force electrical impedance tomography
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Lorentz force electrical impedance tomography
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