H. Ammari Spring Term 2017

W Wu ETH Ziirich
S Yu Numerical Analysis II D-MATH
Mid-term test of Spring 2017
Problem 1 [15 Marks]

(1a) Locally solve the equation

t)=0
z(0) =1
by seperation of variables.
(1b)  Locally solve the equation
do(t) (1)
¢

by change of variables.
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(1c) Locally solve the equation

by the method of integrating factors.

Problem 2 [12 Marks]
(2a) Is the equation
tr* +x — 24 _ g
dt

exact in R?? Explain why.
(2b)  Prove that the equation

dr =«

—+-=0 2.1

AT @D

for t € [1,2] with (1) = 0 is exact with the potential F'(¢,x) = xt. How could (2.1) then be

solved?
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[8 Marks]

Problem 3
(3a) Is the following system of ODEs Hamiltonian?
dp
- = _q
dt
dg 3.1
at P
Find an invariant ' for (3.1), i.e., a function F' such that F'(p(t), ¢(t)) = Constant for all ¢.
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Problem 4 [12 Marks]

Consider p
T
— = f(t t 0,7
dt f(7x>7 e[ Y ]7 (4.1)
z(0) = o, zo €R

(4a) Does f(t,x) = x? satisfy the Lipschitz condition?

(4b) Does f(t,z) = a(t)z satisfy the Lipschitz condition? Is there existence and uniqueness
of a solution to (4.1)?

Problem 5 [8 Marks]

Let A be a 2 X 2 matrix.

(5a) Find the solution of

dz
— () =Az(0),  te[0.7T) (5.1)
z(0) = o, 7o € R%.
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(Sb)  Is the solution unique?

Problem 6 [5S Marks]

Let A be a2 x 2 matrix. Let C be a 2 x 2 matrix. Assume that C is invertible. Prove that the
solution of

dx B -1
— () =CAC™a(t),  te0,T], 6.1)
z(0) = o, zo € R?,

is given by
z(t) = Ce*Cay, t€0,T).
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