Exercise 1

The correct answers are:

—~ —~ —~ —~ —~ —~ —~ —~
~— ~— — ~ ~— ~— ~— ~—
—~ —~ —~ ~—~ — —~~ ~—~

_ O =~ D = = = O



Exercise 2

(a) (1 point) The tree diagram is the following.

s 1 — 1

(b) (3 points)We first compute the set of all equivalent martingale measures @ for S'. Define
@ = Q{wil, @ =CQ{w2}], ¢ :=Q{uws}l.
Then @ is an EMM for S! if and only if ¢1,g2,q3 € (0,1), ¢1 +¢2 +¢3 = 1, and
101(1 4 d)q1 + 101(1 4+ m)ge + 101(1 + u)g3 = 101(1 +r),

or equivalently

(1,492, 93) = (Z:;,O, . _d)
1

for some X € (0,1).

For the second part, recall that there are three possible cases

o If 3 = T—leQ [S2] for exactly one EMM @ for S, then the market is arbitrage-free

and complete,

o Ifs?= ﬁEQ [S2] for more than one EMM @ for S!, then the market is arbitrage-free

but not complete,

o If s% #* TL«EQ [gﬂ for all the EMMs Q for S, then the market is even not arbitrage-
free.

Hence we can do the following conclusions.

(i) For A € (0,1), let Q* be the EMM for S* given by

@abad) = (5.0.2) +a51,-2).

Then, since in this case % = 98 and thus

S%(wl) =0, Sf(wg) =3, Slz(wg) = 6,



we can conclude that s = ﬁEQx [S2] if and only if

58:3)\+6(§—)\§>:4—/\.

As a result, if s3 € (3,4) the market is free of arbitrage and complete, and otherwise
not even free of arbitrage.

(ii) For A € (0,1), let again Q* be the EMM for S! given by

1 2 1 2
A A A
» 42, = 77077> A _7>17_7)'
(q1, 42, 43) (3 3) TA=3 13
Then, since in this case % = 92 and thus

S%(wl) = 3, S%(WQ) = 9, S%(w;g) = 12,

we can conclude that s = ﬁEQ/\ [5%] if and only if

52 :3(%—%) +9>\+12<§ —A%) — 9.

As a result, if s% =9, the market is free of arbitrage but not complete, and otherwise
not even free of arbitrage.

(¢) (2 points) The unique (discounted) price process for H which admits no arbitrage is given
by VH = (VkH) where

k=0,1’
H H 1 2
H 1\t H
Vit =1 (99— 57)" and V4 Q|15 =509 =3

A replication strategy for H is then an admissible, self-financing strategy ¢ = (VL 91, 9?)
with 9 = (9 )0, for i = 1,2 such that 9 = ¥3 = 0 and

H=Vr(p) = Vi + 91AS] + 91ASE. (1)
In our context, admissibility is automatically satisfied. By condition (1), we then have

_2

H
3

+91(S] — S5) + 93 (St — S§)

0)
4 =2/3+91(95—101) +9%(0 — 1)
& < 0=2/3+91(101 — 101) + 92(0 — 1)
0=2/3+9{(104 — 101) + ¥3((104 — 101) — 1)
4=2/3— 691 — 2
&0=2/3 -3

0=2/3+ 3] + 203

and hence 9?2 = % and 91 = —%(% + 2%) - _%,

(d) (2 points) An arbitrage opportunity is an admissible, self-financing strategy ¢ = (0, v, 9?)
with 9 = (9% )0, for i = 1,2 such that 9§ = ¥3 = 0 and

IIAST +93ASE > 0, (2)
P[91AS] +93ASE > 0] > 0. (3)



Again, admissibility is automatically satisfied; hence we only have to focus on conditions
(2) and (3). For the first one, we have

01(S1 = Sp) + U3(SF — S5) = 0
0 < 9195 — 101) + 92(0 — 3)
&< 0 <9101 — 101) + 92(0 — 3)
0 < ¥7(104 — 101) + ¥3((104 — 101) — 3)
0 < —6091 — 392
&0 0< 302
0 < 391

1
& v3<0 and 9} e o, —?ﬁ]
Observe that choosing ¥ = 0, condition (2) is satisfied if and only if 91 = 0 and condition

(3) cannot be satisfied. As a result, an arbitrary arbitrage opportunity has to be of the
form ¢ = (0,9,9?%) with ¥° = (9})r—01 for i = 1,2 such that 9 = 9% = 0, ¥3 < 0, and

91 e [0, —%ﬁﬂ.

For instance one can choose 92 = —1 and 91 = 0.



Exercise 3

(a) (3 points) Start by computing the density process Z of Q* with respect to P:

_ g9\ £ 0 (T A%
Zk_E[ = ] () T(A-1 (EA n)E[A yl}

k 00 i -\ T—k

o) )
jl_Il Zz; 7!

T(A-1) S A= 1\TF

[
k T—k k

_ 70D < 11 A—Yj> ER ( 11 A—YJ)’
j=1 j=1

T
for k =1,...,T and Zy = eT()‘_l)E[)\_Yl] = 1. In (x), we used the i.i.d. property of
(Yj)f 1 and the fact that Y; is Fj-measurable for each j =1,...,T.

Since 4 dP - >0 P-a. s., we already have that Q* ~ P. One thus only has to show that S is
a Q*-martingale.

e Adaptedness is clear.
e For the integrability, first note that

Eq-[Yj] = E [ej(“) <ﬁ AY")%] = VE [)\*er_lE [/\’YlYl}
=1

S 1)( —AZ ) e(A-1) ( —(A—1)> = 1.

Hence for each £k =1,...,T, we can compute

k
Eq[|SH] = Eq-[Sk] = s —k + Y _ Eq-[Vj] = s < .
j=1

e It only remains to show the Q*-martingale property of S'. Fix k € {0,...,7 — 1};
then we have

B%es

Eq-[Sti1 — Stk = Eg«[Viey1 — 1|F%] EleADAYer1 (Y1 — 1)|Fi]
& Bl -DA Y (Vg — 1)]
= OV (ENY] - EAY)

— (1) (ef(Afl) _ 67(A71)> _,

where in (x) we use that Y;,1 is independent of Fj, under P.



(b) (1 point) For fixed j € {1,...,7T} and n € NU {0}, we can use that (YJ)]T:1 is a collection
of i.i.d., Poi(\)-distributed random variables under P to compute

T
Q*[Y;=n]=E []1 (v;=n} <eT<H> 11 )\_Yiﬂ
=1

= 0 (TLED) ) B[ty ()

1#]
T-1 A\ —-A -1 11
::eyxxf1)<ef(xfn> <A7L € > _e _1e

n!

proving that Y; is Poi(1)-distributed under Q*.

(c) (2 points) First note that since (YT,)JT:1 is a collection of i.i.d. Poi(1)-distributed random
variables under Q*, by the hint we also have that Z§:1 Y; is Poi(¢)-distributed under Q*,
forall £=1,...,T. Recall that H = ‘5’% — 5[1)’2 = !S% - S,i + S,i - 5(1]}2 and hence, since
St is a (Q*,IF)-martingale, we can compute

T 2
:EQ*[< > yj_(T_m) ]+\s,1_sg\2
j=k+1
T
:vm@[z:nywﬁ—%f:@—@+hﬁ—ﬁ?
j=k+1

St - ShP|A] + 15k - b’

As a result, the price process V@™ of H with respect to Q* is given by
VIR = ISk = sil* + (T = k)

forall k=0,...,T.

Since Q* is an equivalent martingale measure for (S, ', 5?), by the fundamental theorem
of asset pricing, we can conclude that the proposed enlargement of the market is free of
arbitrage.

(d) (2 points) Since S > s} —T > 1, we have that HY = (S})? — 1 P-a.s. Moreover,
(S7)* = 1= (Sp — 50)* + 25750 — (s0)° — 1 = 87 + 25750 — (sp)” — 1.
Hence choosing Vy := —((s§)? + 1) + 2(s{)* + S8, 9§ := 0% := 0, 9}, := 25§, and U3 := 1

for each k = 1,...,T, we obtain that the self-financing strategy ¢ = (Vp, 9!, 9?) replicates
HP . Indeed, for each k =1,...,T, we can compute

k k
Vi() = Vo + > _0JAS] + ) 93AS]
j=1 j=1

= ( — ((s0)* +1) +2(s0)* + S%) +253(SE— SY + (82 — 82)
= —((50)* + 1) + 2555 + S,

proving that ¢ is admissible (since S}, S7 > 0 for each k =1,...,T) and Vy(p) = HE.



Exercise 4

(a)

(2 points)Fix t > s > 0. Using that E[W;] = E[W;] = 0, the fact that the increment
W, — Wy is independent of Fs and has mean zero (since W is a Brownian motion with
respect to IF), and the fact that E[W2] = s, we obtain

Cov(Ws, Wy) = E[W Wy = E[Wy(W; — W) + W2 = E[E[W; — W, | Fs|Ws] + 5 = s.
If s >t >0, then Cov(Ws, Wy) =t by symmetry. In summary, Cov(W,, W;) = s A t.
(3 points) Note that X; = f(t, W;) for the smooth function f(¢,z) = (1 +t) exp(x), t > 0,
x € R. Hence, by It6’s formula,
1
dX; = exp(Wt) dt + (1 + t) exp(Wt) dW; + 5(1 + t) exp(Wt) d<W>t

1 1
dt + X; dW; + =X, dt
T+ ¢ + Xy t+2 t

1 1

Define the process L = (Lt);e[0,1] by

t 1 1
L, = — — | dW,.
t /0<1+u+2> W

By the hint, the stochastic exponential Z := £(L) is a (true) P-martingale. Thus, we can
define @ ~ P on F] by setting % = Z1. Then by Girsanov’s theorem,

1 1
+ 2) du, tE€ [0, 1],

- X,

N t
Wy =Wy —(L,W)y =W,
t r — (L, W)y H—/O <1—|—u

defines a Q-Brownian motion W= (Wt)te[O,l]- Therefore,

dX, = X, dW,

and since Xy = 1, we obtain X = £(W). We conclude that X is a Q-martingale.

(3 points) Define the martingale X = (X;)icjo,r) by X¢ = Elexp(Wr)|F]. For each
t € [0, T}, using that Wy — W; is independent of F; and N (0, T — t)-distributed (since W
is a Brownian motion with respect to P and F) and that W} is F;-measurable, we obtain

X, = Elexp(Wr — Wy) exp(W) | Fi] = exp(Wy) exp (%(T 1)) = 16,70,

where f(t,x) = exp (w + %(T - t)), t>0,z€R.
Applying 1t6’s formula, we find that for all ¢ € [0, T]

t
X = f(t, Xy) = Xo +/ %(8, Ws)dWs  P-a.s.;
0

note that the finite variation terms must vanish since X and W are continuous P-martingales
by construction. In particular, the stochastic integral process [ %(s, Ws)dWs is a (P, F)-
martingale and exp(Wr) = X7 = Xo + fOT %(s, Ws)dW, P-a.s. Hence, we can set

1
c:= Xg=exp (7T>,

2
Hy = g;’;(t, Wi) = exp (Wt + %(T - t))

As H is continuous and adapted, it is predictable and locally bounded and thus belongs to
L2 (W).

loc



Exercise 5

(a) (2 points) It is known from the lecture notes that
wr =W+ 2" e 0,1,
o

defines a Q*-Brownian motion W* and that S* satisfies the SDE

ds} = Slodwy.
By the product rule and the fact that SO is continuous and of finite variation,

ds! = d (51§0>t =51 dSY + 8%ds} = S} (rdt + o dWy).

(b) (1 point) Itd’s formula and the given dynamics of S! under P yield

1 1~ 1 ~ 1
d{=) =———dS} + —— d(SY;, = = (—pudt — o dW; + o2 dt) .
(51>t Gt gy e g erod)

Using the product rule, the given dynamics of §0, and the fact that SO is continuous and
of finite variation, we then obtain

N 1 ~ - 1 1~ ~
dSO:d<~SO> :Sod<~> +=—d8Y =8 ((c® 4+ 7 — p)dt — o dW,) .
t g1 . t 31, Stl t t (( N) t)

(c) (2.5 points) We first note that by part (a),

Sh =gk </ rdu—l—aW*) = S exp (aWt* + (r— %O’Q)t), t 0,7},
0 ¢

so that for 0 <t <u < T,

Sy ———— 1
Using (4) for w =T and t = Tp gives

. Sk 1
H =log §TT =o(Wp— W)+ (r— §02)(T —Typ).
To

Suppose first that t € [0, To]. As W7 —W7 is independent of F; (since W* is a Q*-Brownian
motion and t < Tp) and has expectation 0 under Q*,

_ 1
Vi, = Eg- [H/S% ‘ ft] = e TEg [J(W; —Wi,) + (r = 50%)(T = T)

7

1
= e (r—50") (T = Tp), t€[0,Tp). (5)
Now, suppose that ¢ € (Tp,T]. Using (4), we obtain

-~ Sh Sk S} 1 S}
Hzlogg—lT zlogg—f—i-logg—f =o(Wp—W/)+ (r— 502)(T—t)+log L

Q1
T t T tATH



With the same arguments as above,

Vi = Eq- [ﬁ/gﬂft}

1 St
— e_’”TEQ* oWy — W) + (7" - 502)(T —t) + log ~1t ]:t]
tATy
—rT 1 2 :S'th
S (O e RN ER T P o
tATy

In view of (5) and (6), we find that V; = V,59 = Vie' = o(t, S}, §tl/\To) where

o(t,z,y) =TT ((r - %02)(T — max(t,Tp)) + log $> , t€l0,T],z,y € (0,00).
Y

(d) (2.5 points) From the lecture notes we know that S} = S}exp (cW; — 302t) and SO =
exp(rt) for t € [0,T]. As a result,

_ 1 1 30
H® =log Nif = log ng =oWr+ <7’— 02>T,
0 0

and hence

Vi = Eo- [ﬁ°/§% ‘ ft}

We can thus write V; = v(t,S}) where v(t,z) = "% <log% +rT — 10¥(T — t)), for
0

t €[0,7] and = > 0.

By definition of V and Itd’s formula, H® = Vi = v(T, S}) and for all t € [0, 7]

t
Vi =o(t, S} = v(0,58) + %(u, Shyds! P-as; (7)
0

note that the finite variation terms must vanish since V and S' are continuous (Q*,F)-
martingales by construction. In particular, the stochastic integral in (7) is a (Q*,IF)-
martingale. We can thus set

~—

1
Vo :=v(0,8)) =e T (1" — 202> T,

o v 1y _ —rTi
1915 = 8x(t,st)—€ Stl

As 1 is continuous and adapted, it is predictable and locally bounded.



