Problems

function of the Normal distribution with mean g and variance o

The expressions for the probability mass function of the Poisson(\) distribution, and the density
2 may be useful:

A" a 1 (v — p)?
Ee and \/W exp (—T .

1. (10 points) For each of the following questions, exactly one answer is correct. Each correct

answer gives 1 point, and each incorrect answer results in a 1/2 point reduction. The minimal
possible total score for the full problem is 0. Some of the results may be useful in later

problems!

a) Let X;, X5, ... be an i.i.d. sequence of random variables with 0 < E(X?) < co. Which
of the following statements is a consequence of the strong law of large numbers?
1. limsup,,_, . X,, = +o0 almost surely.
2. lim, oo (X7 + -+ + X2)/n = 0 almost surely.
3. sup,>; | Xn| < oo almost surely.
b) Let ¢ and ¢ be the characteristic functions of two random variables X; and X5. What
does the identity theorem for characteristic functions tell us?
1. If p1(u) = po(u) for all u € R then X; and X5 have the same distribution.
2. If p1(u) = @o(u) for all u € R then X; and X, are equal almost surely.
3. If ¢1(u) = ¢a(u) for all uw € R then X; and X, are independent.
c) What does it mean for a statistical test to have significance level 0.057
1. The Null hypothesis will be accepted with probability at least 0.05.
2. If the Null hypothesis is true, then the probability to reject is at most 0.05.
3. If the Null hypothesis is false, then the probability to reject is at least 0.95.

d) The characteristic function ¢ of a Poisson()A) random variable is given by
1. p(u) = exp(u(e™ — 1)).
2. o(u) = exp(A(e™ — 1)).
3. o(u) = exp(A(iu — 1)).



e) Suppose a statistical test resulted in a p-value of 0.07. Which of the following statements
is correct?
1. The probability that the Null hypothesis is false is 0.07.
2. The Null hypothesis could not be rejected at significance level 0.06.
3. The Null hypothesis could not be rejected at significance level 0.08.
f) Suppose X, ..., X, are i.i.d. N(u,0?). What is the distribution of 1 S°7"  Xi=#?
1. N(0,1).
2. N(0,1/n).
3. Student t with n degrees of freedom.

g) Suppose X7,..., X, areii.d. Bernoulli(p) for some 0 < p < 1. What is the distribution
of Xi +---+X,7
1. Binomial(n, p).
2. Poisson(np).
3. Geometric(n, p).
h) Which of the following formulas is not correct in general?
1. P(AUB) =P(A) +P(B) —P(AN B).
2. P(LAUB) =P(A) +P(A°N B).
3. P(AU B) =P(A) + P(AN B°).
i) Which of the following statements is correct for any random variables XY with unit
variance, Var(X) = Var(Y') = 17
1. If Cov(X,Y) =0 then X and Y are independent.
2. If X =a+ bY for some constants a € R and b > 0, then Cov(X,Y) = 1.
3. If X =Y?2 then Cov(X,Y) =1.
j) What is the value of > 7~} 2+7

1. 2" — 1.
2. n?—1.
3. 2" —n.



2. (10 points) A team of particle physicists has performed a series of experiments using the
Large Hadron Collider (LHC) to study Higgs boson production. The total number of pro-
duced Higgs bosons is N ~ Poisson(\). Unfortunately, due to background effects, other
particles are also produced during the experiments. The total number of such particles is
M ~ Poisson(7), with M and N independent. The parameters A and « are nonnegative and
unknown.

The detector unit can only measure the total number of produced particles, X = M + N.

a) Show that X ~ Poisson(\ + 7).
Solution:
Method one By the properties of characteristic functions,

px(u) = oaren(u) = oar(u)pn (u) = exp(y(e"—1)) exp(A(e™—1)) = exp((A+7)(e"~1)).

The identity theorem for characteristic functions yields the result.
Method two We just have to compute

The result is just the probability mass function of a Poisson(A + 7).

The parameter of interest is A, which controls the number of Higgs bosons produced. To
proceed, further information about the background parameter v is needed. Therefore, the
physicists perform a separate experiment from which a random variable Y ~ N(v,0?) is
observed independently of X, where 0 > 0 is known.

b) The joint distribution of (X,Y") given the parameters § = (\,7) is of the form
Po(X =n,Y <2z2)= / f(n,y;0)dy.

Determine f(n,y;0).

Solution:

By independence and the form of the Poisson and Normal distribution functions, we
have

A+9)" i

( S EP N
P(X=nY <2)=PX =n)PY <z2)= L GNP
n! —o0o V2102



Thus

f(n,y;e)—wew’ﬂ ! o~ W=)%/(20%)
n'

Consider the likelihood function L(6) = f(X,Y;6).

¢) Find the maximum likelihood estimate (X,7) of (),7), knowing X and Y, in the case
where 0 <Y < X.

Solution: Change variables to (u,7y) = (A +,7). The log-likelihood then becomes

1
g(p,y) :==(w —,7) = constant + X log(pu) — pu — F(y _ 7)2‘

-~

The unconstrained maximizer is (Jlunconstrs Junconstr) = (X, Y'). Hence (Aunconstrs Junconstr) =
(X —=Y,Y). Since X —Y >0 and X > 0 by assumption, the unconstrained maximizer
coincides with the constrained maximizer. That is, (A,7) = (X =Y, Y).



3. (15 points) Consider a series of coin tosses modeled by a sequence Xp, Xs,... of iid.

random variables with P(X,, = 1) = P(X,, = —1) = 4. Here X,, = 1 signifies heads and

X, = —1 tails. Before each toss, you have the opportunity to bet an amount V,,. If the coin
comes up heads (X,, = 1), you receive V,,. Otherwise you lose V,,. Therefore the total gain
up to and including the nth toss is

G, = z”: Vi Xp.

k=1
Note that G, may be negative, which signifies a loss.

Suppose you use the following strategy: Set V) = 1. For k > 1, if X = 1 you stop, meaning
that you set V,, =0 forn > k+ 1. If X; = —1 and you have not yet stopped, double your
bet, that is, set Viyi 1 = 2V}.

Furthermore, let 7' denote the time you stop, 7' = min{k > 1 : X} = 1}, with 7' = oo if
X, = —1 for all k.

a) Compute G, for 1 <n <T.
Solution: Note that (Xy,..., Xy 1, X7r) = (=1,...,—1,1) for T > 1, and that V} =
2F=1 for all k < T. Thus, for n < T,

n n—1
Gn=>) 2" x(-1)==) 2"=1-2"
k=1 k=0

b) Compute G for T' < oc.
Solution: Since X = 1 and V7 = 27 we have from the previous problem, if 7' > 1,

Gr=Gr_ 1+ ViXp=1-2" 42T = 1.

If T'=1, then clearly Gy =1 x 1 =1. So in all cases, Gy = 1.
c) Compute P(T < 00).
Solution: Since {T'= oo} = {X,, = —1 for all n > 1} = ., {X,, = —1}, we have

n—oo n—oo

P(T =o00) = lim P (,Q{Xk = —1}) = nlggoIHP(Xk =—1)= lim 27" =0,

using the continuity property of probability measures as well as the independence of
{X,, :n>1}. Thus P(T < 00) = 1.

At this point you may feel that this is too good to be true—and indeed there is a catch:

d) Compute the expected maximal intermediate shortfall. That is, compute IE( lgnigT Gn).

Solution: From parts (a) and (b) we have G,, =1 —2" for n < T, and Gy = 1. Thus

_ {1—2T—1 T >1
min G,, =
1<n<T

1 it T'=1.
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Also, for n > 1,
P(T=n)=P(X; ==X, ;=—1and X, = 1) :H
Thus

E( min_G,) _1><—+Z —2n Ty x 2T =

1<n<T

[\DI»—t
+
i\g
o
|
|
38

To make matters worse, in reality you would face a limit on credit. Specifically, assume you
are only allowed to use strategies {V}, : n > 1} such that the gain satisfies G,, > —b almost
surely for all n, where b € (1, 00) is some fixed constant. Modify the above strategy so that
you stop as soon as there is a risk of violating the bound. That is, specify V) as before, except
that if you have not stopped at k, and G, — 2V}, < —b, then set V,, =0 for all n > k + 1.

Let T" denote the time you stop under this modified strategy.

e) Compute your expected gain E(G7v) under these new rules. In particular, how does
this depend on the bound b?

Solution: For 1 < n < T we have G,, —2V,, =1 —-2" —2 x 2"t =1 — 2" Thus
G, —2V, < -=b = n > log(1+b) — 1.

Let ng denote the smallest n for which this happens. Then 7" = T on the event
{T < np}, and T" = ng on the event {T" > ny}. Thus,

E(Gr) = E(Gr1l{r<ngy + GnoLir>ne})
=1 xP(T < ng) + (1 —2") x P(T > ng)
=1x (1=P(T >ng)) + (1 —2™) x P(T > ny)
=1—2"P(T > ny)
= O7

using that P(T" > ng) = P(X; = --- = X,,, = —1) = 27", This result is completely
independent of the actual value of the bound b!



4. (15 points) Celebrities Saylor Twift and Bustin Jieber are active on Twitter. Saylor has
a total of n followers. There is some overlap between Twift and Jieber followers: a fraction
v € (0,1) of Saylor’s followers also follow Bustin (that is, [yn] people follow both Saylor and
Bustin, where [x] denotes the integer part of a real number z).

Let A denote the event that Bustin tweets “Saylor Twift got a #beautifulvoice”. If
a follower of Saylor reads this tweet, then this follower will re-tweet Saylor’s tweets with
probability ps = 0.3. Otherwise, the probability is only ¢¢ = 0.1. Followers make tweeting
decisions independently of each other, and do not re-tweet each other’s tweets.

One day, Saylor tweets “today glimpsed a new world who knew that #statsrulez?”.
Let N denote the total number of re-tweets of Saylor’s tweet.

a) Assuming that A did not happen, find E(N) and Var(N).
Solution: If A did not happen, then N = X; 4 --- 4+ X, for i.i.d. random variables
X; ~ Bernoulli(gs). Thus E(N) = ngs, Var(N) = ngs(1 — gs).

b) Assuming that A did happen, find E(N) and Var(NV).

Solution: If A did happen, then N = X +-- -+ X+ Y+ - - +Y,_[,; for independent
random variables X; ~ Bernoulli(pg) and Y; ~ Bernoulli(gs). Thus

E(N) = [ynlps + (n — [yn])gs
Var(N) = [yn]ps(1 — ps) + (n — [yn])gs(1 — gs).

Suppose you work for Twitter and a colleague tells you the value of N. You are currently
offline and cannot check specific tweets. You are interested in if A happened or not.

c) Under each of the distributions in a) and b), show that

N —E(N)
Var(N)

converges weakly to the standard Normal distribution as n — oo, with pg, qg, and v
held fixed.

Hint: It may be helpful to write N as a sum of Bernoulli random variables. Furthermore,
you are allowed to use the following result:

Lemma: Let Uy, Us,,... and V1, V5, ... be two sequences of random variables that both
converge weakly to the standard Normal distribution. Suppose U,, and V,, are indepen-
dent for each n. Let g, € (0, 1) and assume lim,, o, = ¢ € (0,1). Then o, U,++/1 — 02V,
converges weakly to the standard Normal distribution.

Solution: (i): If A did not happen, then N = S, := X; +--- 4+ X, for i.i.d. random
variables X; ~ Bernoulli(gs). Thus, as n — oo,

N—E(N): S, —ngs L N0, 1)

VVar(N)  /n\/qs(1 - gs)
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weakly by the Central Limit Theorem.
(ii): If A did happen, then N = S Sﬁf), where

S — x|, 4 ... + Xy

n

n

for independent random variables X; ~ Bernoulli(ps) and Y; ~ Bernoulli(gg).
Method one The Central Limit Theorem yields

57(11) - [7 n]PS
V] V/ps(1 = ps)
S — (n — [yn])gs

V(n—[m]) Vas(1 - gs)

weakly as n — oo. Moreover, we have

N —E(N)
e = nUn + V 11— %Vna
Var(N) ¢ ¢

— N(0,1)

n.:

V, =

— N(0,1)

where

1/2
" Var(N) [yn]ps(1 —ps) + (n — [yn])gs(1 — qS))

(Eﬂ%ﬁyﬂ( (ymlps(L — ps)

ps(1 — ps) 1/2
- (71’5(1—]75)+(1—y)qs(l_qs)) € (0,1).

Since U,, and V,, are independent for each n, the lemma then gives the desired conclusion.

Method two If we do not one to use the hint we can prove this with Lindeberg’s
Theorem (4.4 page 63 of the Skript), define

X;—E(X;)

7 Var(N) ! S h/n]j
ni = Y[vn]+i*E(Y[vn]+i) Y
n| <i1<n.
\/Var(N) [’Y ] -

now we just have to check the three conditions

a) For fixed n the independence comes from the original model.

b) It’s clear that E (Z,;) = 0, E(X};) < oo and that > " | Var(X,;) = 1.

c) We just have to see that for all € > 0 and n big enough, 15 .~ = 0, thanks to the
fact that Var(N) - oo and 0 < XY < 1.

d) Consider the hypotheses

Null: The event A happened;
Alternative: The event A did not happen.
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In this problem, you should approximate the corresponding distributions of N by Nor-
mals with the same mean and variance. Show that one can find a most powerful test

at a given level a of the form

reject the Null <= |N +0.05n| > ¢

for some constant ¢. (You do not have to determine ¢; it depends on « and the distri-

bution of N under the Null hypothesis.)

Solution: Let p and o2 be the mean and variance of N under the Null hypothesis,
and let y; and o be the mean and variance of N under the alternative. The fy and f;
denote the corresponding Normal density functions. Under the Normal approximation,

the likelihood ratio is

filz) _ (2m03) "2 exp(—(z — po)?

(

+

folz) — (2mof) 2 exp(—(z — m)?

Thus, for some constants ¢;,

A I ey R T

fo(z) o o

= —exp

_ /
/(201)) oo

(

2 2
20§ 207

Since a) and b) and the given values pg = 0.3 and gg = 0.1 yield

o — o7 = [yn](ps(1 — ps) — qs(1 — gqs)) = 0.12 x [yn] > 0,

we may divide by Ui% — % > 0 to get the equivalent statement

2 2

2 2
100 — o
0y — 01

and upon completing the square,

0p — 01
2 2
H10p — Ho07
= lr-—— St > =c
0p — 01

Using again a) and b), we get

g — ooy = n [yn] psqs(gs — ps) = —0.006 x n [yn],

and thus
prog — ooy  —0.006 x n [yn]

o —or  0.12x [yn]

= —0.05n.

203)) o1 (z —po)* | (x—m)’
20% (_

)

The given test is thus most powerful by the Neyman-Pearson lemma, with a suitably

chosen ¢ depending on «.



5. (15 points) A common measure of the quality of an estimator is the mean squared error
(MSE). In this problem, you will see that the MSE may behave in unexpected ways. This
was first noticed by Stein in 1956 and developed further by James and Stein in 1961.

Fix n > 2. Let X = (X4, --,X,) be a random vector, where X1,...,X,, are independent
with X; ~ N(6;,1) for some unknown parameters 6 = (0y,...,6,).

a) Consider the estimator 0, = X, fori = 1,...,n, and set o= (é\l, - ,@\n) Compute the
mean squared error R
E([10 - 0%

Solution:

E(||6 — 8]|?) = IE( Z(Xi - ei)Q) =3 E((X: - 6)%) = Z Var(X;) = n.

Consider now the alternative estimator 6’5 = (815, ...,675), where
n—2

Z Xt T

b) Let h: R™ — R be continuously differentiable and such that h(z) = 0 whenever ||z|| is
sufficiently large (that is, for h(x) = 0 whenever ||z|| > C for some constant C'). Show

that
E((Xi - Gi)h(X)) —E <§Z (X)> foralli=1,...,n. (1)

Hint: Use that ¢'(t) = —tp(t), where ¢ denotes the N(0,1) density function.
Solution: It is enough to consider ¢ = 1. Then,

E((X: - 0)h(X))

S L P TR

/ Wy, ... an) (@1 — 01)d(x1 — b1)dzrdas - - - day,.

By the hint and integration by parts (using the assumption that A vanishes for large x
to take care of the boundary terms), we obtain

/00 h(zy, ..., x0)(xy — 01)d(x1 — 61)dr, = — /Oo h(xy,...,x,)¢ (21 — 01)dxy

e} o0

> 0h
= 81’1 (xla"'axn)gb(l‘l _Ql)dl'l.

Substituting back into the previous expression yields

]E((X1 - Ol)h(X)) ~E (gz (X)) .
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Equation (1) actually holds for more general functions h. In particular, for any i € {1,...,n},
one can take h(x) = z;/|x|* (setting h(0) = 0 and g—g(()) = 0), as long as n > 3. You may
use this fact without proof.

c) For n > 3, show that 6’8 has smaller mean squared error than 0. That is, show that
E(ll0 —0”|1*) <E(|0 - 0]*).

Solution: Compute:

n

n—2
10— 075> => " (0; — X; + ||X||2X)2
=1

. . (”_ ) 2
=Y (0;— X;)* +2(n—2) + — X
Z Zl HXH2 Zl | X[
~ a X, (n—2)?
16— 817 +2(n —2) TXE TR

i=1

Note that 57 (:E, /llz||?) = . Thus by (b) and the subsequent comment,

X; ) - - (I|X||2—2XE)_

E@ R X

Taking expectations of the above expression for || — 6752, we thus obtain

E([l6 — 6%1*) = E(|6 — 6]*) —2(n — 2>E<n|le|H2);H§||X||2) +E<(7’l|)_(”22)2)

= (18— 011) — (n ~ 2)°E (773

If n > 3, this is strictly less than zero, as required.
This result is counterintuitive, because the X; are independent. It is tempting to conclude

that “the quality of an estimate can be improved by simultaneously estimating independent
variables”. Food for thought...
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