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1. (7 points) Let X and Y have a continuous distribution with joint p.d.f.

r4+y for0<zr<land0<y<1,
flz,y) = .
0 otherwise .

Compute the covariance Cov(X,Y).

Solution
The marginal density function of X is

1 f
fX(”“"):/Rﬂx,y)dy:{g“ or0<z<l,

otherwise .
Hence
! 5 T 7
EX]= | afx(z)de = | 24+ -dz=—.
R 0 2 12
Similarly we have
E[Y] = .
12
Also,
E[XY] = / zyf(z,y)dedy
R
1,1
= / 22y + zy? do dy
0o Jo
1 2
y oy
= =4+ =d
/0 5 "o
1
=3
Hence
1

Cov(X,Y) = E[XY] - E[X]E[Y] = —.



Probability and Statistics Final Exam - Page 3 of 18 18.08.2016

2. (10 points) Test for a certain disease has 99% accuracy, namely, the probability of a
positive test is 0.99 when the tested person has the disease. Its false positive rating is
5%, i.e., the probability that a positive test is 0.05 if the tested person does not have the
disease. Suppose one in ten thousand people in the age group of Mr. T. has this disease
and suppose that Mr.T. is tested and the test result is positive. What is the probability
that Mr.T. has the disease?

Solution
Let us define the following events.

e A := A person in the age group of Mr. T has this disease.
e N := A person in the age group of Mr. T doesn’t have this disease.
e P := A person in the age group of Mr. T takes the test and the result is positive.

We want to compute the probability P(A | P). From the question we know that P(P |A) =
0.99, P(P|N) = 0.05, P(A) = 0.0001, and P(N) = 0.9999. Then by Bayes’ formula we
have
P(A|P):P<Amp): P(P|A)-P(A) _ L
P(P)  P(P|A) P(A) +P(P|N)-P(N) 506
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3. (7 points) Let X be a random variable with exponential distribution of parameter A.

(a) (4 points) Show that X satisfies the memoryless property, namely
PX>t+h|X>h)=P(X>t) Vth>0.

(b) (3 points) Compute
E[X |X >{].

Solution

(a) The p.d.f. of X is
fx(z) = Xe ™.

For any a > 0, we have

P(X >a)= / fx(z)dz = / Ae M dr = e,

Thus for all t,h > 0,

P(X>t+h X>h) PX>t+h)
P(X > t+h| X > h) = ¢ S ) ) _ (P(X>h)):e”:1@(xzt).

(b) Solution 1:
For a > t, we have
P(X <a,X>t) [ Ae?wd

PX <alX=t)= P(X>t) e =1—e0,

For a < t, we have P(X < a| X > h) = 0. By taking derivative respect to a, we
get
e M=t for x> ¢,

0 otherwise .

fX\th(l’) = {

Thus
E[X X > 1] :/

> 1
$fX|X2t(JJ) dz = / x)\e_)‘(m_t) de=t+ —.
R t

A

Solution 2: By the previous question, the conditional distribution of X — ¢, given
X >t is exponential with parameter \. Hence

1
E[X ]th]:E[X—t\th]th:Xth.
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4. (12 points) A random sample of n items is to be taken from a distribution with mean pu
and standard deviation o.

(a) (5 points) Use the Chebyshev inequality to determine the smallest number of items
n that must be taken in order to satisfy the following relation:

_ o = 1
P(]Xn —ul < Z> >0.99 where X, = ; X,

(b) (7 points) Use the central limit theorem to determine the smallest number of items
n that must be taken in order to satisfy the relation in part (a) approximately.

Solution

(a) By taking G(x) = 2% in Chebyshev inequality we have

- o\ _ EBl(Xn -] ElCL (X =)’ YL E(X—p)? 16
B(1%sl > Z) ST GAr T ey ey w

where in the third step we used the fact that X, ..., X,, are independent. This
implies

_ 16
P -l <2)21-="

n

Thus in order to satisfy P(|X, — u| < 2) > 0.99, it suffice to have 1 —16/n > 0.99,
which is n > 1600.

(b) Let us denote Z, = \/TH(YTL — u). By central limit theorem, the random variable
Z, can be approximated by the standard normal distribution. Let ® be the c.d.f.
of the standard normal distribution. We have

P(% 1< 7) =#(12 = 22 mo ) o) =20(40) 1.

Thus we need @(‘/TE) > 0.995, which implies n > 106.
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5. (10 points) (The weak law of large numbers.)

Let (X;);>1 be a sequence of random variables such that
E(X;) =0, and E(X})<c¢*<oo Vj=1,2....

Assume further that E(X,;X;) = 0if j # k.
Prove that X, := (3.7, X;)/n converges to zero in probability as n tends to infinity.

Solution
Let € > 0 be given. By taking G(z) = 22 in Chebyshev inequality we have

B[(X.)%

Pl 2 ) < -1

Now let us estimate E[(X,)?]. We have

s = LE[($ )] - A(S e s 3 wi) <

Thus

which implies
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6. (12 points) Suppose that Xi,..., X,, form an i.i.d random sample from Gaussian distri-
bution with unknown mean g and variance o2. We know, however, that mean and the
standard deviation have the same value, i.e.,

p=o=:40.
(a) (10 points) Compute the Maximum Likelihood Estimator HE\Z)LE of the common

value of the mean and the standard deviation.

(b) (2 points) Show that as n tends to infinity, G(M”)LE converges almost surely to the
true value of 6.

Solution

(a) Let

10)= Yo (e (<55 -1)))

By taking derivative respect to 6, we have

L) = —% <n92 - ixi(xi - 9)).

By setting L’ (HJ(\Z)LE) = 0, we conclude that OE\Z)LE is a solution of the following
quadratic equation, ) )
0> + 60X, — S, =0,

where

~ 1 n ~ 1 n

Since GE\Z)L g > 0, it is given as the positive solution of the above quadratic equation,
ie,

o L[ o . =
o = 5 [-Xﬁ (Xn)2+4sn} .

(b) Note that {X;}; is an i.i.d. sequence with mean § and variance 6?. By the strong
law of large numbers, we have

X, = E[X)]=0, S,—E[X]]=Var(X))+ (E[X;])* = 26

with probability 1. Hence,

1
o\ L — 5 |0+ VP8 =0,
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7. (10 points) Suppose that X = (Xi,...,X,,) form an ii.d. random sample from the
Bernoulli distribution with parameter 6, which is unknown (0 < 6 < 1). Suppose
also that the prior distribution of 6 is the Beta distribution with parameters a > 0 and
B > 0. Prove that the posterior distribution of 0 given that x = (x1,...,x,) is the Beta
distribution with parameters o+ o x; and f+n — Y - x;.

Solution

First we calculate the joint p.f. of Xy,---, X,,,6:

n—y F(Oé + B) a—1

Ixie xn0(@1, - xn,0) = 2Y(1 — x) Wm (1—=)"
~ Tla+p) LoHy=1(] _ p)Btn—y-1
“Tre’ Y

where y = x1 + - - - + x,,. So that the marginal p.f. of Xy,---, X, at (1, -+ ,2,) is

/1 ['(a+ B) a+y—1(1 _ x)ﬁ-l-n—y—ldm _ D(a+ ) T(a+y)l'(B+n— y)_

T(a)T(B)" T(@I(B)  T(a+p+n)

Thus the conditional p.d.f. of # given z,--- , x, is

F(Oz + B + n) J}a+y_1(1 _ l,)ﬂ—i—n—y—l

Jolor @ (1) = a4+ y)T(B+n—y)

which is the Beta distribution with parameters a +y and 8 +n — y.
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8. (12 points) Suppose that a random sample X = (Xi,...,X,) of size n is taken from
a Poisson distribution for which the value of the mean 6 is unknown, and the prior
distribution of # is a Gamma distribution with parameters o, 5 > 0 for which the mean
is po, i.e. by the expected value formula from item (32) of the formula sheet, g = a/f.

(a) (8 points) Show that the posterior distribution of 0 is again Gamma with parame-
terso/ =a+Y . x; and B = [ +n.
(b) (4 points) Show that there is a constant vy, such that

E[ 6 | X ] = (the mean of the posterior distribution of ) = v, X,, + (1 — v, ) o,
where X, = (3°1_, X;)/n. Also show that
lim ~, = 1.

n—oo
Hint: You may use the expected value formula from item (32).
Solution

Assume that the prior distribution of © is a gamma distribution with parameter «, (3,
we know that the mean o/ = po. The joint p.f. of Xy,---, X, 0 is

n ewl /Ba
. -0 a—1_-30
le,"',Xnae(Il"'. ’xn’e) o He xl' ].—‘(04)9 ‘

B gEnnta—1 —(B+n)0

" T(a) [[ !
So that the marginal p.f. of Xy,--- , X, at x1,--- , 2, is
/oo o g+ ,~(B+m) gy _ o F(CW)
o (o) ]]! Do) [Tz g
where o/ = Z,n + « and 8’ =  + n. Thus the conditional p.d.f. of © given Xy, ---, X,
is

e

 fxie xee(Xy, e, X0, 0)
f(0) = e

(o) [TX g’
_ B e
INGD)

Hence the posterior distribution of © is the gamma distribution with parameter o’ and
[, Its expected value is

X,n+ o
b+n

n — (0% n
= X,+-(1-
B+n 5( 5+n)

which tends to 1 when n — 0.

E[O]X]=d/f =

_ n
where v, = T
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9. (10 points) Suppose that X7, ..., Xjgo form an i.i.d random sample from the normal dis-
tribution with unknown mean p and known variance 1, and it is desired to test the
following hypotheses po = 0.5, i.e.,

Ho: p=po,  Hi: p+#po.

Consider a rejection region, o
R = {Xn g [01762] } )
where X, = (3, X;)/n and the constants ¢; < ¢y to be determined by you. We reject
the hypothesis Hj if the observation is in the rejection region R. Let
m(p) :=P(R |p) = probability of rejection if the mean is equal to p.
(a) (5 points) Derive a formula for m(u) in terms of ¢, ¢o, u and the error function ®
given on the first page of the formula sheet.

(b) (5 points) Determine the values of the constants ¢; < ¢ so that 7(0.5) = 0.10 and
the function 7(u) is symmetric with respect around the point p = 0.5.

Solution

(a) Given that the mean of X is y, X, is normal with mean p and variance 1/n, hence
Y := /n(X, — u) is standard normal. The function ® is the c.d.f. of Y.

R =A{Y ¢ [Vn(c1 — p), Vn(cz — )]},

thus

() = @(Vn(er — p) + 1 = 2(Vn(ez — p)).

(b) The function 7(x) is symmetric with respect around the point g = 0.5 implies that
cs — 0.5 = 0.5 — ¢q, which also implies that

1 = ®(v/n(c; — 0.5)) = ©(v/n(cr — 0.5)).

Since 7(0.5) = 0.10, ®(y/n(c; — 0.5)) = 0.05. We find in the formula sheet that
®1(0.05) = —1.64, hence 10(¢; —0.5) = —1.64, namely ¢; = 0.336, and ¢ = 0.664.
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10. (10 points) Let (A,)n>1 be a sequence of independent events in a probability space.
Suppose

> P(A,) = .
n=1
Prove that
P(Mgen Unsidy) = 1.

(This is known as the second Borel-Cantelli lemma. In the proof you may use the fact
that 1 +x < e” for all z € R.)

Solution .
Let us first fix k£ € N. Note that >  P(A,) = co. We also have
n=~k

1~ P(Upsi A,) = P(Nisi A2) = [T (A9 = [(1 - P(4)),

n>k n>k

where in the second step we used the fact that (A4,),>; are independent. Since 1 —P(A,,) <

e ) we know

1—P(Upsp Ay) < e 2nziFA) —

Thus IP’( Upsk An) =1 for any k£ € N. Then monotone convergence theorem gives

P(rjkENLJnZkaJ ::;EEDP(LJnZk44n) =1.
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FORMULAE SHEET

1 xX
O(x) = Nz / e dz, zeR

Let ®~! be its inverse function. Then,

®71(0.1) = —1.28, ®1(0.05) = —1.6449, & '(0.01) = —2.329.

—_

. A probability space (€, F) is a set Q and a sigma-algebra F of subsets of 2. An
element A of F is called an event. A probability measure

P:F —[0,1],
is a a countably additive, measure.
2. For any disjoint events {A;}; (i.e., A; N A; = 0 whenever i # j),
d
P (UL, A) =) P(A).
i=1

3. P(AU B) = P(A) + P(B) — P(AN B).

4. Permutations. Selection of distinct objects with order but without replacement.

0<k<n.

5. Combinations. Selection of distinct objects without order and replacement.

n!

e = i (n— k)’

0<k<n.

6. Conditional Probability. A and B are two events with P(B) > 0.

P (AN B)

PAIB) =

7. Two events A and B are independent if P(AN B) = P(A) P(B).

8. Total Probability Formula. For any partition {B;}; (i.e., B; N B; = () whenever i # j
and Ule = Q),

P(4)= Y B(A| B) B(B).
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10.

11.

12.

13.

14.

15.

16.

17.

Bayes Formula. For a partition {B;}%,, (see item 8), an event A and an integer
ied{l,...,d},
A| Bi) P(By)

P(4)

P
B(Bi| )=
and P(A) is calculated by item 8.

Random Variable. r.v. X : (Q,F) — (R, B) is measurable, where B is the set of all
Borel subsets of R.

Bernoulli Distribution with success parameter p € (0,1). X € {0,1} and

P(X=1)=p, E(X)=p, Var(X)=p(-p).

Binomial Distribution with n trials and success parameter p € (0, 1).
X e{0,1,...,n}

P(X =k)=Cpp p"(1 —p)" ™%, k=0,1,...n,
E(X)=np, Var(X)=np(l-p).
Poisson Distribution with parameter A > 0. X € {0,1,...}

/\k
P(X = k) = e k=01,...,
E(X)=AX Var(X)= A\

Infinitely often, i.0. For a given countable sequence of events {4;};, the set {4; i.0.}
is defined by
{A;i0} =02 Ur . An.

Borel-Cantelli Lemma 1. Suppose that {A;}; satisfy
> P(A;) < 0.

Then, P({4; i.0.}) = 0.

Borel-Cantelli Lemma 2. Suppose that {A;}; are mutually independent and satisfy
> P(A;) = 0.

Then, P({4; i.0.}) = 1.

Cumulative Distribution Function c.d.f. For a r.v. X,

Fx(z) =P X <z)=P{weQ : X(w)<z}), zekR

A c.df. Fx(x) € [0,1] and it is non-decreasing, right continuous with left limits.
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18.

19.

20.

21.

22.

23.

Probability Density Function p.d.f.
d

fx(z) = d—FX(a:), whenever it exists.
x

A p.d.f. fx is non-negative and
P(X € A) :/ fx(z) dz, A€ B.
A

In particular, [, fx(z) dz = 1.

Joint c.d.f. For two random variables XY,
Fxy(z,y) =P(X <zandY <y), z,yeR

Then,
Fx(z) =lim Fyy(z,y), and Fy(y)= glclTr;lo Fxy(x,y).

yToo

Joint p.d.f. For two random variables X, Y,

2
fxy(z,y) = o 8yFX’Y(x’y) whenever exists.

Then, . .
fx(z) :/ [fxy(z,y) dy, and fy(y) Z/ fxy(z,y) d.

Conditional p.d.f. For two random variables X, Y,

_ Ixy(z,y)
fX|Y(x|y) T fY(y) :

Independence. Two random variables XY are independent (denoted by X L Y) if for
every Borel sets A, B, the events {X € A} and {Y € B} are independent.

X LY if and only if Fyxy(z,y) = Fx(x) Fy(y) for every x,y € R.
When a joint p.d.f. exists, X L Y if and only if fxy(z,y) = fx(z) fy(y) for every
x,y € R.

Continuous Bayes Theorem. For two random variables X, © with a joint p.d.f.,

_ Ixje(z 1 6) fo(0)
fx(z) ’

forx (0| z)

and fx(x) is computed by,

fx(z) = /_Oo fxe(z,0) do = /_Oo Ixje(x]0) fo(0) db.
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24. Expected Value. X is an r.v.,

E(X) ::/QX(w) dP(w), (general),
E(X) := Z x; P(X =x;), (discrete),

E(X) := /Ra: fx(z) dz, (when p.d.f. exists).

For a “nice” function g (all bounded, measurable and more),

Elg(X)] = /Rg(:c) fx(z) dz, (when p.d.f. exists).

25. Conditional Expected Value. XY r.v.’s with a joint p.d.f., for a nice g,

EG(X) |V =)= [ (o) frlaly)ds.
26. Variance and Standard Deviation
variance of X = Var(X) := E[X?] — [E(X)]* = E [(X — E[X))?],
standard deviation of X = ox := y/Var(X).

27. Covariance and Correlation

covariance of X and Y = Cov(X,Y) :=E[(X — F[X]) (Y — E]Y])],
XY
correlation of X and Y = Corr(X,Y) := ME —1,1].
Oox Oy
We have
Var(X +Y) =Var(X) 4+ Var(Y) + 2Cov(X,Y).
28. Jensen’s Inequality. For a convex function ® : R — R,

¢ (E[X]) < E[®(X)].

29. Moment Generating Function. For a r.v., X,
U(t):=E[e¥], teR.
U(t) could be +0o. When it is finite near the origin,

B[ X*] = Zw()
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30.

31.

32.

33.

34.

Exponential Distribution with parameter A > 0. X € R, := [0, c0),
@) =Xe™, >0,
and fx(z) =0 for all z < 0 and

1 1
E(X) = T Var(X) = beh

Gaussian Distribution with mean p and variance o%. X € R,

fx(z) = \/%U exp (—% (I;M>2> . zeR

Denoted by X ~ N(u,c?). Then,

X —p
g

X ~N(p,o0?) & Z:=

~ N(0,1).
N(0,1) is called the standard normal (or Gaussian).

Gamma distribution with parameters a, 5. X € Ry := [0, 00),

fx(z) = % 1 e 4> 0,

and fx(z) =0 for all x < 0. Here I'(«) is the Gamma function and for integer values

I'(m)=(m-—1)L N
EX)=-, Var(X)= 7

Beta distribution with parameters a, 5. © € [0, 1],

foll) = Fogr 0 (=00 €]
and fg(0) =0 for all 6 & [0, 1].
o« B af
E(©) = a+ 3’ Var(®) = (a+8)2 1+a+p)

Chebyshev’s Inequality. For a r.v., X and a increasing function G, a real number a
with G(a) > 0,

P(X >a) <
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35. Law of Large Numbers. Let {X;}; be an i.i.d. sequence. Set p := E[X}], 02 := Var(X;)
for any ¢,

_ 1 —
X, = — Xi, Z,:=—|X,—pul
" ;:1 [ g

g

Then, weak law of large numbers state that X,, converges to 4 in probability and strong
law states that the convergence is almost surely.

36. Central Limit Theorem

The distribution of Z,, converges to the standard Gaussian, i.e., for every continuous
and bounded function ¢,

lim Ep(Z)] = o= [ elo)ew(-) v

37. x-Square (x?) Distribution.
x? distribution with m degrees of freedom is the Gamma distribution with parameters
(m/2,1/2). Denoted by x*(m). In particular,

X~N(0,1) = X*~x*1),

Xi~N(0,1) idid = ) X7~ *(m),

i=1
38. Student ¢ distribution.
If Z~N(0,1),Y ~x*m), Z LY, then,
7

VY/m'

has ¢ distribution with m degrees of freedom. Denoted by t(m).

Its density is given by

. 2\ —(m+1)/2
fT(t)Z\F/(TSI—%% (1+:—n) , teecR.

39. If {X;}, are iid. with N(i,0?) distribution. Let X,, as in item 35. Set

Then, X,, 1 S? and

has t(n — 1) distribution.
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40. Two sided Confidence Interval. With the notation of item 39,

— o [(14+v\ o
A=X,-T4 | —L) =—,
”‘1( 2 )ﬁ

— o (14+7\ o
B:=X,+T7} (—) —

where T, is the c.d.f. of the ¢ distribution with m degrees of freedom, T, is its inverse
function, parameter v € (0,1) is the confidence level.

The interval (A, B) is y-level two sided confidence interval.

41. One sided Confidence Interval With the notation of item 39,

A

X =T, 5(7)

n—1

Q. §J‘ Q.

[
s

B: nt+ Tn_—ll (7)

B

The interval (A, o) is a y-level upper confidence interval.

The interval (—oo, B) is a ~-level lower confidence interval.

42. Change of Variables Formula Let X = (X7, ..., X,,) have a continuous joint distribution
fx(z) for z € R™. Let Y = AX for some non-singular square matrix A. Then, the
probability distribution function of Y is given by,

1 1 .
fY(y):fo(A y), ye€R™



