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I.et ( B
,
t
,
-

,
-

, 0,1 ) be a Booléen algebra .

DI An idéal I in B is a non - empty prope subset of B

with the following properties :

• 0 c- I but 1fI.
If we I and ve I

,
then lettre

I.For all we B and all we I
,

w - u e I

Rémy : The Third condition is équivalent to WEB
,

WEI
,
w En ⇒ we I

P fi Since w Eu
,

W -- w - u e I D

We considére the Booléen algebra (Plus , U ,
M
,
-

,
Q
,
w )

.

Claire : The set of all fuite subnt, of w , dental by Io, is an ideal

P t '

.

. 0 C- Io
,

tu -4 Io

• Let le
,
v be fuite subulés of w .

Then u Uv is also fini te

- (et we#w)
,
we Jo .

Then wnu Eu and is this fini te D

¥ : We call this ideal the Fréchet ideal

Def : A filter F in B is a non - empty proper
sub set of B with the following

properties :

• 0ff but le F

. If he f and ref
,
then u - ve f

> For all we B and all u E F, w the F

Rema The lost condition is Equivalent to we B
,
nef

,

ws
, n ⇒ Wtf

Pf : Since in Ew
,
w = utw e- F D

Remacle : Note that the notion of filter is the dual notion of the one of ideal ,



¥ : If I is an ideal in B
,

I* : = {- u : ne I } is called the dual filter of I
.

Def : If f is a filter in B , then
t'
*

i. = f- u : ne f } is cahed the dual idéal of F
.

Def : the dual filter I.
*
:-. { × Ew : wlx is fuite } of the

Fréchet idéal Io on Pcw)

is celle d the Fréchet f- Iter .

Définitions : Lep I be an idéal in B and F a filter in B
.

I is called : . trivial if I = { 0 }

. principal if I we B i I = {vit En }

. prime if H
UEB

,
eithev ne I or - ne I

F is called : .
trivial if f- = fr}

- principal if I we B i F = { v : t > le }

-
an ultra filter if H ne B ,eitheuc-r-or-UEF-dealsandf.tt#verw:Weconsicleu

the Bouleau algebra ( Pcw)
,

U
,
M
,
l
, 0, w ) .

A set I E Pcw) is an
idéal over

in if Hx, y Ew :

- C- I and we I

" ( XEI Aye I ) ⇒ XUYEI

- (XEIVYEI ) ⇒ xny C- I

A set F is a f. Her over in it Hx, y Ew
:

. 0ff and we F

- (X C- F1> c- f) ⇒ Xhy c-

F.(XEFV> c- f) ⇒ × Uy C- F

Remontes : . the trivial ideal over wis {03 and
the trivial filter over in is {w}

• For any
non - empty Sublet × Ew ,

Fx : = { y c- Peu) : y 2 x ) is ce principal filter

and the dual idéal Iw* '

- = (E)
*

= {ze Pcw) : wlzefx } = { 2 c- Plus iznxz 0}

" ce principal ideal .
En particulier, if x -_ { a } for some crew

,
then Fx is a

principal ultrafilter and Inn is a principal prime ideal .



Yim : Every principal ultrafilter over W is of the forme

{a} = { YEPCW) : la} E y 3 for some aew

w

Iot : ↳t f be a principal ultra tilter ange
it is principal 7- 4 Ew such that

F = { v : V ZU } ,

Take y ç U .

Because F is an ultrafilter éther y c- F or

PCW) ly E F .

The first can is not possible
,

this the second case must
hold and

then YE UE Pcwlly § .

Thu
, y In

and conséquent ly le consistes of a singleton .

D

Reine : We dénote that the Fréchet filter is neithu a principal filter nor a ultrafiltre
.

Similady , the
Fréchet idéal is nei then prime non principal .

We consister now ultrafilter, over arbitriez non - empty sets 5
.

Fact : Leth be an ultratilter over 5
.

a) If {Xo , . . . ,
K - i } E FCS ) for some new such that Xo U . . - Uxn - ,

E U and for any

distinct i.j en , we
have Xing ¢ h , then there is a unique Ken

such that Xx
C- 4

.

b) If X E U and 1×14,2
,
then there is a propos

snbset y § x such that y en

c) Ff 4 contrains a fini te set
,

then U is principal

P f ! a) Existence : Assume Xu E 4
H Ken .

Thon
,

- Xu EU H Ken ,

which implore, that

- Xo n - - -
M - Xn-

,
= - ( Xo U . . . Uh . . ) E U

⇒ Xo U - - - U Xn - i EU §

Uniquement : Conisideu i.j en distinct .

Assume X: EU and f- EU . then Xing en §

b) If for ewYpwpusuh.at of × , y çx,
we have yet U -

Then - y en
⇒ ¥×

-Y =
- ¥ !

= - X e U ⇒ × ¢ U § Since 1×172
,

the existence est prope tubsets
in U il enswned .

I since 1×172

c) tel tt = fa , , . . .
,

on } be a fuite set in U . By fact 1 , we have that 7 ! k such that

{akfth . Flan } EU
: Take ye Feu» .

Then y Ulaid = y en by the Third pnpéty of a f. Iter
.

Since U is a ultra tilter
,
each x t - feu» does not Lelong to U - they

,
U = Fgqc , and K

is principal .
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UHmfittevtheoruni-T.fr is a f. Iter over a set S
,

then F can be extended

to an ultraf- Iter

We introduire the following définitions :

Défi (et S be a set and B a set of binary function, ( i. e. with values 0 or 1)

defined on fuite subsiste of S .

We soy that B is a binary mecs on S if B Satis Ges :

a) For each fin : te PE S ,
there is a function g e B

such that dom Lg ) =P, i - e
.

g
is de find on

P
.

b) For each g c- B and each f-mite set PES, g tp ke longs to B .

Def : le t f be a binary function ou
S and lat B be a binary mess on

S
.

We soy
that

f is consistent with B if
for every frite

set PES ,

we have ffp EB

We can now
state the following :

Consisterez Principle
: Forevery binary mess B on a

set S , there
existe a binary

-

-

function for
S which is consistent

with B .

We introduire now some terminologue from Propositionat Logic .

the alphabet of propositionat logic consistes of an arbitrait large but fixed set

# = {px : tel } of so - caked propositionat variables , as wcll as of
the logic operations

"
7
"

,

"
n
" and "

V
"

.

Definition : The formule of propositionat logic are definal récursive ly as follow si

- A single propositional variable p c- P by itself is a formula .

. If q and Q are formule , then so are 74
, 414 and y VY

Definition: A réalisation of propositionnel Logic is a map of P
,

the set of propositions )

variable, to the two element Bouleau algebra ( { 0,13, + ,
-

,
-

, 0,1)

Definition: tel q be any formuler . If a réalisation f map, q tu 1
,

then we soy

that f sortis f-es q ,

A set of formule of propositionnel Logic is Sat fiable

if there is a réalisation which simwltaneovslysatisf.es all the formule in I
.



Compactnet , Thuram for propositionat logic
-

: (et [ be a set of formule of

propositionat logic .
If every fuite subset of E is sortis fiable , then I is

also Satis fable .

We can now state the following theorem :

Theorie: The following statement are équivalent
:

a) Prime ideal theovem

b) Ultrafilter theorem

C) Consistency principle
d) Compactes, theorem for propositionat logic
e) Evcvy Booléen algebra has a prime idéal

P f : " a) ⇒ b)
"

The ultrafiltre the.am is an immédiate conséquence of the dual fan

of the prime idéal theover

" b) ⇒ c)
" Let D be a binary me,, on a

non - empty set S
.

We have to show that there

is a binary function f on s which is consistent with B , assuminy that the ultra filter

thoron holds
.

(et fin ( s) be the set of all fini te subsets of S
.

For each P c- fin (s) , de fine

Xp : = { g e S2 : glpe B } .

Since I is a binary mess , we
have that for each go B

and

[ set of binary function , over S

for each limite set P gezp, .

Thu
,
the intersection 0f limite} mag Xp is non - esnpty .

We can notice that the fam.ly f of all supe.at of intersections of finit} mary
sets

Xp is a filter over S2
.

Indeed
,

- 04f and { ef ,
' Tate two supersets of intersections of fini #y many Xp .

Their intersection is also a superset of intersection,

ot tniteh
,
man
, Xp .

× Tube A C- S2 and Bef
.

Then
,

AUBE f because it is a supernt of B
,
which is itself

a superut of intersections of finitet, mauy Xp .



Since f is a filter
,
we can ex tend it by the ultrafiltre thewem to an ultrafiltre

U E PCK )
.

Since U is an ultrafiltre , for each × es
,

either { g t k i g 4) =o } or

{ g e E : gcxt --13 belang, to U . Deline fe S2 by stipulaEiny that

Kensi = { g t S2 ! gtx) -_ f4) } Lelong, to U .

For any fuite set l' = { Xo
,

- - -

,
Xu } ES

,

we have that In Xu:S EU , since his a filter
and then, f4, c- B

,
i. e. f is consistent

with B
.

"
c) ⇒ d)

" det I be a set of formule of propositions Logic and lat SEP de the set of

propositional variables
which appeau

in formule of E .

Assume that evevy
fuite sub cut is

Satis fiable, i. e. for evevy frite sub set [o EE there is a
réalisation

GE
.

! Szo → {0,1 } which Satis fie,
Io , where Szo dénote, the set of propositiona l

variables which appeau in formule of Eo .

Asswniny the consistera, principle ,
we have to show that I

is also satisfont le

Deline Bz : = { gz
. pp : Zoe fin (E) 1 PESE

.
}

We dente that : .
For each PES finit-e , we have by ampli.in a gz.

in BE such that to
"

de find on P

" For each ge Bz and each fuite PEÇ , glp C- Bz

This Bz is a binary men . By the consistance
, principle ,

there existe , a binary function f on S

which it consistent with Bz . By the definition of Bz
,

it near, that f is a réalisation

which satisfis Z
.
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