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This week we take a look at another permutation
model called the ordered Mostar ski model

.

We will see

that in such a model
,
the axiom of choice does not

hold and we will use its properties to show some rather

surprising cardinal relations .

Construction

Let CA
,

EM ) be a countable
,
dense total order with

no end points ( meaning CA
.
Em ) E CQ

,
E ) where ⑦ is

equipped with its natural order ) .

The elements of
A are our atoms

.

Reminder : An atom is a set with no members but it's

distinct from the empty set

Lets IT ↳ Alt bijective ; Ha, BEA ( a Emb ⇐ Tia Eib)}
be the group of order - preserving permutations on A

Define I := fin CA) the set of all finite subsets of A .

It is easy to see that I is a normal ideal since :

Ca) the empty set is finite , so OEI ,
Cb) if EEI then

all its subsets are also finite , cc) the union of two finite

subsets is finite
,
(d) all TIES are bijection , so

V-E EI ( LEI = IT ED
,
hence TIE is finite , and (e)

singletons are finite
,
so VAEA ( false I )

.

Then we construct a filter F as follows :

I { KEG IF EEI ( fixg (E) IKI meaning we use elements

EEI of our ideal to make generators fixgce) of F



one can easily check that F is a normal filter G .

Our model
,
denoted Vm , is a sub class of all

Reminder : M is the cumulative hierarchy of sets defined
as follows : Take a model r of ZF and define

Mo '

-
= Ao ; M - + , :=P(Ma) ;

Ma :=¥Mp for a a limit ordinal

and finally M :
-
- derma

Now Dm consists of those sets XEN which are

hereditarily symmetric w
.
r

-

t
.

F
.

This means

AXE On ( symg (X ) : - LITES I TX -XIE F )

meaning it's symmetric and every set
in its transitive

closure is symmetric.

Properties
A basic property of the tlostowski model is that the

order on the atoms is carried over into Un

Lemma f. to R<:= Ica , b > I a Tbf c- AXA belongs to Vµ

Proof since all TIES are order preserving , we have

U-TIESV-a.be/tCacMb ⇒ Tla Fb ) which implies
La
,
b > C- Re ⇒ <Tla

,
Tlb > C- R<

.

In particular , we have

b- TIES LITRE Ra ) or equivalently :

Syms ( Ra ) -_ get
so Ra is symmetric .

Furthermore
,
tea

,
b > c- Re

< a, b >
= fa , ha , bff , thus the transitive closure of Rc

is Hoffa
, BIEAXAIACMBJU Re ( we just added all

the necessary sets to make it transitive)
.



It is easily checked that sets of the form Ea
,
ha

, bff as
well as ha

, BJ are symmetric , so Rc is hereditarily

symmetric .

⇒ RE Um +

Reminder : x c-M is symmetric w
-

r
-

t
.

I iff

3- E EI ( fixg ( E ) : - ITES I tae E ( Tia -_ a)JE Syms ( X) )

we call E a support of X .
Note that I - fin CA)

implies that the support of each XEV is finite
.

The next lemma shows that each set XE Yu has a

unique least support , which is the support E of x

with the property FF EI ( FEE ⇒ F is not support of x ) .

Lemma 8
.

11

(a) b- X E Die ( V-E . ,EzEI supports of x ( Ein Ez is

a support of x ))
(b) Every XE Um has a least support
(c) The class of pairs Cx

,
E ) with Xeon and

E is the least support of x is symmetric
Proof

(a) Let XE Hu be a set and Ei
,
C-LEI be two

supports of X . Define E := E , n Ez .

It is now the

goal to show that fixg CE) E sgmgcx) .
First note

that a permutation TIE fixg ( E) can be composed using
finitely many permutations from fixg CE . ) and fixSCED .

To see this more clearly ,
consider the following

example :



Say E
,

= fa , ,
as

,
ay
, as I , Ez - Laz , ay , as I , thus E- faced .

Then we get this picture where E
, is blue

, Ez is red
,
and

E is purple .

Ai

Now a permutation TIE fix CE ) has to fix ay ,
but on the

left and right of ay , it can squish and stretch the
line even past the other points of E , and Ez ( remember

that it is order preserving ) . Say a point se ( as .ae )
( for a, BEA ,

(a.b) denotes the interval Ece Ala Ica by )

is pushed to ITS c- Ca ,.az ) Ai
- Tls

#
s has to be pushed past as and az .

This means we

can use a permutation qefixg ( Ea ) and push s past

as to qs
E Caz

, Az ) .

From there we pick it up with a
permutation pefixs (E ,

) and bring it past az to

Pgs C- (a
. .az ) . since E.) Ez and EME , are finite

,

there are only finitely many permutations needed to go past all

the ' roadblocks '
.

So we can write IT = pnqnpu . . guy . - - pig ,
where

tie fi . . . .. HJ ( p ; c- fix, CE , ) n q. Efixg ( Ez ) )
But since fixg ( E.) ufixg CEDE symscx ) we immediately get
TIX = Pu 9nA . . 9mi - - - pig , X = X

,
so TIE symgcx)

(b) To see that each XE Dm has a least support
,
consider

an arbitrary support Eo of X
.

Now intersect it with

every support of X .

since Eo is finite
,
this is a finite

intersection and thus Ca) implies that M E is a
EE I
E iosfsypport

support of X .



(c) Axe On and ITES ,
we have fixgc TE) = IT fix (E) it'

and symg (TX )
= IT Syms (X) IT

' '
where E is the least

support of X
.

This also implies that ITE is a support of

TIX
,
so ( X , E ) is symmetric . -1

The next goal is to give a comprehensive description

of sets SEA with support EEI

Lemma 8.12

f C- EI ( LEI = n ⇒ ILSE A ISE Un and E is support of 541=2
""

)

Proof Let E- = Ea
. . . . . ,

an f set
. Ce

,

cm
. . .
Tan and let

S be a set with support E.

Consider the following
illustration : t.at#a?..a?.A

. ..

Note that if 3- so -C( ai , air. ) then Use Cai ,ai+, ) FITE fixg ( Tiso -_ s )

In other words
,
if there is one sots between ai and ait . . then

the whole inteual Cai
,
ai" ) has to be in S because for any

SE Ca ; gait , ) there is a permutation it in fixg ( E ) with
1750=5

.

since E is support of S
,

we have to have

ITS = S
,
thus either Ca ; ,ai+ , ) E S or Sn Cai , Git , )=0 .

The same is true for the intervals Coo
,
a

.
) and Can , D) .

So for S we have either tie fl
.
.
. .

, nd ( ai ES Vai ES )

and tie 'll , . . . . a- is ( ( ai , Git . ) ES v Cai
, ait , )n 5=0 )

and ( Ia ,
) Esv ↳a

,
)n 5=0 and can

,
a)ES v can

,
-25=0

In total
,
that makes 2

"
- I
' ' -2.2=22" " possibilities . +

We will make use of this description of sets in PLA) later on !

The next result will show that the axiom of choice fails

in Um



777

Lemma d. 13 Let me := IAI
.

Then Unt No I 2
777

Proof Assume towards a contradiction that HE 2 , ie .

there exists an injective map f : w↳ PCA )
.

Consider

the map as
its graph f = fun , f- Ch ) > I new } .

Now
, fever

means it has a support C- C- I = fin (A)

so ht Tefixg ( E ) ( tf - f ) .

But then b- new and

f- is injective , so we have to have IT for )=fCh ) threw .

This would mean that E supports fcn) for all infinitely
many h

.
But in the previous Lemma we've seen that

each C- c- I only supports finitely many sets ft
Note : we've just shown that PCA) is Dedekind finite

even though it's infinite which is provably false in any model

of ZFC , so the axiom of choice cannot hold in Un
.

Reminder : Because of the Tech - Sodor Embedding Theorem
we can embed V E Un into a model of ZF

.

This gives
us the existence of a model of ZF in which we have

an infinite set in st
.

No # In .

This implies the axiom

of choice is independent of ZF. The following two
results will also make use of the Tech -Sodor Embedding
to make claims about ZF

.



Part I
,
Gioia Ehrensperger

After establishing the ordered Mostowski
Model we now are going to take a
look at two cardinal relationships
in Nm .

For the next part let m denote

thecardinalityofA-infy.mefirst Proposition is :

Proposition 8 . 14

Let A be the set of atoms of the orderedHot: so:¥m''Emin: Intone:c:* .Thus
,
it is consistent with ZF that

there are infinite Cardinals m such

that 2
"

E
"

fin 17771

To give a little more context before

we jump into the proof of Prop . 8.14
we want to look at some resents we saw

in previous presentations and connect them .

Theorem 5.21

| fine;] , 29? infinite
cardinal , then

Fact 5.8

\ If 777 5*77 ,
then 27" s z

"



In contrast to Th . 5.21 we can show

with Fact 5.8 and Prop . 8.14 that

22
"

s zfintm '

.
Now we consider the

Cantor Bernstein Theorem 3.14

| Let A and B be any sets . If IAI E IBI

and IBIS IAI then I Al = 1131

Finally we can conclude that Vm is

a model of 22777 = 21in 17771
.

Now let 's actually prove the Proposition
Proof

Goal : construct surjective function

g
: fin CA )→ PCA )

we already saw that for every finite set
EEA , we can give a complete description
of the subsets of A with support E .
We are using that by defining an ordering
of the subsets of A sharing a given
finite support .
So let's fix a support E - { a, cm . . .

< man }
C- fin ( A ) and lets define

Io = { aEA : a < Man }
In = { a EA : an SM a }
I
;
= IAEA : ai s

M
a <Main } for i C- { 1, . . . , n- n }



Note that these Ii describe the intervals

that were mentioned in the proof of

Lemma 8.12
.

For every function X E
""
2 we assign

a set see PLA ) by

Sx = U Ii U { ai : x (Zi - 11=13
XC2i )-7

To understand this a little better we have to

take a closer look at the function X .

X E 2h42 therefore we can find a

connection between Xli ) C- { 0.13 and

every ai lie fr . . . . ,nH and every interval

Ii lie { o. - - - in } ) . Regarding the set Sx
we see that :

→ Ii E Sx
Xlzi ) = ( f → Ii n Sx = 0

→ ai E Sx
x ( Zi - n ) = ( I → ai E Sx

So for every X E 2^+12 ,
E is a support

of Sx .

In addition
, for every So EA with support

E there is a Xo E
2h"
2 such that So - Sao .

This is because we don't have any

constraints on x we can create 22h"



different functions X ,
all with support E

and with Lemma 8.12 We get that there
are 2
""

different sets with support E .

Therefore we find a set Sx
.

-_ S
.
and

hence
, we find Xo .

We now consider the set
"+22

.

Let se be the lexicographic ordering on
"+22

,

that means y se f
' if FKE {O . . . . .

2h th } s . t .

TIK ) s y
' Ck ) and flit =p

' Ci ) for all is k .

Example#

Tr : O h 7 0 On 10 . . .

Tz : O 1001010 . . . fz L L L fo
Ts : h 1 Or 1001 . . .

Now we define f : Let ye
"+22

,
then we

define f- Ci ) = 1 - pci ) f- i C- { Oc . . . . 2h13 .
In

other words in f we turn all zeros into

ones and vice versa .

Eixample :

f : on 10101110 . . .

F '

- r 001010001 . . .

Furthermore we define the function

µ :

2h+22 → 2^+22 ✓ ja

14171 = { f if y se fotherwise



So µ takes the function y as input and outputs

T if flo ) - O and f- if TCO) -_ 1 .

Back to the set Zntnz
.

For X E
""

2 we define Xt Xu { c2nt1, I
.

Now Xt is an element of 2*22 ( we
"

added"

O )
.

We define the ordering an on
""

2 via

Xo E X
.
:# MIX.tl Le MIX.tl

Ordering X E
'n'
2 via the µ

- function

is going to be essential for the last part
of the proof but comes with the

problem that µlX1=µ(E ) . We solve
this by switching over to

Mt'

2

and taking it instead of X .

Fx : 01001 . . . → MIX) : 01001 -- -

µµy=µ# E
E : 10110 . . . → µ CI ) : 01007 . . .

X : 01001 . . . → µ (Xt ) : 01001 . . . O

X : 10110 . . .
→ µ ( Et ) :O noon . . . y

MEHMET
Id

Now we are ready to define a surjection
from fin ( A1 onto PCA )

.

g :

fin CA ) → PCA )

E t S # El



where IEI = n and X't denotes the
nth function off all the functions
x e 27^2 with respect to the

ordering <
n .

We noted before that for every set so C- PCA)

with support E we find X. E
2h"

2

such that So = Sxo . We will finish
the proof by showing that 50=8×5 Sx¥

.

We do that by showing that for the
least support Eo of So ,

I Eo I = M
,
we can

define Xs
.

and check that Xs. is the

n
#h

Iannotti @ m Off all # the farm @Biome Inn

# the ordering with respect to am ,
where

n > m
.
In a Recon Weep we extend

EI
.
to a finite Sse# Ee Back #Ma # I Feel n

then Xso = X 't = XIE , .

So let So be any set in PCA ) and

E. = { an . .
. .

. am } is the least support of

So . We set Xo = Xso and have to check

where in the ordering with respect to

Tn Xs, lies
.

Note that Xs. ( O )
= Xsolr ) = Xs. ( 21=1 or

Xs
.

( O ) = Xs.CI/=Xso ( 27=0 are not possible
otherwise El { an } is a support of So .



Casey: x (01=1
So

If Xso ( 01=1 then either Xso= ( 1,0 ,
*
,

't
. ..)

or Xso = (1 ,
1
, O .

*
,

*
.

. . . ) where * c- { 0,13 .

W log we look at Xs.
= ( 1,10 , * , * , . . . )

since its going to be lower in the

ordering than X.
so
= ( 1,0 , * , * . . . . ) .

Xgot = ( 1,1, O , * , * , . . .

,
O )

µ ( Xs.tl = ( O
, 0,1 , * ,

*
. . . .

.
1 )

so even if all the unknown values would

be Zero all the functions of

the form ( O , O, O ,
*
,
*
. . . . I would

be lower in the ordering .
2M - 2

Those are -22
"

s. m

to

Hence n si m
.

.Case2_ : Xs
.

( O ) = 0

With the same reasoning as above
we look at Xs. = ( O , 1 , * , * , . . . ) and

µ ( Xsot ) = ( O , 1 , * , * , . . . ,
O)

And .again there are zi

functions that are lower in the

ordering . So again n > m
.



All that is left to do is extend Eo

to a finite set e such that I Eth

and Xs
.
is still the nth function

in the new ordering with
respect to en .

This we can do by simply adding
Atoms smaller than an with

respect to <
M
-o the set Eo

.

All the new functions will be
ordered higher than Xs. because

they incorporate at least one
of the new atoms .

Hence
,

I El = n and E- Set
,⇐ ,

as we

wanted .

IMA

Proposition 8.15

Let m denote the cardinality of the set of| Aftfmseaoonttnheeowrderewdnlaotoewski model . Then,
Nm t n - fin 17271 a 2

"

C Ho - fin (Tn )

Proofi
We only give a proof sketch and
do that in four steps .



Nm F n - fin 17271<2
"

C Ho - fin (th )

2M£ No . fin frm ) :

#

For SEA let E be the least support
of S and I El = n

.

Let k EW be such

that S=S×× ,
where Xu denotes the

Kth function of 2^+12 with respect to

the ordering an from above
.

We define the injection g
:

PCA ) → Wx fin ( Al

g
:

g t CK , E)
This is a modified version of the

function we used in the proof of

Proposition 8.14 ..

2mtNoofintm By contradiction

Assume there is an injective function
f : Wx fin CA) → PCA ) . For every new

we define En as the least support
of the set f- Can , 0 ) ) .

Now we get
Eo

, Er , . . .
and with those sets we

could construct a injective mapping
from w to PCA) which is a

contradiction to Lemma 8.13 .



N - fin frm ) s 2777-
For every je n and E C- fin CA ) large enough
we can define Sj , e as the jth set which
has E as its least support . E has to

be large enough to be the least support
of more than n sets .

Now we can define the injection
n x tintin ) → PCA)

g
:

( j , E ) t Sj . E

For EE fin CA ) which are not large enough
to allow such an encoding , we use

another encoding with a large enough
auxiliary set Eo .

How exactly this is done

is left as an exercise .

n . fin (m ) # 2
"

:

-
By contradiction

Assume there is an injective function
f : PCA ) - nxfinftn ) . Let KEW be

such that 22k" > n - 2
"
and let Eo EA

be a finite set with LEO I = K
.

Lemma 8.12 tells us that there are

22h't subsets of A with support Eo .

Let's denote those subsets by
Soc Sr c - -

.

.



2K th

since n - 2K s 2 and I fin ( Eo ) )
⇐ 2K there exist Sj ( j E { n . . . . . 22

"" } )
with f- ( Sj ) F n x fin ( Eo ) . Hence,
there exist a smallest Sj with
this property ,

denoted as Si .

We set f- ( Si ) = am , to > for some

M E n and Fo E fin CA ) . Since Fo Ef Eo

we get that I Fo VE. I 3 I Eol . We can

proceed with En = Fo UE . and get by
repeating that argument the sets

Eo
. En , Ez , .

. .

and with these sets we

are able to find an injection from
w to PCA ) which is a contradiction

to Lemma 8 .
13

.

Bar


