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One cun esely check Hak T s o GeamlTRlke 4
Ouc wodel , daied V, s a subclas of M
Poewrdes i UL ¢ the camulode ‘/\\ua(c«c(r\j o} sels defied
oo follows:  Take o wodel O oF Z2F anct define
M= Ao ML, =PAN)
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'Pcoo{: Asume  fowads o  contradichion  that ?‘Zo < 277:’ Lo
Hiete exsls an ‘W\'\SG_C_“-;\’Q watip ['we—s PN, Cander
taa wap as it geafh §=h<n fand Taewl . v, f2,
means % Lo u suppt EeTI = [1a(A)

o ¢ Telin(E) (Th=F) BY Tr=n Ynew od
b s m\)cciva/ o we bowe o e T D= fnY new
This vanld  wean Yhatk E suwor!fs \:("D R‘Of all 'HF""H&QJ"

Mab:j n . 'Eod’ :.,\ ‘I’[’\L \oce.U;O‘-*S (__@mw)o. welv e sen ‘("4%‘

eo\c‘/\ eel d\(j SULQPO\"S RM' \:S vwa't;\j Se——(’S /_|

Note : Werve ok drawi ik PQY) s Dedekndd Flare
even duosgh s mfate. which s povebly  [dse W auy  poodel
L 2FC, o ke oxim of choice  camot ol 1n Dy
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we can embed  VUEU. b oo wedel of 2F  This giees
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reslbs <l alss wdke e of Fhe  Nach—Scloc Eunbabg

Yo wglke G(CHWIS c bout Zz=T



Part I, Gioia Ehrensperger

After eerab[iShmﬁ the ordered Mostowski
Model we rnow ave 0i Mg To take o
ook at tao cordival relatioshi ps

in Ay, Tor the next povit let m denote
the cordirtlity of A in V.

The fist Propesition s

Propesition 3. 14

Let A pe the set of oatorms of the ordered
Morstousski pmodel. Then in 44 there is
o surjection From fin(A) ento PA).
Thus, it 5 conastent with Z2F tha+
Fhere ove infnite Cardinals T suth
fhot 277 &° R (m)

1O %i\/e o litHe nore context efore
we Oump into +he proof of Frop. 8. 44
we want 1o Jook ot Some resuls we scao
il pre vious presentodons avd connecy theno.

Theorern 5. 24

[_F T 16 an infnite cocrdinal, Fhen
Fin (m) < RN

FToct 5.8
T
If T<¢" M , +then 2

T

2.

IN



ln controst+ Yo we con Showw

Wi+ CAICA ot
o m Pin (™) i
ya £ 2 ] Now we consicer +Ye

Confor Remstein Theorexn 2. 14
ler A ond B be any seks. 1 1A) < 1R)
ancl 1Bl & 1Al +hen \Al= 18]

“Firzo\uy we cov)l coniclude +hot /V,Z; S
0T Fntm)
a model of 27 = 2

Now let's ocrnaly pove +he Propasitson
Proof :
Ganl © Constroncet sUjechve  funcron

9 - Fin (A) —>92(A)

(e already sow thot for every finite o+
CSA, we on gve a conmplete desonpron
of Fhe subsets of A  with supporty E.

We ave u&nj thatr by de{lmbr?a av] om\e)ﬁnﬁ
of the subwehs of A shanng o Hiven

P it support.

o ler'ds &x o support E=fo, <. <o)
€ FBn(A) ond lets defne

To = lacA:a <" oaf

T,= {a6A:a, <"aj]

T; = {aeA: a; <" a <" auw}l for ie{4,.,nn}

A



Note. +hat these T, descrive +he inteno)s
thot were menvioned W1 He proof of
2N+

for every fonckon X & 2 we ossign

o seft S%GJO(A) by
U T; U{O\\’ (2i- /l)—/\}

X(2i)=1

To wnderstand This a litte &ever we lmve o
Fake o closer look ot +he funcron X.
w e 2 tpherefore we con fnd a
connecHon betukeen X(i)e [0.1F anck
every ov (i€ {4 and every intuvall
Ti (1e {o,-.n}). Rci?)mrdirzﬁ the set ‘SX
we see +hot -
I BEY — I < Sk
9((‘)_\)-{ . Ti A 5,-

X% (2i-1) EEEEER AR
ErES
| O — O & Sy

So for every Xe "2, E s o suppor+t
oF Oy

N addihon, for every 8o €A with support
E thoe is a %€ 772 such Hot SC,=S%.
This 15 becguse we don '+ lhave any
conyrrants on X we can Create Zan



diffrent  funchons x , all with Support E
and  With we 66+ Hodt Hhere
ove ZW\M diffrent sets with SUppor+ E.
Theetoe w2 fnd a &+ S =38, and

hence , we fnd x,.

. 2N+ 2
We. vow consider the set T T2
2N+

let ¢ be the lexicogrophic ordering on 2,

ot wieons ¢ p7 if Fke {0.., 2n+a} st
(k) <3 (k) and G)=+(i) for al i<k.

Excmple -

£, O1A1001910...

f.: O0A00N010 ... P, < Py & Ps
Py A104 1004 --.

gl

Now we define ? let € H’Z.,—i—he_n we.
defre  PLI= A-PG)  Vie[Or., 2nx17 In
other words n P we turn all 2eros indo

I

cnes onl\  Vice Versa.

Excaavpe:

P OAAOADANANOD ...
f=AoO4040004m
Fur+hermore e defre +he Funchon
2n+7 2n+ 2 :
M - 7 —> 2 vica
N

_ ) T
/M(W {’% othermse



So M takes the fundon + as inpud and odrpurs
-+ if £00)= 0O and ? Vi T(O)=/l.

BPock +o +he =+ 2

For X e "2 we dehne xT = x U f<m, 001
Now X7 i3 an element of %2 (we added”
O).

We define +he ordering 4. on 2 via

Xo <r\ %4 = M(%:) <{, /V‘(?Cf)

Ordering X & N9 e Yhe fr~ Funckon
S aoiﬂ% to be essental for +the \ost port
of the proof but comes with the

problew  that o (X)) = }\A(‘)/C) . e solve

T+ s by 5@&%@%‘»\/\3 over— o Tl
andl o kim\‘] X7 insteach of X,

-
X - 041001 ... = Al 01004 ..
| L M)= u ) 3
X AOAA0D... =3 )u\(?()'-O/IOO 1.
X: 04001 .. = pm(xX*): 01001... O

L, WK u)

<l

NOow  we are rveady +o define G surjeckon
Ffrom  fnlA) onto A)
Y (A) = PY(A)

J E o Sk,

X+ 104A140... — M(;{*):o/loo/l_,



where |El=n and %: denotes +he
n* Tfuncton off all +he PonctonsS
x e 9 with respect Yo +he

ofo\e,r"\nﬁ “n .

W viored before +rat for every se¥ S € P (A)
With suppor+ E we $FHnd x e T2
Sunch  F+ho+ S, = S%D* (Ve il Einish
the proof by Bhou\)iﬂﬂ thot 5 =3, - S
We do +hot by ghowm% thot for +the
\eost support E, of S, , |E.[= ™M, we can
define %, and check YThat Ksg is The
n™ Punckon o Ff all the funchons in
The OYdermng With vespeor to <, , whee
n>»wm. W o cond step we extrench

E. to oo fnite et E such Yhat 1E\=n
Fhen K, = X5 = Xg.

So et So be ony setr in F(A) and

E,~ {0, .., am} is Fhe leowr support of
o - We setr X, = Xs, ONa have. Yo check
where in the ordering wWith respect o
< %, les.

Nore +hat x5, (0)=3% () =%, (2)=1 or
Xs (0) =%, (1)=%,_(2)=0 are vot posble
orherwise E\{an? i3 a support of ..



Cose 1: %sa(O) = /

[$ K%, (0)=1 then ether Ky = (4,0,
ov Ky, = (A4, 0 %, = . ) whevre e {0,43.
L\)[OS we ok o+ . - (A A0, %,...)
Since WS %O‘“S To be lower in the
ordecring Than Asg =40, <, *,-.).

X, T = (A 40,%,%,., 0)

M (% 7) = (0,01 %, %.... 1)

So event f all the unkmown wliues would
e Zzeco o)l The fFunchomns o
Fhe formn (O, 0, O, *, *,...) would
be lower 'v1 The OFO\@J‘IHC@.

2rm- 7

Tlhosc are D 2 % v
=

Henwce v > v,

Cage L: X, (0)= O

With the sawe Y‘Coacsn"mi GS above
we look atr x = (O 1,%, *,..) ond
MK ) = (O A, >, O) pnn

And  o9ain  There arc z 2

L arictions +lhet are lowes® in +he

C)r‘derﬂn%. o o\cao(»n LY m.




All +har 15 ft Yo do 18 ex+end E,
to a Qinite et E suwdh +hat+ | El=n
and %, is ShHI Yne " Punchton
N He new Qrd@ﬁna (VA
eSPECE YO 4n.

This e @ do by Simply O\CAdmj
Atoms swmalec +than O, with
Yesgpedk  +o <™ -5 H+he f+& E..
Al the view Funchons will be
ovcerecl Waher thon X5, becou
they Incorporaie o 1e€as T one
of the rnew adoms.

Flence , |El= 1 and 57 5%*) ns e
| E
wanted.

7

Proposition 3.15
Let m denote +he cordinality of the set of
Atoms of +he ordered Mofowski rodel. Then,
For each ne w we have :

/V,/,, = n- fin(m) < Z_m < N, Fin(m)

Proof
e Or\ly ai\/c o proof 3dketrch ond

do +that n four steps.




A e findml< 2 < N, bin(m)

m

2. £ Ny Fnlm)
for S<A tkt E be the leost support
of § and |El=n. Let+ k e be such
ot S=S,XK, Where o, derotes +the
k" Function of 2 with respect to
the ordering <. Front above.
e defre +he injechon

| HA) — W< Bn (A)

d s — (k, E)

This s a yodhed version of the
Punchon we wed 1 Ye proof of

2+ No * Fin () By controdichon
Assume there s an mdec%% ve functon
Pravx Fin(A) — F(A). For every new
we define E. 05 the least support
of +he set+ P(én, @>). Now we aet
Es, E., .. and withh those st we
cowldl  consrruct  a njechve. YIoPP Y
from W Fo F(A) whida s o
contmAcChon TO




nPBnlm) ¢ 2

For every J'en anck E € fin (A) \a%& eNnoud b
e can  define S{)fE as The J*”' Lt which
has E as its least support. E hes o
e \aroéz eiough +o e Yhe leost sSuppat
of pore Thavw N se+s.
Now we con defire the jnjecton

nx fnlm) — PA)

3 | (L')/ E) —> Oy,

For E & fnCA) which ore not lar%e enowg h
to allow such an encoding, we wse

O NOThex @ncbo\‘\ncz) Wwth o o rrgc enouah

auxihiary set Eo. How exoctly +his s dorne
S left s an exercise.

n-fn(m) # ZTh: By contradichon
ASsume There is oan injechve Functhown
+: AA) —— nx fn{m). let ke w be
such Hot 277> n 2% ano let E, <A
he o fnite £+ with |E | = k.

+ells us Hot+ Fhere ove
ZZKM Subdety of A uith Swpparys E,..
Let’'s denotre +Hhose  subsets by
Ooc Oy -




2K N

Since r\'zk s and. | Bnv(E))
£ 2% dhere exict Sy C\)‘Gﬁ/\,-.., Zwmg)
it FS;) & ax Bin (B). Hence,
Yheve exist o o l\lest 5[) PN

+ s D ro peH—y . denoted as 3.
We set+ F(Si)=<m, Fa> For some

me n ond B € fin(A). Since ¥ ¢ E,
e %;H' tha+ KR VE, ]l > lE). We can
procced with E, = K VE, and %;l— Dy
rﬁpmé—\nj ot afgu\/ﬂem+ the Sets

Ev, Eo, E,,... Oond wit+th +hese sets we

ore. able to Fnd anm ‘mdad%on o
w Yo YCA) which s a contradickon

to
71



