Chapter 20

Suslin’s Problem

In this chapter we investigate Suslin’s Problem, which is the question whether every
linearly ordered set which is dense, unbounded, complete, and satisfies the countable
chain condition is also separable. First it will be shown that the answer to Suslin’s
Problem is “no” if and only if there exists a Suslin line, and then it will be proved
that the existence of a Suslin line is independent of ZFC.

A Topological Characterisation of the Real Line

Let (P, <) be a linearly ordered set, in particular, for any two distinct elements
a,b € P we have either a < borb < a. We say that

e Pisdenseif forall a,b € P witha < bthereisac € P suchthata < ¢ < b;

¢ P isunbounded if for all a € P there are by, b; € P such that by < a < by;

e P is complete if every non-empty, bounded subset of P has a supremum and an
infimum;

¢ P is separable if there exists a countable set C' C P such that for all a,b € P
with a < bthereisac € C suchthata < ¢ < b;

» P satisfies ccc if every family of pairwise disjoint, non-empty open intervals
(a,b) ={c € P:a < c<b}iscountable.

Itis well-known that the real line R together with the natural ordering “<” is—up to
isomorphism—the unique linearly ordered set that is dense, unbounded, complete,
and separable. Now, Suslin’s Problem is the question whether separable can be
replaced with satisfying ccc, that is, whether every linearly ordered set which is
dense, unbounded, complete, and satisfies ccc is isomorphic to the real line.
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First we show “separable” implies “ccc”.

FACT 20.1. Every separable, linearly ordered set satisfies ccc.

Proof. Let (P, <) be a separable, linearly ordered set and let

I = {(ag,be) : £ € A}

be a family of pairwise disjoint, non-empty open intervals. Since P is separable,
there exists a countable set C' C P such that for all a,b € P with a < b there is a
¢ € C such that ¢ < ¢ < b. In particular, for each interval (a¢,be) € & there is
acg € C such that ag < c¢ < be. Since the intervals in .# are pairwise disjoint,
for any distinct £, &' € A we get c¢ # cer. Now, since C' is countable, also .# is
countable, and since .# was arbitrary, we get that P satisfies ccc. -

With FACT 20.1, Suslin’s Problem is equivalent to the question whether “ccc” im-
plies “separable”, which leads to the following definition: A linearly ordered set
which is dense, unbounded, complete, and satisfies ccc, but which is not separable,
is called a Suslin line. So, Suslin’s Problem is equivalent to the question whether
there exists a Suslin line.

The following result shows that every dense, unbounded, linearly ordered set which

satisfies ccc can be completed.

LEMMA 20.2. Let (), <) be a dense, unbounded, linearly ordered set. Then there

is a complete, dense, unbounded, linearly ordered set (P, <) and a set Q' C P,

such that:

e (@', =) is isomorphic to (Q, <);

* Q' isdensein P, ie., ifx,y € P withx < vy, then there is a = € Q' such that
r<z=<y.

Furthermore, if (Q, <) satisfies ccc but is not separable, then also (P, <) satis-
fies ccc but is not separable.

Proof. A so-called Dedekind cut in @ is a pair (A, B) of disjoint, non-empty sub-
sets of () such that :

e AUB=0Q;

e foralla € Aandb € B we have a < b;

 if the infimum of B exists (which is the same as the supremum of A), then it
belongs to B.
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Let P be the set of all Dedekind cuts in () and let
(Al,Bl) < (AQ,BQ) <~ Al QAQ

Then, by the properties of Dedekind cuts, “<” is a linear ordering on P, and more-
over, P is complete. To see that every non-empty bounded subset of P has a supre-
mum, let {(A,,B,) : « € A} be a non-empty bounded subset of P. Then the

Dedekind cut
(U 15

LeA €A

is its supremum. Similarly, every non-empty bounded subset of P has an infimum.
For each g € Q let

Ay={xeQ:2<q} and B,:={reQ:q<z}.

Then, for Q' := {(Aq, By) : ¢ € Q}, (Q', <) is obviously isomorphic to (Q, <).
We leave it as an exercise to the reader to show that @)’ is dense in P, and that if Q
satisfies ccc but is not separable, then also P satisfies ccc but is not separable.

So, in order to construct a Suslin line, it is enough to construct a linearly ordered set
which is not separable, but which is dense, unbounded, and satisfies ccc.

Suslin Lines and Suslin Trees

In order to solve Suslin’s Problem we first state it in terms of trees. A tree is a
partially ordered set (7', <) with the property that for each « € T, the set {y €
T : y < x} of all predecessors of x is well-ordered by “<”. For z € T let o.t.(x)
be the order type of the well-ordered set {y € T : y < z}. For a € (, the
a' level of T, denoted T'|,, consists of all x € T such that 0.t.(z) = «, ie.,
T|o ={z € T :o0.t.(z) = a}. We require that T'|¢ contains a single element, called
the root of T'. The height of T", denoted h(T), is the least « such that 7|, = 0, or
in other words,
WT) = J{ot.(z) +1:2 € T}.

Forr e TletT, :={yeT:x <y}and
sucer(x) == {y €T, :~FzeT(z<z< y)},

i.e., succr(x) is the set of immediate successors of 2. A branch of T is a maximal
linearly ordered subset of T'. Notice that if n C T is a branch of 7" and = € 7, then
{y € T : y < a2} C 7. The length of a branch is the order type of the branch, and a
branch is called countable if its order type is countable. An anti-chain in 7" is a set
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A C T such that any two distinct elements =, y € A are incomparable, i.e., neither
r<<ynory <.

Now, a tree (T, <) is called a Suslin tree if it has the following properties:

(a) The height of T"is wj.
(b) Every branch of T is countable.

(c) Every anti-chain in T' is countable.

The goal is now to show that there exists a Suslin line if and only if there exists a
Suslin tree. The construction of a Suslin tree from a Suslin line will be straightfor-
ward, whereas the other construction will require some more work.

LEMMA 20.3. There exists a Suslin line if and only if there exists a Suslin tree.

Proof. (=) Let S be a Suslin line. The tree 7" we construct from S will consist of
non-degenerate closed intervals [a,b] C S, where a,b € S, a < b, and [a,b] :=
{c € S:a < ¢ <b}. The partial ordering “<” of T is defined by stipulating

I<J < JGI.

The construction of T is by induction on wy. Let Iy := [ag, bp] be an arbitrary non-
degenerate closed interval (i.e., ag < bg). Assume that for some o € wy, we have
already constructed non-degenerated closed intervals Ig = [ag,bg] for all 5 € a.
Then, since « is countable, the set C := {ag : B € a}U{bg : B € a}isa
countable subset of S. Now, since S is a Suslin line, S is not separable, or in other
words, no countable subset of S is dense. In particular, C is not dense, and therefore,
there exists a non-degenerate interval I, = [aq, by such that C' N I, = (. The set
T = {I, : « € wy} is an uncountable set. Moreover, for any «, 8 € w; with
B € o, we have either Ig < I, (i.e., I, & Ig), or Iz and I, are incomparable (i.e.,
I, NIg = 0). Thus, foreach o € wy, {I € T : I < I,} is well-ordered. Hence, by
adjoining the entire set .S as a root to T, (T, <) is a tree. It remains to show that T
has no uncountable anti-chains, no uncountable branches, and that h(T') = w.

no uncountable anti-chains: By construction of 7', two elements I, J € T are in-
comparable if and only if I and J are disjoint intervals of .S, and since S satisfies
ccc, every anti-chain in 7" is countable.

no uncountable branches: Assume towards a contradiction that 7 = {[aq,ba] : @ €
w1} C T is a branch of T of length w; such that for all a, &’ € w1, @ € o/ implies
ao < aq, 1.€., for the corresponding intervals we have I,,» & I,,. Then the intervals
(@a,aa+1) (for a € wq) form an uncountable collection of non-empty, pairwise
disjoint open intervals in .S, contradicting the fact that S satisfies ccc.

h(T) = wy: Since all branches of T are countable, the height of 7" is at most w;. On
the other hand, since every level of 7" is an anti-chain and therefore countable, and
|T'| = wi, the height of T is at least w. Hence, h(T) = wy.
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(<) We first prove the following

CLAIM. If there is a Suslin tree, then there exists a Suslin tree T with the following
additional properties:

(d) Forall xz € T and all « € w with ot.(z) € a, Tz|a # (), i.e., there is a
y € T|o withz < y.

(e) For each limit ordinal \ € wy and for all x,y € Ty, if x and y have the same
predecessors, then x = y, i.e.,

zyeTh AN{zeT z<a}={zeT:z2<y} - z=y.
(f) Forallz € T, |succs(r)| = w.

Proof of Claim. Let T be a Suslin tree. First, let 77 := {x € T : |T,| = w1 }. Notice
that since h(7T') = w; and every anti-chain in T is countable, for every x € T’ and
every a € wy with o.t.(x) € a, there is a y € T’|, such that x < y. Next, let
T" :={z €T : |succr (z)| > 2}, i.e.,, T” C T is the set of all branching points
of T". Then every limit level of 7" is infinite, and since every anti-chain in 7" is
countable, every limit level of 7" is countably infinite. Moreover, since |T7.| = w1
(for all z € T") and every branch in 7" is countable, T is still a Suslin tree, and in
addition, it satisfies property (d).

Now, for each z € T" with o.t.(z) = X\ for some limit ordinal A € w; we add an
extra node w, to 7" and stipulate

Z2< Wy <= z<z and wy, <z < z<z.
Roughly speaking, w, is a node between {z € T” : z < z} and z. Let
T" :=T"U{w, :z € T" No.t.(z) = A}

where A € w is a limit ordinal. Notice that the root of 7" is w,,,, where z is the
root of T". Since every level of T" is countable and there are just w; limit ordinals
inwy, T" is still a Suslin tree, and in addition, it satisfies properties (d) and (e).

Finally, let T consist of all z € T" at limit levels, i.e., of all z € T"” such that
o.t.(z) = X for some limit ordinal A € wy. In fact, T = T""\ T". Notice that by the
construction of 7" we get that for all 2 € T, succy(z) is infinite, and since every
anti-chain in 7" is countable, we obtain |succs(z)| = w. Notice also that T still

satisfies property (d). Hence, 7" is a Suslin tree which satisfies properties (d), (e),
and (f). ctaim

Let now T be a Suslin tree which satisfies properties (d), (e), and (f) of the CLAIM.
The Suslin line S will be the completion of the set S consisting of all branches
n C T'. Since T satisfies property (f), every « € T has countably many successors.
For each z € T fix a bijection o, : succr(x) — Q. With respect to o, we define an
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ordering “<” on the elements of .S (i.e., on the countable branches of T") as follows:
Letn = {zg : B € A} andn’ = {x}; : B € X'} be two branches of T'. Then,
by (e) and (f), both X and )\ are limit ordinals. If « is the least level where 1 and
7’ differ, then, by property (e), « is a successor ordinal. So, « = S + 1, zg = xb
and 541 # :v%H; in particular we have o,, = Oar, and 0, (2p11) 7 Oup (%H).
Now, let

n=n < 0u,(Ta11) <qQ Tuy (17,/8-1-1)

where “<q” denotes the natural linear ordering on Q. It remains to show that
the completion S of the linearly ordered S is a Suslin line, i.e., S is linearly or-
dered, unbounded, dense, complete, satisfies ccc, but is not separable. Recall that
by LEMMA 20.2, it is enough to show that S is linearly ordered, unbounded, dense,
satisfies ccc, but is not separable.

S is linearly ordered and unbounded: Letn = {xg : B € A} andn’ = {z; : B €
X'} be two different elements of S and let 5 + 1 be the least level where 7 and 7’
differ. Then we have 0, (v5+1) # 04, (7j,,) which shows that either n < 1" or
1’ < n. To show that S is unbounded is left as an exercise for the reader.

S'is dense: Letn = {zg : B € A} andn’ = {z}; : B € X'} be two elements of S
such that < 7/, and let 5 + 1 be the least level where ) and 7’ differ. Then there
isabranchn” = {zj3 : B € X"} of T such that for all v € 3 + 1 we have 27} = x,
and

Ozg (xﬁJrl) <Q Ozg ($%+1) <Q Ozg (xlﬁ+1) )
which implies that n < " < 17/.

S satisfies ccc: For every x € T let I, := {n € S : © € n}. Now, for every
non-empty open interval (n,7') C S we find an € T such that I, C (n,7n’). To
see this, let 3 + 1 be the least level where ) and n’ differ and choose x € T such
that 0, (z511) <qQ 02,(2) <q 0x, (7, ). Notice that if I, and I, are disjoint,
then x and y are incomparable in 7. So, to any collection .# of pairwise disjoint,
non-empty open intervals of S we obtain an anti-chain in 7" of the same size as .#,
and since every anti-chain in 7" is countable, .S satisfies ccc.

S is not separable: Let € be an arbitrary countable set of branches of 7" and let
« € wi be such that « is bigger than the order type of any € €. Notice that since
all branches of 7' are countable and w; is regular, such an ordinal « exists. Now,
choose an element = € T'|,, and two distinct branches 1,77’ € S which both contain
x. Then (n,n") %€ = 0, which shows that ¢ is not dense in S. Hence, since € was
arbitrary, S is not separable. —
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There May Be No Suslin Line

In this section we show that MA(w;) implies that there exists no Suslin line. In
particular, if we assume MA(w;), then every linearly ordered set which is dense,
unbounded, complete, and satisfies ccc, is isomorphic to the real line.

PROPOSITION 20.4. MA(w1) implies that there exists no Suslin line.

Proof. Assume towards a contradiction that there exists a Suslin line. Then, by
the proof of LEMMA 20.3, there exists a Suslin tree (T, <) with the additional
properties (d), (e), and (f). With respect to (T, <) we define the forcing notion
P := (T, <). Since T is a Suslin tree, every anti-chain in T is countable, hence,
Pr satisfies ccc. For each § € wy let

Dg ::U{T|a:ﬂ€a6w1}.

Then, by property (d), for each 8 € wi, D, is an open dense subset of Pr. Finally,
let 7 :== {Dg : 8 € wi}andlet G C T be a P-generic filter on T'. Then G is a
branch of T' of length w;, which contradicts the fact that all branches of the Suslin
tree T are countable. -

As an immediate consequence we get

COROLLARY 20.5. It is consistent with ZFC that there exists no Suslin line.

There May Be a Suslin Line

In this section we show that it is consistent with ZFC that there exists a Suslin line.
In particular, it is consistent with ZFC that there exists a linearly ordered set which
is dense, unbounded, complete, and satisfies ccc, but which is not isomorphic to the
real line.

We first construct a particular tree 7;,,, and show that with a Cohen real we can
transform the tree 7;,, to a Suslin tree. We start with the following preliminary
result.

LEMMA 20.6. There exists a sequence (e, : o € wq) such that:

(a) foreach a € wy, ey : o — w is an injective function from « into w;
(b) forall « € B € wy, the set {£ € o : eq (&) # e(&)} is finite;

(c) foreach a € w, the set w \ ey [« is infinite.
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Proof. The proof is by induction on w;. For a« = 0, let g be the empty function.
If « = v+ 1, thenlet e, := ey U {(v,n)}, where n € w \ ey[a]. Notice that by
property (c), such an n exists and that e, has the required properties.

Suppose now that o € wy is a limit ordinal and that the sequence (e, : v € «) is
already constructed. Let (v, : k € w) be an increasing sequence such that | J{vx :
k € w} = «. Notice that since o € wy, « is countable, in particular, cf(«) = w.
By (c), for each k € w we have |w\ e, [v4]| = w, and by (b), fork,l € w with k <1
we have e, [vx] C* e, [v1]- So, there exists an infinite set A € [w]“ which is almost
contained in w \ e, [yx] for each k € w. In other words, for all k € w, A N e, [Vi]
is finite. Split A into two disjoint infinite sets A; and As, ie., A = A; U A,
A1 N Ay = (), and Ay, Ay € [w]¥. Without loss of generality assume 7o = 0 and
foreach k € w let [yi, Ye+1) == {€ : v = & V Yk € k1), and for the sake of
simplicity let Iy, := [y&, Vk+1)-

CLAIM. For each k € w there is an injective function fj, : I, — w such that:

o fk[Ik] NA; = @;
© {&€ vt fu(€) # ey ()} s finite;

o Up<p for Y41 — w is injective.

Proof of Claim. The construction is by induction on w. First we define fo := e.,.
Assume now that fj is already constructed for all ¥’ < k. For £ € I} define

fi(€) = ey, (&) if ey, (€) & (A1 U Uy <, fir[Lir]), otherwise, let fi(£) := n
where n € Ay \ (Up < fir [T ] UUgrc 1, e f1(€7))- Then for all k € w, fj, has the
required properties (the details are left as an exercise for the reader). Actaim

Finally, let

Cq ‘= Ufk

kew

Then, by the properties of fj, (for k € w), e, : @ < w is an injection, for all v € a,
{€ € a:e (&) #eq(§)} is finite, and since eq[a] N Ay = 0, w \ eq[a] is infinite.

Let (eq : a € wy) be the sequence of LEMMA 20.6 and define

Ty, = {77 tdacwi(n:a—=wAl{Eean(§) #ed)}] < w)}
Furthermore, for distinct n, ' € T,,, let

n< 77/ — dom(ﬁ) - dom(ﬁl) A 77/|d0m(n) =1n.

Then (T,,,, <) is a tree of height wy, where all branches and all levels of T, are
countable. We leave it as an exercise for the reader to show that 7,,,, is a tree. To see
that all branches of T;,,, are countable, notice that a branch of length w; would yield
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an injection from w; into w, which is obviously impossible. Furthermore, to see that
every level of T, is countable, notice that for each o € wy, the a level

Turla = {n+ dom(m) = a A [{€ € ain(€) £ cal©)}] <w)}

is countable. A tree with these properties is called Aronszajn tree. In particular,
the existence of Aronszajn trees is provable in ZFC, whereas the existence of Suslin
trees is not provable in ZFC, as we have seen above. However, there are models of
ZFC in which Suslin trees exist, as we will see below; but first we introduce the

following notion:
For areal x € “w we define

xoT, ={xon:neT,}

where zon(€) := xz(n(£)). Notice that for n € T, |a, Ton : @ — wisstill a
function from « to w, but not necessarily an injection. Furthermore, notice that for
different n, ' € T, |o, we may have zon = zon’. However, (x0T, , <) is still
an Aronszajn tree.

Now we are ready to prove the following result.

PROPOSITION 20.7. Let 'V be a model of ZFC and let ¢ € “w be a Cohen real
over V. Then there exists a Suslin tree in V|[c|, in fact

Vlc] E coT,, is a Suslin tree.

Proof. We consider Cohen forcing C = (C, <) for C' = |J,,,, "w. Since the height
of co T, is wy, in order to prove that co T, is a Suslin tree, we just have to show
that c o T},,, has neither uncountable anti-chains nor uncountable branches.

First we prove a preliminary result: Let {ng : 8 € w1} = T, be an enumeration
of T,,, such that for all 8,8’ € wy with 8 € 3’ we have dom(nz) C dom(nga).
Furthermore, let

7 C{(ng,p): Bew Ape C}

be a C-name for an uncountable subset of T,,,, [c], i.e.,
V| E “.4/c] is an uncountable subset of T, [c]”.
Since the set C' of C-conditions is countable, there is a C-condition pg such that
U:={Bew :(nsp) €}
is uncountable. Let ny := dom(pg) and for each 8 € U let

Epg := {v € dom(ng) : ng(7) € no}.
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CLAIM. There is an uncountable set W C U and a finite set A C w1, such that for
all 3,8 € W with 3 € 3 we have

E@ ﬁE,@/ = A, 77,8|A :77,8’|A7 and Vf S dom(ng) (77[3/(5) € Nng —>§ S A)

Notice that the last condition is equivalent to (Eg \ A) N dom(ng) = 0.

Proof of Claim. By applying the A-SYSTEM LEMMA 14.3 to the family {Ejs : § €
U} we find an uncountable family Ux C U and a finite set A C wy, such that for
any distinct 8, 8’ € Ua we have EgNEg = A. Now, since ny is finite, uncountably
many functions 73, where § € Ua, must agree on A. Hence, there is an uncountable
set U’ C Ua such that for any 3, 5/ € U’ we have ng|a = ng/|a.

Furthermore, we can construct an increasing sequence {(«s : § € wy) of elements of
U’ such that for all v, 6 € wy with y € § (i.e., oy € a5) we have

V¢ € dom(na.,) (Nas (§) € no — £ € A).

The construction is by induction on wy. Let oy = (U’ and let Uy = U’. Now,
assume that for all v € ¢, where § € w;, we have already constructed ordinals
o, € wy and uncountable sets U, C U'.If§ = v + 1, then let

Us = {[3 € (U, \ {ou}) : V€ € dom(a) (ns(€) € mo — € € A)}

and let
Qs = ﬂ U§ .

To see that Uy is uncountable, consider the set (U, \ {a,}) \ Us, which consists of
all 3 € (U, \ {aw}) such that for some £ € dom(a,,), n3(€) € no \ A. Now, since
(Es N Eg )\ A =0 (for any distinct 8, 8’ € U’), and since dom(«,,) is countable,
the set (U, \ {aw}) \ Us is countable. Hence, since U, is uncountable, this shows
that Uy is an uncountable subset of U’.

In the case when 4 is a limit ordinal, let Us = mveé U, and let a5 = [ Us. Since

each set U, \ U, 41 (for v € ) is countable and since 0 is a countable ordinal, the
set Us is an uncountable subset of U’.

Finally, let W = {as : 6 € wi}. Then W is an uncountable subset of U’ with the
required properties. ctaim

Now, we show that coT,,, has no uncountable anti-chains. For this, assume towards
a contradiction that

V|c] E “coT,, contains an uncountable anti-chain”

and let
7 C{(ng,p): BewrnpeC}
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be a C-name for an uncountable subset of T, [c] such that in Vc], the set

{conﬂ : Hp S C(<776,p> € %)}

is an uncountable anti-chain in c o T, . With respect to .27, let pg, no, W, and A be
as in the claim above, i.e., pg is a C-condition, ng = dom(pg), and W, A C wy
where W is uncountable and A is finite. Notice that for

o = {(77g,p0> :BeW}
we have po I-¢ &7’ C o/, moreover,
po ¢ “{cong: (ns,po) € &/'} is an uncountable anti-chain in co T, ”.

The goal is now to construct a C-condition ¢ > pg such that for distinct 5y, 51 € W
with 8y € 51 we have

gl=c cong, <cong,.

For this, fix two ordinals Sy, 51 € W with 3y € B;. By the properties of 7,,, and
since fBy, /1 € W, we have:

(@) |{€ € dom(ng,) : ns, (€) # 1, () }| < w
(®) 1gola =np|a
(c) V& € dom(ng,) (ns, (§) € no = & € A)
Now, let
5= {¢ € dom(ng,) : s, (€) # s, (€) }

and define
Foe {<7760(§)a7751 (€): € € E}'

Notice that by (a), = is a finite subset of w;, and consequently, F' is a finite subset
of w X w. In particular, I’ C m x m for some m € w. Since both functions, 7, and
7, are injective, we can identify £ with a bijection f : A — B where

A= {77,80(5) €€ E} and B := {77,81(5) € e E}.
Furthermore, B N ng = (). To see this, notice that by (c),
D := {g € dom(nﬁo) : nﬁl(f) € no} - Av

and by (b) we have ng,|a = 713,|a. hence, 13, (§) = 1, (§) for every £ € D. As
a consequence we get that for every k& € A we have f(k) > ng. Now, for every
k€ Annglet Oy := {k; : i € w} such that ky := k and
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f(k;) ifk; € A,
k; otherwise.

f(kiy1) := {

Since f is a bijection and f(k) > ng for all k € A N ng, for any distinct &k, k' €
A N ng we have O N Oy = (). Finally, for every k € A N ng let jx := po(k), and
define ¢ € ™w by stipulating ¢|,, := po, and in general, for | € m, we define

S
q(l) := {jk il e Oy,

0  otherwise.

Then g > pg and by construction we have

gl=c cong, <cong,.

It remains to show that coT,,, has no uncountable branches. For this, assume to-
wards a contradiction that

V|c| E “coT,, has an uncountable branch”

and let
2B {(ns,p): Bewi ApeC}

be a C-name for an uncountable subset of T, [c] such that in Vc], the set

{conﬂ : Hp S C(<7767p> € ‘?)}

is an uncountable branch of coT,, . With respect to the C-name %, let py € "°w,
W, B, A, =, be as in the claim above. Notice that for

B = {(ng,p0> :BeW}
we have pg =¢ %' C 4, in particular,
po = “the elements of {cons : (ng,po) € #'} are pairwise compatible™.

The goal is now to construct a C-condition ¢ > pg such that for distinct 5y, 81 € W
we obtain
ql—c “cong, and cong, are incomparable”.

Then, by similar arguments as above, one can show that there are 3y, 51 € W with
Bo € p1 such that for some & € dom(ng, ), ng,(€o) # g, (S0) and ng, (S0) ¢ no-
To see this, assume first that for all 5,8 € W with 8 € 5 we have 73 < ng.
Then, since W is uncountable, this yields an injection from an uncountable subset
of w into w, which is obviously a contradiction. Now, take any two Sy, 31 € W
with By € [ such that ng, # ng,. Then there is a §; € dom(ng,) such that
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18, (&0) # np, (o), in particular, § € =. Moreover, since B N ng = (), we have
UH (50) ¢ no.

Finally, let ¢ > py be a C-condition such that

dom(q) = dom(po) U {1, (&), ns, (€0)} and  q(n,(&)) # ¢(ns, (£0)) -

Notice that since 7, (§9) & no, there is no restriction on the value of ¢ (1, ()).
Clearly, q ¢ “cong, and cong, are incomparable”, which implies that c o 75, and
co g, cannot belong to the same branch. -

By combining LEMMA 20.3 and PROPOSITION 20.7 we get the following

COROLLARY 20.8. It is consistent with ZFC that there exists a Suslin line.

As a further consequence of the preceding results we get
COROLLARY 20.9. If ¢ = p > w1, then MA(wn ) fails after adding a Cohen real.

Proof. Let V be a model of ¢ = p > wj in which MA(w;) holds in V. So, by
PROPOSITION 20.4, there is no Suslin line in V. Now, let ¢ be a Cohen real over V.
Then, by PROPOSITION 20.7, there exists a Suslin line in V|[c]. So, MA(w;) fails
in Vc]. !

NOTES

Suslin’s Problem. Suslin’s Problem was posed by Suslin and published posthu-
mously in [10]. Translated into English it states: Is a (linearly) ordered set without
jumps or gaps, such that every set of its intervals (containing more than one element)
not overlapping each other is at most denumerable, necessarily an (ordinary) linear
continuum?

The Existence of Suslin Lines and Suslin Trees. LEMMA 20.3, which gives the
relation between Suslin lines and Suslin trees, is taken from Jech [3, Section 22].
The first models in which a Suslin line exists were discovered by Jech [2] and Ten-
nenbaum [11]. The construction for adding a Suslin tree by Cohen forcing is due to
Shelah [9, §1]. However, the approach taken here is due to Todorcevié [12, p. 292 1.]
(see also Bartoszynski and Judah [1, Section 3.3.A]). Finally, we would like to men-
tion that one of the main reasons to formulate Martin’s Axiom was that MA(w1)
implies that there is no Suslin tree (see Martin and Solovay [8]).



476

20 Suslin’s Problem

RELATED RESULTS

110. There is a Suslin Line in L. Jensen showed that a certain combinatorial princi-

111.

10.

11.

12.

ple, denoted o, implies the existence of a Suslin line (see Jensen [5, 6]). Now,
since ¢ holds in Gddel’s constructible universe L, there is a Suslin line in L
(see also Jech [3, Section 22] and [4, Chapter 27]).

S x S does not satisfy ccc. Let S be a Suslin line. Then S satisfies ccc but is
not separable. By the latter property one can construct an uncountable family
of pairwise disjoint non-empty open subsets of S x S. So, S x S does not
satisfy ccc (see Kunen [7, Chapter 11, §4]).
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