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LEiBNIZS DREAM

1t is tempting to indulge in a bit oft *“What if?" What if Leibniz had
not been shackled to his patrons' family history, and been free to devote
more time to his caleulus rationcinetor? Might he not have accomplished
what Boole was only to do so much later? But of course, such speculation
is useless. What Lelbniz has left us is his dreamn, but even this dream can
Bl us with admniration for the power of human speculative thought and can
serve as a yardstick for judging later developments.

CHAPTER 2

Boole Turns Logic
into Algebra

George Boole's Hard Life

The beautiful and intelligent Princess Carcline von Ensbach, one day to
be Queen of England as the wife of George II, met Leibniz in Berlin in
1704 when she was 18, After she went to England with the court, their
friendship continued by correspondence. She tried to persuade her father-
in-law, now George I of England, to bring Leibniz to Mmm_pma. but as we
have seen, the king insisted that Leibniz remain in Germany to complete
the Hanovarian family history. -

Caroline found herself entangled in ‘the foolish continuing dispute be-
tween Leibniz and Newton and his followers, each side accusing the other of
plagiarism over the invention of the calculus. She tried to convince Leibniz
that the issue was of no great importance, but he was having none of it.
Indeed, Leibniz sought her support before the king for his desire to be ap-
pointed “Historiographer of Engldnd” so as to match Newton’s position as
“Master of the Mint,” mmmmgmzm.zﬁn only in this way could the honor of
Germany vis a vis England be maintained. Leibniz wrote Caroline that
when Newton held that & grain of-sand exerted a gravitational force on
the distant sun without any evident means by which such a force could
be transmitted, he was in effect calling on miraculons means to explain
a natural phenomenon, something he assured her was inadmissable. For
her part, Caroline tried to get some of Leibniz's writings translated into
English. This effort brought her into contact with Samuel Clarke who had
been recommended to her as a possible translator.

Clarke was & philosopher and theologian and also a convinced disciple
of Newton. In his Being and Atiributes of God, dated 1704, Clarke had
developed a proof of the existence of God. Caroline showed him & letter
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BooLe Turns LOGIC INTO ALGEBRA

found it impossible to believe in the divinlty of Christ, but throughout his
life he held strong religious convictions, He soon abandoned his original
ambition to join the clergy of the Church of England, in part because of his
beliefs, bt erucially because of his family’s need for immediate financial
help when his father's business collapsed. George was not yet 16 when he
Legan his career as a teacher, . .

After two years at a small Methodist school some 40 miles from home
he was fired, mainly it seeins, owing to complaints about his irreligious
behaviors he worked on mathematics on Sundays, and even in chapel!
Indeed, it was at this time that Boole's efforts turned more and more to
mathematics. In later years, reminiscing about this period in his life, he
explained that having a very limited cﬁ_mﬂ for buying books, he found
that mathematics books provided the best value hecause it took longer to
work through them than books on other subjects. He also liked to speak of
the inspiration that suddenly came to him during his stay at the Methodist
school. While walking across a field, the thought flashed across his mind
that it should be possible to expréss logical relationships in algebraic form.
This experience, which a biographer compares to that of Paul on the road
to Damascus, was to bear fruit only many years later.’

After the Methodist school, Boole took » position in Livérpool. But
after six months of living and teaching there, he felt compelled to leave
becanse of (in the words of his sister), “the spectacle of gross appetites and
passions unrestrainedly indulged ...” presumably by the school headmas-
ter.! His next job, in a village only four miles from home, was also of brief
duration. This time, the reason was that, at the age of 19, concerned to put
Lis family’s finances on o sound basis, George Boole had decided to start
his own school in his home town, Lincoln, For fifteen years, until accepting
a professorship at a newly founded university at Cork, Ireland, Boole man-
aged a successful career as a schoolmaster. His schools (there were three in
succession) were the sole support of his parents and his siblings, although
eventually his sister Mary Amn and brother William did participate in the
work. )

Although ruaning a day and boarding school, and teaching numerous
classes might be thought to be a full-time job, Boole managed during this
period to make the transition from student of mathematics to creative
mathematician. Tn addition, he somehow found time for activities of social
improvement. He was a founder and-trustee of a ¥Female Penitent’s Home”

GEORGE BODLE'Ss HARD LiFE

in Lincoln whose purpose was “to provide a temporary home in which, by
moral and religious instruction and the formation of industrious habits,
fernales, who have deviated from the paths of virtue, may be restored to a
reputable place in society.” Boole’s biographer speaks of prostitutes (who
were evidently numerous in Victorian Lincoln) as the “penitent” women
who were to be helped by this institution.” More likely, the typical client
was a young woman of the servant elass who found herself pregnant and
abandoned after having been promised marriage by a lover of her own social
class.” Some insight into George Boole's personal attitudes towards sexusl
matters may perhaps be gleaned from what he said in two of his lectures
on non-mathematical subjects. In one, a lecture on eduecation, he warned:

A very large proportion of the extant Hterature of Greece and Rome
... is deeply stained with aHusions and all too often with more than
sllusions to the vices of Hesthenism. ... But that the innocence of
yeuth can bie exposed to the contamination of evil without danger 1
do not believe® .

And a lecture on the proper uses of leisure (given after a successful cam-
paign by the “Lincoln Early Closing Association” to obtain a ten-hour

‘working day) included Boole's stern words:

1F you seck gratification in those pursuits from which virtue turns
aside, you do so without excuse.”

Boole, following in his father’s footsteps, was also deeply involved with
the Lincoln Mechanics’ Institute. These mechanics’ institutes, mainly de-
voted to after-hours education for artisans and other workers, had sprung
up all over <.§cawa Britain. Boole did committee work for the one in
Lineoln, made recommendations for improving the library, gave lectures,
and provided teaching on a variety of subjects without remuneration,

Yet somehow, amidst all of this, he found titne to study some of the most
important English and continental mathematical treatises, and to begin
making hid own contributions. Much of Boole’s early work bears witness
to Leibniz’s heliel in the power of appropriate mathematical symbolism,
of the manuer in which the symbols seem to magically produce correct
answers to problems almost unaided. Leibniz had pointed to the example
of algebra. In England, as Boole began his own work, it was coming to be

*The gtudy (Barret-Ducrocg, 1989) of a similar institution in London recounts many
such tales of woe;
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Boolg TuaNs LOGIC INTO ALGEBRA

George Boole was 32 when his first revolutionary monograph on logic
as & form of mathematics was published. His more polished exposition,
The Laws of Thought appeared seven years later. These were eventful
years in Boole's life. Boole's soclal ciass and unconventional education had
apparently ruled out his chances for an appolntment at an English uni-
versity, Strangely, it was the Irlsh “problem” that gave Boole an opening.
Among the many bitter complaints in Ireland concerning English rule was
the Protestant character of their only university, Trinity College in Dublin.
In response it was proposed by the British government to found three new
universities to be called *Queen’s Colleges” in Cork, Belfast, and Galway.
Remarkably for the time, they would be non-denominational. Despite de-
nunciations by Trish political and religious figures, who demanded institu-
tions of & definitely Catholic character, the plans moved forward. Boole
decided to apply for an appointment at one of these universities, and finally
three years later, in 1849, he was Eu_uo::umﬁ_ Professor of Mathematics at
“Queen’s College in Cork.

By 1849, Treland had come through the worst of the disaster of famine
and disense brought by the potato blight, a devastating fungus that de-
mﬁ:&aﬁ most of the potato crops on which the Trish poor depended. Many

“of thoee who did not sterve to death were killed by the epidemics of typhus,
dysentery, cholera, and relapsing faver to which their weakened imnwne sys-
tems had laid them open. The English rulers, slow to recognize the fungus
as the underlylng cause of the catastrophe, instead blamed the supposed
indolence of the Irish. This social analysis was used to justify the contin-
ning export of food from Ireland while millions went hungry and starved.
Between 1845 and 1852, ouf of eight million Irish, at least & million died
and another one and a ha!f milliion emigrated.!?

Boole had little if anything to say about this: his strong mx_u«mvumo_pm
of indignation centered on cruelty to animals, Indeed, his attitude to
the Irish people was rather equivocal ms emerges from these lings from
s sonnet to Ireland that Boole wrote just as the college in Cork was being
inaugurated:

Yet thou in wisdem still art young, though old

In misery and tears. Oh that thy store

Of bitter thoughta, which brood upon the past,
Were from thy bosom quite erased and io.,:‘.s

GEORGE BooLe's HARD LIFE

Although Cork was certainly no major intellectual or cultural center,
the position provided Boole with the possibility of a life far mors appropri-
ate to his stature as one of the great mathematicians of the century than
that of a schoolmaster. His father had recently died and, after making
suitable provision for his mather, he was finally freed from the burden of
being the family provider, and could think of having a personal life. The
mathematics taught at Cork was at a rather low level for a university. The
syllabus began with “Fractional and Decimal Arithmetic® and continued
with topics taught today in secondary school. Boole's annual selary was
£250 in addition to a direct tuition fee of about £2 per term from each
student. Since he had no assistant, he did all the greding of the weekly
homework assignments himself.

Controversy over the Queen's Colleges continued. Although Cork’s
president was the distinguished Catholic scientist Sir Robert Kane, Catholics

-were certainly under-represented: of the academic staff of 21, only one other

was Catholic. The Catholic Church hierarchy had actually gone so far as
to forbid members of the clergy fram participating in the work of the Col-
leges, Some felt that Irish eandidates for positions were deliberately passed
over for relatively mediocre Englishmen or Scots, Nor did President Kane
endear himself to his faculty. His wife had no wish to live in Cork, and so
the President tried to run the college from Dublin. This, combined with
his arbitrary pugnacious manner, led to one fight after another between
the President and the faculty, sterile battles in which Boole usually found
himself involved, 10
Mary Everest, Boole's wife-to-he, later recounted some of her first im-

pressions of the attitudes of some of the residents of Cork towards the man
she would marry. One lady's answer to the question “What is the Professor
of Mathematics like?” was “Oh he's like—the sort of man to trust your
daughter with." Another lady explained the absence of her young children
by informing Miss Everest that George Boole had taken them for & walk
and that she was always happy when he had them. Ta the reply that Boole
seemed to be a general favorite, the lady demurred;

He is no favorite of mine, ... at least, I don’t enjoy his society. [

don’t care to be with such very good peaple. ... he never shows you

that he thinks you wicked, but when you are near anyone so pure

and holy, you can't help feellng how shocked he must be at you, He

makes me feel very wicked; but I am always at ease when the children
are with him; [ know they are getting some good.!?
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BooLe Turng LOGIC INTO ALGEBRA

for + and —. Sa, if x and y represent two classes, Boole took = + y to
represent the class of all things to be found either in & or in y, nowadays
called the union of £ and y. Thus, to use Boole's own example, if ¢ is the
class of men and y is the class of women, then © +y Is the class consisting
of all men and women. Also, Boole wrote x — y for the class of things in x
that are not in .22 If ¢ represents the class of all people and y represents
the class of all children, then £ — y would represent the class of adults. In
particular, 1 — 2 would be the class of things not in x, 5o that

r+{l-zy=1

Let us see how Boole’s algebra works. Using ordinary algebraic nota-
tion, let us write #? for mz. So Boole's basic rule can be written as P =z
or x — 22 = 0. Factoring this equation, following the usual rules of nlgebra,

z(l —x)=0.

In words: nothing can both belong and fail to belong to a given class z.
For Boole, thiz was an exciting result, helping to convince him that he was
on the right track. For us he said, quoting Aristotle’s Metaphysics, this
equation expresses precisely: :

... that “principle of contradiction” which Aristotle has described

a3 the fundamental axiom of ali philosophy. “it 1s impossible that

the same guality should both belong and not belong to the same

thing ... This is the most certain of all principles ... Wherefore

they who demonstrate refer to this as an ultlmate opinion. For it is
by nature the source of all the other axioms ,.. "

Boole must have been delighted to obtain confirmation such as every
sclentist seeks when introducing new and general ideas: to see an impaortant
earlier landmark turn out to be a mere particular application of the new
ideas, in this case Aristotle’s principle of contradiction. In fact in Boole's
time, it was common for writers on logic to equate the entire subject with
what Aristotle had done so many centuries earlier. As Boole put it, this
was to maintain that “the science of Logic enjoys an immunity from those
conditions of imperfection and of progress to which all other sciences are
subject ..." The part of logic that Aristotle studied deals with inferences,
called syllogisms, of a very special and restricted kind. They are inferences
from a pair of propositions called premises to another propesition, called

GEORGE BOOLE'S ALGERRA oF Logic

the conclusion. The premises and conclusions must -be representable by
sentences of one of the following four types:*

Sentence type ) Example

All X are V¥ All horses are animals.
NoXareY No trees are animals.

Some X are vV Soma horses are pure-bred.
Some X are not ¥V Some horses are not pure-bred.

The following is an example of a valid syllogism:

AlX are Y.

AllY are Z
All X are Z

That this syllogism is valid means that whatever properties are substituted
mo.n X, Y, and Z, 5o long as the given two premises are true, the conclusion
will be as well. Here are two instances of this syllogism:

All horses are mammals. All boojums are snarks.

All snarks are purple.

All horses are vertebrates.

All boojums are purple.

Boole's algebraic methods can easily be used to demoanstrate that this
syllogism is valid. To say that everything in X also belongs to Y is the
same a8 to say that there is nothing that belongs to X but not to Y, ie.
X(1-Y) =0 or equivalently X = XY. Likewise, the second premise nmm
be written ¥ = ¥ Z. Using these equations we get

X=XY=X(YZ)=(XY)Z=XZ,

the desired conclusion.24

. Of course, not every proposed syllogism is valid. An example of an
invalid syllogism can be obtained by interchanging the second premise with
the conclusior in the previous example:

“In Carmoll (1988, pp. 268-259), Lewis Carroll tells illygi
v PP us that | 4 "
proceeds from two “prim Missey” :u.w “deluslon.” o tellygism’” one
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BooLs Tunss LoGic 18TO ALGEBRA

Using these ideas, Jog and Susan’s premises can be expressed by the
equations

Lii~F) = 0,

’ Fo= 0,
wp = 1,

WPH{1-8) = U,

H = 1

Substituting the second equation in the first, we get L = 0, the first desired
conchision. Substituting the third and fifth equations in the fourth, we get
1~ 8 =0 that is § = 1, the other desired conclusion.

Now of cowrse, Joe and Susan had no need for this algebra, But the
fact thot the kind of reasoning that ordinarily takes place informally and
bnplicitly in ordinary human interactions could be captured by Boole's
algebra encouraged the hope that more complicated reasoning could be
captured as well. Mathematics may be thought of as systematically en-
capsulating highly complex logical inferences. This is part of the reason
that mathematics is so useful in selence. So an wltimate test of a theory of
logic that aims at completeness is whether it encompasses all mathematical
reasoning. We will return to this matter in the next chapter.

As a final example of Boole's methods, we turn to Samuel Clarke's
proof of the existence of God mentioned at the beginning of this chapter.
Without trying to follow Clarke’s long complex deduetion, it is at least
amusing to see how Boole proceeds, We quote a small fragment:

The premises ares—
1st. Something is.

2nd. If something is, either something always was, or the things that
now are linve risen out of nothing.

3rd, I something is, either i exists In the necessity of its own nature,
or it exists by the will of another being,

4th. it exists in the necessity of its own nature, something always
was.

Sth. If it exists by the will of another being, then the hypothesis
that the things which now are have risen out of nothing, is false,

We must now express symholically the above propositions,

BooLE anp LEmNZ's DREAM

Let.

L
il

Something is.
Something always was.

=
i

t
I

= 'The things that now are have risen out of nothing.
p = ltexists in the necessity of its own nature

(i.e., the semething spoken of abeve),
g = It exists by the will of another Being.

Boole then obtains from the premises the equations

l=x = 0,
{yz+(I-y)(l-2)} = 0,
r{pg+(1-p)(1=q)} = 0,

p(l—y) = 0,
gz = 0.

One wonders what Clarke would have made of this reduction of his intricate
metaphysical reasoning to manipulations of simple equations. Likely, as a
disciple of Newton, he would have been pleased. On the other hand, the
pugnacious metaphysician Sir Willlam Hamilton whe hated mathematics
50 very much must have been horrified.

Boole and Leibniz's Dream

Boole's system of logic included Aristotle’s and went far beyond it. But it
still fell far short of what was needed to fulfill Leibniz’s dream. Consider
the following sentence:

All foiling students are either stupid or lazy.
One might think of this sentence s being of the type:
All X are Y .

However, this would require that the class of students being stupid or lazy
be treated as a unit and would not permit any reasoning that sought to
distinguish those who were failing because of stupidity from those who
were {ailing because of laziness. In the next chapter we'll see how Cottlob
Frege's system of logic does include reasoning of this subtler kind.
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“infinitesimal® mpnbers. Infinitesimals were supposed to be positive numbers so
very tiny that no matter how many tintes such a number is added to itself, the
number 1 {or even the number .0000001) will never be reached. The legitimacy
of such quantities was challenged from the outset: the philesopher Bishop Berke-
ley scoffed at infinitesimals as “ghosts of departed quantities.” By the end of
the nineteenth century, mathematicians were in agreement that the use of in-
finitesimals could not be justified (although physicists and engineers continued
to employ them). Discussion of infinitesimal methods as used by Leibniz ns well
as thelr eventual rehabilitation In the twentieth century by the logician Abraham
Robinson will be found in the book (Edwards, 1079} already cited. The Seientific
American article (Davis and Hersh, 1972} gives auother account of Robinson’s
achievement.

BAiton (1985, p. 53).

IMates {1086, p. 27). See also pp. 26-27 of this source for more about about
these remarkable wome, for information about Leibmiz's beliefs about the intel-
lectual capabilities of women, and for further references.

The letter to L'Hospital guoted was dated April 28, 1693, (Couturat, 1961,
i 83). The quote from Couterat is from the snine page of the ssne source, For
the “thread of Ariadue” see Bourbaki {1069, p. 16).

"The letter from Leiliniz to Jean CGalloys Leibniz (1849/71962) on his Universal
Characteristic was dated December 1678, The translation from French is mine.

2 erhardt (1978, vol. 7, p. 200).

Bparkinson (1966, p. 105).

Mpor Ledbniz's logical caleulus of which a small “sample” is exhibited here, see
Lewis (191871960, pp. 207-305). Leibniz did not use the = m%mwcr but instead
used oo, The interesting article (Swoyer, 1994) gives a thorough reconstruction
of this system from a twentieth-century perspective.

Y5Fr somne discussion of Leibniz's attenipts to go beyond Aristotle’s analysis,
see Mates {1986, pp. 178183},

WHuber (1631, pp. 267-260).

Y Ajton (1685, p. 212),

Chapter 2

Huformation about Leibniz's friendship with Princess Caroline and his cor-
respondence with Samuel Clarke is from Aiton (1985, pp. 232,341-346) and the
articles “Caroline {1083-1737)" and “Clarke, Samuel (1675-1729)" in Britanica
(1910/11).

2Biographical information about George Boole is principally from MacHale
{1985},

*MacHale (1985, pp. 17 18).

Leiross appetites and passiony” (MacHale, 1985, p. 10),

CHAPTER 2

*MeacHale (1983, pp. 30-31).

“MacHale (1085, pp. 24-25).

"MacHale (1985, p. 41). ’

# Among the most important of the laws of algebra are the commutative laws
for addition and multiplication:

rHy=ydr,  aye=ya,

and the distributive law
x(y+z) = oy +z=2.

We are using the usual algebraic convention of writing, for example, zy instead
of 2 x y.

"Multiplication of two differential operators {which is taken to mean applying
first one and then the other) doesn’t always obey the commutative law.

"“Boole's gald medal {MacHale, 1085, pp. 59-62, 64-66). In addition to
Boole’s work employing the methods of the ealeulus, he published a paper in
two parts in the Cambridge Mathematical Jowrnal for 1842 that can be thought
of as founding a new and important branch of algebra, the theory of invariants,
However, after this first contribution, Boole never again worked on invariants.
We will be considering invariants again in the chapter on David Hilbert.

1Boole’s casual attitude to proof in connection with limit processes may be
contrasted with contemporary efforts on the continent to develop an appropriate
rigorous foundation for such matters. Interested readers are referred to Edwards
(1979), especially Chapter 11.

*The Scottish philosopher Sir Williar Hamilton is not to be confused with
Em.moaﬂmgﬁcﬁﬁ._ﬁ the Scottish mathematician, Sir Wiliam Rowan Hamilton.

“*Boale (1854, pp. 28-29). .

“Daly (1996); Kinealy (1996) -

**MacHale {1985, p. 173}

"¥MacHale (1985, p. a4,

""MacHale (1985, p. 107).

**MacHale (1985, pp. 240-243),

“"MacHale (1985, p. 111).

*'MacHale (1985, pp. 252-276). :

*The modern notation for the intersection of x and y is m 1y rather than Iy,
Also the empty set is usually represented by the Danigh letter @ rather than by 0.
Of course the notation he used was important for Boole because it made it easy
to connect with ordinary algebra.

“*Boole restricted the operation - to classes having no elements in commmon,
Here we follow contemporary usage and do not enforce this restriction. So r + )
is the class of things belonging to « or ¥ ar both, Nowadays one speaks of the
urnion of x and y, written z U y. Also, Boole restricted the notation o — ¥ to the
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