4 22 Silver-Like Forcing Notions

Silver-Like Forcing Adds Splitting Reals

LEMMA 22.3. Silver-like forcing S¢ adds splitting reals.

Proof. For every function f € “2 we define the set oy C w by stipulating:

neospie Y f(j)=1(mod 2)

jent

Similarly, we define o also for partial functions f : £ — 2, where E C w. Notice
that if two functions f, f/ € “2 differ at just a single place, say at kg € w, then
oy Moy is finite; in fact, oy N oy C k.

Let g € “2 be a Silver real over V. We are going to show that the set o, splits
every real in the ground model. For this, it is enough to show that for each real
x € [w]* in the ground model V and for every n € w, the set

Dm,nz{qESg:qH—gg (|:vﬁa~g|>n/\|x\o~g|>n)}

is open dense in Sg. It is clear that D, ,, is open. In order to prove that D, ,, is
also dense, let p € Sg be an arbitrary Sg-condition. We have to construct an Sg-
condition ¢ € D, , which is stronger than p. Firstly, let C' := w \ dom(p) and
notice that since & is a free family, C' is infinite. Hence, we can choose two sets
A={a;:i€2n} CCand B = {b; :i € 2n} C x such that

apg <byp<ay < <agpo1 <boyy_1.

Let E := dom(p) U b3, _,; then E contains both sets A and B. Now, we define
a condition ¢ € D, , with ¢ > p by induction on 2n: Let gy € S¢ be such that
dom(qo) = E \ A, qo|dom(p) = P and for all m € dom(qo) \ dom(p), go(m) = 0.
In particular, B C dom(qo) and for each k € 2n we have go(by) = 0. If, for
some k € 2n, gy is already defined, let gx11 € Sg be such that dom(gx41) =

dom(qx) U {ax}, qr+1ldom(qs) = qx» and

0 ikanandbkEJquﬂb;',
Grr1(ar) == 90 ifk ¢ nandby ¢ oq,, NbY,
1 otherwise.

Finally, let ¢ := g2,,. Then by construction we have
q“_géa {bo, .. 'abn—l} - U~g A {bn, .. .,bgn_l} ﬁqg =0

and since {bo, . .., b2, } C z, this implies that ¢ € D, ,. -



