20 1 Combining Forcing Notions

A Model in Which hom < ¢

We first define a forcing notion which satisfies ccc and then show that an w; -iteration
with countable support of this forcing notion, starting in a model in which ¢ > w;
yields a model in which w; = hom < c. The forcing notion we define is called
Laver forcing restriced to some ultrafilter 7 C [w]¥, denoted L .

Before we introduce restricted Laver forcing Ly, , we first fix some terminology.
We shall identify seq(w) (the set of finite sequences of w) with (J,,.,, "w. Con-
sequently, for s € seq(w) with |s| = n + 1 we can write s = (s(0),...,s(n)).
Furthermore, for 5, € seq(w) with [s| < [t| we write s < tif [ = s (ie., sis
an initial segment of ¢). Now, a set T' C seq(w) is a tree, if it is closed under initial
segments, i.e., t € T and s < t implies s € T. For an s € seq(w) and an n € w,
$ n denotes the concatenation of the sequences s and (n). Furthermore, for a tree
Tandans €T let

nerty(s) ={ncw:sneT}.

A tree T is called a Laver tree, if there exists an s € T, called the stem of T,
such that for every t € T'we havet < sor s < ¢, and forevery t € T with s < ¢,
the set nextr(t) is infinite. Let now %7 C [w]® be an ultrafilter. Then a tree T is
called a Laver tree restricted to %, if T is a Laver tree and for all t € T with
s < t, where s is the stem of T, we have nextr(t) € % . In addition we require that
the sequences ¢ in an Ly -condition T are strictly increasing, i.e., if m, n € dom(t)
and m < n, then t(m) < t(n).

Now, for an arbitrary but fixed ultrafilter %7 C [w]“, the conditions of restricted
Laver forcing L, are Laver trees restricted to %/ . For Lg, -conditions T and T
with stem s and s’ respectively, we define

T <Tg:<—= Ty CTs.
Notice that T, < T’y implies that for all ¢ € Ty we have nextr,, (t) C nestr,(t);
in particular we get s < §'.
As a first result we show that Ly, is o-centred.

FACT 1.12. Restricted Laver forcing Lo, where % C [w]¥ is an ultrafilter, is o-
centred.

Proof. Let Ty and T, be two Ly -conditions with the same stem s. Then, since %
is an ultrafilter, Ts N T is an L4, -condition which is stronger than both, T and 7.
Hence, any two L4, -conditions with the same stem are compatible, which implies,
since the set of stems s € seq(w) is countable, that L, is o-centred. -

Now we show that forcing with L4, adds a real, which is almost homogeneous
with respect to all colourings 7 : [w]? — 2 in the ground model.

LEMMA 1.13. Let V E ZFC, let % C [w]“ be an arbitrary but fixed ultrafilter, and
let G be Lo -generic over V. Furthermore, let g :=J {s € seq(w) : Ts € G} and
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let H, := g|w]. Then for every colouring 7 : [w]? — 2 in the ground model V, H,
is almost homogeneous for T, i.e., there is an n € w such that 7r|[Hg\n]2 is constant.

Proof. Let T be an arbitrary Ly, -condition with stem s and let 7 : [w]?> — 2 be
a 2-colouring of [w]2 in the ground model V. Furthermore, for s = () let 5 := 0,
otherwise, for s € "Tlw let 5 := s(n) + 1. We will construct an L, -condition T,
with the same stem as 7, such that Ts > T, and

Ty L, 7|(m,\5)> is constant .

To do this, for every m € nextr, (s) we define a colouring 7,,, : nextr, (s m) — 2
by stipulating
Tm(n) :=7m({m,n}).

Recall that by the definition of L, -conditions, m < n. Since % is an ultrafilter, for
every m € nextr,(s), either

Hpo := {n € nextr, (s m): 7n(n) =0}

or
Hp1 = {n € neztr, (s m): 7n(n) =1}

belongs to % . Furthermore, again since % is an ultrafilter, either

H, o= {m € nexty,(s): Hypo € %}

or
Hgq = {m € nexty,(s): Hy1 € %}

belongs to % . Without loss of generality let us assume H; o € % . Then for all
m € nextr,(s) N Hs o and n € nextr, (s m) N Hy, o we have 7({m,n}) = 0.

In order to construct the tree T}, we just thin out the tree T by the following
procedure: First, let

Ty = U {T C Ty : nextr(s) = Hso ANVm € Hy (nemtT(sﬂm) = Hm,o)} )
Then T is an Lo -condition and for every s m n € Ty we have
m({m,n})=0. (%)
Now, let A; := Hj o and for every ny € A,, let
Agqpy = nextr, (s no) N As.

Notice that for every ng € A,, Ay, = Hpy0 N Hgo. Furthermore, for every
ny € Agy,, we define

Aengn, = nexty (s ng n1) N Agqp, NAs.
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In general, if A, ~ ~,, is already defined, then for every ny1 € Ay, We
define

Asng mrpgs = newtry (s no .. ngp1) N Agng o, N

As’\no’\...’\nk,l n---N As’\ng’\nl N As’\ng N As .
Since Tp is an L -condition and 7 is an ultrafilter, each set Ag,~ ~,, defined
above belongs to % . If, for t € seq(w), A; is defined, then we say that ¢ is admissi-
ble. Now, let A

Ty == {t € seq(w) : Ay is defined} .

Then TS is an L4 -condition with stem s and for each ¢ € Ts with s < t we have
nexty (t) = Az

Let now h € “w be a branch through Ts (ie., for every n € w, hl, € TS).
Let 4,5 € w be such that |s| < ¢ < j, and let m := h(i) and n := h(j). Then
m({m,n}) = 0. To see this, notice that by construction, m € nezt; (s) and n €
next; (s n). Hence, s m n € Ty, and by (x) we get w({m,n}) = 0. In particular,
for H := hlw], we get that 7|[z\ 5> is constant. So, by the definition of H, this
shows that .

T's 1, 7|(#,\s)? is constant.

Since the L -condition Ts was arbitrary, we get the set of Ly -conditions
{T 3k € w(T Lo Tl k)2 18 constant)}

is open dense, H, is almost homogeneous for 7. Finally, since the colouring 7 was
arbitrary, H, is almost homogeneous for every colouring 7 : [w]? — 2 in the ground
model V. —

Now we are ready to construct a model in which hom < c.
PROPOSITION 1.14. hom < c¢ is consistent with ZFC.

Proof. Let V F ZFC+ ¢ > wy and let P,,, = (Q, : o € wi) be an w;-stage
iteration with finite support, where for each o € wy, Q, is restricted Laver forcing
Lo, for some ultrafilter ZZ C [w]® (e.g., take the first ultrafilter with respect to some
well-ordering defined in V). Furthermore, let G be IP,,, -generic over V.

First recall that, by FACT 1.12, Ly is o-centred. Now, since o-centred forcing
notions satisfy ccc and since by PROPOSITION 1.8 any finite support iteration of ccc
forcing notions satisfies ccc, we get that P,,, satisfies ccc. Hence, by LEMMA 22,
P,,, does not collapse cardinals which implies that V[G] E ¢ > w;.

By LEMMA 1.13, each forcing notion Q,, (for o € wy) adds a real H,, € [w]*
which is almost homogeneous for all colourings 7 : [w]? — 2 in V[G,], where G,
is P,-generic over V. Now, since by LEMMA 1.9 no new reals are added at stage
w1, we get that in V[G], the set
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%::U{Ha\n:aewl/\new}

has the property that for every colouring 7 : [w]? — 2 in V[G], there is an H € 7
which is homogeneous for 7 (i.e., 7| z)2 is constant). Finally, since |.7°| = w1, this
shows that V[G] F w1 = hom.

Hence, in V[G] we have w; = hom < ¢, which completes the proof. =



