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Galileo Paradox

Salviati: This is one of the difficulties which arise when we
attempt, with our finite minds, to discuss the infinite, assigning
to it those properties which we give to the finite and limited;
Galileo -The Two Sciences

The integers which are squares are equinumerous with all the
integers

0 1 2 3 · · · n
↓ ↓ ↓ ↓ ↓ ↓
0 1 4 9 · · · n2
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Galileo Again

Salviati: So far as I see we can only infer that the totality of all
numbers is infinite, that the number of squares is infinite, and
that the number of their roots is infinite; neither is the number of
squares less than the totality of all the numbers, nor the latter
greater than the former; and finally the attributes "equal,"
"greater," and "less," are not applicable to infinite, but only to
finite, quantities.
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Infinity As an Actual Object

We will thus never hamper ourselves with disputes about the
infinite, since it would be absurd that we who are finite should
undertake to decide any thing regarding it. . .

. . . whether an infinite number is even or odd and so on ,
because it is only those who imagine their mind to be infinite,
who appear to find it necessary to investigate such questions.
DecartesPrinciples of Philosophy, Part 1, XXVI
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Cantor

Definition
A set A is equinumerous with set B if the elements of A can be
put in one to one correspondence with the elements of B
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Paradoxes?

The odd integers are equinumerous with all the integers

The rational numbers (fractions of integers) are equinumerous
with the integers
The points in an interval on the line are equinumerous with the
whole infinite line
The points of the line are equinumerous with the points in the
plane, the points in the 3 dimensional space etc.
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These "Paradoxes" are exactly what motivated Dedekind’s
definition of the infinite:

Definition
A system S is said to be infinite when it is similar to a proper
part of it self. Otherwise S is said to be a finite system.
(Dedekind: Was sind und was sollen die Zahalen, 64)
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Not all infinite sets are the same

Question
Are all infinite sets equinumerous?

Cantor-1874 No The real numbers are not equinumerous with
the integers

So I finally believe myself to have found the reason why the
totality designated by (x) in my earlier letters cannot be
correlated one-to-one with the totality designated by (n).
( Cantor letter to Dedekind ,18 December 1873)
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The Continuum Hypothesis

Question (Cantor-1878)
Are infinite sets of reals only of two kinds: Those that are
equinumerous with the integers (like rationals, algebraic
numbers etc) and those that equinumerous with the whole sets
(like the trancedentsals ) ?

Answer (Cantor’s answer Continuum Hypothesis)
Every infinite set of reals is either countable or equinumerous
with the whole real line
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cardinals

Cantor-1883 Cardinals Sizes of infinite sets : ℵ0,ℵ1,ℵ2 · · ·

The Continuum Hypothesis : The size of the continuum is the
immediate successor of ℵ0 ,i.e. ℵ1

2ℵ0 = ℵ1

The Continuum Hypothesis is equivalent to

Hypothesis
If F is a function from the reals onto an ordinal α then the
cardinality of α is at most ℵ1.
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The Monster of Independence
Theorem (Gödel-1938)
The Continuum Hypothesis is consistent with the accepted
axioms of Set Theory. One can not disprove the Continuum
Hypothesis

Theorem (Cohen-1963)
The Continuum Hypothesis is independent of the usual axioms
of Set Theory. One can not prove it
In fact as far as the axioms are concerned all the following
statements are possible:

2ℵ0 = ℵ1,2ℵ0 = ℵ2 . . . 2ℵ0 = ℵ211086 . . . 2ℵ0 = ℵω+17

Even more : it possible that

2ℵ0 = ℵω1
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The Shock

Many other problems were shown to be independent . Shelah
proof of the independence of Whitehead conjecture in 1973
was considered to be especially shocking.

Mostowski-1967: Such results show that axiomatic Set
Theory is hopelessly incomplete. . . If there are a multitude of
set theories then none of them can claim the central place in
Mathematics
Dieudonné-1976: Beyond classical analysis there is an infinity
of different mathematics and for the time being no definitive
reason compels us to chose one rather than another
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What do we do

The skeptic The problem, like many other problems that deal
with infinity are meaningless, so there is no point
pursuing it.

The pluralist We have to get used to the fact that there are
multitude of set theories, in the same sense that
there are multitude of geometries.

The realist There is a correct set theory. The fact that the
axioms do not answer some basic questions is
because they do not exhaust the whole truth about
this real objects.
Gödel incompleteness!

The pragmatic We have many options for set theory (hence for
the foundation of Mathematics). We should pick
the most useful, the most elegant etc.
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The Gödelean conviction

Gödel-1947Cantor’s conjecture must be either true or false and
its undecidability from the axioms can only mean that these
axioms do not contain a complete description of this reality and
such a belief is by no means chimerical , since it is possible to
point out ways in which a decision of the question might
nevertheless be obtained
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Search For new axioms

Main requirements for the new axioms:

• The Axiom should be strong enough to decide a large
class of statements which are undecidable on the basis of
the accepted axioms
• The Axiom Should Produce a coherent elegant theory for

some important class of problems.
• The Axiom should have some intuitive or Philosophical

appeal.A Slogan
• If possible the axiom should have "testable,verifiable

consequences"
• If possible the axiom should be resilient under forcing

extensions
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Gödel Again

Gödel -1947,1964 . . . Even disregarding the intrinsic necessity
of some new axiom. . . a probable decision about its proof is
possible also . . . by studying its success. Success here means
fruitfulness in consequences. . .

There might exist axioms so abundant in their verifiable
consequences, shedding so much light upon a whole field and
yielding such powerful methods for solving problems . . . that, no
matter whether or not they are intrinsically necessary, they
would have to be accepted at least in the same sense as any
well-established physical theory
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Strong Axioms of Infinity

Gödel : Strong Axioms of infinity ("assuming the existence of
larger infinities") should settle many of the independent
problems.

The large cardinals hierarchy is an excellent example of a
series of axioms satisfying all the requirements for the choice of
new axioms.
These axioms intuitively stipulate that in the hierarchy of
infinities we encounter more jumps which are similar to the
jump from the finite to the infinite.

Theorem (Levy-Solovay 1967)
The continuum hypothesis is independent even if one adds to
the axioms of Set Theory any of the accepted axioms of strong
infinity.
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Did The Gödel’s program fail?

Cantor-1884 A closed set is never a counter example to the
weak continuum Hypothesis: A closed set is either countable or
of size of the continuum.

Hausdorff, Aleksandrov-1916 Every Borel set is either
countable or contains a perfect subset, hence Borel Sets are
never a counterexample to the Continuum Hypothesis.
Luzin-1917 Every Analytic set is either countable or contains a
perfect subset
Gödel It is consistent to have an uncountable set which is the
complement of an analytic set ( "Co-Analytic set ") with no
perfect subset.
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Gödel’s program has its successes

Results of Solovay, Martin, Steel, Woodin and many more show
that the existence of larger infinities has a deep impact of the
structure of definable sets of reals. For instance

Theorem
Assume some large cardinals then every set of reals which
belong to the minimal model containing all the reals is either
countable or the size of the continuum
The large infinities have a "smoothing " effect on smaller infinite
sets.
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Slogan
If the Continuum Hypothesis fails then there should be a
"simple","definable" evidence for this failure.

This success of large cardinals to yield information about the
size of "definable" "nice" "regular" set of reals can be used to
argue for adapting the Continuum Hypothesis as an axiom.
But we get a different answer if we consider the cardinals for
which we find a "definable" "simple" map. It is consistent with
strong axioms of infinity that there is a "nice" map of the reals
on ℵ2.
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Maybe the continuum is ℵ2

It is not known whether ℵ2 in the above statement can be
replaced by larger ℵ’s
There is an exact notion of a set of reals being "nice" -The
notion of universally Baire.

Conjecture
In the presence of large cardinals the largest cardinal onto
which one can map the reals by universally Baire map is ℵ2

If this conjecture is true then it can be used to argue for
restricting hte possible values of the continuum to only two
values: ℵ1 and ℵ2.
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Forcing axioms

Slogan
An object that can be imagined to exist and there is no obvious
objection to its existence, does exist

The Universe of sets is rich.
The first axiom of this type was introduced by Martin. (Martin’s
axiom). It settles many independent problems , but not the
continuum hypothesis.
There were many generalization of Martin axiom. Almost all
forcing axioms stronger that the initial Martin Axiom imply
2ℵ0 = ℵ2.
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The inner models program

Slogan
The universe of sets is constructed by coherent clear steps.
(Gödel’s constructible universe L is such a universe of sets.)

"The universe of sets is L-like.
It has the disadvantage of omitting some canonical objects that
definitely should be included and it is inconsistent with the
strong axioms of infinity .
The present inner models program attempts to construct L like
models that will avoid this disadvantages of Gödel’s L.
The attempt is to get what Woodin named "The ultimate L.
All L-like models satisfy the continuum hypothesis, so the
success of this program may be an argument for accepting the
Continuum Hypothesis.
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Is it conceivable that different Set Theories will be judged by
their impact on fields outside Mathematics?

The impact could be that a certain Scientific theory is simplified
,streamlined if we pick one Set Theory rather than another
Or the impact could be that one will be able to derive some
experimentally testable consequences form the scientific theory
based some one set of axioms for Set Theory that can not be
derived form another set of Axioms.
Is this an outrageous speculation?
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A Physical Example

This is a about the possibility of hidden variables in Quantum
Mechanics.

Two famous theorems claim that the results of QM
are inconsistent with the existence of hidden variables: Bell
Theorem and the Kochen-Specker Theorem.
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Crash Course in Physics
Given a particle whose spin is 1. (=a boson). The spin can be
measured along any axis x and the possible values are
Sx = 1,0,−1.

If x , y , z are mutually orthogonal then one can not measure
simultaneously any two of Sx ,Sy ,Sz . (The corresponding
operators do not commute.) But the squares S2

x ,S2
y ,S2

z do
commute and hence can be measured simultaneously . It is a
result of QM that always

S2
x + S2

y + S2
z = 2

so exactly two of S2
x ,S2

y ,S2
z has a value 1.

The hidden variable assumption claims that the particle carry
some predetermined values of S2

x ,S2
y ,S2

y such that this values
are what we measure. The Kochen-Specker Theorem claims
that this is impossible.
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Theorem (Kochen-Specker)
There is no function S defined on the unit sphere of the
3-dimensional space S2 such that for every x ∈ S2
S(x) = 1,0 and such that for every x , y , z ∈ S2 which are
mutually orthogonal

S(x) + S(y) + S(z) = 2

Theorem (Pitowsky)
Assume the Continuum Hypothesis . Then there is a function S
defined on S2 getting only the values 0,1 and such that for
every x ∈ S2 the set of pairs (y , z) such that x , y , z are mutually
orthogonal and such that

S(x) + S(y) + S(z) 6= 2

is countable.(call such a function "Pitowsky’s function"
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The existence of Pitowsky’s models depend on the Set
Theory

Theorem (Farah, M.)
The existence of Pitowsky’s function is independent of Set
theory. For instance we assume that the real line is real valued
measurable, then there are no Pitowsky’s function.
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Another Potential Example

Definition
H is a separable Hilbert space. B(H) is the algebra of bounded
operators on H. K (H) the ideal of compact operators. The
Calkin Algebra of H is the quotient algebra B(H)/K (H).

Theorem (Philips,Weaver,Farah)
The problem whether all automorphisms of the Calikin Algebra
are inner is independent of ZFC. ("Inner" means induced by an
isometry of the underlying Hilbert space.) In fact the Continuum
hypothesis implies that there is an inner automorphism of the
Calkin algebra which is not inner.
It is inconceivable that problems about Hilbert spaces similar to
this problem could have a Physical meaning.
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While being a wild shot it is not impossible that Scientific
Theories will prefer one Set Theory over others because it
makes the scientific theory simpler and more elegant. It may
even be possible that in order to derive certain experimentally
testable results one would have to prefer one Set Theory over
others.
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Conclusion

Independence is a fact of mathematical life. (Gödel’s
incompleteness theorem! )

The cost of ignoring it is a fall from the paradise:

Aus dem Paradies, das Cantor uns geschaffen, soll uns
niemand vertreiben können.
From the paradise, that Cantor created for us, no-one can expel
us.
(Hilbert (1926, p. 170), a lecture given in Münster to
Mathematical Society of Westphalia on 4 June 1925)
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The monster of independence is unavoidable but it should be
tamed

and it will be tamed !
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Thank you for your attention!
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