
Solution of Riddle 12208

The Logic Coffee Circle∗

Abstract

We solve the following riddle:

12207 . Proposed by Ovidiu Furdui and Alina Sı̂ntămărian, Technical University of Cluj-
Napoca, Cluj-Napoca, Romania. Let f : [0, 1] → R be a continuous function satisfying∫ 1

0 f (x) dx = 1. Evaluate

lim
n→∞

n

ln n

∫ 1

0
xnf (xn) ln(1 − x) dx.

12208 . Proposed by Gregory Galperin, Eastern Illinois University, Charleston, IL, and
Yury J. Ionin, Central Michigan University, Mount Pleasant, MI. (In memory of John Hor-
ton Conway, 1937–2020.) Three wise women, Alice, Beth, and Cecily, sit around a table.
A card with a positive integer on it is attached to each woman’s forehead, so she can see
the other two numbers but not her own. The women know that one of the three integers
is equal to the sum of the other two. The same question, “Can you determine the number
on your forehead?,” is addressed to the wise women in the following order: Alice, Beth,
Cecily, Alice, Beth, Cecily, . . . . The answer is either “No” or “Yes, the number is ,”
and the other wise women hear the answer. The questioning ends as soon as the positive
answer is obtained. (Assume that the women are logical and honest, they all know this,
they all know that they all know this, and so on.)
(a) Prove that whichever numbers are assigned to the wise women, an affirmative answer
is obtained eventually.
(b) Suppose that Alice’s second answer is “Yes, the number is 50.” Determine the numbers
assigned to Beth and Cecily.
(c) Suppose the numbers assigned to Alice, Beth, and Cecily are 1492, 1776, and 284,
respectively. Determine who will give the affirmative answer and how many negative
answers she will give before that.

SOLUTIONS

Orthocenter of A Hidden Triangle

12092 [2019, 180]. Proposed by Michael Diao, Student, University High School, Irvine,
CA, and Andrew Wu, Student, St. Albans School, Washington, DC. Let ABC be a triangle,
and let P be a point in the plane of the triangle satisfying ∠BAP = ∠CAP . Let Q and
R be diametrically opposite P on the circumcircles of △ABP and △ACP , respectively.
Let X be the point of concurrency of line BR and line CQ. Prove that XP and BC are
perpendicular.

Solution I by Richard Stong, Center for Communications Research, San Diego, CA. Since
∠PAQ and ∠PAR are both right angles, we can set up a Cartesian coordinate system with
A = (0, 0), P = (r, 0), Q = (0, s), and R = (0, t). Letting B = b(1,−u), the condition
∠BAP = ∠CAP forces C = c(1, u). Substituting (b,−bu) and (c, cu) into the equations
x2 − rx + y2 − sy= 0 and x2 − rx + y2 − ty= 0 of the circumcircles of APQ and
APR, respectively, we get

B = r − su

1 + u2
(1,−u) and C = r + tu

1 + u2
(1, u).

The equations of the lines BR and CQ are

(t + ru − su2 + tu2)x + (r − su)y= t (r − su)

and

(s − ru + su2 − tu2)x + (r + tu)y= s(r + tu).
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1 Solution

Let {a, b, c} ⊆ Z>0 such that one of the integers is equal to the sum of the other
two. Define S(a,b,c) ∈ Z>0 ∪{∞} to be the minimal number of steps the women
need with the optimal strategy until one of the women gives the positive answer.
For example, for all a > 0 we have that

S(a,a,2a) = 3, S(a,2a,a) = 2 and S(2a,a,a) = 1. (1)

a) We want to show that S(a,b,c) ∈ Z>0. Assume towards a contradiction that
S(a,b,c) is not always finite. Choose numbers a, b, c ∈ Z>0 with minimal a+ b+ c
such that S(a,b,c) = ∞. Without loss of generality assume that a < b ≤ c (if
a = b we are done by (1)). Cecily knows that her number is either a+ b or b−a.
So when in S(a,b,b−a) steps no one gives a positive answer, she knows that her
number is a+ b. So we have that

S(a,b,a+b) ≤ S(a,b,b−a) + 3.

Since a + b + (b − a) < a + b + (a + b) we have that S(a,b,b−a) < ∞. This is a
contradiction.

b) and c) First we want to show that always the woman with the sum gives the
positive answer. Assume not. Then there exist a, b ∈ Z>0 and, without loss
of generality, Alice finds out her number in round S(a,b,a+b) where additionally
S(a,b,a+b) is minimal. Hence, if Alice sees that Beth and Cecily have the numbers
b and a + b, respectively, then Alice concludes that her number is a whenever
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the other women (and Alice) answers “no” before round S(a,b,a+b). Thus, if the
women have the same number except Alice is attached a + 2b to her forehead,
then it cannot happen that all the women are answering “no” before round
S(a,b,a+b). Therefore, we get

S(a+2b,b,a+b) < S(a,b,a+b).

Moreover, the positive answer must come from Beth or Cecily where both do
not have the sum and this is a contradiction to the minimality of S(a,b,a+b).

Now we want to show that for all 1 ≤ a < b we have that

(α) S(a,b,a+b) = S(a,b,b−a) + 1

(β) S(b,a+b,a) = S(b,b−a,a) + 1

(γ) S(a+b,a,b) = S(b−a,a,b) + 1

(δ) S(a,a+b,b) = S(a,b−a,b) + 2

(ε) S(b,a,a+b) = S(b,a,b−a) + 2

(ζ) S(a+b,b,a) = S(b−a,b,a) + 2

All these formulas can be proven similarly. Therefore, we will only prove (δ).
Every woman knows that her number is either the sum of the two numbers she
sees or the positive difference. In particular, Beth knows that her number is
either a+ b or b−a. As we have seen above, for the problem (a, b−a, b), Cecily
gives the positive answer in step S(a,b−a,b) because she is the one with the sum.
So in the problem (a, a + b, b), when Cecily says, “no” in step S(a,b−a,b), Beth
cannot know until the next round that she does not have the number b − a
and must therefore give the positive answer in step S(a,b−a,b) + 2. This proves
formula (δ).

With the formulas (α)-(ζ) and (1), we can easily solve parts b) and c) of the
riddle. For b) we have that

S(50,20,30) = S(10,20,30) + 1 = S(10,20,10) + 2 = 2 + 2 = 4.

So Beth’s number is 20 and Cecily’s number is 30 and uniqueness of the solution
follows directly by the above formulas and the fact that 50 has to be the sum
of the other two numbers.

For c) we get that

S(1492,1776,284) = S(1492,1208,284) + 1 = · · · = S(4,8,4) + 36 = 2 + 36 = 38.

So Beth gives the positive answer after saying 12 =
⌊
38
3

⌋
times “No”.

A python program for computing S(a,b,c)

def S(a,b,c):

if (a+b-c)*(a-b+c)*(-a+b+c)!=0:

print "No number is the sum of the other two!"

else:

return s(0,[a,b,c],1)

def s(j,li,i):

if li[j%3]==li[(j+1)%3]+li[(j+2)%3]:

d=li[(j+1)%3]-li[(j+2)%3]

if d==0:

return i+(j%3)

else:

li[j%3]=abs(d)

return s((j+1)%3,li,i+(3+sgn(d))/2)

else:

return s((j+1)%3,li,i)
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2 A generalization of the riddle

Assume that n ≥ 3 women are playing the same game. I.e. every woman has a
number ai ∈ Z>0 on her forehead and one of the integers is equal to the sum of
the other integers. Let S(a1,...,an) be the minimal number of steps the women
need with the optimal strategy until one of the women gives the positive answer.
Define i0 and choose i1 such that

ai0 = max{ai | 1 ≤ i ≤ n} and ai1 = max{ai | 1 ≤ i ≤ n ∧ i 6= i0}.

Let d := ai1 −
n∑

i=1
i/∈{i0,i1}

ai. With the same arguments we used in the case n = 3,

we can prove the following formulas:

1. If d ≤ 0 we have that
S(a1,...,an) = i0.

2. Otherwise, if d > 0, we have that

S(a1,...,an) = S(a1,...,ai0−1,d,ai0+1,...,an) + k,

where k is minimal such that (i1 + k) modn = i0.
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