
Solution of Riddle 12237

The Logic Coffee Circle∗

Abstract

We solve the following riddle:

PROBLEMS AND SOLUTIONS
Edited by Daniel H. Ullman, Daniel J. Velleman, and Douglas B. West
with the collaboration of Paul Bracken, Ezra A. Brown, Zachary Franco, László Lipták,
Rick Luttmann, Hosam Mahmoud, Frank B. Miles, Lenhard Ng, Kenneth Stolarsky,
Richard Stong, Stan Wagon, Lawrence Washington, and Li Zhou.

Proposed problems should be submitted online at
americanmathematicalmonthly.submittable.com/submit.

Proposed solutions to the problems below should be submitted by July 31, 2021, via
the same link. More detailed instructions are available online. Proposed problems
must not be under consideration concurrently at any other journal nor be posted to
the internet before the deadline date for solutions. An asterisk (*) after the number
of a problem or a part of a problem indicates that no solution is currently available.

In memory of Robin J. Chapman (1963–2020), an exceptional and prolific contributor.

PROBLEMS

12237 . Proposed by Donald E. Knuth, Stanford University, Stanford, CA. Let x0 = 1 and
xn+1 = xn + ⌊x 3/10

n ⌋ for n ≥ 0. What are the first 40 decimal digits of xn when n = 10100?

12238 . Proposed by Tran Quang Hung, Hanoi, Vietnam. Let ABCD be a convex quadrilat-
eral with AD = BC. Let P be the intersection of the diagonals AC and BD, and let K and
L be the circumcenters of triangles PAD and PBC, respectively. Show that the midpoints
of segments AB, CD, and KL are collinear.

12239 . Proposed by David Altizio, University of Illinois, Urbana, IL. Determine all positive
integers r such that there exist at least two pairs of positive integers (m, n) satisfying the
equation 2m = n! + r .

12240 . Proposed by Yue Liu, Fuzhou University, Fuzhou, China, and Fuzhen Zhang, Nova
Southeastern University, Fort Lauderdale, FL. We denote by A∗ the conjugate transpose of
the matrix A.
(a) Let x ∈ Cm be a unit column vector. Find the eigenvalues of the (m + 1)-by-(m + 1)

matrices [
x∗x x∗

x 0

]
and

[
xx∗ x

x∗ 0

]
.

(b) More generally, let X be an m-by-n complex matrix, and let ρ be any real number. Find
the eigenvalues of the (m + n)-by-(m + n) matrices

[
X∗X X∗

X ρIm

]
and

[
XX∗ X

X∗ ρIn

]
.

12241. Proposed by Ovidiu Furdui and Alina Sı̂ntămărian, Technical University of Cluj-
Napoca, Cluj-Napoca, Romania. Prove

∞∑

n=1

(−1)n n

(
1

4n
−ln 2 +

2n∑

k=n+1

1
k

)

= ln 2 −1
8

.
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1 Solution

We begin by calculating the first few elements of the sequence:

x0 = 1, x1 = 2, . . . , x10 = 11, x11 = 13, x12 = 15, . . . , x23 = 37, x24 = 39,

x25 = 42, x26 = 45, . . .

We have that for all m ∈ N>0

bx 3
10 c = m ⇐⇒ m

10
3 ≤ x < (m+ 1)

10
3 . (1)

For positive integers m define

sm := |{n ∈ N>0 | xn = xn−1 +m}|.

Note that for n =
∑l

m=1 sm we have xn = xn−1 + l and xn+1 = xn + (l + 1).
Define g : N→ R by

g(m) :=
(m+ 1)

10
3 −m 10

3

m
.

Note that by (1) we have that

g(m)− 1 ≤ sm ≤ g(m) + 1.

Now we want to find a suitable approximation of g(m). For this, we first consider
the following power series:

(1 + y)
10
3 − 1 =

∞∑
k=1

( 10
3
k

)
· yk

With this series and y := 1
m we obtain

g(m) : =
(m+ 1)

10
3 −m 10

3

m
=

1

y
7
3

(
(1 + y)

10
3 − 1

)
=

10

3
m

4
3 +

35

9
m

1
3 +

140

81

1

m
2
3︸ ︷︷ ︸

=:g1(m)

+
35

243

1

m
5
3

− 14

729

1

m
8
3

± . . .︸ ︷︷ ︸
=:R(m)

By definition of R(m), in particular since R(m) is an alternating series, for each
m ∈ N we have 0 < R(m) < 35

243
1

m
5
3

. Moreover, we have

0 <

∞∑
m=1

R(m) <
35

243

∞∑
m=1

1

m
5
3

=
35

243
· ζ
(
5
3

)
<

35

243
· 17

8
<

1

3
.
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Therefore, we have that

g1(m)− 1 ≤ sm ≤ g1(m) + 2.

Now, we want to compute l0 ∈ N with

x10100 = x10100−1 + l0.

In other words, we have to find the smallest l0 ∈ N such that
∑l0

m=1 sm ≥ 10100.
For this, we first notice that

l∑
m=1

g1(m) =
10

3

l∑
m=1

m
4
3 +

35

9

l∑
m=1

m
1
3 +

140

81

l∑
m=1

1

m
2
3

=
5

81

(
54H

(− 4
3 )

l + 63H
(− 1

3 )

l + 28H
( 2
3 )

l

)
,

whereH
(r)
l is the l-th harmonic number of order r, defined byH

(r)
l :=

∑l
m=1

1
mr .

Now, with the inequality

10100 ≤
l0∑

m=1

sm ≤
l0∑

m=1

(g1(m) + 2) = 2l0 +

l0∑
m=1

g1(m)

and the help of Mathematica we find after a short search

l0 ≥ 6 176 697 077 775 135 894 745 105 594 539 832 252 961 972,

and with the inequality

l0∑
m=1

sm ≥
l0∑

m=1

(g1(m)− 1) = −l0 +

l0∑
m=1

g1(m) ≥ 10100

we find the same value for l0. Hence,

l0 = 6 176 697 077 775 135 894 745 105 594 539 832 252 961 972.

Since g(m)− 1 ≤ sm ≤ g(m) + 1, we have

x10100 ≤
l0∑

m=1

msm ≤
l0∑

m=1

mg(m)+

l0∑
m=1

m = (l0 +1)
10
3 −1+

l0(l0 + 1)

2
=: A,

and analogously

x10100 ≥
l0−1∑
m=1

msm ≥
l0−1∑
m=1

mg(m)−
l0−1∑
m=1

m = l
10
3
0 − 1− l0(l0 − 1)

2
=: B.

With Mathematica we see that the first 40 digits of A and B are the same, so
the first 40 digits of x10100 are

43236 87954 44259 51263 21573 91617 78825 77073 .
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