
 

9 Differentialforms
Differentialforms are specialtypesof tensors on smoothmanifolds Wefirst
discussthe relevantlinearalgebra before studying their use and
properties on manifolds Initially we do notneedRiemannianmetrics

91 Linearalgebra

Let V be an m dimensional IR vectorspace
Definition9.1 Let k No Then 1kV is the vectorspaceof all
alternating k multilinearmaps w R Thatis

W Vi Vj Ni Nk W V1 Vi Nj Uk

For Sk Bijections 1 K wethushave

W Van Volki Sgn r w Vi Vp
signofthepermutation
sgnl.in

Let e emEV be a basis and let Em V bethedualbasis

Given WE 1kV set we w ei eye for I i ik 1 m1k

which are ordered i e i e izc r cik
Then w I WI E where EI n reik AV is defined

via EI ej ej sgn j declared to be 0 if
in in ji Jk
EI ICSI n3kordered is a basis of 1kV



dim kv I
In particular 1kV 04 for k m dmV

A
Convention 1 V IR
Definition9.2 Given we 1kV me 19H defineway 1kV by
wry Vi Vue 17now van Nodes 7 rocken Noches

Checkthat thisindeeddefines an elementof 1kV
Remark9.3 i wry ng wn yrs Exercise

ii why 1keynw Exercise

iii If we we V A then

w nwz ViVd W gWave W ve wzVi
andmoregenerally

w n awk Vi 4 C 1 ow vain WnVom

det willy i j 1 sk
Inparticular the notation F sin neik is consistentwith
Definition 9.2

Definition9.4 Functoriality of V 1kV For a linearmap
A V W set A 1kW NV

A w vi Ye w Avi Ava



Example9.5 If A V V then A 1mV 1mV is a linear

map on a 1 dimensionalvectorspace andthusmultiplicationby a
realnumber det A Indeed

A e n rem ei em n rem Ae Aem
9
def Ei Ae det Aig



92 Differentialforms onmanifolds integration

Fromnow on M denotes an m dimensional smoothmanifold

Definition9.6 If E M is a smoothvectorbundleofrank r
then AKEEM is the bundle of k multilinearalternatingmaps

Epx Ep IR That is 1KE p 1KEp

Remark9.7 i If 4 3 is a coverofM and µ IT Ua U Rr are
localtrivializationsof E with transitionfunctions Tpa Unup GL IR
i e Yp 42 q e q Tpala v then we gettrivializations

F UN Ux IR ofME withtransitionfunctions

Ep 1T 1 UxMp GL AMR

ii 1KE is a subbundleof E E

iii A C M multilinearmap T E
K CRM defines a section

of AKE iff it is alternating

Definition9.8 1KTM 4ᵗʰexteriorpowerof TM
SKM T ATM space O M module of
differential k forms alternating K 0 tensors

In localcoordinates M on a chart U CM a basisof 1 TYM
for pell is givenby dpxt dpx.in ndpxik Ic 1 im ordered

WE RK M is in such a chartgivenby



Wp WILP dpxI where we w Eir CLU

That is forV1 YeETpM written as Vj I Vj
Wp Vi Ye WIG det Vj j.eu k

Inshort w we dxI

The linearalgebra operations on 1 TIM canbeappliedpointwise
WE 1k M ye SCM wayenkteM
with the same properties as in Remark9.3

Example9.9 i f E C M df T TAM R M

ii g
Riemannianmetric on M assumethatM is orientable

In local coordinates m sit Ox dm is positively oriented

define w detlgloxi.IN dxh indxm

If y 461 with det 8 0 so also dy dymis positively
oriented then 8 dy

Fgldxid.is det8 detlgldyi.fi

dy'n ndym fdxifn n 8Fidxim

det 8 dx's ndx

So w is welldefinedand it is calledtheRiemannian volumeform
of Mig



votethat one canintegrate 1 formsalong curvesandmformsoveropen
subsets of an m dimensionalorientedmanifold thisfollowsfromthe
same computationinvolvingtheJacobi determinant as above Indeedexpressing

W Wedxn indxm Wydy n indym y y x
we have wxWy det For E CE M with support in the
intersectionof both charts x coordinates y coordinates

f w Srm 9 wxdxln.am

1pm of Wy det 8 dx dxm

Ipm 769 Wydy dym

Usinga partitionofunity we can thus define
1µW for WESY M i.e weMCM supp wCMcompac

Wegainsomeflexibility as follows

Definition9.10 Pullbackofforms Let F M N be a C mapbetween
comanifoldsThen F SK N SKM is definedby

w Vi Ve Weep dpFVi dpFUk

for WESKCNI.peN Vi lk TPM

If N is an n dimensional submanifold of M and i NSM is the
inclusionmap then for we shCM we may define



Jw S i w integralof w over N

Example9.10 M 1121903

i w df N y 10,13 y embedding N is oriented

8117 with day THAN being a

go positivelyorientedbasis

f we J i w J i df
In local coordinateswite Flt flyltilthen
i df distal df deg 01

flytes so

FLED so
F t

i df F'dt

fdf f F 4 dt I 1 Flo flylll flylos
ii 95g 21T 94T df fe 0412219031



9.3 Exteriorderivative

Considera 1form wer M in localcoordinates

W widxi Wi wilx E C IRM

Then a necessary conditionfor w df wi Aif is that

84 0 i j l im equality ofmixedpartialsoff
is also a sufficientcondition set flu f w y t tx TED

Sj wiltx xi dt
Indeed f Éwitxixidt f wjltx d w tx tx dt

J w Ita dying Hx tri dt

f f twj tx dt wjk
The condition is coordinate independent This followseitherbydirect
calculation orfromthe coordinateindependenceofthe equivalentlocal
equation w df Ff Thissuggestdefining

dw II 8 dxindxi I.gl f dfdxindxi.Sododo w df on IR dw 0

This admits a vast generalization

Theorem9.11 Exteriorderivatives Thereexists auniquesequenceofdifferential
operators d REM sktical k 0,1 withthefollowing
properties

i d on 10 M CCM is the usualoperator
f to df df V VG VET TM

Lii d dod 0 as a map RKM 52kt M forallKEIN



iii Leibnizrule for we rk MI ye re M

d wry do my C1 wedg
Proof a Uniqueness In local coordinates w IWI dxI for
smooth WI IC 1 MIKordered hasexteriorderivative

a YEE d E I
Effing

6 Existence Straightforwardbuttediousway checkthat 0 transforms

correctlyunderchangesof coordinates
Cleverway find an evidently coordinateindependentexpressionfor
dw Vi Vke tensorial in V Ya that gives 0 for
V V4 coordinatevectorfields Sinceforthe localcoordinate

formula properties i iii are straightforward to check exercise

this wouldfinishthe proof opitted

Claim dw Vi Vke C 1 it Vi w Vi Ñ Neil

TIE Jw viVj Y li Ñ Ya

Check a Therighthandsideof is alternating in Virike Easy
6 Therighthandsideof is tensorial in V andallotherVj
Indeed replacing V by fV weget fxR.tlS plus
the terms



fVVj fluVj Vjf V

C1 Cif why fi Vked Eye 1 Vitwww vii it
D

c In coordinateswith Vi Eli theformula produces for
w udx's in dxk generalw by linearity

ÉIC1 de n sgnll.r.it iii

Ii comsgnli.it if.fi tisgnI hit
Ldundxh.indx dee delete

hit sgn e iii eh
sincethepermutation

L
Example9.12 On1123

df f dx f di f did grad t day
d Bdx Bzdx Bzdx dB 03B dxndx

03Bi 0B dandx now B
curlgrad 0

0BzQBdx'ndx
d Edxhdx Ezdx'ndx E dandi nd.ve

fEh
o

d EtdzEztdzEz dx'ndxhdx
Troposition9.13 Pullbackcommuteswith exteriordifferentiation

Let F M N be a C mapbetween COmanifoldsThen

doF F od SKM 2kt M
Proof Exercise Thisis an applicationofthe chainrule



94 StokesTheorem

We shallprovea far reachinggeneralizationof Example9.4 i
Firstwe generalize embeddedcurvesegments like y 10,17

Definition914Li AtopologicalmanifoldwithboundaryM is a topologicalspace
sit Up openset U CM peu and a homeomorphism
U p u C HTM IRM I 0 a

Iii A smoothstructureon M is a wrong

bycharts da Ux talk CHT

with C transition functions of bit
A C manifoldwithboundary is a topologicalmanifoldwithboundary

equippedwith a maximal smoothstructure

Wewrite 2Mfor the boundary ofM consistingofall peM whichget
mappedto a pointin 01AM by smooth charts The interioris MEMOM

In moredetail bythe inversefunctiontheoremthe image of an interior
pointof HIM by a coordinatechangemapmustagainbe an interior
point Thus if a pointis a boundarypointin onechartthis is true
in every chart
GivenpedM and a chart µ of 11T

U 141CHI XP EAT F fix
then do UndM p u nOHM is
a diffeomorphism into an open subsetof 112m

If y V YIU CHI is anotherchart then 4 obj is C



OM inheritsfromM the structureof a C m 1 dimensional

manifold

Next weneedto understandorientations

Definition9.15Let 14be an m dimensionalmanifold possiblywithboundary

An orientation on M is an equivalence of nowherevanishing m forms
WE 1m M i.e Wp to AmTYM p EM where wren
iff OsfECM sit w fry

We leave it as an exerciseto showthat M is orientable ifandonly
if thereexists a nowherevanishing m form w andthusan orientation
and if M is orientable thereexistexactly 2 orientations Iw andEw
Example9.16 On IRM dx n indxm is the standardorientation

Likewise on FIM

The boundaryof a manifoldwith boundary carriesanInducedorientation
Lemma9.17 Let M be a 8 manifoldwithboundary 0M M

i Thereexists an outwardpointingvectorfieldNECCOM.IM
that is for all f CEM with flon 0 fly 0 and

dpfto.pe0M we have Nf p so

Iii If w is an orientation on M then Mfs
Nw where inv Vi Um w NV Vm

is an orientation on 0Mwhich is independentof 0M

the choiceof outwardpointing N



Proof i In a chartof near a boundarypoint let Ng Em
Construct N near IM using a partitionof unity

ii In positivelyoriented local coordinates xm and M 20

w a x dx n indxm o a C Every N is of the form
N IFNiQi 6amfor smooth Ni N X my 0 6 6 my

i in w Qi dxm.it w N 2 1 9mn

1 w 0 1 ami N

C1 b
Thesignof 6 doesnotdepend on N

Example9.18 Theorientationof 1PM 017 inducedby dxin.indxm
is C1 dxnndxm.it so differentfromthe standardorientation

for oddm

Theorem9.19 Stokes theorem Let M be an orientedmanifold
with possiblyempty boundary Let we sit M Then

Sydw Somw

Here 0M carriesthe induced orientation and we writeforw for
for i w i OM M inclusion

Proof Step1 the case M IRM To show fdw 0 By linearity it
suffices to consider w f dis indam due 8 dxinndxm
Idw firm Sp8 dx dx dxm But fe CE RM so5 1 1 0



Idw 0

Step2 the case M Him For w fdx nndxm getfdw 0

as before and i w 0 so 1pm itw 0 Similarlyfor all
w fdx n ndfinndxm.fi m t

It remains to consider w f dx n n d
dw 8 dxmndxln.indam C 1 m 8 dxh.indam
Symdw C Spm If 8 my m dx dx dxm

8 16m def C1 Spm f x1 0 dx dxm l

f f
Sqm i w

Example9.18

Step3 the general case We cancoversupp w by a finitenumber

of charts UaCM Ua C 1AM Let be a sub

ordinatepartitionof unityThen computeinlocalcoordinates
Step1 for4CMY
Stepz forVandM

fµw I f dlaw fu dlaw I dunno w

Somito

In the exercises we will seethatthis generalites thestandardresults

fromvectorcalculussuchasthedivergencetheorem S divgXdg So
X.ydgomoutwadn.PE

tng



9 5 deRhamcohomology definitionPoincarélemma

Let M be a COmanifold Let we 8k M In orderfor w dm

forsome y SK M it is necessary that dw o since d2 0

For M IRM k 1 we provedthat dw 0 is also sufficient

Example9.10 ii is anexample w
ᵈ
I

ᵈ on M 1R 10,014

where dw 0 but w df forany fe 0 M

Definition920 Fork No the deRhamcohomologygroupHk H
sometimes H rM1 is defined as

HKM Ker d RkM 1kt M
ran d RK M SKM1

deRhamcohomologywithcompactsupport is definedas

HEM Ker d REM 1kt M
ran d RKM SEMI

Onecallsforms w Erk M with dw 0 doted andthoseof the
formwady exact Exactforms arealways closed HKM measures

to whatextenttheconversefails
Example9.21 i H M Ker d so1M S M locallyconstantfunctions

IRICH where Ito M connectedcomponents of M
ii H IRM 0

iii H 112110,011 EIR later fornow we onlyknow that
95 9 O E H 1124 10,011

in M compact HKM HEM



u He IR IR indeed every w fix dx is closed but w dn
i e f y with MECE IR iff f f dx 0

So HEUR 7 w fw EIR is an isomorphism

Theseexamples suggestthat HK14 capturestopologicalinformationaboutM

componentsholes etc Onecan in factshowthat HKM is isomorphic

to theK th singularcohomology group wewillnotdothishere
Butfor ourpurposes we shall regard HKM as an invariantof smooth
manifolds

Remark9.22 i If F M N is smooththen I SKIN SKIM
induces amap F HK N HKM by Proposition9.13
in HKM HeM 7 w 7 to way HktlM is welldefined

exercise H M HKM is the cohomologyring
iii Part i onlyextends to Sc Hc for properF i e F compactsiscompact

We can computeHkforthesimplestmanifold
Theorem9.23 Poincarélemma

i HKRM

ii HEIRM E 0 Kem 1
IR K m

Dart i generalizesthewellknownresultsfromvectorcalculusin1123 et
Example9.12 for a vectorfield X on IR

of 7 4 0

7 4 7 4 0



ProofofTheorem9.23 i we arguebyinductionon m startingwith
thetrivialcase m O or withthe elementary casem 1 if you
prefer We relateIRMand IRM IR IRM via themaps

5 IRM7 O E Rx12M

IT IRXRMF t x ERM
i 1 Since to s Id also Tos s Id on Hk Rm
i2 But Sott Id since Slitt A 10x Nonetheless we will

show that SOTH Host Id on HKRAM byconstructing a
chainhomotopy K R IR IRM 52 1 IRM sit

Id s d K Kod on RKCIRRM

forsome choiceofsigns
Granted notethat the righthandsidemaps closed toms
w withdw 0 intoexactforms namely d Kw andthus to
OEHKRAM That is the righthand side of inducesthe
0map in cohomology and thus To Id on HER IRM
Write w t x dtnw.lt x w t x where for j 0 I

WjHIXKIWj.tl dxI

S WW we 19Hdx
I
Wa 0

w T s w HH dtrwoltx w t x w 10,4 0
Set Kw t x It wolsMds ft iqw s x ds Then

dK w 0 Kdw tx K dtndew t x w tx w 10,4
dkw Kdw for w w



dk dtrwo 4 dtrw.ltx fot fo4hdsI
e WoIdxlndxI

i e exteriorderivativein
coordinatesonly

Kd dtwo tx KCdtndxwollt.tl

ft diol s x ds
dkw Kdw for w
dtnwo.li3 We cannow conclude HK IRM HKIRM1 HK 03

Iii Exercise

Thesame arguments showmoregenerally that wehaveisomorphisms

HK IAM HIM HECRM HK M

Corollary9.24 LetFo F M N be smoothlyhomotopicmaps i e

H 0,17 14 N H10 Fo HCl Fi Then

F Fix as maps Hk N HkM

1 e smoothlyhomotopicmapinducethe samemapin cohomology
ProofWrite Sj M 0,1 14

P j p
1 F 11 14

H
for5 0,1 so Fo H so o f so M

F Hos



Fo set H Since sitsit are both inversesof Co M M

in cohomology theyare equal Fo s H

Corollary9.25 Let MN be twomanifolds notnecessarilyofthe
same dimension Supposetheyhavethe samehomotopytype in the

Cosense i e F M N G N M sit

Fo G is smoothly homotopicto Idn and

G F is smoothly homotopicto 1dm

ThenHKMI HKN
Proof I G and a are theidentitymaps on HKM andHKIN

respectively so themaps

HKIM HEN

are isomorphisms

Example9.26 i M contractible samehomotopytypeas

HIM

i HK 1124 10,013 HK IR

Hk creamcheesebagel



96 Computing H MayerVietoris sequence

Manifoldsbeing gluedtogetherfromopensubsets balls if onelikes of112ᵗʰ

it wouldbe convenient to beableto keeptrackof deRhamcohomology
as one attaches additional opensets startingwith a singleone This is

what the longexactsequence in cohomology does

Wewrite 1 441 544M
Lemma9.27 Suppose M UUV where UU are openWrite
in UGM

iv Vespy
and i Unvasu

iz unvasu for the inclusionmaps

Then wehave a shortexactsequence

0 HIM scut ster s un 0
w ifw if w

n 51 ify ite
That is the rangeof onemap is equaltothekernelof thenext

U

UnV

Proof Exactnessat n M if i w 0 ifw 0 thenup D n T M

peUUV M W O

Exactness at R ul SKU if n 51 ifw ifw then

in_its i w i w 0 where i UN s M is
theinclusionmap



Conversely suppose ye ul I ER V satisfy i y ite
Then up EY is welldefined and we RCM

maps to n 5 indeed
Exactnessat un let ge UN g mayblowup at dunuCM
Let Xuxe CMMI be a partitionofunitysubordinateto 4v3 Iso
suppXu CU suppXvCV XutXv 1 Then

E us R V1

nexus even HEHE
sing ITE i És Lwe are done

V

Corollary9.28 Theshortexactsequence induces a longexactsequence
in cohomology calledMayer Vietoris sequence

itiE ii iiEiIT
We describe d explicitly the shortexactsequence induces a

commutativediagramwithexact rows



0
THIN

1k U KNEE.TKLUnD 0
Id Tdod Td

0 REMI SKU stuff 14am 0
I 1 5

Let w ERK un be closed dw 0 andwrite

w ifn i 5 it it
Then it it d it it dw o

soby exactness of the row Rti

it it
Then K d w

Explicitly y us and 5 Xus

d w equivalenceclassof
d XS on U moddstem
dL Xus on V

Sanitycheck davg all xuls dl up on Unv

Example9.29 Cohomology of MCover UUV as follows µThen UnVE RUIR so MayerVietorisgives

o.itiiiiiiiiiiii.iiiiiIii



Themap has1 dimKernel I 2 1 dimrange

d has 1 dimKernel I 12 11dimrange H
H ER

Wehavean analogue for compactlysupportedcohomology
Lemma9.30 Theinclusionmaps UN if I M induce a short
exactsequence

return syu tostay semi O

Here j W for we un is the differentialform on U givenby
extensionby 0 i e b w

p I land

Noticethatthe arrowsgo theotherwaycomparedto Lemma9.27
Theproofof Lemma9.30 is left as an exercise
Corollary9.31 Longexactsequence in cohomologywithcompactsupport

H M

a i.it i i i iiiiiiiIn.tered fw for we RECHI dw 0 is theequivalence classof
d Xun d Xvw This is closedandsupported in

suppw n U nV soliesinRE und



97 Goodcoversandfinite dimensionalityof M

In general HkM may be an n dimensionalvectorspace M u w n

andconnectedexamples exist too WhenMadmits a finitegoodcover

we shallshow that HKM andHEM are finitedimensional

Definition9.32 Let M be a C manifoldThen a cover Us of M
by opensets is a good cover if all finiteintersectionsUa n nUaw
N 12 are diffeomorphictoIRM

Example9.33 4

ii Allcompactmanifoldsadmit afinitegoodcoverThisisTheorem940

Theorem9.34 SupposeM admits a finitegoodcover M Ui

Then dimHkM dimHEM a k

Proofbyinduction on the cardinality N of a finitegoodcover
Basecase N 1 ThenMEIRM sotheresultfollowsfromthePoincarélemma

Inductivestep suppose all C manifoldsadmitting a goodcoverwithN 1

chartshave finitedimensional HI Considernow our M Ui

ApplyMayerVietoriswith U Ui V Un notethat

Un V Chinn has a goodcoverwith N t charts

Hk unv HK Uu V HK U HKV



Exactness at HK Uu V HKM implies that

dim HK UUV dimHK Un v dimHK U dimHKV

bythe inductivehypothesis

Theconstructionof chartswithgoodintersectionproperties relies on the
following result in Riemanniangeometry

Definition9.35 Let Mg be a RiemannianmanifoldThenanopenset
WCM is calledstronglyconvex if forall 90.9 w̅ thereexists
a uniqueminimizing geodesic y 10,13 Mwith8107 90211191 and

y can CW

Examples includeballs in CRMgene andthe intersection 8mn me

in 8mgood forany 20

Proposition9.36 Geodesicallyconvexneighborhoods Let Mg be a
Riemannianmanifold LetpeMThenthereexists r 0 sit the

geodesicballBrop is strongly convex

Wefirstneed
Lemma9.37 For all p in Mig c 0 St if r candg IER Mi
a geodesic with 2107 dBrp y 101 T dBrlp then

U C M openneighborhood of 2107 sit 8HGMBelp
to sit y 0 7 CU

Proof Let W CM be a totallynormalneighbor
hood of P Denoteby



T1W qv7ETW qew.veTqM I 14
the unittangentbundle For 30 small themap

g e e T W 7 t q v expatitis

is well definedand CP and forsmall E y l e e TW
is contained in a normalneighborhoodof everypoint in

W.DEfqgxT W7lt q v tsexpp ylt9in
Flt 9,0 ult 9mtg

squareddistance 0 Tpm
fromp to glt9N

Belp C W
www.t.am

For a geodesic y t p It 9v with d p
yIo E andg lon T Belp

the Gausslemma gives 10,9N u
gain

0 8 109,1 0
Remains to show for Iso tangentvectorofthegeodesic
sufficientlysmall the criticalpoint fromp toglokq
0,9v of F is a strictminimum
i e 8 109,0 70 Then y t leaves Belg forallsmall t.to

Tothisendnotethat u t p v tv Flt p v EIvEt 820p 2



Therefore neighborhood VCW of p sit

8 0 9,0 70 GEV VETqM.lu 1

For c 0 with Bap CV we are done

ProofofProposition9.36 Let c 0 be as in Lemma9.37 LetW be
atotallynormal neighborhood of pwith 830 sit qEW expqBga 3W
is a normalneighborhood of By shrinkingW andS we canarrange
8 Let ro 8 Weclaimthat Brop is strongly convex

Let 9 q Brop and let yC ftpbe the uniqueminimitinggeodesi
from to 92 thus L y 28 28 and y is contained in

Be p sincecurvesfromOBSp to
c 0Bep havelength c 8 8

to S andthus a curvefrom9 to gr

iff notcontained inBelp haslength
28

Now if y 0,11 werenotcontained in Bro p therewouldexist
to 0,1 with r d p8H01 1 dpgas Cro c

Thepointsglt for t near to remain in Br p in contradiction

to Lemma 9.37



Lemma9.38 Strictlyconvexsets w are diffeomorphic to IRM

Proof Fix PEW Forall 9 EW the uniqueminimizing geodesic
fromp toq remains inW so W is diffeomorphic to

S exp w c TpM
is openandstarshapedaround 0 TpM UsethenProposition 9.39

Proposition9.39 Let SCIRM bestar shapedaround OES i e Apes
also tp S If S is openthen S is diffeomorphicto 112m

ProofStep 1 feCOURM sit 770 on S
f O on RMS

Indeed let Sj pes dist p IRIS f
112m15

let It
thus 811PM 1Bco 0 411min50

Set x jx and

f x 2 J 1s 6 2 I Gj x y dy
Then a f IT fj converges in CKRM k exercise feco.im

6 7 0 on RMS sincethis istrueforall fj
c let pe Sand let j EIN be sit j dishpants_Then

f p 0 Since p was arbitrary fls 0

Step2 Define 7 x 1 f f 9T for E S Wewillshow
that FCA 7 x is a diffeomorphism S 112m



a Since 761 1 f I 1 12 we seethat 7 CCS
I S IRM is C

167 Set DW sup
po µ ES

J.fiWeclaimthatforall x 0 the
map 0 DW FynFly E 0,01
is a bijection

Injectivity is a consequenceoffls30 son 1m is strictlyincreasing

in µ andthusso is µ is Flu I µAME
For surjectivity supposefirstthat DW o then

IFME If
0 as µ DW

If DKI Co thensince f is C Can sit

f µ 1 ffu f DK

C DK M
I diverges andhence 74 o asmDW

againgiving Fly 11 o

c Wehaveso farestablishedthat I S IRM is a C bijection

To finishthe proofthat it is a diffeomorphism itsufficestoshowthat

d F to ES sincethisimpliesthatit is a localdiffeomorphism

Sosuppose d F v A WIX 7K V O V µx forsomeMER
andthus µ 7 x 711 0 Since 771 and X 20 thisforces

1 0 Therefore dxF is injective



We cannow returntogoodcovers

Theorem9.40 Every 8 manifoldM admits a goodcover If M is
compact it admits a finitegoodcover

Proof Fix any 8 Riemannianmetric on M CoverM by geodesically
strictlyconvexneighborhoodsThe intersectionof anytwosuchsets is

again strictlyconvex By Lemma9.38 we aredone



98 Poincareduality

Let M be anoriented C m dimensionalmanifold withoutboundary

Thenfor closed we skim n 1mi M the integral

way
is unchangedwhen addingexactforms to win indeed itsent Ml
then finds an f d gna Effy 0 byStokestheorem

similarly fawnd5 O jerk CMI

We have a welldefinedmap

HKM x H M 7 Cw Eq to fawny ER
Theorem9.41 Poincaréduality Suppose14admits a finitegoodcover
Then is a nondegeneratepairing andthusinducesanisomorphism

HEMI HERM

Recallherethat a nondegenerate pairing 6 VxW R of 2finite
dimensionalvectorspaces is a bilinearmap sit

VEV b vw D w V O

wew bluwho u w 0

Equivalently themaps

Vauts blv I W

Wants 66w EV
areinjective andthus V W bydimensioncounting



Example9.42 i If M is connectedthen HmcM HCM IR
Thereis a canonical elementX HCM constantfunctions IR

givenby 7 1 1 Its Poincarédual is denoted MEHmcM

The isomorphism 71MMEIR is givenby w to S W

ii If M is compact dimHkM dimHmk M
iii If M is noncompactandconnected HEM 0 HM M D
iv Let N C M be an orientable submanifold of dimension n Em
andassume N is a closedsubsetof M Then

H M 7 w to S W EIR
is welldefined Its Poincarédual or thePoincarédualofN is

theuniqueelement IN HE M sit

J W fawn IN WER M dw O

TheproofofTheorem9.41uses
Lemma9.43 5 lemma Suppose

A B C D E

B _tin
is a commutativediagramofabeliangroups e.g vectorspaces
with exactrows and sit αβ8 Σ are isomorphismThen J is
an isomorphism For this to hold it suffices to assumethat
the diagram commutesup to signs

Proof Exercise



ProofofTheorem9.41We use induction on thenumber N ofelements

of a goodcover
Basecase N 1 ThisfollowsfromthePoincarélemmafor k 0
For K 0 4 RM is spannedby 17

H RMbyCw forany w ER CRMwithSpmw to

f 17 n w Spmw 0
RM

Inductivestep Supposethe theorem is provedforallmanifoldsadmitting
a goodcoverwith N 1 elements Let M Ui be a goodcover

MayerVietorisfor U Ui V Un gives exactrows in

Hku HKv Hk un HUB EthHku HWtheHk un

HicuÉI HE unvfstiiktuvx.mutiieu ieiniiinvts

wheretheverticalmaps are givenby
HKU2Wh HEU Syny H CU

etc
Bytheinductivehypothesis x p f s areisomorphismsTo concludetheproof
using the 5 lemma we onlyneed to show thattheabovediagram
commutes upto signs We shallonlycheckthis for thesecondsquare
Recallfrom

dad we H un

andfrom bytakingadjoints for 1 H unV IR



S1 Eg 1 d 8D X dixus
d Xvs s HEGUV

For w E H Uav g EHcm leur we thus compute

y d w 83 furd w ng

d w n where fewXu d Xvw Xvd yawl ng

n

FXunXM
Xudlxuw podlaw

for w Xus 1 xrwndla.gl

d yawn us 17 yawndexus

C 1 fuufxrwndla.gl yawnd 11 287

C1Kfuo wa d Xus

Onthe otherhand

S β w g β w d us

Suu we d us

Thetwoexpressions are thusequal up to a sign C1
k as desired


