
 

4 Geodesics
Weshallnowstudy geodesics y a6 MwithTy 0 on a

Riemannianmanifold Mig in depth

Proposition4.1 i VETM maximal geodesic

Jf a b M pilot V andthus 210 T V1

ii The set D Vit ETH IR ar b is open and

the map DAV.tl Xlt EM is C

ProofThisfollowsfromstandard ODEtheory the onlyslightlydelicate

part is that geodesics neednot be contained in a singlechart
Picture

cord I coord

jutto w w̅i j
solvegeodesicequationwith initialconditionw̅J j
in y chart

Anevenbetterproofgoesasfollows Wedefinethe geodesicvector
field V E T T TMI asfollows in localcoordinates m

onM we get coordinates vi vm on thefibersofTM bytrivialiting
TM so x1 X v um is thevector vi GTM
Then Vi TijkViv's8k Ty TM
This is well defined line these local coordinatedefinitions agree
on overlaps indeed given Yu TM let µ geodesic

with initial direction v at and set



ar b TM

t Gult Yu4 TryinM
then

to Vexin

D is now themaximal domainforthe flow of V

Definition 4.2 Let D VETM V DED Thenthemap
exp D F V NCDEM

is calledthe exponentialmap Themap expp explantpm
is the exponentialmap at p

Remark 4.3 i For 0 VETM N 1 Yvan NY
unitrector

tighttradesc
Iii For M So n C IR withtheinducedmetric consider

P IEM thenTPM BE IRM B BT 0

and exppB If Bi matrixexponential Exercise

This generalizes to liegroupswith biinvariantmetrics

In localcoordinates centeredaroundPEM we have for ve IM
y t tut OH for small t

simplybecause y is C and j lo v This suggests relatingTpMnearo
andM nearp
Proposition4.4 LetPEMThenthereexists 20 sit

expp Baco Bg107CIM M

is a diffeomorphismonto its image



Proof We compute doexp To TPM TpM
SinceTpM is a vectorspacesTpM ToTPM via

V SV
5 0

So doexppTPM ToTM TPM is givenby
doexppV expp su so Isgold so a 6 Is V

i e the identitymap The claim nowfollowsfromthe inversefunction
theorem

Definition4.5 i If VCTpM is a neighborhoodof OETpM sit
expply V exppU is a diffeomorphism then exppV is

called a

normalneighborhood ofp and exppBelo is the geodesicball
aroundp withradius E Here 270 is sit Belo CV

ii Fix a linearisometryHTPM gp IRM Euclidean Then
Ho expp expp Bala Be107CRM

defines normal coordinates on M aroundp
Remark4.6 H choiceof orthonormalbasisofTPM
Normal coordinates areveryusefulfor computations involvingthemetricpartly
dueto the followingresult

Lemma4.7 In normal coordinates m aroundPEM wehave
i gij6 Sij
ii Okgij07 0 7 107 0

Proof i gig10kgp Sij since H Kiem is



an ONB of RM so 1 is an ONB ofTPM
Iii By definition geodesics throughp taketheform

g t tv VERM TPM so yE t tuk
in normal coordinates They solvethegeodesicequation k

O jYHI T NH HIJI It
O TYguts vivi

At 7 0 this gives TY o vivi 0 VERM SinceTY T.fi
thisimplies by elementary linearalgebra TY107 0 i j k
Wethen compute

ofgij 01 g diOj g Vi d g di 78 O

Flak0
I.e Ongig Tinge T.fg.io

Remark48 Givenhow normal coordinates aroundp are essentially module
O mti that is unique one shouldexpect theTaylorexpansion
of gig x around 4 0 to contain all localgeometric information
aboutg Andindeed wewillsee that the quadraticterms

gijk fist Ike 0413

encodethe full curvaturetensorat p cubicandhigherorderterms

derivativesof curvature Laterexercise



4.1 Minimizing propertiesofgeodesics

On geodesics greatcircles y R 8ᵗʰ parameterizedby
arc length 181 1 are locally lengthminimizing

TST y cot is the shortest curve joiningplotandy T

but for T T gloryis not 819

a iii
We discussthe locally length minimizing property on general Mg next
Globalquestions are addressed inthenextsection

Lemma4.9 GaussLemma Let v TpM Identify T TPM TPM
as in above Then weTpM
I
duexpplvtdrexpplwfexppenhviwfp.tnctorofthe

innerproduct innogppr.netgeodesic jul1 att l gexpple

Proof Let F SA exppltfffdea.cn it a geodesic
flop

and I is a variationofglt 710 t
withvariationvectorfield
V14 dsFCS.tl so dtvexpp tw

By Lemma3.17

L FCSD so j i VCD



dexpplul duexpplw

Onthe otherhand L FCSD So lofFCs Idt v swlp so

Fnst FCs Ivtswl
sinceFCS is a geodesic

LCFIS.DE p vesw vesw so

4T
Comparisonwith givesthedesiredresult

Theorem4.10 Let B exppBelo be a geodesicball contained in a
normalneighborhood of p Let y 0,1 B 8107 p be
a geodesic and suppose C 0,13 M is a piecewisesmooth

curve with co p 117 8117 Then
L c Lly

withequality iff c is a monotone reparameterization off
Proof WLOG Clt p for t 0 otherwisedeleteaninitialsegmentof c
Case1 c 10,13 CB Write CH expp ult so

101 0 Iv Dl L y v t 0 too

Indeed glt expptu andpli CCDimplies
by the injectivity ofexppon Belo that

TPM
0

V v l but Lly v1

7H



For 30write v It t ult wet A 0,13 R

TPM2 W H v14

Then I e't jun 1dunexpp v H 12 duexpp Aww
2

72 Ivf Idoexppw 2 bytheGausslemma

L c f teHilga dt

If 17Hvitly dt
But for t 0 lults GCHUH V1

Llc If trial at Iv D Lly
Equality requires

dueexpfults D t 10,1 Since exppis a diffeomorphism

on Belo this forces wH 0

1 171 i e 71420 t

truth is a monotone reparameterizationof thtv

Case 2 c 10,17 B Let T sup t.EE 1 2177 EB 0

then CCT EDB For 870 let 8g 10,17 B bethegeodesic
with yglokp.gg11kCCTS Then

L c L clergy L Jg e Lly

Thus forfixedpe14 the unique shortest curve frompto a point
gEB is the radial geodesic fromp to q This can be strengthened



Theorem4.11 Let y ab M be a piecewisesmooth curve

parameterizedby arc length Supposethat Lly L J
piecewisedifferentiableÑjoininggla to 8161 Then y is

a geodesic

Proof Let to a b There exist 830 and a neighborhood
WCM of yHo sit expyBg101 3W g EW is a

geodesic neighborhood 1 e W is a normalneighborhood of
each of its points Exercise For all a t to ty b

t t with glt yH W Theorem4.10 thenimplies

that

It radialgeodesicfrom
t

y It 1topH
All othercurves are longer

y is coat to and a geodesic near 1 to



42 Globalexistenceof geodesics completeness
An obvious questionwhich our discussionof localpropertiesof geodesic
hasnot addressed is
When can 2 points on Mg be joinedby a geodesic

As the example M 124510,073 p 11,07 g 1,0 indicates
this is relatedto completeness propertiesof Mg
Theorem 4.12 Hopf Rinow Let Mg be a connectedRiemannian
manifold Then the following are equivalent
i M d is a completemetricspace i e all Cauchy

sequences converge

Iii Mg is geodesically complete i e exp is definedon
all of TM So D TM in thenotationofProp4.1 Iii

iii peM sit expp is defined on all ofTpM
iv Closed and boundedsubsets of 14d are compact

Furthermore if any one of these conditionsholdthen
v p.geM geodesic y from p to q withLly dpig

Proof iii v Let q p Let 30 be suchthat exppBecca
is a normalneighborhood ofp and g B exppBelo i.edlpg e

let E OB be a pointwith

d x g f d e

q
use di g is continuous andOB is
compactbeingthecontinuousimageof Bela



Let veTPM Ivial be sit expp ev and set

pltkYult expp tu
We claim that g r where r d pg

OB

p

Proof Let A seCar d yes g r s2Then
OEA by definition of r
A is closed since d g are continuous

A is open Let so A so r We claim that so SEA
small 8 0 Let Bzg 215017 be a normal neighborhood

and let B Bg yson 2197 B

E OB sit d x g inf d
i

g
It suffices to show that plots

Indeed this would give dlylsol.at nIop
dTf.xD dcxsgs

d 81481 g d x 9 f

r so S

To show note that
d p dlp dlx r r s s so 8

Onthe otherhand the piecewise 8 curve



f p ylsf.gg
parameterizedby arelength

has length so 8 ByTheorem 4.11 I must be a geodesic
and in particular does not have a breakpoint at plso

f s 8 expp lots v y SotS

A is therefore all of or But re A means dly r q 0

so gliff
ii iii obvious

iii iv let KCM be closedandbounded Then roost

KC expp Bro since K is bounded But exppBrio is

compact Since K is a closed subsetof a compactset it is

itself compact
in i if pikie CM is a Cauchy sequence in Md

then K pi LEIN is bounded and closedhencecompact

Compact subsets ofmetric spaces are sequentially compacttherefore

pit has a subsequential limitwhich since M d isHausdorff

must be its nique limit

i ii Suppose Mg is not geodesically completeThen some

arc length parameterized geodesic y is defined for O s 5 but

not for 5 Let Esilien be a sequencewith OES s s

si 5 Given 270 NS.t i j N Isi sitce
so dlyIs 81s L g s sp Sj Si SE



glsillien is a Cauchy sequence in 17d

Since Md is complete

pls F E M
Let W CM be a totallynormal neighborhood of p with
WC expqBglos qeW and expqBgCod is a normal

neighborhood Let N be sit Isi sit 8 i jan
8 si EW i N

Fix i j N withpls pls and let f geodesic in w

through p Si 81s which thushasminimal length wemust

have g ofwhere the former is defined and thus f extends

y past x ̅ contradiction
W


