
 

5 Curvature

Throughout Mcg willdenote a Riemannianmanifold
Motivations i generalize intrinsic Gauss curvature of surfaces

ii do geodesics refocus

p
5 f

iii measure pathdependenceof paralleltransport
iv 017 terms ofgig in normal coordinates

Alloftheseturnouttoleadto thesameobject theRiemanncurvaturetensor

i Riemann 1854 let IT CTpM be a plane and for 70

small consider the C surface

Σ expp v VE IT Mcel
with its induced metricgz Then

K IT Gauss curvatureof I g at p
Thisuses the Theorema egregium KCp.IT can becomputedfrom

gz only How to compute

ii Let peM v 11,11 Tpm Ils t expp tulsi

p

841 8194
Let t fls.tl s o variationvectorfield

Then V10 pls0 0



JAN10 70 9867 70,08154 so
v15 lo

andTIV 8,98

711 14.97 8

JCS isageodesic

This computation suggestsdefining for X Ywith x73 0

RX 4 Z Tx 777
V BEV R y V78 Jacobiequation

Roughinterpretation if Rlyoy points in the directionopposite
to V VLtstends to decrease so neighboring geodesics
tendto refocus

iii lip Exercises



5 1 Riemanncurvaturetensor

Definition 5.1 The Riemann curvaturetensor is themap

R T TMP T TM

XYZ R X 4 8 7 742 77 7 Text
Withoutany calculationonly the IR multilinearityof R is clear
Proposition5.2 R is tensorial C M linear in each of its arguments
Corollary5.3 Themap

T TM COLM X Yz W 1 RIXYZW REX4 ZW

defines R E T To4M

ProofofProposition 5.2
R fX4 x7y2 Ty 7 7 7

fx432

f 7 747 Dy f 7 2 exist 2

f REX4Z Yf 7 7 14817 2

f RAY Z
R YXZ R XY Z so tensoriality in 4 followsimmediately
RIXY 471 Yf 7 f7yZ Ty f 2 f 27

x4 f 2 f 7 472

Yf Z Yf 7 2 f 77 f 0yZ
Herethereasonfor Y Xf Z Xf 7,7 Yf 7 7 f0y Zincluding04,727

ftp.ofroecom x4 f Z fax477



FR X4 7

Thetensor R 44,7W has many symmetries

Proposition5.3 i R XIIZW R YX ZW

R X7,71 R X Y WZ

Iii FirstBianchi identity
RIX417 R YZ RIZ X Y 0

iii RCIY.IT RIEW.IN
Proof i is obvious

follows from R XY7,7 0 which we now show

R X YZ Z 7 7,7 772 7447717
X 047,77 72,7 7
Y 7 7,7 47 7,747
1 4747,7

Y12,7 Y X52,23 44747,7
D

ii LHS of is

747 Ty 47 4

747 7 727 X 7 774

Tex737 7 yz 71734
4,7 Dy 7 Of 44 Tex 7 7 yz X 717 4

x 4,73 Y 717 Z 447 0 Jacobi identity



Liii Wewrite down 4 versionsof the 1ˢᵗBianchi identity andsum
O R XY ZW R YZXW R ZX YW

R YZW X R ZW Y X RWYZ X

R ZW X Y RW X Z Y R X2 W Y

RW X Y Z R XYWZ R YW XZ

2 R x7W4 R WYX21

We nextdiscussthis in local coordinates XM on M then

R di 8 OK I 77,0K Vidadi0j7O
T.ptdg Dj T.itdg

IIItitffffet
Rijktdq

Moreover Roi OjOnde Rijue geqRui.tt and Proposition5.3
reads Rijke Rjike Rijek Rklij

Rijke Rjuie Rkije 0

Example5.4 CRMEuclideanmetric REO Eitherdirectly

fromDef 5.1 or in standardcoordinatesfromTY 0

Beforegivingfurtherexamples we shallprovethat one can recoverR XYZW

entirely from R XYXY XY see the nextsection



5.2 Sectional curvature

Definition 5.5 Let IT TPM be a plane 2 dimensional linearsubspace

Then the sectional curvature of IT at p is

K IT R XY XY
1 1412

where X YETPM span IT and 1 147 1 7177 XY

area of parallelogram in IT spannedby XY
Lemma 5.6 This is welldefined i e independentofthe choiceof

basis X Y of IT
Proof The expression Rf is invariantunder

43 4 1
1443 7444 TER

44 9 441
Usingthese3 transformations one canpassfromanybasis XY ofIT
to any otherbasis

Example 5.7 Theorema egregium revisited Let 2 CR be anembedded

surface pe I After a rigidmotionwe mayassume p O 2 1121
andlocally near p I is thegraph

x y flayl
of a function f 1R IR with for 7107 0 Hessio
Thus u.in are the principal curvaturesof Iat p and



I
K nine is the Gauss curvature of at p

To compute the sectional curvature K TPE we notethat for
F x y x y fk y

wehave F 0 f d d k x d O Kitty
Fdy dz def dz kzydz OCKPlyP

gii i I 0 4 1 413

7 19 0

KTPI R 7 9Fxdy.IQFady p Rxyxy'd Ryx 19

O 1141,19

Kidz
Since K TPI is an intrinsicquantity onlydependingon 2,927
this reproves Gauss Theorema egregium

That Riemann's original proposal contains all the information in the curvature
tensor is a consequence of the following resultapplied to V TpM
Lemma 5.8 Let V be a vector space dim V22 equippedwith
a positive definite innerproduct Suppose

R R V V V V

are trilinearmappings sit R XYZW RM27w R satisfy
the symmetries ofProp5.3 If planes I C V span 443



K E K I

then R R

Thus Rlpis uniquely determinedby K IT ITCTPMplane

Proofof Lemma 5.8 WemustshowthatR XYXY R XYXY X Y

implies R R or equivalently Q R R O

i D Q X Z Y 4 7 4

EYED
a 44.2.4

EEY.EEJE I
Q X47,47 0 XYZ

Iii D Q X Ytw Z Yew

52,4
Q XY ZW QIXW t 4

ftp.H
Q XYZW Q TITTY Q EYXD Q 42,4W

i e Q is invariantundercyclic permutationsof its firstthree
arguments But

activist
ÉÉ w

3 Q XYZW

This lemma can also be used to determinetheform of theRiemann
curvaturetensor in the case that all sectional curvatures at a

point p are equal The correspondingmetrics turn outto bethose



on IRM14m later

Proposition5.9 Let Mg be a Riemannianmanifold PEM
Then K E Ko planes I CTpM if andonly if
R KoR R XYZ W XW 47,2 2 YW

Proof R satisfiesthe symmetries of Prop5.3By Lemma 5.8 we only
needto verify that K 27 1 for all I But if X Y are
orthonormal then K span 43 R XY XY

XX 444 I indeed

Example5.10 Let mc1Rm be the unit sphere.Then
K IT 1 IT You can checkthis already now by
convincing yourself that the imageof a plane ITCTp
underexpp is a standard 2 sphere line isometricto the

unit 2 sphere in 123

R XYZW XW YZ SX 2 44W



5.3 Operations on tensorsIcontractions
Ricciandscalarcurvature

TheRiemann curvaturetensorcontains rathermuchinformation To define
simpler andlessprecise notionsof curvature we shall take its various
traces

Consider a 1,11 tensor T so TE T Ta M T TM TM
Weshall construct a function onM outof it

Recall that V0W HomW V for finitedimensional vector
spaces in particular V0 EndV The isomorphism is given

by linearityfrom v07 Vauts v7 a

If en is a basis of V
e Ek thedualbasisofV7

then Age Ei to A use to a jus e
so the matrixof A in the basis e yep is

Ai
A A's Ak
Ak A Ak

The trace of A EndV is THAI 2 Aii it is independent

of the choice ofbasis Identifying AEV0V TRA É A Ei ei
Invariantly Tr End is the imageof theidentitymap

Idv EndV underthe sequenceof isomorphisms



Endo V0 No Ender

Returningto ourtensor TE T TH TM foreachp EM

Tp ETPM TpM EndTPM has a welldefined traceTr Tp
and we write CIT p Tr Tp Tp Ei ei
e basisofTPM Ei dualbasisofTFM

In local coordinates XMon UCM

The Ti dxi Tr T Tii
Definition5.11 For Tt T TingM CY.TETCTan.siM is
defined by

Cf T W Wry Vi Us
T wig Wh EkWrt Wr i Vi Usha EkVs's V51

In components Tj T dx dxirEi Fis
Cc D T sumoverks

Definition5.12 R w X YZ w REX4 2 definesRETTapM
The Riccitensor is Ric C R E T TopM

So RICCY2 e Rlei 4 Z

In local coordinates Ricjk Rijk from
If ei is an ONB then i

g lei Lei is thedualbasis



thus RicYZ IT Lei Rlei777 2 Rlei.DZ ei

É Rlei YZ ei
Corollary5.13 Ric is symmetric RickyZ Ric ZY

Proof R Effed Riff D Rlei Z Y ei

The claimnowfollowsfrom

Remark5.14 Directly fromthe definition for YETpM 171 1

Ric YY If K span Y Xi where X Xm Y is an
orthonormalbasis of TPM One can also write

Ric 4 ftp.sfgtpm
K IT dit

for a suitablemeasure dIT on the space ITCTPM dim 2,1174
with J di 1 So Ric14,4 is upto a factor m11 the

averageof the sectional curvatures of all planes containing 7

Example5.15 8mCRM by Example5.10 unit YET
Ric YY m 1 m 1 g YY

Ric 1m1 g

f westartedwiththeRiemann curvaturetensor as an elementof
T To u M it appearsthat we could not defineany contraction

of it But note that in the passagebetween T TapM and
P TayM we usedthe metrictensor in componentsRijue gegRiju

9



Definition5.16 Let Mg be a Riemannian manifold For a tensor
TE T TopM we defineits metriccontraction by
CRT C T where F w X T w X

Alternativenotation trgT CRT
Similarly Car T TersM T Tir z s M etc

n local coordinates T Ti dxi dx I gkiTig 0 dxi
indeed T dx g gkiTij so

Cat TK g Tik gikTik

Example 5.17 try g G g CPG where 9k gkig.is
soTry g 84 m dim M

Definition 5.18 The scalarcurvature of M g is the metric
contractionof Ric so scal tryRic so scale CCM

n coordinates scaleRic I Rig gikRijn
Remark5.19 Analogously to Remark5.14 scalp

RigCÉÉ
IIT.fi pYu du is m times theaverageof RigYu unit
vectors VETPM andthen

seal mlmyfgy.IM
It

is m Mti times the averagesectional curvatureat p
Example 5.20 For 8mCIRMY scalemlm1 constantfunctionon



54 Operations on tensors II covariantdifferentiation
thesecondBianchiidentity

We shallelevatethe Levi Civita connection to a connection on all
tensorbundlesThis is an instanceof a general construction for
connections on vectorbundles

Proposition 5.21 Let E F M be vector bundles of ranksKeKe
and let PE TF be connections on them
i There exists a unique connection TE on E such that

forall E T TM CE T E and ee T E

IE I E
i e a COfunctiononM

ii Thereexists a unique connection 7 on E F suchthat

for all E T TM ee T E feT F

q e f Ee of e off

The requirements and are the obviously desirableLeibniz
rules

ProofofProp5.21 i we define via i e

TEE e X Ele E TEC
Claim theR.H.S.istensorial in e andthus defines TEE TIE

using C M linearmaps T E CO M are the same

as elements of TLEY IEEE toe



Proofof claim for UE CCM
e ues E PE ues
X u eles e u Dfe Xu e

Cu ele uX ele u e lyfe Xn ele

u ales e Dfe
Claim 7E thusdefined is a connection

Proofofclaim CCM linearity in followsfrom

a e e uxleled
d.IE Eeu XleleD eCoEe

uGE e e

the Leibniz rule from

GE un e veles we Tfe
u.GL e e Xu ele

Iii The proof is completely analogous to that ofpart i
Exercise

Corollary 5.22 The Levi Civita connection 7 on Mg induces
a unique connection 7 on TensM for all v.SENo which
i for r.sk 10,07 i e on Tao M MxIR is givenby

u Xu XE T TMI UE COLMD

ii for r.SK 1,0 i e on Ty M TM equals 7



iii satisfies the Leibnitrule

It To T T T TO T

Moreover

iv these connections commutewith contractions C in that

C 71ST Of CT

Proof Only part iv does not followfrom Proposition5.21
We only verify it in the case s ID
a For a simple 1,1 tensor T V ow V E T TM WETITO

we have CT w V and

74 T UV wt V0 7W
so C HT w 9 0 0 0 V

WWI

CT
indeed

6 Given a generaltensor TE T T M we verify
C HT CT in a coordinatechart U

the point is that on U T IT dxi

is a finitesum of simple tensors so a gives the

result

One alsooftenwrites 7 ˢT T Ter anM forthetensor
w Wr X Vi Ns T wi wr V D



Exception for he C M due T To M TTM

Example 5.23 i we computethe covariant derivativeof the
metrictensoritself for X Y Z T TM

7 9 YZ g4,71 g 0 4 Z g Y 7 2
Dsin Ike Levi Civita connection is compatiblewiththemetric

1e themetriccompatibility is equivalent to 79 0

ii Covariantderivativeof 1 forms in local coordinates let
W widxi then
V0 w d d w dj w Dodj

diWj w T
diwj T wk

Note the minus sign comparedto the computationforV Vk of
U dxi V dx's divbqtt.inV de

Divi FLU

Equippedwiththesenotions we can now definevarious natural differential

operators on Riemannian manifold Mig

Definition5.24 i Thegradientof ue Ccm is Tu du T TM

ii TheLaplaceoperator on functions is Δu tryAdu
iii The Hessian of UE CCM is Hess u X Y du XY



iv The divergence of a symmetrictensor TE TCT M

i e THY 717 1 is divgT GIT MET M

n local coordinates du din dxi so
Tu gii jul8 also oftenwritten gradui
Hess u didju T.IQu
ΔU gii dOju Tijk

GT ijk NoT ldj.dk di Tldj0k T Dodj.dk T djpoidu

diTjk TijTek TiiTje
digT g 7 ijk

Remark5.25 lilHess u T To 2M is symmetric

du X Y du 4 du 41 du 7 4

Yu 4 u
istorpe

yx u ax u Pdu YX

ii Δu tryHessu dir gradu here dir T TM C M

did X C X

iii digg 0 see Example5.23 i

Onenaturallywonders if such operations produceinterestingobjectswhen
acting on Ric and seal

Proposition5.26 contracted secondBianchi identity divgRic Id scal

Remark5.27 Defining the Einsteintensor Ein Ric I sealgETCT.pl

Proposition 5.26 is equivalentto dir Ein 0 Exercise



WededuceProposition5.26 from

Proposition 5.28 SecondBianchiidentity Write TxR T TM TITM

R YZ W Tx R142 w

R 7 4 8 W R Y 7 7 W R 4,217W
Then KR 4,21W Tyr 2,0W ZR XYW O

Regarding regardthe curvaturetensor as I T TomM
R YZW V RY Z W V then

E Y ZWV R YZWU R 0 4ZWV R 4,77WV

Rl YZ 7W U RLYZ W W

q R14,21W V R14,71WNV
R 7 4 2 W V R 4 0 2 WV

R 4,217W V R 42W V

7 12 YZ W V

so UE E T TayM is related to YR T TMP T TM

like R E T TomM to R T TMP T TM

ProofofProposition5.28 Sincethe identity we wishtoprove is
tensorial in XY ZW it sufficesto check it in localcoordinates

and with XY ZW equal to coordinatevectorfields thepoint
is that coordinatevectorfields commutewith one another di0,7 0

Then R 7,77W Ty727W andthus
R 4,71W RIY2 w R 74,2W R 7 0 7W R14,2 7W

Tx Ty07 W Ty7237W R 74,27W RlT 77W



Tx Ty727W R 7 74W R17 42 W

Summingovercyclicpermutations of XYZ gives
ax 04.77W R 7 7 4 W R 7 4 2W

Ty 72,03 Wt RCT XZW R 72 X W

ftpfi fwtRlE4
nw RCat Dw

RIEFAIW RI L
0

ProofofProposition5.26 We rewritethe secondBianchiidentity as

XR 4,71WV T R t X VW 172R YXWV 0

Thisuses the symmetries byR 2NWT BR ZXIVW

HR XIWV ER Y WV

whichfollowfromProposition 5.3

Recallthat if E Em is an orthonormalbasisofTPMthen
RiftW 2 R EiZIW Ei

Plug Y V Ei Z W Ej into to get
4 R EE EjEi HEIR EjX Ei E ITER EiXEj Ei
II IT GMEateswithcontractions

1 ARIC EjEj 2 II WER EjX Ei Ej
C xRi KCRic ascal
95cal 2 GERic XEi



dscal x 2 dir Ric X

As an applicationofthese computations we canprovethefollowing
result of F Schur 1886
Theorem 5.29 Let Mg be a connectedRiemannianmanifold

m dimM 3
i If fe C M sit Ridg fg then f const
ii If pE M K IT is independent of ITCTPMthen

Mg has
constant sectional curvature

Remark5.30 i dim172 everymetricgsatisfiesRidgs fg forsomef ECOM
ii Mg withRicg constg are calledEinsteinmanifolds if
Ricg D Ricci flat

ProofofTheorem5.29 i If Ric g fg then the contracted2ⁿᵈ
Bianchi identity gives

dir Ricz Id seal Id trgRic I d traffg df

dir fg df
1 df 0 dfo f const sinceM is connected

ii K IT Kp ITETPM impliesby Proposition 5.9 that

R x 4 ZW Kp xWS44,87 5 7757W
Ric YZ Kp1m1 YZ so the condition of part i is

satisfiedfor f m 1Kp COM Kp const



5.5 Curvatureof submanifolds
Suppose M is an m dimensional submanifold of the w̅ dimensional

Riemannianmanifold Fg Recallthatthismeans p M chart

y UCM IRM sit y Unm plan IRM 2m In particula

TPM deep4 Rmx01 cTpÑ
g induces a metric on M via gp XY GpXY XYETpMCTpÑ

Proposition5.31 Denoteby the Levi Civitaconnection on Mg
andfor peM write ITP TM JM for the orthogonal
projection For X YE T TM denoteby x ̅ YET TM any
extension of X Y Define 7 4 T TM by

7 4 p ITP 7 7 p
Then 7 XY 7 4 is the Levi Civitaconnectionof Mg
Proof Existence of extensions x ̅ 5 exercise

well definedness of 7 4 i e independenceofchoiceof x ̅5
7 is metric compatibleandtorsionfree similarto Lemma3.4

Whatabout the part annihilatedby IT in

Definition 5.32 The secondfundamentalform of M CM is

K X Y TETHETMH X YE T TM x ̅PETITE
extensions

Lemma5.33 K is i tensorial in botharguments ii K XY k14x

Proof i Tensoriality in X is clear We checktensoriality in 4



andwell definedness indepenceof 4 in onego for fe 014
let ft CCM denoteany extension then at PEM
179 I 7 5 CITY

f 7 4 554 f Y
0 1754 f 8 94

In particular if f p 0 this vanishes so x ̅7 p only
depends on Tcp Yp ETPM andwe get k x f4 f kXDindeed
Iii K X41 1914 7 5 757 x ̅ I D

Fight
Theorem 5.34 Gaussequation The Riemann curvaturetensors RR
of M g and Ñg are related as follows for X4,7WEIM
R XYZW P XY ZW K Xw K YZ k XZ k YW

Proof Pick extensions x ̅ 5 I of XYZ By tensoriality andtakingXY
andXY tobe coordinatevectorfields we may assume x5̅3 0
Then R XYZW TyTy E W
Wehave FyE Ty7 417,7 on M Since Tx ̅ TED
only depends on byE 1m since x ̅ I is tangent toM we

maywrite on M

5 8 EW 72 414.21 w

x ̅ 197 KIF L 442 14.27 w



X LaytW 7,2 k 4,4 7W KAW
7 77 W 47,2 7W

77,0 4 SK 4,21KCX.WS

Remains Ratio

above

Example5.35 Ñ g Rmt Euclideanmetric

M unit sphere c 112Mt

i compute second fundamentalform upto rotation sufficesto consider

p 1 0 0 0,1 0 0 Tp M P

x ̅ Gint cost 0 5

44 I
Testsint o

JpÑ p ofxH̅ to 61,0 0

x ̅ K XX
acceleration

vectorofthegeodesic
costsint0 01

on 41
KplXY SX4 Np Np p outwardunitnormal

Iii Get curvature of from Gaussequation

Remark5.36 When dimM dimÑ 1 and CO unitnormal

N M CTM CTM this happens ifandonly if I Mt is



trivial as a vectorbundleover M andthen N is uniqueup to
overallmultiplicationby 1 one alsooften calls

XY K XY N

the second fundamentalform this is a symmetric 0,2 tensor onM

Remark5.37 Theoremaegregium again M surface C MG IR
Euclideanmetric Theorem 5.34 computes fororthonormal e ez PM
Kp R e ez ez 9 k e e klezezl kle.es
Comparisonwith det II II X4 XDyN p N unitnormal

of M XDYN II FyÑ I
f SEAN

k YX k XY
so Kp Effisic
FEE.tncEfaeni
on M


