
 
7 Spaceforms

Definition7.1 A Riemannianmanifold Mg is called a spaceform if
it iscompleteandhas constantsectional curvature K EIR

Ourgoal is to classify all spaceforms thushow constant curvature

determines the metricthey all comefrom one of thethreemodel
spaces
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Theorem7.2 Killing1891 Hopf 1926 Let Mg be an m dimensional

spaceformof curvature KEIR Thenthere exists a group
T C Iso 1M g

thatactsfreely andproperly discontinuously on 1M such that M is

isometric to 1M T If M is simply connectedthen M MY

To understand the statementwe needto digress 7.1 an onwardsFornow
we onlyrecall the following

Let M be a topological manifold Tc HomeoM a subgroup

acting on M via YET PEM g p p p



T acts freely on M if yet I Id PEM yp p
T actsproperlydiscontinuously on M if compact KCM

the set yet y K nk is finite

Example7.3 Euclideanspaceforms Ii Let T C 180 12ᵗʰgene be
a groupof translations acting freely and discontinuously on 112ᵗʰ
Then linearlyindependentvectors v KEIR k m sit

T IRMA IInivi mink I

exercise

i 1 k m IRMA withits inducedmetricsseebelow is a

1,1
m torus diffeomorphicto Tm IRM m

KEMI
X x

i2 Kam IRMA is isometric to TK RmK cylinder

for some flat k torusTK

1 1 m 2

ii T Iso R2 generatedby to 9 and d x b

12 is the flats Kleinbottle



Example 7 4 Hyperbolicspaceforms Every compactorientedsurface

of genusg 2 g holedtorus is diffeomorphicto a

quotient 1H gste p forsome T andthus carries a

metricof constant curvature 1 Roughly in the Poincarédisc

model 8111 49142
canbeusedtoIT Ñtgn

Example7.5 Sphericalspaceforms

i Consider T id pro pl C Iso Sm Then 1k 12PM

and the inducedmetric is called the ellipticmetric
Iii m 2n 1 odd lens spaces Let p q qn21 with

P.fi coprime i View C IR In i e m zero

12,14 12nF 1 Let

F z Zn e geFhzn k o p1f
Then Llp qn 7m is called a lens space

Regarding Example7 5 i wehavethefollowingresult
Theorem7.6 Let Mg be a spaceformwithcurvature 1 andeven

dimensionThen Mg is isometric to 8mgsta or RPMgen

ProofByTheorem7.2 we only needto show that if



Tc Iso Bm 0 mtl acts freely and properly discontinuously

then D I or P I I

Let ye T Since mtl is odd y has an eigenvalue 1 or 1
If 1 so gv v forsome ve then f I since T
acts freely

If 1 so yv v forsome ve 7 then y v v so y I

We claim that y I If this were false we yw w

T w JW 0 satisfies yr yw y w yw w w̅
F I contradiction



71 Coveringmaps
Definition 7.7 LetM M be connected topologicalspacesThen a

continuous
mapIT IT M is called a coveringmap if it is surjective

andevery pet has an open neighborhood UCM so that

U Vi disjoint
unions as butone

whereeachV CM is open and it
y Vo

U is a homeomorphism

Example7.8 M R M TW e

YPg
T

M

Proposition7.9 Let IT be a connectedtopologicalmanifold SupposeTCHomeoM
actsfreelyandproperlydiscontinuously on M Then Mlp is a

topologicalmanifold andtheprojection it M Mt is a
coveringmap HereMA MN p qiffFYET.jp g

Proof Let pe IT and let y U B 107CRMbe a chartaroundp
It suffices to show re10,1 sit the sets g f Brca are pairwise

disjoint



Chenfor U IT Y Bron wehave IT_ U 8 U and

a chart onMY around ICP is givenbythe composition
y Brio y Brca

4 Bro
Suppose iswrongThenforJEIN pj qj By.to Jj T 14 sit

Jj 6 Pj y Aj
Since Bela is compact so is K 4 Bryn andsincepjKnk
forall j 2 there exists a finiteset a C T 913s.t.geG j
Bypassing to a subsequence Y E G sit Jj70 j Taking
limits in the equation go4 Pj y gj gives

No410 4 07

But the T action is free sogo 1 contradiction

Conversely wehave

Proposition7.10 Let F M M be a coveringmapbetweentopological
manifolds Hausdorff Definethe groupofdecktransformations

T y HomeoM Foy
Then T actsfreely andproperly discontinuously on M Furthermore

MY M withthe homeomorphismgivenby T.pt F p PET

ProofWe use the liftingpropertyof coverings let c 0 M be
a continuous curve and peM F p clotthen I 0,17 IT sit

C O p F Elt Clt 0,1



F Theproofis leftas aneasyexercise
EG

IF

a

Facts freely Supposeye T PEM y p p Consideranyg EM
Let α 10,1 IT be a continuouspathfrom p to q
ThenE y α is a continuouspathfrom p to y g

C Fog α is a continuouspathfromFps to FG
We can now writedowntwo lifts of c along F withthe same
startingpoint p I y α and α itself Theymustagree
so 1 I 1 y 247 y g
Sinceg was arbitrary we concludethat y Id
Constructionofdecktransformations Let p g EM F p Flq We
claim that Y E T f p Thisalso provestheinjectivityof
MY M Given p ETTand a continuous curve α from p to p
lift F α fromFlp to Flp along F with startingpoint
to get β 10,13 IT with F β Fox

β o

I
wethen set g p β i



M Check yet Exercise

Bywhatwe havealreadyshown this 8
is the uniquedecktransformation with y p
T actsproperly discontinuously Letx ̅CM be compact Let
Jjet PjqjEK Yj Pj qj Weneedto showthat yj join
is a finiteset Supposenot WLOG p p.gg qandall8 are

pairwisedistinct Takinglimits in Flq F yjpp F pj gives
F q F p

Let YET bethe uniquedecktransformationwith y p q
We willshow y pj for all
sufficiently large j I i
Let U C M be a neighborhood of F q sit F U Vi
with Flu Vi U a homeomorphism Let peVi 9 VizForall
sufficiently large j thereexists a path

E 0 I IT from p to p entirely contained in Vi
F
y Foc 10,17 Viz is a pathfrom to

thus y Pj Gj Jj Pj This forces yj y j contradiction

The homeomorphism property ofMyp M is an easy consequence



We now addmorestructure

Proposition7.11 Let IT be a COmanifoldandsuppose To DiffeoM

actsfreelyand properly discontinuouslyThen C structure onMp
sothat it Mp is a local diffeomorphism If moreover g
is a Riemannianmetric on IT and Tc Iso M then Riemannian

metricg on Mlp suchthat M g Mn g is a local

isometry

ProofThis followsimmediatelyfromthe descriptionofthe chartsonMyp
in the proof of Proposition7.9

A smoothcoveringmap is a COmapsatisfyingDefinition 7.7 witheach
Tlr Vi U a diffeomorphism Thus Co coveringmaps are local

diffeomorphisms

Definition7.12 Let F g Mg be Riemannianmanifolds Asmooth
coveringmap F M M is called a Riemannian coveringmap if

I g g This requires dimÑ dimM

Troposition7.13 Let MG be complete and M g connected Suppose
F IT M is a local isometryThen F is a Riemannian

coveringmap

Proof Step 1 F is surjective i SinceF is a localisometry in particular

dptTPM TapM is invertible pE F F is an openmap
FCM CM is open



ii WeclaimthatFCM CM is complete Let peFCM so p Flp
LetVETpM and set w̅ CdpF v7 Since I is a localisometry
the curve y1H exp ti is a geodesic beingtheimageof a
geodesic since y107 p y 101 V this

shows that exppisdefined

on all ofTpM as claimed

iii As a consequence of ii F M CM is closed andhenceby
i and the connectedness of M wegetFCM M

Step2 F is a coveringmap Let goM and let v30 be suchthat

expqBro Br107CTqM M is a diffeomorphismWe claim

that F Bras ftpggBrP
F
prep Brp BrLg diffeomorphism

i let pp F 191 p p Then Brlp nBrp Indeed

if f is theshortestgeodesic in Mig fromp to p then
g Fog is a geodesic loop in Mg at

dlp.pl L f I L y 2r

Eddy ftpif
detainedtwice

ii let peF q Since F
maps geodesics to geodesics
F expppro tv geodesic in M withinitialconditions

F pkg 1.7 to dpF v

expqtdpFlu



Fo exppBro expqlB.co dpF
But dpF is an isometry Br10CTM Bro CTgM and
expqlB.co Bro if Br g Therefore I prep Brp Brig
is a diffeomorphism and an isometry

iii It remains to showthat F Brad 4 Brp
If p E F Brad then d Flp q r so

exp
p
v for a unique VEIcp.tl lular

F expplldp.to r expect at
a piso p expplIdpF r F q

d p p ul ar
n Bra

p Br p



7.2 Killing Hopf I K 0

The strategy is to use the exponentialmaps of Mig and 1M g
and an identicationTPM Tq1M to define a map 1M M

Since all we haveon M is information about the sectional curvature

we firstshow

Proposition7 14 Let F g Mg haveconstantsectional curvature k
LetPEM peM and fix an isometry

H TFMJp TpM gp
Let roo beset expplp.co B 107 Brp is a diffeomorphism
and so thatexpp is defined on Br o TPM
Then F expp H exp Br F M is a localisometry

Proof F mapsgeodesicstogeodesics the idea is to bringin sectional
curvature via theJacobiequationThus notethat I w̅ TpM Ik

F exp It it sw̅ expp t H T SHw̅

Compute C so for 514 dtexp tw
t danceexpp t H w

we thenhave

dexppHi 514 314
TheJacobiequation reads

5 5 0 along g t exp ti

K 0 along 21H expp H T



Now 5107 0 7107 0

J 101 w̅ and o Hlw̅ havethe same length

J107,8101 w̅ T HE H T 07y107 6181101

We cansolvethis explicitly if Elt is parallelalong fltswith
ECO w̅ and

511 Shalt ETH btj.lt
Indeed theinitial conditionsofthe RHS are 1 4.0 0

i

to SMILED 68'10 w̅'T w̅ TST w̅
Similarly for ECG paralleltransportof Heatalongg

t Sn HECK bty 14
15141 snitt w̅ 12 6272172

sn Its H w̅ 14 621W 13H12
Returningto this now implies for t 1 that

d
exp lilt SocTexppe TexppHell

preserves lengths where

Si 511 J is aJacobifieldalong
to expp to with5101 0

d expp TIM
But doexpp is invertible hence surjective for It r so Sitexppett

dqF is an isometry q exppBros finishingtheproof



ProofofTheorem7.2 K 0 Fix any FE1M pE M and
an isometry H 1M g Ip TPM gp set

F expp Ho exp 1M M

We useherethat expp Tp1M 1M is a diffeomorphism

exercise By Proposition7.14 F is a localisometry andthen
Proposition 7 13 saysthat I is a Riemannian coveringmap
The group P C Homeo 1M of decktransformations acts
freely and properly discontinuously on 1MHz Proposition7.10

In fact T C DiffeoMY if ye T andpe1M let
UC M be an open neighborhoodof F p sit

F U V wV2 where PEV y.peV2
FIvi Vi U diffeomorphism for it 2

for in a neighborhoodof p wehave

8 9 Flu Flq
w̅ 0 8 P
Y

Indeedthis is true bydefinition for
9 P andby continuity ofy andits

QF

decktransformation property in a neighborhood of p
The expression showsthat y is a smoothmap nearp
Sincep is arbitrary y is a comapMY 1M But alsog et

is 8 andtherefore yeDiffeo 1M



ByProposition7.11 1M
p carries a unique C structuresit

1M 1M p is a 8 coveringmap Sowe havea diagram
1M 114 4

Fly
of coveringmaps By Proposition7.10 wehave a homeomorphism
F 1M A T.ph Flp EM for this F the diagram

1M MIA
FIFE

commutes That is F IT F Usingthe local diffeomorphismproperty
of IT this implies that is C usingthat of F that is C

F is a diffeomorphism fromMY p to M

Infact TC 150Mk Indeed forYET wehave

For F so qE1M dyqF day dqF
day dyaF dgF is an isometry

1MEur carries a Riemannianmetric s.t.IT 1M MYA
is a local isometry but also F is a local isometry and

thus so is since d.ie dzF dzIT by
This finishesthe proof



7 3 Killing Hopf I K 0

The proof idea is essentially thesame only now expp isnot a
diffeomorphism Tp Instead we needto use 2 mapsFj
like F above each defined using

exp pj B DC Tp j 1,2
where p pz i e we consider

Fj expp Hj expp 1 Jj M

where Hj Tp 7 g Ip Es M gp is an isometry

by choosing pz Ffp Hz dpFi we ensurethat

Fz Fz pz F E

dpi doexppoHz Id Hz dpt

t.tn iiIEifn
I

Thesituation is thus F F are localisometries 111 pi M
F PIECE dpF ditz

Wethen applythe followingresult

Lemma 7.15 Let MG Mg betwoRiemannianmanifoldswithM
connected Let F F IT M betwolocal isometries sit for
some PEM F F F p and dpF dfFz Then



Fi Fi on all of M
Proof Let A IE M Fi q Flq dqFFdqFz4Then

i A is nonemptysince PE A
ii A is closed since F F are continuous

iii A isopen let g A Since F Frmap geodesics togeodesics

gft F expq ti expq.iq t dqFj t j 1,2

Buty 101 8210 y 01 2101 8 t 8214 ontheir
commondomainof definition Since expq is a local

diffeomorphismnear OETIM this gives F F on a small

neighborhoodof
in A IT since IT is connected

Therefore FFF on 111 Pi pi andthusthey can be
glued together to a singlemap F 4 M via

4,19 p Fj
Thesamearguments as in 7.2 showthat F is a Riemannian

coveringmap and 41 is isometricto Mg where
Tc Iso 7gh is the groupofdecktransformationsof F
ThiscompletestheproofofTheorem7.2


