
 

Onemotivation amongmany whichcurvesglt teeD y All const fromp
to q in Mg have minimal length

Strategy considervariation y s t SE 1,11 with gls07 p 815,11 9
8194 814 and require

so 4181511 go to 9ps I7815498194 dt

So Ii gris 198154084tl s dt

0

Needtomakesenseof 815,4 howdoes 98154

varywith S among otherthings But 815,4 Tyls
liesin differenttangentspacesas s varies

Onecanmoregenerally consider differentiationof sectionsofvectorbundles
Definition3.1 Let M be a C manifold E IM a C rankk
vectorbundle A connection is an IR bilinearmap
7 TITHI T E T E 7 V S JS

satisfying i Leibnizrule fs Vf S f as
VE T TM fE C M SE T E

ii tensorial inV Opus favs Vitis



Interpretation 7 5 is the directionalderivativeof s inthedirection

Consider an openset U onM on which TM E aretrivial

Fix K Um T TU S SkE T Ela sit

TpM span Vilpl Ep span Slp p U

Write 7,2 IT sp this definesthe connectioncoefficients

The C U kiem lex β k
Given TCTU GE T Ela write

Xiv 8s Xi de Cocu
then 7 0 Hiv Psa X CV09so X ofVisp

Xo XPTip sa
Remark3.2 To compute 5 p only needtoknow Xp and
oling where y E M is anycurvewith8107 py101 p

Remark3.3 i Everyvector bundle admits a connection Exercise

ii The spaceof all connections is an affinespace
modeled on T TMO E E Exercise Thus it

is an dimensional space

Withoutfurtherstructurethereis no preferred connection on E
We are mainlyinterested in E TM cf themotivationabove



3.1 LeviCivitaconnection

Moremotivation Consider a surface CIR Given X YET TZ

PEI consideranopen neighborhood UCR of p and extensions

x ̅ 9 U R ofXY ie xl̅znu X Menu Y
Then 0 5 Xp44 53 1R componentuisedirectional

derivativeof Talongx ̅ typically doesnot lie in Tp I Define
7 4 IT DIY IT IR TPI orthogonalprojection

Lemma34 i 7 4 defines a connection on TI
ii 7 4 BX XY XY E T TI

Liii X g4,2 g 7 4 2 g Y 7 71 XYZE T TI

Proof i Only thewelldefinedness is not obvious specificallythe
independence of 7 4 fromthe choicex ̅T ofextensions

To show if x ̅ 2 0 then CNYp 0 Obvious

if 912 0 then 54 0 True since we canwrite
such 5 as fE where fe CTU vanishes at I

I CTU R

The4k p If Ip
0

xp̅ TpI
Iii 7 4 7yX IT DEFDJI IT x5̅7 But x ̅471mn x47
is tangent to so IT CITI X Y



iii X g Y2 x ̅ 9 E DEF 9 DED
but sincefor pEInU EptTPI we have
DIY E IT DEY E 7 7 2 g 7 4,7

Likewise

7 DIE g Y 47

Definition3.5 Let M be a smooth manifold and let T be a
connection on TM

i The torsion of 7 is the map
T T TM XT TM T TM
T X Y 7 4 BX XY

If 7 0 8 is torsionfree
ii let g be a

Riemannianmetric onM Then P is compatible
with g or a metricconnection if XYZE T TM

g YZ g 7 4,2 g 4,72
Remark3.6 T E T T RM via T XY 5 E THUD

i e T f44 fTIX Y TX fY Cf Lemma 1.17
Moreover T YX T XY Exercise

TheoremDefinition3.7 Let Mg be a RiemannianmanifoldThen
connection 8 on TM which is torsionfreeandcompatible

withg It is called the Levi Civitaconnection of Mig



It is characterizedby the Kostal formula writing gl 4,7
247 4 2 44 2 Y X Z Z X Y

X 4,77 4 xD 2,1 47

Thus above agreeswith the LeviCivitaconnectionof I g

Proof i Theformula Given a torsionfreemetric connection 8
we compute

Y Z Y X Z Z X Y

7 4,2 4 7 2 PyXZ 5477 7 4 447247

X 4,73 Y 427 2 74,2 42 YX
which is

Iii Uniqueness Sincethe righthandside of is definedsolely
in terms of the data Mg andsince 4,7 is non degenerate
uniquely determines 7 4 X YE T TM

iii Existence iii 1 We first show that for fixed XY ET TM
thereexists a W E T TM sit ZETCTM
4W 7 RHS of F Z

Then 7 4 W W is uniqueby ii

First we notethat 7127 is tensorial in Z if fe CCM then
F fZ X44 f7 Y X 7 FZ XY

X 4 77 Y X ft 4ft XY



4,77 f YZ
4,17 f 7,77 14717

f 717 Xf 44,2 Yf XZ

X 4 7 Y f 7

f F Z
Then let y U be a chart and fix V1 UmG T TU

sit Vi p CTPM is an orthonormal basis pEU
Set Wj If F Vi Vi TITU

Then ZE TCTU with supp Z C U write Z fivi
fie CE U and note that

Wu Z F Vi f F fir F Z

Finally Wu Wu on UnV by uniqueness thus WETITM
sit W ie Wu charts U and W 7 7 ZETCTM

followsfrom a partition of unity argument

iii2 Finally we needto checkthat 7 4 is a torsionfreemetric
connection this follows from calculationssimilarto those in
iii 1 above Exercise

In local coordinates m Christoffelsymbols T connection

coefficients To Tijk
Lemma3 8 TY I gke digje dgie degij If



Proof Koszul formula di0,7 0 etc so

2470djdq 2Tijguy

Asbefore for V Vidi W Widi
W viqwkttijviw.la

depends at PEMonly on W ing forany J C e e M yo p
y 101 V

Towards differentiatingvectorfieldsalongcurves cf the initialmotivation
we now introduce

Definition3.8 Let F NEM where NM aresmoothmanifolds

Then a smooth vectorfieldalong F is a smooth map
W N TM s.tw p ET pMVpEN

Example 3.9 J 0 1 M Then 11,177 to y Its TyltM
is a smooth vectorfieldalongg

Definition3.10 Let W N TM be a vectorfieldalong F N M

with Mg Riemannian Let V E T TN Then T W is the

vectorfield along I defined as follows forpeN coordinates XM

aroundFlp EM write W q Wi g Oil TagM q N then

W p Vpwk dpf.lvwilpTijh FCpD dkkfIcpM 0



Example3.11 For y 0,17 M 708 t
yY1H 8 t

acceleration of g
Lemma3.12 The definition of VW p is independentofthechoice

of coordinates aroundFlp
Proof If Vp 0 VW p 0 So assume up to
Case 1 dpFV 0 Consideranothercoordinatesystemy y x Then
W q leg Wilg FG

q
w̅ q leg

wehave VpWi Filip VpWi Flp lap

Wilp

VpWi E Iep
Theidea is thatW on a curvesegmentthroughpwithdirectionV
is essentially valuedin the fixedvectorspaceTypM and
W is the derivativeofthisvectorvaluedfunction

Case2 dpFV 0 WemaythenreplaceN by an embedded curve
N CM with F N M the inclusionmap andV dpFUETpM
Sinceonly w µ

enters in we may replace w by a C
vectorfield definednear p Then is thelocalcoordinate

expression forMW p



Lemma3.13 F N Mg CO VWvectorfieldsalongF ZETCTN

Z VW PV W V 72W

at Epf Hq gag VgWg
Proof Exercise

Remark3.14 Definition3.10 and Lemma3.12 canbe generalized
i Given F N M and a vectorbundle EEM one candefine

the pullbackbundle F E N by
E n e Nx E F n e

so F E Exp Example a vector fieldalong F is the
same as a smooth section of TMI N

Iii Given a connection 7 on E thereexists a unique connection

7 8 on F E calledthe pullback connection forwhich
moreover

7 7 7 5 7 7 8 SE T E VE T TN

Here 7 5 n s FnD The Leibnitrulefor 7 7 can be
used to show thatthereexists atmost one suchconnection
since every section of F E is locally onN a finitesum

of products of CCN functionsandpullbacksections Is SET E

The existence of 7 7 can beproved analogouslyto Lemma3.12
above



3 2 Paralleltransport

A connection on a vectorbundle E M connects different

fibers of E
Proposition3.15 Given a smooth curve y ab M and

eatEyla there exists a unique section e a 6 E

along y line elt Exit sit
e a eo Y e 0

called the paralleltransport of e along g
Proof In local coordinatesand trivializations write eltl e't sa
Wehave 742 0 81H If Htssp Wethusneedtosolve

0 84 8419844Tf yn O

eka eg a
This is a linear ODEwith a unique smooth solution To construct
the globalsolution of along y usethe compactness of ab

Remark316 Paralleltransport Egia Eye depends on y Thedependence
is quantifiedby the curvatureof 7 for E TM curvatureof Mg

Lemma3.17 Let Mg be a Riemannianmanifold y a6 M

VW ETylaM and VW the paralleltransportsof VoWo
along Y Then V14WH const

Proof of VH WHI Tov W V W 0

For V W we concludethatparalleltransport preserveslengths



3.3 Firstvariationof length geodesics
We can now carryof theplanfromthebeginningofthis

section Let

y 1Dsx 0 if Mg 214810,4 with 102411 const

Lemma 3 18 Definethe variationvectorfieldby
V t 9810 TyaM

This is thus a vectorfieldalong g Then

2181511 V 8 1 l UH 8 A dt
Proof 2181511 So Os goes40815498154 It

If 170,98 081_dt
In local coordinates on M off Ogi di and byDef3.10
To98 989 98 81TK g s D ok

70 858

HLplsD so If 7 9808 so
dt

Jf 70V g dt

Jf of V8 V 708 dt

X y 1 I v r dt
Interpretation Firstterm curvegetslonger if youmove811 inthedirection

of y 1 or 810 inthe directionof y 101
Secondterm shifting y towards 8 makes it shorter



For y to be a stationarypointunder all endpoint preservingvariations
i e g s ok8101 pls1 811 we need f V g de0
variationvectorfields along g with V10 0 VIIKO

Exercise vectorfields Valong y V10 0 V D 0

y 1,1 10,1 M 810 glt
withfixedendpoints sit V variationvectorfieldof g

Definition3.19 A curve y I IR Mig I connected
is a geodesic if y H 70,8 t y 14 0 t EI
Inotherwords y is parallel along g

In localcoordinates m
on M yHK y t 8481

and 7gy DIJK t 0 8 t 9814TijkGHI ok 0

is equivalent to the coupledsystemof nonlinearODES

jk T jijj O of
Giveninitialdata y o jkco thereexists a uniquelocalsolution
Example3.20 i RPg Eucl standard coordinates M

THEO
so geodesicequation is jK O solutions are straightlines

io SM standardmetric geodesics are greatcircles intersections

of 2dimplanes 112Mt with Exercise


