
 
We already saw at the beginning of 5 how the curvature of Mg
influences thebehaviorof nearby curves geodesics We now studythis

andrelated relationships in detail

6 1Jacobifields
We already encounteredJacobifields asvariationvectorfieldsof certain
familiesof geodesics at the beginningof 5

Lemma 6.1 Let y 0,1 M be a geodesicand let VHETHM
be a vectorfield alongg Then TFAE
i V is thevariationvectorfield of a variation
J C ee 10,17 M of y by geodesics
i.e 810,4 814 and SECE E Js f si is a geodesic

ii V solvesthe Jacobiequation V RIVy y 0
Here V or 7070,1 if youprefer

Proof i ii For all SEC E the geodesicequationforJgreads

81s4 0 0 4 1

Note FISH is a vectorfieldalongJ andso is 81st
We differentiate in s

0 It 81ˢᵗ Is 81st I 81sits
exercise off R 58 8 8

At 5 0 this gives D It V RIV Y y i e theJacobiequation



ii i Chooseany curve β E E M with β101 210 andβ6 V10
Let s TpesM be a vectorfieldalongβ

8 with 61 yes andwith 107 is to be

determined later

Define81st express t s this is a variationof yby geodesics
Wecompute itsvariationvectorfieldÑÑH

V10 810,07 β s so V10

510 8Is Is 8 s.to Is O

If we take Xo to satisfy 6 V10 then

FLOKV67 w̅ O V O

and T andV both satisfytheJacobiequation for w̅ thisfollows
frompart i which is a linear 2ⁿ odrderODE Uniqueness of
solutions givesTHEVH te 0,1

Remark 6.2 i 81st y litas 6s hasvariationvectorfield
Va Hk 815,4flattbly It Tangentto y Notinteresting

ii If V is a Jacobi fieldalongg then f t VAyCts satisfies

SV p VII Wig's f a y SRGV18p 0

f is an affinefunction f t at 6 Vt V Va is

Ifielda Jacobifield with It Y 0 t
from Ii

Vt projectionof V to g t

Thus one is usually only interestedin suchnormalJacobifields



Example6.3 If Mg has constant sectionalcurvature k then

for V1 y one has RCVy y kV Thisfollowsfrom

Proposition 5 9 The Jacobi equationthen reads

RV D
Its solutions are linear combinationsof fE where E is a parallel
unitvectorfieldalongy normalto y and f kt 0 so

f t a shuttlebChett where

multi LIf to sniao sand

cult 0 so cnet.cn s o

If V67 0 V lo aE Eunit y lo thenVHKa.snE.KO RIO KCO

E
r E

Jacobifields are goodtoolsto probe the curvatureof Mg Onecanuse
themto prove gig x bij Rike 0 113 in normalcoordinate

Exercise We canalso use them to illustratethe Ricci curvature

Example 6.4 Let y 0,13 M be a geodesic



Er Em TyoM an orthonormalbasis of y 1071

Xi s paralleltransportof y07 alongBils expyalsEi
We shootoff geodesics
Pilsts exppinltx.is Egg

Jacobivectorfields Vilt 81s so

V10 exppics107 g pilotEi
V10 Isftp.ls.tl s o sXilDls o 0

Let E H paralleltransportof Ei along glt
EH1 Em_ t orthonormalbasisof y H

Write Vi t IVi HSE H Vi VijEj
Jacobiequation V RCV g y 0

Vij VikCREEK878 Ej 0

At 7 0 Vi o fig VI101 0
Vii 10 R Ei 8 y Ei

Vii t Icmmean E Elem
ggEms

volCR 1 def Vij4 m1 dim area of the cross section at time t
of the geodesicswithvelocityparallelto y loI shotoff within distance s from810

cnn.sn 1 IIRCEi.NO Ei 0H

G.fm 1 Ericy101,81101 0H41
So Ric y101,21101 0 means crosssectional area decreases



Definition 6.5 Let y a6 M be a geodesic p flat 9 216
Then q is conjugateto p along y or a conjugatepoint if
thereexists a Jacobi field 0along y with 7101 0 67 0

Such aJacobifield is thus the variationvectorfieldof a variation
of y by geodesicsps sit 8s 6 2161 0153 Necessarily is

normalsince the affinefunction t s 8 Itvanishes at t 0 6 and is thus D

Example6.6 On M 2with the standardmetric

y greatcircle parameterizedby arclength

y T is conjugate to810 alongg
Lemma6.7 Let glt expp tu Theny to too is conjugateto8107

if andonly if dyexpp I Tpm TytoM is not

injective

Proof GivenWETpM t expp thesis so is theunique
Jacobi fieldwith

101 0 10 expp tatsu W

If wETpM w 0 satisfies d exppw 0 then

to d expp tow 0 but 101 W 0 so 0

yHd is conjugateto2107

If 0 is aJacobifieldwith 7107 0 to it is of the
aboveformwith w 0 0 wekerdyexpp see



Weshall provethat the firstconjugatepointyHoalong a unitspeed
geodesicof issuingfrom a pointp hasthefollowingproperty

i for 0 teto ftp.t is the shortest curve from8107 to glt
among all nearby curves
ii for t to thereexists a curve from8107 to fit near y
withstrictlyshorterlength t L plan

FTIHET.EE iii seed
at to vanishing

Theorem6.8 Let y 0,1 M be a unitspeedgeodesicfromp toq
Supposethat no 814with te 0,1 is conjugateto p alongg
Then 870 sit c 0,13 M piecewise Co

Clo p C 1 q
d ca glts E t

one has L c LG with equality iff c is a monotone
reparameterizationofJ

ProofWriteglt expptu By assumption daexppTpM Ty M
is bijectiveforall to 0,1 By the inverse functiontheorem
TPM andthe compactness of o I v

4
I 0 tostic ctk l
opensets Us 42 UkCTPM



suchthat tie tiJv CU k i k

expply Ui VE exppUi is a diffeomorphism

Choosenow E 0 so that every V contains the closed E
neighborhood of p ti ti
Let c be as inthe statementof the theoremThen

C tin ti C Vi it K

Definethen β 0,13 TPM

by β exppup acts M

t tin ti

Thus β is piecewise 0 and c exppop Tpm
Arguing as in the proofof Theorem4.10
case 1 we obtain c Lly from the GaussLemma

and the stated characterizationof the caseofequality
Remark6.9 The conclusion is nottrue for far fromy curves c example
cylinder

or justclasp tfi
To understandwhathappensafterthe firstconjugatepoint item ii above

we needto analyze the variation of lengths to 2ⁿᵈorderSee
Theorem6.12 for the result



6 2 Secondvariationoflength
Let y a b M be a unitspeedgeodesic 8 th 708114 0

1g t 1 t

Let f Σ E ab M be a piecewise C variationof y thatis

810,4 814

f is continuous
a to St c tk bs.t.FI a g g is c o isk

Write ps14 f sit
TCS.tl 815.4

and V14 V10t for thevariationvectorfield
Votethat LlysIs0 0 Nontrivialinformation iscontainedin 228s
Theorem6 10 secondvariationof length

4 4 7
so

CV's P R V g riv dt 51s0,8 1
Here V t VHS Y V
U't V V1y y is the componentofV normalto y

Remark6.11 i Normalvariation V18
V p EE V s 0 so U't V

ii Propervariation Fls a flat Fls6 8161 V1 0 0

If 21ps J IV 12 RIV 818 v dt

liii Normal andpropervariation which is moreover C



48s so 5 V R 4818 V dt

since IV 12 V V V V andf Svu dt 0
a

Positivesectional curvatureof span Vy tendstodecrease

length Rigorous results later note that requires

a V16 0 so the V term typicallymust benonzero

and competeswith the curvaturetom

roofofTheorem6.10 Write F s t f 94
21ps f Is 4FISHFISH ᵗ dt

S HI FistsFists dt

248s so J F F 1 712 ETFPdt

If J 8 8 I 81 EEF.PH

E8 TFEV V

P.IE T.r
Furthermore at 5 0

Is w̅ y w̅y Is It Ñ8
exercise ÑY sÑ IfRCV Y V J

luggingthisinto provesthe theorem



We can now complete our previousanalysis of conjugatepoints
Theorem 6.12 Let p 0,13 M be a unitspeedgeodesic

Supposethereexists to 10,1 suchthat yHo is conjugate
to plot along g Thenthereexists a piecewisesmoothproper
normalvariation J C E E x e e M of y 810 sit

L Js L y SE C E E1903

In particular y goe is not the shortest curvefrom210 to ge
Proof Wedefinethe indexform

I XY Sf X Y RCxy 841 dt

foranytwo piecewise C vectorfields 44alongofwhich arenormal
to y Thus if X is thevariationvectorfieldof a propernormal
variationof of y then Lipp g I XX
Let be a nontrivialJacobifieldalonggwith 101 0 Ho

Let HE 36 ELITE
Let Y t be a normalvectorfield4107 0 to bechosenmomentarily

I X X D

I IX4 S 1 47 TEREKY dt

to 4H01

Let us require Y to to then since Ho 0 inviewof



0

I XY I to12 0

I 74 74 I XX 27 I XY 7 I YY

27 Hd 72 I YY

so

forall sufficientlysmall770

ftp.hlyp so 0 for f piecewiseC variationofywith
variationvectorfield 74



63Furtherapplicationsofthe2ⁿ vdariationformula
Wepresentsomeresultsrelating geometricandtopologicalinformation

Theorem6.13 Synge1936 Let M be a compactandorientable
Riemannianmanifold with dimM even and K 0 positive

sectional curvature Then IT M 03 i e M is simplyconnected
Recall i Orientablemeans cover M Y U by charts Ui til

it det d 009 0 ij with Uinuj 0
ii Simplyconnectedmeans continuous curves y 10,17 M

2101 8117 continuous
map F 10MY591 M

st FCO t glt S

F s 0 FCS1 se for I
const

F 1 t const
711,4 ysuch an is a

a homotopy

Remark6.14 i dimM even is necessary IRP
2kt

equivalently thespaceof linesthrough 0 in 1122kt equippedwith

the standardmetric is orientableandhas 15 1 just like 82kt
but IT RPM 22 A nontrivial loop is

214 cost sint 0 0 Oeter

Iii Thetheoremimpliesthat evendimensional compact manifolds M
with IT M 03,22 donotadmitanymetricwithpositive



my

sectionalcurvature E.g M IT with it 2 Indeed

if M is orientablethis isimmediate Otherwise considerthe
2 sheeted orientable covering Ñ I M which if ITCMI 101 2

has nontrivial fundamental group it A 0 a metricg onM
with K 70 wouldpullbackto g g alsowithIp 0

contradicting the theorem

Proof ofTheorem6.1.3 Suppose forthesakeof contradictionthatM
is not simply connectedThenthereexists a closedgeodesicy 0e M
i e g 01 8 e and y 101 y l whichhasminimallength among all
variations and is notnullhomotopic Infactthere exists such a y
inevery free homotopy class a IT M a 0

Let H y lo CTy M this is an odd dimensionalhyperplane

Paralleltransportalong y defines an isometry P H H
Indeed P TypM Ty M is an isometrywhichmaps y 107to
p l y 10 andthus H to H Since

ThereforePhas an eigenvector 0 VEHwithPv v
Let V t paralleltransportof alongy

V10 V11 v

variationofy throughclosedcurveswith



variation vectorfield V

unit 11
haspositivesectional
curvature

contradicting the lengthminimitation property ofg

Theorem6 15 Myers 1941 Let Mg be a completeconnectedRiemannian
manifold Suppose constantKSO sit Ric mDK i e

RiceXX m Dis ETH 1 1 1
Then

diam M
p p depg IF

In particular M is compact

Remark6.16The estimate is sharp for M m spherewithradius k

roofofTheorem6.15 Pick p gEMwith dpq L Let

y 10,13 M be the unitspeed geodesicwith 8107 p jul 9
Let E Em be a parallel orthonormalframeofTM alongg
with Em t y H Construction pick E 107 Em6 p10 ETPM
to be an orthonormal basis anddefine Ei t i l m by
paralleltransportalongg Use Lemma3.17
For i 1 m 1 consider a propernormalvariation ofywith



variationvectorfield flt Ei t where floffle 0 ByTheorem6.10
0 If I f t E4712 R f1MEilt Y Ally H f t E 4 dt

Summingover i 1 m 1 gives
0 Sf m 1 f tf Ric y t Y 14 f t dt

m 1 ff f t kf H dt

K If f t dt
1 f112 dt

Here f ECocco17 with flo fill 0 is arbitraryWrite
f t to te then f t l to te so is equivalentto

K I 2 R to where R f
So filtidt
Iffoltidt

e RT
To get the sharpestpossiblebound on l from we wantto
minimize R to underthe condition fold foll 0

Fact to t sin it is optimaland R to IT


