
 
2 1 Riemannianmanifolds asmetricspaces
Definition2.1 Let Mg be aRiemannianmanifold Let y a b M
be a smooth curveThen the length of y is
Lgg L y Jab 18 s g is ds f goes18 s y 4 ds

More generally we define the lengthof a piecewise smooth care

J a b M i e a a ca c c apr 6 s.t.gl a an is 0
and y is continuous at all ai

to be LYK 2181caraxis
Since the continuous function a672s to gyri y s y s is bounded
we haveLly 0

Remark 2.2 If α 8,8 a b is a diffeomorphism and
8151 y 151 is the reparametroation of y then L f Ly

Theorem2.3 Let M g be a connectedRiemannianmanifold ForpqEM
set d p q inf Llp 8 0,17 Mpiecewise co

810 p 8117 9Then
i M d is a metricspace
ii The topology T inducedby d is equal to thetopology t
of thetopologicalmanifold M

Proof i Claim1 d pq 0 Pf Since M is connectedandlocally
pathconnected it is path connected So y 017 M continuous

with8101 p8117 g Coverthe compactset y 10,17 with



a finitenumber of charts Yi Ui Kien sit Yilui B 10
open unitball in RM p E U Uinua 9 EUN
Set pf p andpick us

Pithinkie Kien

yfPN 9 43
Define J as the piecewise C curve givenby concatenatingy
where Vi s y 9 pi.it s yilpil yilpi.it 0 54

is the straight line from pi to pi in the chart yi
Thendlpg L F 2 Lipid 20

Claim 2 d p q 20 and iff p q Pf Suppose p q
Let y U be a chartwith pEU yep O Let e 0 be sit

Belo c y u and y g Balo set K y Belo
CU compact K

Let y 6,1 M be piecewise 0 v9
8101 p gli q

and set T sup te so I 8110,77 CK Then ylfo.TT CK
since and go y Beta so go g open

JCH yglt Octet is a piecewise C curvewith

8101 0 1814k E 18 T lead Σ

Leucily Sf18H11 at ITI'M.FI f eadt
IJITI fl01lead E



Set e y endmetric which is a Riemannianmetricon U

Since K is compact 730 sit vETpM pek
gplv.us 72 epup

Lgly Lglftp.t 7 Le ly g Lead8 8 0

Claim3 dipg dlp r d r q Pf obvious

ii T Td Given pe M consider a chart y U withplp 0
and 9 0 sit Belo c y U The above argument shows

that if fate then g EM dlpg of implies of Y Belo
B p S gEM dlp.gl ft c g Be101

Td T conversely every line segment from 0 to play Be107
has g length de forsome 1 0 usingnow g Reonk
p Bacon CBlp Ae



2.2 Integrationandvolume

In local coordinates X XM on Mg we have

g gig x dx dxi

In coordinates y α ly amyl

g y Fyi gap dy fi dyα

guely
so g hijly dy dy where hijly j

T
gig

it
am

Then
Sylum g lardetfuldx cuff ÑdthijtyÑdy

Proof Writing α y you the lefthand side is

Sycum 4 y FdetLgijlaly Idet 41 dy

det hij
Definition 2.5 For ft CT M define

Smtdroly I Jy u fxi a FdetgoIdx
where 4 Ui is a finitecollectionofchartswith suppfCUUi

Xi is a partitionof unitysubordinateto Uil i e suppx is
a compactsubsetof Ui and I Xi 1 on U Ui



gli x g 41 u gyian ly.tw 8YlyiaDjie

Lemma 2.6 S f droly is independentofthe choiceof Ui Yi Xi
Proof Exercise Themostinteresting aspectofthis wasalreadydone

in Lemma 2.4

We can in particularmeasure the volume of compact Mg
Vol M f 1 drolg

Moreover if N is a smooth manifoldofdimension n EM
F N M is an immersion

KCN is compact

then we can also compute the n dimensional volume Volfy K
When F is an embedding we write rollFCK voting K

Example 2.7 i roll 21T roll 4 4T

ii y e It e Mg embedded curve
Lly gig volly 6,17

iii areas of embedded surfaces etc


