
 
8 Cartan Hadamardmanifolds

We now turnfrom constant curvaturemanifolds to thosewith
nonpositive but possibly variable curvature

Theorem 8.1 Hadamard1898 Cartan1928 Let Mg be a connected
completeRiemannian manifoldwith sectional curvature sec 0

i let pet Then expp TpM M is a coveringmap
ii If M is simplyconnectedthenexppis a diffeomorphism

Theproofuses the followingproperty ofJacobi fieldswhensec 0

Lemma8.2 sec 0 y 0,17 M geodesis Jacobi

field along y f t I 4Ryn is convex
Proof f 253

24 243 213 f 2 4 5 20

ProofofTheorem8.1
i Since sec 0 geodesics have no conjugatepoints Indeed

if t is a Jacobifieldwith7107 0 and 111 0 then

3 0 by convexity of 1341220

By Lemma 6.7 expp is a local diffeomorphism

Set g exp g
Riemannianmetric on TPM

The curves the tv VETpM are geodesics in TpMg
since their imagesunderexpp are



TPM g is completebyHopf Rinow

expp TPM g Mig is a local isometryThe claim
nowfollows fromProposition7.13

ii SinceTpM is simply connected IT M groupofdeck
transformations of expp If M is simply connectedthere
are no nontrivial decktransformations expp is injective

ct the proofof Proposition 7.10
An injective 8 coveringmap is a diffeomorphism

Definition8.3 A completeandsimply connectedRiemannianmanifold
with sec 0 is called a Cartan Hadamardmanifold

Example8.4 i Hyperbolic spaces the
ii 2 dimensional Mig letpets fix an isometry
TPMgp IR CDead normal coordinates written as

r o OE 00,0024 are polarnormalcoordinates

Gausslemma g fr.fr L g 0 g 8 EcrOs

g E
Have K so Mig is Hadamard iff OfE 0

Smoothness of g at r 0 imposes further
restrictions on E



For instance E r D r Euclidean plane K07

E r of sinter hyperbolicplane K 1

Eros Iiii
ᵗ

Liii Mg universal coverof a non positivelycurvedcompletemanifold

We shallstudy isometries of Hadamardmanifolds Mg
Definition8.5 Let ye IsoMg
i Wedefine
the displacement function dgp d pgp
181 If dgp
Ming peM dyp 1814

ii We call y
parabolic if Minly
elliptic if Minty 121 0 i e f has a fixedpoint
hyperbolic if Minty 121 0

iii Let C 1R M be a unit speedgeodesicThen c is an axis

of y if Faso sit y CH cltta tER

If y possesses an axis it is called axial
Remark 8.6 Minf is closed convex andg invariant Exercise



Example8.7 i Mg
IRMgene Every y IsoRmgenes is of

the form y Axtb 6 8107ERM AE 01m

dy x 1 A Il 61 whichattainsits minimum distCranA Is 6

y is elliptic or hyperbolic

Ellipticexamples 6 0 A Soln rotationaround 0

9.8 84k A X 62 60 i e b to Abo
rotation around toERM

Hyperbolicexamples 640 A I translationby 6GRM
This is an axial isometry every

5 lineparallel to 6 is an axis 121 6

Iii Mg H gsid
Ellipticisometry Poincarédiscmodel B 10 449 2

y rotationaround 0 Minly 03

Parabolic isometry HR 0,07 Ny g 49
yh y 1 1 y

121 0 but dy x y 0 g HR

In Poincarédiscmodel rotation around a boundarypoint

ÉI



Hyperbolicisometry H2 0,01 My glxg 2x2g
9 Translationalong y axis

III of aFiat
This isthus an axialisometry
Fact Minty y axis

Thehyperbolic examples illustratethefollowingresult

Proposition 88 Let Mg be a Hadamardmanifold and letyeIsoMg
i If y has an axis c with shift a 0 i e g cld cestal

then a 181 thus y is hyperbolic and c IR Ming
ii If y is hyperbolic then peMing axis c throughp

Proof i let gEM be an arbitrarypoint Let p Clo

cf.p
ff.mn Idea dyla cannotbeaa since

otherwisewe couldgetfrompto
ynp via 9,2191 fasterthanalong

Then forNEIN theminimizinggeodesic c
na d p p p d p q d 9,8191 dlynl.gsynq1

dly g f p
2d pq n dyq

dy q a dipg a

121 a dy p 181

ly a y is hyperbolic CCIR CMin y



ii let a lyl and pick peMings Let c 10 a M be

the unitspeedgeodesicfrom p to y p Define

c natt 2h Colts ne 2 te lo a

5855584
thus y CH cltta te R

Forall te IR

a L c
a a d ct cettas d Cct glottis ly a

Pigford
L c a a d cld clttal t ER

By Theorem4.11 c is therefore a geodesic noKinksin the figure
above C is an axis through p clo

n the case of hyperbolicspacetherewasonly one axis unlike in
the Euclidean setting This is a consequence of thefollowingresult
Proposition8.9 Flatstrip Let Mg be a Hadamardmanifold
and let C E IR M be twounit speedgeodesics with
C IR C IR and 1 d cis 21st 0 For SEIR let
v s ETeesM be such that c s expces vlsi and set

F s t expces tulsi t Rx 0,17
Set I Rx 0,11 Then I gg is flat i e its curvature



tensorvanishes and I is totallygeodesic i.e its 2ⁿ fdundamental
formvanishes and K IT 0 planes ICTE

s

HEHE
Lemma8.10 Let Mg be a Hadamardmanifold Then pairsof
geodesics C E IR M thefunction h s d as Els is

convex

roof For everyselR there exists a unique geodesic

y t expas tulsi Oct 1 from Cls to ECS and L g h s

Nowthe map

exp c v TM c exp.lv M M
is CO bijective usingTheorem 8.1 andhas injectivedifferential

at everypointandthus is a local diffeomorphism
is a diffeomorphism

J st Y It is for s near any soER a C variation

of 8s with variationvector field TCs satisfying

Ñ s 0 C s

F s 1 E s

andthey T s t D for t 0,1
2ⁿᵈvariationof lengthwith V Tlso when h so 18s 0



h so S WHAT

Iffy
at 70

1TP I

Proof of Proposition 8.9 Since d CCS Els is a convexbounded

function on IR it is constant
Step 1 R Fx0sFadtFdt Fds 0

This follows from the 2ⁿᵈ variationformula

1 LC I s.sk ffkkgfdEsfdR OSFofFOFOF 0

Step2 computation of the metric F g
2.1 ofFCSHP I v15 d cis c s const P

2 2 Bythe 1ˢᵗvariationformula
LIFE often 1

Butsince dsF is a Jacobi field alongFCS the function

to d F 5,4dsF sits is affine By it is constant

in t so

F SH d FCS4 Q s

23 We again use that sH d F s t is a Jacobifield
with fsCH I 1112 beingconvexand satisfying

fs o Ic s 7 1 1

fs l s 7 1 2



as well as

felt Of OsfOsf 2 Et0sF d F
2 OFOSF

2 dg497 97 2497 IsdsF
so since Fsd F s 4 0 for 10,1

f's10 2 Q s f's 1 3

Together 1 13 andconvexity imply that f's t 0 sit

fg 14 1 s t

Q 57 0 S

c 4 in summary F g d
is a constantmatrix flat

Step3 I is totally geodesic Let Levi Civitaconnection on 2glz
31 It Off D since FCs geodesic

k offOtF

K QFQF 0

49 CROtFdsF OSFAF

Gauss
IR OtOdds 9 kldtf.de 2 k ftF

kldsFdsF
equation

Iistat
K AFIF

K QF IF 0



3.37Weshow K dstdst 0 bydemonstratingthatthecurves
Bt Sm FCSt are geodesics in Mig for all tE 0,1
Letsoas and h t d Flso.tl Fls D Theft

his convex lemma8.10

fffh O S so h t

h 101 dsFl 07 ofFC 0 by the 1ˢᵗvariation
formula forthe family of geodesics t geodesicfrom

F soH to F 5,4
which is a variationofthegeodesic soFCS0 withvariation
vectorfield at 5 50,5 givenby 50 1,0

h101 0 by step 2
h constant s so

The curve Pt SH F t s SE sosit haslength S So
since OSF977 1 and connects Flt so FHS which

have distance f so

Pt is a geodesic byTheorem4.11

Corollary8.11 A hyperbolic isometryyof a Hadamardmanifold Mg with
strictly negativecurvaturehas exactly one axis

Proof If yhasdistinctaxes c c through p co p Eco then

byProposition 8.8 y c D cesta and y Els Esta for

the same a ly 0

d ftp.ykp d pp sincey is an isometry



For SEIR write s natt ne 2 te 0 a then

d Cls Els d CCH EY 1 dCct Icts

so
P d Cls c

s co

Proposition 8.9 applies and yields a contradiction to sec 0

Theorem8.12 Preissmann 1942 Let Mg be a compact connected
Riemannian manifoldwith secco Then every nontrivialabeliansubgroupof
IT M is isomorphic to 2

As an example M IT has IT M 2mandtherefore does notadmit
a metricwith sec so

ProofofTheorem 8.12 Let M M be the universalcoverand

g t g Then F g is a Hadamardmanifold Note F g
is completesince M is IT I g Mg is a Riemannian

coveringmap

There is an isometry M Ñ p where

T groupofdecktransformations IT M

Fix now ye T Id By Corollary8.14below y is hyperbolic
Proposition 8.8 produces an axis Ly CM whichby Corollary8.10
is unique Parameterize Ly via C IR M so y cld Is 181
Let β E TI Id be an isometry that commuteswith y Then








