
 

Weaktopology
We already saw in an eduAppquestion in the Hilbertspace
setting that convergence of X xx as k o for all he
with a new a sequence in X is weakerthan lie does

not imply convergence ofXk Las k o when dim Ka

Ms Fothernotions of convergence in infinitedimensions
Definition Let X be a normed vectorspace and let Chuen
be a sequence in X Let Xe X Then Xu convergesweakly
to x or in symbols Xk X sometimes Xu Tx

if him X Xu X H Xe X L X Ik

ExamplesH separableHilbertspacewithcompleteONB en new
Li en t 0 Lii Thendoesnotconvergeweakly iii sinnt so in

ECCORED
We collectsomebasicpropertiesofweakconvergence
Lemma X normedvectorspace Hulken sequence in X
lil If Ying Xu x i.e Xu x thenalso xu x

Strongconvergenceimpliesweakconvergence

ii If xu convergesweakly its weak limit is unique
He Xu x Xu N xx

Liii If Xu x then gyp llull co andllxlklium.int11th



RemarkWeakconvergenceusuallydoes notimplystrong convergence
whendin Ao Eg When A week Theredo existBanach
spaces e.g l forwhichweak con strongcon Exercise

Proofofthe lemma i For text we estimate
IWnt WI Wn N ElAllaNuXx

9 O

Iii If Xu x and xu x then forallXe N
XG x AW AW Gmo7cal Knoxxu 0

Butby Hahn Banach this implies X N O Ax

iii We regard xu ex via the canonical inclusionmap
2 X X as a family of linearoperators

An in EL XIE
For te Xt sup IAuld p174kt o sinceWind

is a convergent sequence Banach Steinhaus yupIAully E
That is I uxalll Nally is uniformly bounded

To getthe estimate on the normoftheweaklimit take text
with 11714 1 Xkkllxlx Then

I xp AGEAWI him 17WELIJAH Hulk
Thit Mallx D



We can upgrade this notion of sequential convergenceto a

topology on X

Definition Let Xbe anormedIK vectorspace.Thentheweaktopology
Tw on X is the smallest lie coarsest topology s t

Ay u X U is open lie E Tw the XY
Walk open

Remark the sets ra u form a subbasis of theweaktopology
and finite intersections I same form a basis

Factslilwhendim X o theweaktopologyandthenormtopology
ie thetopologywithbasis openballs are equal
Picture X R n

with
or

kraingIIIIII
I innerproduct

U j t s

Raz42
Thus the sets ra u fr U 1967412areunbounded slabsbetween
two hyperplanes

LiiWhen din Ko every nonemptyweaklyopensubsetofX
is unbounded

iii Theweaktopology is Hausdorff Hahn Banachasabove

If dim X a it is strictlyweakerthanthenormtopology



liv Warning if dimX o the weaktopology is notfirst
countable notmetrizable Therefore onemustcarefully

distinguish e.g the topological closureandthe sequentialclosure

writ weaktopology Exercises

Intermezzo Why should we be interested in the weaktopology
Motivation the directmethodofthe calculusofvariations
Setup X 11.11 Banachspace

F X IR continuous but not linear

him if I Fw to F is coercive

AIR
set 7 if IFWE E 94 h

Problem X E IR Cie X o

Fminimizer XEX sit FUKA
Solutionattempt directmethod

i Let xu C X be a minimizing sequence i e
FCK I X as k o

Since F is coercive we have R sup 1141
o

Iii Wewant to provethat a subsequence of Exel
converges Problem Brio xe X 11 11 RI is not
compact sequentially compact sinceX is ametricspace
whendim X o Strategy use a weakertopology 7
onX so that more sets are compact o



my

for suitable spaces leg A reflexive Xu converges

weakly to some XOX lie Xu x andso UNeR

by the weaklowersemicontinuity of 11.11

iii If I satisfies a lowersemicontinuityproperty writ weak
topology then FW 11,44 A x is a minimizer

and I o

Nowbackto the generaltheory
Lemma X normedvectorspace AC X subset

i A dosed Asequentiallydosed

ii A weaklydosed A weakly sequentially closed A closed

Liii Aweaklysequentiallydosed A sequentially closed

Rephrasing intermsof closureoperations For ACX write for
the closure inthenormtopology further

Tw da C for the weakdosing

and I
Cweaklyclosed

seq
limitsof convergentsequences inXwithelementsinA

Iw seq limitsofweaklyconvergentsequences in XwithelementsinA

AboveLemmastatesthat for all A X
I Aw

lil k

Asea E Ews



Proofofthe lemma i A dosed A sequentially closed holds in every
topological space The converseholds in every
metric space moregenerally inevery first
countable space

ii Aweaklydosed Aweakly seqclosed is againthe simply
because X Tw is a topological spaceMoreoverA is
weaklydosed XIA is weaklyopen NA is open A isclosed

iii SupposeA is w.se and let xl CA with limxuEX
Thenalso xu x andtherefore x EA D

Remark i Typically A EEw Example A x exillx11 1 dim to
Then A I but Ew is thewholedosedunitballBio x1111 1
ProofSince Il Il is weakly lowersemicontinuous Iw EBild

Conversely we shallfirstshowthat Oetw So suppose

we have NEIN X An E Xt and a 0 Since

U IT xe X AnW e as Nin e vary is a

neighborhoodbasisof Dex in the weaktopology we need
to show that UnA 0 But U Mkeran Since
KerIn C X has codimension 1 nMkeran CX hascodim.IN
andtherefore is a nontrivial linearsubspace of X sincedim4 0

Butevery nontrivial subspaceofX containselementsofnorm 1
as required



Let now x eBT o be arbitrary If Xe A there is nothing to
do Otherwise everyweakly open neighborhood of x contains
an affine subspace Xt Y where 02 Yc X is anon
trivial subspace Claim F y EY sit Xt yet Indeed

a
take 0 YoEY and considerthe
continuousfunction first tollxtty.tl

Since flo lx l l and fltlztlly.lt 114
o too

FtoECO o sit fltolt Take y toy D

Iii In general Fw EwseqSothe converse implication in Cii
fails in general Example let All and considertheset
A Fen ne IN

Step1 A is weakly seq closed
Indeed weakly convergentsequences are bounded Since rent

is unbounded weakly convseq in Amust be eventually
constant so their limit is Men forsome ne in

Step 2 O EFw but 04 A Away That is
considerany Xg e j l NEIN so X C yf
forsomey et byRiesz Let s 0 Weneed to show
that Fn EIN sit I 7ft en l e f j l N

Well we have ly 112 23Ilyaeat andthereforealso



É É I yo enter for all KEIN Thus F ne IN

sit É I ly enst s otherwiseÉÉllyenREEE a 4

For this n I 7 Anend rn I tenypl Tn E EDja N
D

iii Exercise A separableHilbertspaceA unitsphere

TwsetBTG
But A is sequentiallyclosed So IsetF Twseg showing
that the converse implication in Ciii fails in general

Returningto our desireforcompactness in infinitedimensionalspaces
the weaktopology is fairly good eg the closedunitballs
in Hilbertspaces or LP spaces lap o are weakly sequentially

compact later Ontheotherhand theunitball of co is not
weakly sequentially compact exercise To understandthis phenomenon
better we needto take a detour

It turnsout that on dual spacesof normedvectorspaces one can
defineyetanothertopologywhichhasexcellentcompactnessproperties



Weak topology

Definition Let X be anormedvectorspaceand let alkeneA
ThenAk converges in the weak topology to text if
Ling 147 74 Y XE X wewrite 7 A

Remarks ti theweak limitof a if it exists is unique
Iii X It sup11Ally o Banach Steinhaus onT exercise
iii Using the canonical inclusion 2 X MYweak
convergence Xu X is equivalentto

ECI EA
t Ee ran cc A Comparethiswithweakconvergence

of7k which requires for all I e XAThus
Lemma Xu4 X implies Xu 77 The converseis

true when X is reflexive
We can upgrade thenotion of sequential weak convergence to
a topology on X

DefinitionThe weak topology try on N for normed

vectorspace is the smallest topology containing the sets

X E X 14 A x l e forall toEX XoEX E 0
these setsform a subbasis of Twx



RemarkWehaveseenthat Twx tw on XtThereforefor ACH
I C Iw C Fut

Thekey compactness result is
Theorem BanachAlaoglu Let X be a normedvectorspace

i the closedunitball BE text 11711 El is compact
inthe weak topology

Lii If X is separablethen BA is weak sequentiallycompact

Thus if taken a is bounded thenthereexist
a subsequence Aku new and he sit

AknTE7 i.e FknCd 19741 K Xe X

Fortheproof we needTychonov'sTheorem if I is a set and
Xi is a compacttopologicalspacefor all ie I thenXIIIXiis compact
Here a subbasisof thetopologyof X is givenby the sets
Titu for ie I and UcXi is open where it X Xi is
theprojection

ProofofBanach Alaoglu
i DefineE BA FI LI EZEK121 1111

X M X X
ByTychono F is compact We need to showthatELBA
is closed Note ECB fi Alk Hal Ella Kx

f is linear



So if fe F ICBMthen Fxyet a Elk sit
fextay flat afly

Thereexists an openneighborhooduoff in Fst thisfailure
of linearity persists for g ell

Iii When X is separable we canprovetheweaksequential
compactness more directly
Let Mien C X bedense Select subsequences
IN JI Ip sit for all i EIN we have

Ak Xi ait Xxi K E Ii k o

This is possible since Akhil hen is bonded forall i
Let I 1stelementof I 2ndelementof I bethe diagonal
sequence thus Akhil this ti
Claim I can be extended to an elementof N
Indeed we can extend 7 to span xilien by linearity Moreover

Heal YEE Akil Cinsup117411 11 AxespankYEE

X has a Unique extension to de N

Claim2 XKEEEX
Indeed let X E X and E 0 Pick i eIN sits llx x.lk e
andpickKosit 17 xd 7kW ke t KEI Kako



Then I AW Auld
IN AGNI Akil Akhil Akhil Akhil
11711 lx all t e t 117k x all
Hall It sup Ally E

Since e was arbitrary this finishes theproof D

Examples i L 6,17 is separable so Banach Alaoglu lid applies
if talc La Ly is bounded thereexists felt
sit ftp.Iof that is

J fail getdx 5 Ifugao t gel
ii 2916,7 on the otherhand is notseparableandweaksequential
compactness of the unitball in 9 fails

Example Let 7k 49 Alf k f fadx Then
Mallya 1 But F Xe Lg sit Xk forsome
subsequence Kilian

Proof WLOG KEI Moo as i o Put

ft IE ti day yCN ELT
Il flat



Then Tuff KiEEGi's ut je
Gi l EI t ki f fade
for j i T

allremainingtens j 0

IXuLfl Lnil E É t Ki II Is 0

SinceXu f accumulates at both I and 1 it cannotconverge D
Liii On the otherhand co ear is separableand the same

Xk converge in weak to fo t te CocoD
Xk f kfitted IT fo fo f

Considernow a normedvectorspaceX If X is reflexivethen
v XÉx and the weak topology on XH or moreprecisely

its preimageunder r is the same as the weaktopology onX

y
Jed

todefineweak topology onxxx

I
2

x Iusedtodefineweaktopology on X
Corollary If X is reflexivethentheclosedunitball IC X is

weakly compact sothisapplies to HilbertspaceEPLPClap co

Later lilweaksequentialcompactness of B Cii ConverseofCorollaryistrue

Weshall now study reflexivityand separability in somedepth


