
 

Application 2 nowheredifferentiablecontinuousfunctions
Bairecategorytha
realanalysis

Weshall provethefollowingresult due to Banach 1931
Theorem Let A u e Coco it u is differentiable at

least at one point
Then A is meager in CoccoB 11llc Inotherwords
a Baire generic continuous function is nowheredifferentiable

Proof u ECE6,10 being differentiable at XeroB impliesthat
I n th OHyE loD K yIsh lulxt ulyllenlx.gl
Sincewayaswellrequire hat forsome men wehave

AEye Anim

where An ue Cfo B Fx EGD sit Hye loD
with lxylctn we have luck uly entry

Claim 1 Anm is closed
Indeed suppose untrue 910,17 with ukeAn Hk
Weget XueLo I sit Iuukutylyslenlxn.gl

Hye loD W y Stm

Passingto a subsequencewemayassume Xu XeroB

Fix y e loD lx y at Thenfor all large k so that lay atm
wehave taking the limit k o usingthatunkatsues
we obtain luv ulyll E nk y Therefore weAnm



Claim 2 Anmhasemptyinterior G is nowheredense

To provethis we proceed in two steps Let U EAnimand E 0

Step1 Fie CYpiecewiselinear sit Huwillco E
Indeed for sufficientlylargeN we cantake

a E u I OE ieN and ilq.iq linear

Exercise auCTW
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Thus FL 0 sit ITW Ily E LI xyl txyea I
Take Lomax IslopeofT1 a

step2 F v eco tu ill EE sit v4Anim
Indeed wemake a spiky asfollows forMEIN let

Sm xk 11 i ate OEIEM
i i 1 Élinearinterpolationinbetween

consider v Tt EsmThen Iv allofIlvillyltu ullo
E E

andwe claimthat forlargeenoughM V Anim

Let Xe lo Il Then Xe I Ii forsome ie 0 M R
For OcSc x we have

Irl xtf uh a EIsmtxtft SmWl ITWtf TWI
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Similarargumentfor 1

Taking M so largethat ME L n thisshowsthat

v4Anim
Conclusion U Anim is meagerandthus so is its subsetA D

NMEIN


