
 

Operatorsof the form I K K compact have nice mapping
properties finite dimensionalkernel closedrangewithfinite
codimensionThey are importantspecial casesof
Definition Let X Y beBanach spaces AE Lex47ThenA is

a Fredholmoperator or simply A isFredholm if
dimKer A o and

dim cokeA o and ran A is closed

We then call ind A dimKerA dimcokerA theindex

of A

Lemma If AE LUY has dim cokerA a then ran A is closed
Proof Replacing X by Hera wemay assumethatA is injective
Indeed let Z C Y be a finite dimensional subspace

with CranA n 2 301 and can A Z Y Then

I XO Z Y

lx Z is Axtz

is a bijectivemap ofBanach spaces hence an

isomorphism Therefore ran A F Xo104 Y is closed

sinceXo903 is D

Thus the closedness of ran A in the definition ofFredholm



operators is automatic given the finitecodimension of rant

Remark EverylinearoperatorAbetweenfinite dimensionalvectorspaces
X Y is Fredholm Moreover since A induces an isomorphism

Hera ran A we have

dimcokerAdim Vrana
dim Y dim ran A
dim Y dim Hera
dim Y din Xt din tert

ind A dim X dinY is independentofA Ininfinite
dimensions the situation is of coursemuchmore interesting

Example R t t rightshift R la az Lo a a
Then R is Fredholm with index 1 ind Rik j jell
Its adjoint L RA is the leftshift ind Lik j jell

Proposition AEL XY Fredholm AXELCHX'SFredholmwith
indCAH IndAl

Proof ranAdosed ranAtis closed.Thus dimkeratedimcanA t

dimcokeA and dimcokeAt dimtranAB dinKerA I

Therelationshipwith operators ofthe form I K K compact is
Proposition XY Banachspaces AE LU47Then A is Fredholm

F B B E L Y N K E L Y compactKzELCAcompact



sit AB I K

BA I Kz

Proof Exercise D

ThusFredholmoperators arethoseboundedlinearoperatorswhich

are invertiblemodulo compacterrors

Corollary A E Lex4 Fredholm KELCHY compact AtkFredholm
ProofThe approximateinverses B Bz for A in are also

approximateinversesfor Atk D

Theorem Let At Lex4 be a Fredholmoperator If BE Lexy has
sufficiently small operator nom 11Bla then also AtB is
Fredholm with

ind Att ind a
dimKer AT E dimKera
dimcokerAtB Edin cokerA

CorollaryThe setFred XY ofFredholmoperators is open in LIXY
and ind Fred XD Z is constant on each connected

component

Remark X Y H separableHilbertspace

ind To FredCHH E Z

ProofoftheTheorem Let Xo X denote a topologicalcomplement
ofXekerA and Y CY a topologicalcomplement of Yo rant
Thus dimXpdinkerA dimY dimcokerA Themap



TA Xo 4 7 ay A Axt y E Y

is an isomorphism if Blue y E IlBly is sufficientlysmall

then so is Tap Therefore
i Tay Xo ATBXo C Y is dosed andhas codimension

dimY dimcokerAs ran Atf 2 Tap Xo is closed

Iii AtB is injectiveon Xo X Xt Ker AtBoyz
forsome finitedimensional space Xcx Butt
AtB is injective on Xo Xz with

AtB X CA B Xo XI Ta Xo A AtB XD CY
closed since Tap Xo is closedandof finite

codimension

dimcoker AtB codinTateXo dimX2
dim cooker A dim Xz

Liii din Ker AtB KEA din Xz
Takentogether the last two inequalities givethe result D

We can now givetheproofof anoutstanding claimfromthepreviouspart

Corollary Fredholmalternative Let Ke LIN be compactThen

either I K is invertible or F xe X I K x 0

More generally dimKer I K dimcoker I K



Proof Als I Sk is a continuouspath in LCN consisting
entirelyof Fredholm operators

ind I K indAcl indAlo nd I O G 1

So I K is injective din Ker 19 0

iff it is surjectivedimcoke I K 0 D

Thesameproofimpliesmore generally
Corollary A E L X Y Fredholm KE LCRY compact

ind Atk ind A

Theindex is multiplicative
Proposition AE L XY BELLY Z Fredholm B AFredholm

and ind BoA ind B ind A

ProofTheproofthat BoA isFredholm is leftas an exercise
Define for te IR

at I 8 1 E

EI I It
Then Clt isFredholm ft and

clot I 8 has ind clos in dat indB

CLE I 8 E 4 É



has ind Ccl andBoA

Since ind call is constant we aredone D

Example Let a be Cole 13 We study the boundaryvalue
problem u at alt u Nt boules fly XE lo B

uld uh 0

Here f e Coca it is givenand we seek a solution nectar
Claim Ii Thenumberof linearly independentconditions on f for

solvability is equal to the numberoflinearly independent
solutions of the homogeneous equation lie fo
This numberis atmost 1

Lii If a is real valued and 6 0 then has
a uniquesolution UE Cro 17 forall feck it

Proof Let X UE Coo 17 uco uh 01 withnorm
Hull Hullegg HullcotHu'llcotta llco

Let Y COLED with Ilfly Ilfllco
a The operator A X Y

uts u

is an isomorphism In particular it isFredholmwithindex0
Indeed Au 0 u O so u is linearsince ulokull 0 weget

4 0

Given fe Y set uck ext fffer drds CE G



then uclot 0 u f and ud ctf fifersdrdeo
for the unique choice e f f firards

6 The operator K X Y
u to au't by

is compact Indeed K is the compositionofthe compact
map X C cont exercise andthe boundedoperator
CCGD CO CoD u to au tbh

i At K X Y is Fredholmof index 0
Asolution UE Clo D of u t an't 6 0 withuco 0
is uniquely determinedby the value of U'lol Ed Depending

on whetherfor somechoiceof u lo Ed wehave uh 0
dimKer At k 0 or 1

Lii If U EKer Atk and Xo E o I is a maximumthen

u xo 0 u xo EO and

a
ugqtagq.ttEqual

Thus we cannothave uko 0 uh to tx

Similarly arguing at a minimum of u gives uG 70 Vx
u 0 KerCAtk 03 Atk X Y issurjectiveD


