
 

Analytic Banach space operator valuedfunctions

Definition Let X be a complexBanachspace r ca open and

f r X Then f is holomorphic or analytic if
f is complex differentiable at all zed
F HEE thin file

Remarks i f is holomorphic a text If r e is

holomorphic
Exercise

it If A LIVW with V WBanachspaces

f Rs LevW is holomorphic

EFF f v er the function RF Z flatG EW
is holomorphic

É AveVneutthefunction Ratty fall Ed
is holomorphic

Liii Thestandardresults in complexanalysisrelatedto

Cauchy'sTheorem apply in theBanachspacevalued

setting E.g if f rex is holomorphicand

Zoe R then flat g IE dz limitin X of
Riemann sums whee

Similarly if Zo ER and



d dist to or e Rug
then fat If ttj.it flilczo Iz told
with uniform convergence in X for Zen It toked

Examples of analyticfamiliesof operators
i n xn matriceswithanalyticentries

AG aijlalija.in aij d o holomorphic

Iii Polynomials EtAjz AjE L X Y
Moregenerally É AjpjFl Pj is d holomorphic

iii Lemma If A r LexY is holomorphic andto Er is
suchthat Alto is invertiblethen AG is holomorphic for
ZEB ltd when e 0 is sufficientlysmall

ProofSince the setof invertiblemaps betweenBanachspaces
is open F ACHT for ZeBetta when e 0 is sufficiently
small Indeedrecallthe argument

A 2 Alto AG ACID

Alto It Ba BG Alto AG Alto
here B G ELK is holomorphic in Ze r andBltoko
F e 0 Sit Zed 12 toke implies ter IlBailly l
Since AGT It BUT AGI we onlyneed to

h th 1 I



show that It Blatt is holomorphic for Iz toke But

BAD EECDJBG J

converges locally uniformly in Z EQ 12201 El
andthereforedefines a holomorphicfamily of operators D

Civ Applicationof Liii
If AE LIN ToEG and A to X X is invertible
then Its A X is holomorphicforA in a small
neighborhoodof to

Spectrum andresolvents

Definition Let X be a complexBanachspace AE LCM
i the resolventset of A is

g A ZEE ZI AELLA is invertible

Themap gaszarz Z Alt is the resolventofA
it The spectrum of A is

A El g A ZEE Z A is notinjective or
notsurjective or both

Remark Since the spaceof invertibleelementsof Lex is open
gAl c e is open AA c e is closed

Examples i AE 6 matrix Then oak eigenvaluesofA
flak Glow



Iii A rightshift E L ecu A la az 10,9 az

Exercise ZEE 121 1 Ze g A

41 1 Z A is injectivehasdenserange
but 2481A ranchA1 l

1214 Z A is injectivebut its range isnot
dense

OLAF ZEE BIEN
gA ZE Q 121 11

But for no te off doesthere existan eigenvectorwith
eigenvalue z

iii Let 4 0 R u IR e Hullco gyp luck a

and g e curl Put A X X
u to gu pointwiseproduct

Claim o A range g g x x er
Indeed if Z 4 rangeg F e Ost Iz got E tx e IR

Z A X X is invertiblewith inversegivenby
Z A v W ZI VW VEX

so Ze glA AA c rangeg
Onthe otherhand if Z gkoErangely we claimthat ZA
is not surjective indeed forall u E Cour we have
Z A u xo z gladu xo 0 so 14 ranG A

rangeg colt



Since ola is closed we are done D

Two morecomments aboutthis example

If glitz for x in a non empty openinterval ICR
then F U E X Z A 6 0 ago itg isrealvalued

tf ze rangeg but the FTII x
above condition is notsatisfied

then Z A is injective but notsurjective

if Ze rangelg then ran Z A haspositivecodimension
if te rangeg largelythen ranG A is dense

Civ geed ran openandnonempty
A LP IN LPIN uts gu
ofAk ess ran g zed te 0 L g Belt o
Exercise

v Let g new Elt In Define A LP IN lil in
Lan to guan

Then MA gn ne in C d Exercise

We see that Zee can lie in OCA for a varietyofreasons
Definition Let AE Lex

i op A ZEOCA Ker Z A 01

Purepointspectrum



Iii ro A ZEOCA Kertz A 01 ranGA isdense

Continuous spectrum

Liii or A ofA I LopA ur CAD Residualspectrum

The spectrumandits various pieces are invariantunderconjugation

by isomorphisms
Lemma X Y Banachspaces Ae Lex If U X Y is invertible
then AA MUA U

Proof G A u f Z HAUT Uu Uf T

Examplelil 4 1227 AE LCN discrete2ndderivative
CAU n Unt Zunune Claim AA EIA 0,4
Indeed consider F AF 246,27 246,27
F AFu x F IGN 26Gt IN Dnez Gx

e it uh Zuk t emulx
2 cosX D U lx

Al of F AF range 260s 1 0,47 D

Iii do H 1 2218 has oldotoplook iz
Indeed F doF 122 2 annex to linantnez Ely
Thisgivesthe desired resultby a previousexample
Forall ne Z Ker in do span eino



iii 88 448 ECS has 6108 op184 K keno

Ker k 08 span I Ko

span Eikoeiko K 21

We next prove some general results about the spectrumof
bounded operators

Theorem Let AE LCHThen g A zts Rz 2 AT is holomorphic
Moreover if to E ga then Burma to C S A and

thus IRally Fatal
ProofThe firstpartwas alreadyproved For thesecondpart
note that Z A Zo At Z Zo Zo A It Racztoll
and It Rz Z to is invertible for 12 ZollRally al D

Theorem Let A E LCNwhereX is a complexBanachspacedimX21
i OCA to and gAl to
Iii Definethe spectral radius of A as

VA EYE 1H

Then ra linkup 11AnIlk

Proof i If Zee let Hallythen Z A Z I E A is

invertiblesince 11z All ax so Thus ZESCA



Thisalso shows IlRally E 171 Il II EAT'llLeft 0
Suppose of 0 Thenfor all x ex text themap
f d 2 2 13 X Z A x E G is holomorphic

But If Call 70 by Liouville'sTheoremimplies

that fax 0 Since 1 x are arbitrary this implies
G A O E LCN which is absurd since RA ELCA

is a bijection and X 101

Iii Wefirstprove E in if 121 himsupland's
n o

thenby the roottest the series

II CEAI E LE
converges the limit is I E'A z z Al
For the proof of Z in let r ra we need

to showthat land her for large n
To this end we shall show that

An jfop.io Z Z A dz

Indeed this integral is independentofthe choiceof r rt by
Cauchy'sTheorem since Z GAt isholomorphic and if we
increase r to a value r 11All then

I zATI Zn É z J AJ for later
j o



so Infog ZnGA1 dz coefficientof E A indeed

now gives 11All E rhttp Rally

himpland e r D

Remark In fact F limo11A'll which is thus equal
to the lin sup andthusto the spectralradius of A
For the proof notethat xn log land is subadditive

them log IlAnthill E logHAndHAmy

log11A'll log11AM

Xn Xm
weset xp o if An 0 But if xuIne is any subadditive

sequencesthen lim int himsupth himAn E IR v f o

Indeed foranyfixed me IN wehave to log nay land'Din
our application

Yumte
E kXm Xe KEIN Oelem

Timmeentrantnite
him sup Iif E mtxm
ks o
o e tem I

unify xp

Taking the limitof this estimate provesthe claim



Much as in the case ofmatrices the spectrum of self adjoint
operatorshas special properties

Theorem Let X be a complexHilbertspace AELCH self
adjoint i.e A AH Then
i AA CIR
ii ra HAll
iii IGAT'llat ZEE R

Proof i If Z E EIR then kerf A 03 indeed

Cz Ax 0 G A xx ZINF Ax x D

But LAX lx Axl LAYx Ax x is real So

gives Im 21117 0 andthus INFO x 0

From we obtain Ilmal IN Re GAlxx
El GAlxD IN

1111 E I GAxl iii

z A has dosedrange and

Cran z A t Ker E A 01 by whatwe havealready
shown

Z A is invertible

lii We have 11All KAAN II I AAxl



FI AAA L AxAx Hall

Conversely HAVE11All All HAIR I HATEIAN
Inductively 11AM 11AM himllanllhgn.LI ftAy
We shall provemuch more in this case later on


