
 

Definition XY normedvectorspaces An operatorAELexY is

called compact if ACB o C Y is relativelycompact

line ALBI is compact
Example 1 A X Y finiterank i.e dim ran A co

A is compact Exercise

Example2 I X X is compact dimX o

Proof E dim X a I is a finiterankoperator
hencecompact

If din Koo let xulken C X Ilxula
Ilxu tell t.tk l This has no convergent
subsequence I is notcompact D

Example3 Xnormed YBanach Let AE L XY be the limit

A YpgAk of compactoperators Ak Then A is compact
Proof Let xilien X Axilla tj successivelypick

subsequences IN33,0222 sit F Lim Anxi
j a

JETK
LetJan bethe diagonal subsequencethen
Uk 7

13
Aux Weclaim that Axj3jey converges

Indeed 11Ax AxelleIlAxj Anxjlltllanly.pe ItllAyeAxel



Thus if E 0 choose k large sit HAAK ly y a f
andthen jog sit HJ la JAjo IlAnxi Auxelle
Then IlAx Axel e for such j l Since y is complete
Ax joy converges D

In particular the limitof a convergentsequenceoffiniterank
operators is compact

Example4 A Asd Aq quek where 9 g eco

A iscompactsince it is the limit of thesequenceoffinite
rank operators An Es e Ane Fulk Ken

O K n

Lemma X normedvectorspace YHilbertspace AELCXY

compactThen one can write A little where
Au KEIN is a finiterank operator

Remark Nottrue for generalBanach spaces veryhard
PerEnflo

Proof Exercise D

Example5 Let A H H be aHilbert Schmidtoperator
l e I HAIR so whereLeilacompleteONB of H
Then A is compact Exercise





Definition For 520 HS F h as is the
Sobolevspaceof orders on Gunitcircle

Thus HS Ht18 is compact for s t 20

Example7 Lemma AE LU4 compact BE LIZN CELLYZ

bounded A B EL ZY and GAEL XZ are compact

Nowwhat are compactoperatorsgoodfor
Proposition Let X be aBanachspace and let KELLI be

compactThenAE K E L x has
lil dinKer Aco
Iii ran A is dosed
iii dimcokerA din YanA so

Later Civ dimcookerA dinKerA

Lemma Let AE LY Y be compact If xylemC X

Xk T Xo EX then Axk Ato
Proof We have Axn Ig Axo Now xu is bounded

Given any subsequence Italian Axkilien has a
convergent subsequence Axn 8 y necessarily y Axo
Therefore Axn Axe I

Proofof theProposition
lil Y KerA is a Banach spaceand I K on Y so

I Y Y is compact dim Y a



lil Let V C X be a topological complementto kert We
claimthat F C 0 sit t xEV Ix Kcl Axl

If this were false I wkend llxk4 l IIAXullet
Passingto a subsequence wemay assume Kxu y
since xu Kan O this implies xu y thus Ily11 1
SinceV is closed yeV But Ay YI AN 0 so

ye kert yeUnkert 303 I to Ily11 1

0 rant is closed
iii We use a resultfromthe futurewhichtells us that
also Kt is compact CranA t Ker Aker I KA
is finite dimensional D

Example On the Sobolev space HE8 F n z wedefine

Dole via F Dou n n'Fu n
Recall F Hou Cnt in F n for ut Cpr so
Df dot on Cpe

Moreover for VE E EEC6,20 we define

Vu E LCD for UEHEA 0248
as the pointwiseproduct

Considerthen A DEV 87 EC84
u to DutoitV10ulol

A goodapproximateinverse to A is perhaps theisomorphism



B EE H F BAG TEST 78
Indeed A B D8 Bt VoB with

F BoB ink In I
AoB I K where Ku Fu lol V B Est

But 220 uts Fu lo EE constantfunction hasfiniterank

and B E that is compactthus so is V B

K is compact
Theorem impliesy dimÉÉran Act 84 is closed

iii dim cookerA co

Liv A is surjective Ahastrivialkernel

This example is a firstdemonstration of the usefulness of
compact mapswhich are givenby inclusions of function spaces
ChoeHC8 G E 8D Two more importantsuchresults are

Theorem Arteta Ascoli Let K C IR be compact Let

Fc Cock The following are equivalent

i F is sequentially compact

Iii F is bounded and equicontinuous gyp
Iflock 9

and t 270 7870 sitHayek I x yla f Her flyke



Proof
Lil lid I compact I bounded
Let 90 and choose fi five F sit FC Belt
Since fje Cock Kj F 820 sits

XyE K Kyle8 Ifj ki fily s e t ja N

Let now ft F and pick j s t If fill c e

For x y ok Kylef wethenestimate
I fCN fly E I fix fjW Ifj k fly Ifjly fly

C E t E t E

BE

F is equicontinuous
lit lil Let thtnew CF be a sequence Let xj janCK
be dense A diagonal argument usingonlythe boundedness

of Fc Cock allows us to pass to a subsequencewhich

we denote fu again so that FfCxj him fax
Claim f has a unique continuousextensionto an elementofCock
Indeed given e 0 andchoosing80 fromthe equicontinuity
condition on F we have for Ixp xel af
Ifexit fall I lightlfklxjt tuke.lt E E

Claim fu f in Cock



Indeed given 2 0 choose800 as above For someJEN
we have KC Bg xj Let KoEIN be sit

lflxjl fu.ly c e t j l Kako

Givenany XE K pick jell Sit Ix xj af we

thenestimate for Kako

Ifk fly E Ifed flxjltlflxjl fulxjlltl.frGj full
C E E t E

3e

thus Ilf fullcock Be D

TheoremFrechet Kolmogorov Let K R be compact lap so

Let Fc LP K The following are equivalent

lil F is sequentially compact

Iii F is bounded and equicontinuous in LP i.e

EI Il flag
so

Ip It Thflip At O
where Tnf then the K

O otherwise

Proof Omitted SeeStruve'slecturenotes I



ExampleI reboundeddomainwith Ctboundary Co CET iscompact

Example2 Volterra operators again Let K
C IR be compact

K E CCKxKI Define A Cock Cock by
Au Gt f KlayJulydy

Claim A is compact
Indeed let B closedunitball in Cock We claimthat

A B c COCKI is boundedandequicontinuousThen

Arteta Ascoli impliestheclaim

Since AEL COCKY A B is certainly bounded

Let EO Since Kxk is compact F 870 Sits
x y Wyl Ek xk I x xltlytylsflkk.pk y'tke
For ne B this impliesfor x x'Ek I x xt

I Auld Au x E f taxy Khyllulylldy
E E Vol K Hull

coca
D

Therefore I A Cock Cock has properties i lil above

Finally to tie up a looseend
Theorem Schauder Let X Y beBanachspaces AE2447
Then A is compact AteLCHXD is compact



Proof LetAkluew C Y't IXkly El we needto find
a convergent subsequenceof Attklken

Now K ACBx C Y is compact BxCX unitball
Consider F fuky Ady c Cock

Since Ilfullcock say Ak Axs EllAllyMilly lady
F is bounded
Since y y Ek ly y'll 8 implies

Italy fuly'll laklylduly Ella Il yy'll S
F is equicontinuous

Ip ICAN W fall

y I Ifuily fly l

11Attu Attu Il guy I attain fCANI

8 I HAN Atty
Ev

90

At compact A compact but A 4 2 A on X



A x Ba c y has compactclosure

lyCABA C ly Y
Since ly Y cy is dosed ACT CY is compact I


