
 
K R or Q
Vectorspaces K lk vectorspace
Definition V is infinitedimensional if it is notfinitedimensional
i e H N EIN F linearlyindependent Vi VNEV

Lemme EveryvectorspaceV has a basis in the case

dimVo o moreprecisely called algebraicbasis or Hamelbasis

Prod omitted usesZorn'slemma I

Oftenmuchmoreuseful othernotionsof basiswhere weonlywant
every vet to bethelimitof linearcombinationsofbasiselements

E.g complete orthonormalbasis of a Hilbertspace

Normedvectorspaces

Definition A norm on a vectorspace V is a function
11 11 V Lo a

withthe followingproperties
i definiteness r e yup o yo

7 try 17k44g

Iii absolutehomogeneity Xelk ve v lull Al Hull
iii triangleinequality v we v llutwllellullt lull

Lemma On a normedvectorspace V 1111 themap
d VxV 0,4 da well v well

givesU the structureof a metricspace andthus ofa
topologicalspace

Prod Exercise D



Examples I Ven mit IlCa ant 4112512 t
2Van mit 11Gi tn'llo jmg.tn1251

3 V Cocco17 u CoD k continuous

i supnorm Hulk Mag luk l Llullco

Iii Lt norm Hull
p f luvPdx llullp tepco

4 LP a aj jen aj ee HalfÉ laD so

I ep o

be a Halloyeplast a

5 Co a apjein ajEQ Ypglay1 03with
norm Itto

LemmaOn a normedvectorspacetheroomandthevectorspaceoperationsarecontinuous

Proof Exercise D
Definition A Banachspace is a normedvectorspacewhichis complete
as a metric space lie allCauchy sequences converge

Examples I 121,1376 147,151butnot 13 ii ePill11g is complete
iff g Ep Exercise

In the case dim Van allnormsinducethesametopologyas we
shallnowdemonstrate

DefinitionTwonorms 11.11 and Il Il on a vectorspaceV are equivalent
if F C O sit F v eV

CLlull E HulkE CHulls
Thetopologiesinducedby Il Il and I.lk arethenthesame exercise
PropositionAnytwonoms Il Il andIt112 on a finitedimensionalvector



space U are equivalent

ProofByfixinganybasisgotU we may assume Valk
Let 11 11 1Exit Theunitsphere
S x elk 1111 1

is compact We claimthat Il Il is continuous on S for xyes
I 1111 lyla E lx y11 11Eex y ej Il

triangleineqtsIf I xj y I Vejle
CET Ixj y I

0 tj
CauchySchwark C n Ux y l

O c pinsAxl Meg11115 9 9
also C'llall e Ilx1 E C la for G Max GCal
Il Il and Il Il are equivalent Samefor lillz
Il Il and Il Il are equivalent Use normequivalence
is an equivalencerelation on thesetofnorms D

CorollaryFinitedimensional subspaces W 1111lw of a normedvector
space V2111 are complete andthusclosed

Proof Completeness of a normedvectorspace is independentofthechoiceof an equivalentnormFixing a basisofW wethusonly
needto recallthat lls 11.11 is complete
completeness of w 11.111W implies thatWCV is closed D

In infinitedimensions the situation is different

Example On Coco17 consider fact th neNo



Ifall 1 I fall S that n't
It lo and lilly are notequivalent

The reasonwhy theproofofthePropositionbreaksdown completely inthis case
is the following
Proposition Let V H11 be anormedvectorspaceThen

dim V to a S XEV 114 1 is compact

Forthe proof weneed
Lemma Let V1111 be a normedvectorspace andWEV a closedproper

linearsubspace Lets 0Then I v eV withHulk1 and
du W intUv ul t e

Proof chooseany voeVlW SinceW is
dosed d dIvoW so choose we w

o
Two

sit dlvaw.tlvowdlsE andsetv Y wy
Then dlrW it 1118 w11 91 1 age r e D

ProofoftheProposition IdentifyingVEkn Salk is closed
andbanded compact

Suppose dim V0 Let y jew be linearlyindependent
Set XF Yy Let Y span y yal which is a closed
propersubspaceofV Fork l chooseXueYulyk s t.dk Yu t
Thenfor lol wehave Ilxutella dakYe adixieYa t

x ljan c Shas no convergentsubsequence D



Continuous linearmaps Let XHlx Y
1111 CZIlla denotenormed

vectorspaces

PropositionFor a linearmap A X Y thefollowing areequivalent
i A is continuous
Iii A is banded that is 700 St IAxllyECllxly AxeX

Proof Li ii Since A is continuous at 0EX andAlo OEY
thereexists 90 St BxO e xEX 11 11 E CA ByCoD
Thus for x 0 IAxlly 11 A Equally44 E Elklly
For 0 Ax 0 HN E E

ii i For Xo x EX

IAxo AxIly 11AGoxillyECllxox.lk D
Y

DefinitionFor A X Y continuousandlinear wedefineits operatornomas
Halluxy FYI

IAxly p KID the bestsmallest Cin Iii

Corollary If dimX O thenevery linear A X y is continuous
ProofDefineon X the graphnorm 11 14 1111 t laxly
This is equivalentto It lx so 7 00 sit
HAN UXII E Clay D

Example A 4 016,17 H Allo lily lily
A Id NY Then
IAully Hull S lukildxellullo

so A is continuous
ButB Id Y X is notcontinuous for unGtx
11Bunk1146 1while Huntly llull net



Definition LIX 4 continuouslinearmaps X Y
If KY withsamenorm write LIN L xx

Proposition L XY HIly is a normedspace If Y is a Banachspace
then so is LIXY

Proof Definiteness if Halluxy 0 then laxly0 Fx soA 0
Absolutehomogeneity I 7AWhy 17111Axlly so117Allen AllAlex
Triangleinequality Il AtBallyellAxllyt11Bally

Ally t IlBlum lax
H Y is a Banachspaceand Aj a 4x4 is a Cauchysequence
then H x ex Ajx Y is a Cauchy sequence Wedenote
its limitby Ax Easy check A X 2 xts AxeY is linear
Moreover Laxly HM 11Ajally 47soup IlAilly y all

impliesthat A is banded so AE L XY
Remainsto show Aj A in 44Y For XEX

UCAAj xIly 11elin CteAj xIly
Ling IlAeAj xIly
lien p IlAeAjLexx Ilx x

But as j so we have hemsupUteAilly o since

Aj is CauchyTherefore IAAjlay 0 asdesired I
Corollary Let XHlx be a normedvectorspaceThenthedualspace
Xt LIX IK is a Banachspace

Wewrite11711 Valley Elementsof are called continuouslinearfunctionals

on X



Fun difficult game given X identify A lis it someknownspace
For example co l Cette CLPIRD L R
Here I means Fcontinuouslinearisomorphismwithcontinuousinverse

Remark At thispoint it is notevenclearwhether fordim tag thereexist
anyelements in otherthan O

The space Lex hasmorestructure we cancomposelinearmaps
Moregenerally
Lemma Themap L x Y x217,82 B A AA OBELCA is

continuous and HABla EllAllie BlayProof IABxtzEllAlexy IBallyEllAllay IlBlay lax
IAB AB ILKA

11ACBBDla IIIAATBLex
IlAlly HBB'llay ABILL HIBBILYUAA Lexyimplies continuity at BA1 D

Withthe space Lex4 having anormitself we can talk about
convergence of sequencesor series of linearmaps
Lemma Let Aj C LAD with É IlAjllay so SupposeYis complete
ThenÉAj himÉAj E L lxY exists
ProofThe sequence ofpartialsums Aj new is Cauchy D
Examples Let X Banachspace

i exp A É É E LIN CAO I

Lii U IRa t to exp litA E Lex is continuous

and Ulo Id UCtts UctUcs



In fact U is continuously differentiable ie

Ling Ultthfe Lex exists and is continuous int
and I Uct A Ult AtoySchrodingerequation

iii Neumannseries
Lemma Let AE LIN HAI I Then I A X X

is invertible

Proof Let B EI A E Lex Then

I A B EECA Ant ATI
likewise B I A I

Quotientspaces
LetU be a normedspace and let Wo be a linearsubspace
Wewantto considerelements of V moduloW
Define an equivalence relation

VinceV V N K E Y new
with equivalence classes VF VtW ve v

Easy Vw a ve v is a rectorspacewith

X E CAN and CvIt EvaEvita
Proposition Let W bedosedand W V Then

i 11Er Iww dlrW wing Iv wk is a norm on Vw
Lii The canonicalprojection it Vs Uw uts GI is continuous

Ciii If V is completethen so is VW



Proof i Exercise
Iii 11Hullww 11allow Il roll Llull

iii let Ej a Vw be a Cauchy sequence

Bypassingto a subsequencewe mayassume that

I Evje EjAww 2J t JEIN
Let w 0 and inductivelypickwjnews.to
I Cjt twit gtugIl a 2 2J

Then Cujtwj Cj But vjtwj CV is a Cauchy
sequence Write v moVitug Since vjtwj V we

have Ivjtwj up IF v7 D

Example lilt 6,231 Ille We u E C 6,27 u x 0 forxElo177
Vw I co lo p Exercise

Iii V normedvectorspace lev't lie link continuous suppose
that l 0 Then wekerb is closed andWWEIK


