
 

While the spectrum of generalbandedlinearoperators canbe

very complicated the situation simplifies dramatically in thecase of
compactoperators

Example Let q gunew Eco Define A ill l
an to Anan

Then A is compact and ofA 01u quinein

f x9 Note O eSgt
Moreover OCA 1903 op A 1903

A OE MA may lie in opAl I A ororAlY x q
Exercise

It turns out thatthis example capturesthe general case
Theorem Let X be a complexBanachspacedim1 0 and let

AE LIN be compactThen

i olA I 501 op A I o is a discretesubsetof ElSol
which accumulates at O

Iii For each XE opA1903KerX A is finitedimensional

and non trivial

Proof ii Let XENA 740 Then I A A CI TA since

7 A is compact and I a A failsto be invertible we
conclude that KerLI TA KerA A is non trivial and
finite dimensional



lil Suppose Xue ofA KEIN are pairwisedistinct and

I who O WLOG Aul 17.1 t k

For eachXk pick unekerAKA Haulk
The un are linearly independent if ÉChun 0 then
Offa He A Éenun cu In.net
Cu D

Let y p u and pick ykey span ur ur with lyk 1

and dlyk Ya 12 Thus yet aunt yh O EG

YEE Yu
Moreover A Yn Yu t k

For Kal we then have

11Aye Aye11 11 A lawnyh IFT
I Tulanuatyk Cathell
IlAnya full the Yu

Ellul I Hol
Ayn new has no convergent subsequence Y to
the compactness of A D

The self adjoint case is evenbetter
Theorem Riesz Schauder

H Hilbertspace AE Lex compactand selfadjoint



Then F atmost countablymany eigenvalues O uER possibly

with multiplicity and correspondingorthonormal eigenvectors

enEH HenkAentuea so that

Ax Etalx er ex AxeH
Moreover He span en KerA

Remark Hseparable FcompleteONB of H consisting ofeigenvectors
of A

Proof lot thetheorem Eigenvectors of A correspondingto different
eigenvalues are orthogonal For each eigenvalue 740 pick
an DNB of KerRA a finitedim subspace of H
Get an orthonormal set lent of eigenvectors of A

Set Y span end

Claim Alys Yt Yt is the O operator

Indeed if y d en tk then Ay er lyAen lyInenko
so A141 CY Since Aly ELLY is selfadjoint
we have IlAlys11 ray spectralradius But the

compactoperatorAly cannothave a nonzeroeigenvalue

by constructionof Y Therefore ofAlys E 903
ofAlys e 03 bythe precedingTheorem

ray 0 Aly 0



Writing xEH as x Eyed eat N X e Yt
we immediately obtain Ax E lxen Trek D

Example A DEV 42181 2487 VE LO complex

valued Inanearlierexample we had seen that if
B E tf is definedby

F Bu n talent n O
Fu o NO

so B is an isomorphism then AB I K KELLEN'D
compactMoregenerally for ZEE

CA AB I
I.IEf

A Z tf E isFredholmof index 0
Claim 1 F ro 0 Sit Re Z C ro KerA 2 03

So A Z is invertible

Proof A214 0 DYu V Hu O
Integrateagainst u in El8 use that

Dovw vDow Ea n in IT forvweH 8
O Re Rouul V Ayu
Re DouDou Re V Z u u

Ijn ReNI t ro Hulk a half



for ro a 1 min Rev 4 0 D

Claim2Thereexists a discreteset A Cd accumulatingonly
at infinity so that A z tf E is invertiblefor
Zedd while Ker A z is nontrivial landfinite
dimensional for zed

Proof Fix ZoeG Re to o ro Then

Rz Zo Alt ECS ECS
is a compact operator being thecomposition of
EEE tiene
o Rza is a boundeddiscretesubsetof 0150
accumulating at 0 But f e KerG Rad 7 0

if Igf At
F F XGo Alf
Af Zo If
Ker to ta A 501

Thus A to 4 he oCRzd D

Remark UE Ker A Z e Dfu Vu zu

Claim3 If V is real valued there exists an orthonormal
basis of ECI consisting of eigenvaluesofDAV

Proof For Z EIR z c ro Rz is self adjoint land



stillcompact since for u v0 E andwriting

U Zo A T K Zo Alt with TIE HIS

Rzou u T Go A f T Zor EDoit fi Vi

8 111 1205T BotT Va
Zo A T T

u Rza
A completeONB of ECM consisting of eigenfunctions
of Rz thus does the job D

Eigenvaluesof A
complex

valuedy ex real valued V
g

i n

g x

Rez x
x

X
y
x x xxx x

Rezaro

Special case V O so A D8 If one 8DTER solve

Au Au then Runk tain th EZ A n for
some noEZ and I n 0 the 2 Ind

In and we span
t 4 0

EinoO no 0

Thus we concludethat eiko key is a completeONB

of 14 This is a bit circuitoussince we usedthis



fact in our definitionof HISD but one cangivemore
directdefinitionsof HC8D forwhich there is no circuitous

logic

Remark one important take awayfromthis exampleis the
usefulness of an operator such as Dot to havecompact
resolvent Bewarethough DAV is not a banded linear
map on one Banachspace butratherbetweentwospaces
X F H and Y FLY with compact inclusion X G Y

Hence the quotationmarks andmy avoidingthe word spectrum
for the set d c e above

One can removethe quotationmarks if one regardsDtv
as an unboundedself adjointoperator on ECI with
domain HH we shallnotdiscussthis for now however

In special selfadjointcases one can characterizethe eigenvalues
variationally

Theorem Courant Fischerminmax principle Let AELCH be
a compact self adjointoperator on a separableHilbertspaceH
din tho which is positive xAxl 0 Hx EH x 0 Then



lil ke A ol
Iii The eigenvaluesof A are 1 2722732 And0 asked
and XFMn y subspace III

AH

dimYIK

Proof Only doesnotfollow immediatelyfromtheprevious
Theoremandthe positivity of A Let en new be a
completeONB of H with Aek taek

Ik Ink Take YEspanSenyeah For x Éxjejtywithxj lx.es
11112 2 1 xg12 1 we have

MuzCxAx Éxjej I eleee Aj Ikept
2 XkÉ Ikept Ak

tuna Let YoH be a subspacewithdimY 2k
CaseI F XoE Y xo I Yk Ilka Then

int x Ax E xo Axa xo EgAj toejej
FEI

EEXjIkogP EAkÉ la gtalk
Case2 Theorthogonalprojection it H Y restrictsto

an injectivemap In Y Y Since dimY dink



IT is then a bijection
Let Filled env É
where v e Yat Then

xoxo It 16112

and
CtoAko ektv XkektAV

estimatingcases

At the t.EE
it

kenv 0

Ak t O t O taluk
Xk XoXo

it
4 AM 1141 eY II Ak D


