
 

We recallthat a normedvectorspace X is called reflexive if
2 X XH IN Xext M AW is an isomorphism

r is always isometric

Remark Since dualspaces are always complete everyreflexivespace
is necessarily a Banach space

Examples Hilbertspaces alreadyshown LP Kp co later
LP Kp co exercise

Theorem Let X be a normedvectorspace
Ii If X is reflexivethen so is N
Iii If X't isreflexive then so is I completionofX

andthus X if X is complete
Proof i Exercise

ii we claimthat X A mdeedthemap X
X to Alx is an isometry and it is surjectivesince
every Xe X't can beuniquely extendedto anelementof It
bycontinuityanddensity So we may replace Xby T
andthus assume that X is complete

Suppose now 2 N E X Since a cat is closed F
IE CH Sit Ily 0 but I 40 Since His
reflexive F XE X St I A whereH Xs X
is the canonical inclusion Therefore t x EX



0 2 X IN INCH Xx

Butthis implies 7 0 I 0 a contradictionSo 2K X D

Reflexivity is inheritedbyclosedsubspaces
Theorem Let X be reflexiveand let Y X be a dosedsubspace

Then Y is reflexive
Proof Let j Y X bethe inclusionmap jlykyHyEY
and let j N Y'tbe its dual definedby
j G Cy jly Ay for Xe Nt yeY

Thus j A Aly Let j 4 5 be thedeal off
j G y Lj yT ly fory ey X

Write z X Nt 24 Y y for the canonicalinclusions
2 is surjectiveby assumption Weneedtoshowthatmis
surjective as well
Let y e y Then j Cyy x e XYandtherefore
Fx e X St X 2W that is K X XY

J y WA y Aly AGENCY AW

Weclaim that Xe Y If this were false I x e with

Gel but ly O thengives 0 1 Y

Knowing now that j y 2 y for ye Y formerlycalledx



we proceedto showthat rlly y Thusalso j zY ily
To thisend let y e Y't and let Me denoteanextension

ofy't usingHahnBanach Then

27ly lyk y y Xy rly A j ly ex

y Aly y LyY
as desired D

We shall later proveresultsgiving otherusefulconditions
guaranteeing the reflexivity of a space b uniformconvexity

Theorem let X be a normedvectorspace
i If is separablethen X is separable
Iii If X is separableandreflexivethen His separable

Proof Li Exercise
Iii X reflexive X EX so X XD is separable

since X is is separable D



Application to calculusofvariations

We returnto the directmethod First weneed a technical result

Theorem Eberlein Smalian Let X be reflexive

and let a uan be a banded sequenceThen F xex and
a subsequence Xuilien Sit XK Fox

Proof Let Y span xu Kein CX this is separableand
reflexive Since the closedunitball in Y is weakly sequentially

compact by Banach Alaogla separablecase appliedto the
separablespaceY'twiththeunitballin beingweak sequentiallycompac

there exist y EY and a subsequence ki sit

X Xue EF Xly H XE Y't

If Xe X thenAly EY'tand XxuittlyGui AlylyAly
so we indeedhaveweakconvergence Xu Tx in X D

Definition Let X be a normedIR vectorspaceand let F M C X IR
lil F is called wslsc weakly sequentiallylowersemicontinuous

if for all Exulken C Mwith Xu E EM
FCI Limit FAR

Shorthandnotation FY E LimitFix



Iii F is calledcoercive wit 11.11 if
FCA Mo for Ux1 o XEM

l e H C F C sit XEM IN C FW Z C

Theorem VariationalPrinciple Let X be reflexive Max nonempty
andweakly sequentially closed Let F M R be coercive
and WS Isc ThenFxo EX Str Fla ing Fa

Proof Let xkken be a minimizingsequence i.e
Flu I do int FW E E o o k o

Since F is coercive xk is boundedBy Eberlein Smulian
wemay replace xu by a subsequence s t wehaveweakconvergence
Xh E XoEX
Since F is wslsc FW MyintFk no This shows

that a a and to is a minimizer D

Example variationalproofof the Riesz representationtheorem
Let H be a realHilbertspace Xe H Consider

FCN INF AW XEH

lil F is coercive FG z EllNT 1714114 1111 Ella 117147
when 11 11 o

Iii F is wslsc if Xu x then lull slim if Ilull and
HELI Xkidso FW light Flat



Liii H is reflexive

Wemaythus applytheTheorem andget a minimizerxoett off
For any xEH te IR we then have

Fla E Flatt FG EzNNR thx the
The RHS is quadratic int andminimal at to so xoxo AW
Since x EH is arbitrary we aredone I


