
 
Functionalanalysis is mostpleasantonHilbertspaces a subclass of
Banach spaces

Definition Let X be a lk vectorspace IK R orQ Amap
G X x X K

is a scalarproduct on X if
lil xy lyI A x yEX
Iii axeByZk x Galtflya t x yZeX afelk

linearity inthefirstargument
iii xx 20 HXEX and xx OH NO

As a consequence x xytpzk lay PZx at TGI
aGxg TMZ

anti linearityin thesecondargumentwhen116 6

Warning Physiciststypically definescalarproductsto be linear
in the 2ndargument

Rink If Il Il is anorm on a vectorspaceX then All comesfrom
a scalarproduct iff the parallelogramidentityholds
Uxtylftllxylr 2llxkellylmtx.geX

Proof IR vectorspace set xy 4Illxtyll lx yip
e vectorspaceset xy Ilxtylp llxylftillxtiylf illxiy.IR D

Fromnow on weonly considercomplexHilbertspaces unlessexplicitly
notedotherwiseThe caseofrealHilbertspacesis thesame
Lemma Let X be a vectorspacewithscalarproduct C Set

11 11 xx XE X



i Cauchy Schwarzinequality thy EX
I xy E Axl Uyl Equality ifandonly if xy arelindependent

Lii Il Il is a norm

Proof Ii Assume xt0 y 0 For all a e G

Oe x ay xay 11114latelyIF aGyN Ttxy
Take ate O t OER where eidlyxkllx.pl becomes

EllyIF 2 14g It 1111220
This quadraticexpression in t attains its minimum at t Yy

setting t to 1Gt 1111220 as desired
Equalityforces x teity O i.e xy arelinearlyindependent

Iii Only checktriangleinequality
Il Xty

112 xtyxty xNtlyy 2Re Xy
11 114IlyFt 21111llyll
lately11 D

Definition x bill is a Hilbertspace if it is completewirt
the canonicalnorm Ix xx t

Examples i k ZW ÉZjwj
ii l with cannein bnnew II anti
Notethat IÉantik Élane t nÉibn1 tellallellbller
forall N so is welldefined



Ciii Let RCR Then Ecr is aHilbertspacewith

Gfg Sfagetdx f g EE r
Civ Willshow all separableHilbertspaces are isometric
to e

Minimizingdistancesto dosedsubspacesof aHilbertspaceis betterbehaved
Lemma Let YE X be a dosedsubspaceof a HilbertspaceX
Let to EX ThenF y EY s t IlXoyolkduo4 ignetyllxoyll

This yo satisfies Xo yo y ko HyeY
Boot Let yuh Y best 114gutted
Step ya is a Cauchy sequence
Indeed to

y

itXoYET I xo xoyul layet Xotyutyl
using the parallelogramidentity

11a 611211a 6112 2111914116112

with a xo yu jffaebbeXoYe
we get 1124 4 112 11yayell 2 Ikoyukikoyell
so 4Ally yelp E 2 noyall'tUxoyell
As k l o therighthandsideconvergesto 2 dtd 4d

and hence Ilyayet O



Step 2 Let yo LingYu then Uxory yallxoyall d
Theestimates in Step 1 alsoimplythatyoeywiththis property isunique

Step3 Ho yo y OHyEY
Indeed considerfor nee

d 11 xo yo112 11 0 yo ay112

Uxogolf KillyIR 2Re xbyxoyd
Take a teil tOER sit eidlyxoyo Ilyxoall get
d2 s d EllyIF It Ilyxoyo

The quadraticexpression int on the rightattains itsminimum
at t 0 thereforeits derivative int at to vanishes

CyXo67 0 D

Definition i wewrite xty iff xy 0
Iii Given a subspace Yax wewrite Yt xexixtytye4

Lemma i Yt is closedand YETI Lii Y F
Proof i If lxyal 0 yukkythen g lit lato We usehere

thecontinuityofGi Xxx lk whichfollowsfrom
1 xy xy I lx x y Wy yD Ell xx IIHyll Ux'llIlyy

ii letyey then xy 0 AxeYt ye 4 t So Yacht and
hence To Ht by i If 45 let yet best x ye y t I
then y 0 and x y x yo y y y x CHERITheorem X Hilbertspace YEX dosedsubspace.Then

YO Yt Every x ex has a unique decomposition



ny

Yott Yo E Y Y E Yt and 1115 11yoally I

Moreover the orthogonal projection Ty
NY
x Hyo is continuous

Poof 11113 yay yoty.FIyoPtllyIPt2EyoyD
llyWll llyolEllxll by D

Corollary X Hilbertspace Y X closed Ny E Yt isometric as
Banachspaces

Proof ThemapAY ay to y ENy is bijective and

ICYMI int ly ty yi.netflyKellyM lyIF
A is an isometry D

Definition Let X be a separableHilbertspaceThen a complete
orthonormalbasisofX is a set e eyes ex sit

i Lei ejkfig H i j orthonormal finiteif dinka
countablyinfiniteii A spanTej ifdim4 0

Proposition Evey separableHilbertspaceX has a completeONB
Proof Let aj C X be dense Bypassingto a subsequence
wemay assume that age span a aj Kj 0,1
For j 0 readthis as a 0 Then span la ex is dense

Using Gram Schmidt define a sequence ej jaw of orthonormal
vectors sit span er ej span angag Yj
Since span fail spanSejl is dense we aredone D



repositionLet ej be a completeONB ofX and let xex Then
thereexistuniquexje I sit X Éxjej Infact xj Cxej and
11 112Flat PEnify
Proof Weonly considerthe case dimX o ForJEN define
Ty x E lxepej This is the orthogonalprojectionontospanle gl
since for El Ix Taxeeklx.ee Éexepiffee

Gee Yee 0
Thus ITyxFENFbut ITyXIEÉ lxgWetlej.ee E Ikept
yepjewel

Next we inferthat Tyxlyen is Cauchy since forJok
I IT x Tix112 11EI ixg ejF IkeIkept oby

Let I glimTyx 77 lxpegThen Klein
4 11 13 I

spansemis
I xD sincespankit isdense

Finally IXIFVITzxrtllxTyxr I.IQgift111AMETIkept
Uniquenessof xj take innerproductof Ifxeeewithej xjlx.es A
Corollarylillfredin X o then XE E isomorphismofHilbertspaces

is If dim 0 then All via x to xj
ProofofCii Notethat A Xo x to yes jewel is surjective given
g jewel the series Éxjej is Cauchy andthus converges
A is an isometrybyParseval andthus we aredone I



Therefore all separableHilbertspaces are the same upto isometry

Wenowturn to the discussion of dualspacesofHilbertspaces
Theorem Riesz representationtheorem Let It be a Hilbertspace
and Xe H Then F yeH s t AW Ny H XEX

CorollaryThemapj F y to jyEtty
jy x Gy

is an antilinearisometryThat is jay z Tj tj for yZen
neeProof ForyeY H jy11 7SP1481 ftp.cxllllyll allyl

For y 0 Ujyll 7 jy Fy Fu y llyll
Iljyllyllyll

surjectivity followsfromRiesz antilinearity followsfrom
the propertiesof I

JoofoftheRiesz representationtheorem Let y Ker t this is
a closedsubspaceof H

Case 1 Y H Thismeans 7 0 so y 0 is theunique
choicethatworks

Case2 Y H Since I induces a non zero injectivemap
try 1k Cy Aly we havedimHy din kl
But Hy E Yt so Yt span yo forsome yo 0
bydefinition of yo wehave71yd 0



Claim Xx Igp Hyo HEH
y

y772yo works
Indeed the righthandside of defines an elementof th
which vanishes on Yt 7 4 justlike7

evaluates to 71yd for x yo justliked
Since 4 40spanEyal this gives

Uniquenessof y If x y lay's teeth then
x y y 1 0 KxeH

Plug in x y y Ily y O yay D

Corollary Every Hilbertspace It is reflexive that is the canonical
inclusion v to H x is Its AW is anisomorphism

ProofWe onlyneedto showthe surjectivity of e
SinceHay j l y EH't is an antilinearisometry
the dual space Ht is itself a Hilbertspacewithscalar
product TyTy ly y y y eH Theswitchof
y y on therightensures that Cjy jy is linear in the first
argument xjy jy Jay jy ly Ty ayy x jyjy
If It H thenRieszgives us an element in ett withXen
St I 7 A JA KA EHY
ie HyeH Iljy jy Jx xy jy x Lex jy
I LW as desired D



TheRieszrepresentationtheoremhasmany applications for applicationsto
PDE waituntil FunctionalAnalysis 2 The interested studentis

encouraged to lookup applications to measuretheory vonNeumann's

proof of the Radon NikodymTheorem

Next weturnto someoftheearlier Bigtheorems
ObservationThe HahnBanachTheoremwithrespectto thesublinear
function 11.11 is trivial on Hilbertspaces
if X Y ex G is continuousandlinear we canextend it by
continuity to X T cX G Thendefine

I X Tt Fda yo y to Wyo

Fact I is theuniqueextension at twith VII all y
Animportant applicationof the ClosedGraphTheorem
Theorem HellingerToeplitz Let X be a Hilbertspaceandsuppose
A X X is linearandsymmetric i.e Amy lxAy Uxyex
Then A is continuous

Proof we showthat Ta is closedThus suppose Xu X Axu y
For all 2EX we thenhave

Cy ZFYM Axn 2 UH xn AZ x AZ Axa
Therefore y Ax as desired D


