Hﬁw\\\% serlopd a Seoble anount of foundationol weteral |,

we now Tuwn Yo the Wd ot e equaho
Ax=y-
When do fuhons exi -l Are ‘Wlen Uﬂ\e‘ue,q- Etc.

- Ouc firgk aroadh o folving ) 1§ mohvated Oy the rfol\owma
bagie fact w linenr a\%éou- £ AR =R loar,
toen  von A= (rer A

ker A= (ran A
e AC R R s the adjort {AxD=4 A Vxelye
So Axcj Can be folved *&( any ﬁwfn \d&‘/c:)b/&*;?ﬂ.
I geao) fotined Speces | we do sk Iave an ‘s yroduct. o
toe ao\“o\n*‘r needs o e debned et

Defaton Ler X, Y be tetmed \K—vector Spaces, Ae L, §)
The aA‘\\o‘mN’ of A S Ye map AN yF— X*,
N AL
T, W we wale 43)&}1;;%@ “QO( e y*lﬁe ‘//—H\en
<Ay’{\>‘/.‘/’f—_— <X} A%}\)X‘Xa? )
W XY are Yilbert aces Yhen A*: Y—X e Reesz
ad  (Axg = Ny ¥reX yeY.



Banple Lt QLC R be mesaable . Ly ke LTS)
ad &t A L@ — QQ_Q)/
W= | Lk, Pulp dy |
A= | Llpulp dy

Q\)O\'e« ’“\93*' \ Au\l%‘ﬂ\h \KSL \S&u&'@u&tpo\a\&&(

= K (\k(x 3\ o\ib (Sg}u(@\ d:bo\x
’\\\K\ \uu

’L(& xR

fo A€ L(Lv’m} \\l\d@b wwn Al ‘LLB(AL\\ I \E(& XY * >

Clan A= L@ > 150 35 e o e aigqral oredor i
\!\k@\\q}\ keine) X = k(Y0 Thet s

\@ &SL k(&x) V(@ Otjd
\Meea\ J§or UN €& L:L(Slb/
(Aun),, = & AuGO V(R dx
L

- SSL@SL\L b P Adghide

= LDV WY Ax d
Lo CHPVRHP dx dy

;& &S MNW(\JJQ u&@o\j

(D

XCiS U (‘( Iy, V(@Jx‘-j\ 8
= (b\/ A*\Aff(j\) . A



Lemino. (O For A€ LYY, we hare \\A*\\LL‘/*,X*)Z\\ A“&xc}) .
(1) Ae L), Be LrD)  (wath X Y% nomed speces)
= (BAY =AY
() Ae LW D = A% e LI ™) gafistiet
AR (L ) = 1, (A whete 1 K= X 1

are. the  @nonical ndudions -

Roof (1) ) A™| = M;* I A*MIX*

LD e

= $u Sui \@é‘» (x\\

NevY® xe
=l 1=

= sp S | A4

Xe e

Ixli=\ \IN‘V,&\
Hah—Buadr L
= oo A, = Il

Ixl=
W (3-AFR= \-B-A= AT :B) = RF2\,
UEK\ u
To Shudy e reladindip o (kes”/1an)(A/AY), we fut defve
Defiithon et X b2 o romed vector Space.

O A<X & a sbeth Hen
A= e X N=0 WaeAl < X*




(When A S a \inear Sublpace, one. slfo Wi
the
W) \§ Fe XK i$ a subeet, hnen
L= {xeX A =0 ¥heX} <X

Forark () A= (spen AV = (Gan A, Samlarly for F
(xc\ A‘L ad T o c,\wc-as dod .
(@) L= <x “wheseas T+ (defned 0 () < Y
lanve et Y< X be a SUbS‘FQCC ot e nomed E\n@x,
Then +(yHB =Y
Roof "2 dolios drectly funhe defuihon
" let % € XAV Let e XX e subthat
M=\, Ng=0 Then e ¥+, and

N, ) £EO \\N\?\TQS Xo 6{7 - k\/'L)‘ |

We wie Hee nstions to gve anothes more abgirady @awk
e\- ao(\,o\ll*&"
Lenna (Ondugions and pojechos are dual to eadt other),
Let A= nomed vetor Qace, and \et X be o dated S\eque.
() Leb L V==X dencte dhe ndudion inep (1(3}=\\P,
Then Fr K — Y% g mr]ec\ﬁ\h& and nduces an
\Sametne ‘\&O(Vtor‘\*\‘vSM X%/ 4L =5 >



(it) Let T X=Xy Aecte the ?mf.d%m 7= x+Y=0x].
Toen T (VY — X savehes T € Y- Ve U]
ano\ T% nducgl  an lSOMé\Y\C \SOMO@\JW\ Q{f‘/* \/_\:

Ravark 10 ), Yer(F)=(an D)7, gon () = Ger -

_\7,\_ y :\/% =fol ¢y

S\N\\Qf\d o (©).

Roof o e Lo ()-6ven he ¥ leb X € X~ te m aderson
o \ (gven by Ha‘ﬂm—(@ar\adb Then for g€
Q) (= A ud» A=Ay &

= *N)= 3\ jo Vs Surjec:\w\re

=0 = FQPp=0 Vyey
< Ny -0 V:(é”/
= 9\6 v._L

= ker %= - Tug T nduces an \Scxv:ow?\lﬁm

><$€/ —> Yan L*\c \) X*YJ_—»y

ker ¥
EX} &€ X/\/.l_ “Toen | \]%D\] 'dﬂi &)‘%D\]} UB\
"t’“:‘
N\ = PV =10n, |
'Nx \@ t\ d“f}’ v, X
lln“ la\}'\

We Yws need to dnow | A \\ Y%= u\{- %/M\\ (for A eXh.
2" 3§ dersine bﬁ/ﬂ“ =\l V/xe l{-l-



2" Geen N e XF et NeXF e on edaon ol
uA*\N \\i\\x*——» \D\\\,\l% Then Q\—))\.fO) fo

o= N e vl sl }\e\(;\l%f/i\\x*é \\%/uo\ X;\D\\\%

(i) . O

Theoen XY Banad Spaces. Leb Ae LU § tanA <y s

dosed Y () (ran AV =Yes At A= (kes AY) .
() kes A = wn &9, GoAY = an A*
() an AXC Y* 1§ dogal.

Root (age ): A ¢ biechive . Yd e Opn HQW\“%WK}

2= Ale LYY . fhe R A= Ty & ety mep o0 X
M= T,

we get ABR= (BT
R*A*: (I\/)%;TV%
= e LIRS w nvebbe. The conclugion < iow dovia.
(e - Ae LOGD. We factor A = (oA T
L mA—-—‘) \/ \ndu&\on/
/,5; : X/RSA —qan A induced b:‘ ;Av/ b\SCC\"’or).
Sne tan A IS & Raed Qe s a biyeshan & Gee ),




Now AF= 7% K% AN
¥ LX/\:UA\*/" Q(Ef A\)L < Kk “\6\38(‘\"“5

Foy¥* s v*/(m oL surechve,
= N wan T =(ker AY- ((hidh s dogal)
Ves N<= ker 1% = (on A\L. N

\QC!V\&F\Q \‘% Ae LQ\()‘ﬂ and Tan AR S C\OKA,‘H\G\ (\m\A RS dpfea\
TG 1S Mudn Novdes o Jove, but T L oviag when X s

refledve .
-An dviog gueghay S 0w are there e geneal dlasis

o{- oyazi'\“ﬁ)\i Jnd e o v al\%o (or Wiage ad{\o\(\f\f

have. doéd ‘mﬂ%a @ We  (hal\ Wj an '\N\?’J‘\ﬁﬁ\’ Sudn Clags
(! “) \ader ekl
“TFor now, hoe 8 an easy result

(oxollasy X reblexve 7 Bnedn Ae LY. S\.?Vogg we. have We {o\\mg
eghmate: J C=0 Y et o |y e C\\N‘g‘\lw
Then A ¢ Juredive.

Poot- ey et tan A dord: i ZA%\\JJ“N a
(oudy squane, e © WEY it it < e

and Y P‘%d\( w’az@*



RS nRatve - A%\j*’O = UU%“W“'O% =0
“The Praviow “Theoran M\’\ﬁ st
ftan A = (ko Y= 5= v
Gven 4€ Yo xeX ¢l A )= du\. CWig weg
e reflecinty o X)) = Ax=Y. H

“Thus, Solvdskidy of A=y follows fom an ectiste for A
o fathe oncee tagk!
/" dscrdie Laplacion”

Exame X=Y= 0@ Vel~@
—_— L‘ Jt
AW, = W~ Lupt dp )+ Vg, %)
i Re V>0V neZ then we Nave an eshvake
\luUL?/ < lZ | A*u\lﬂ :
= A s Sujechve. (Gud alo use Lax—Migan hee)

o pove @, seb DW= Uyg—tn = DUy, = i
and DW= Ouy, — DUY,= up = Dt e,

= A=TD .

= Re (Auw) = Re (D'Du) + Re (W w)

=Re MU+ T ReVyyiuf
ne2

=R IDUE + cllul®
z g
= clulf = Al Wl » » ———



