
 
Application4 LPspaces withoutmeasuretheory
We studyheresimpleproperties of LPspaces without the use of
measure theory We restrictto LP spaces on CoB Werecall
Hullepicp f luvPdxt Iep so UECocaD

Riemannintegral

Lemma Il Il Il lepa is a norm on Coco17
Proof Easy for pet Consider K p ca
Step 1 Holderinequality Hull llull lulla pt
ProofFirst Young's inequality for a b 0 ab Eaft

To seethis note 91 1 xp da f f y't dy
and x is y xp has inverse yrs x ypt y9
Thus proofby picture Yu YIg't

Then for u u O replace up by Typ Fa Then
Jo lulu trail dx s f 4 dx tf EI del

Step2 Hull
guy Ifuk viadel

Indeed the righthandside is esupdull lulla lullybyHolder
Huegel

ve MEI luk
Pt uh oFor theotherinequality set
akiko

with Walt lucal f law ThenVillaHullett For v Eng

18 ENG dxF afluPaiute Hulk Llull
at llull



so we get a in

Step3 Onlychecktriangleinequality for u v eCocaB
Hutulip uggs I lukltvallwald

41,4 I lucallwaldx tf traillwaldx
Hullaptllullp
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Definition For lep o we defineLP 6,17 as the completion

of CoccoD HUp
Lemma ElCoD is a Hilbertspacewith innerproductgivenbycontinuous

extension of up fuk dx UNECoccoB
Proof We already saw that l is continuouswithrespectto

the topology inducedby the associated canonicalnormlike D

Proposition Integral TheRiemann integral CoccoD outs fukdx extends
to a continuous linearfunctional fade on L Can

ProofWeonlyneedto showthatCuts fundx E L CoccoD D
where we use theHilly norm on C But
I fukdat E f lukil dx llull D

whilethedefinitionof LP via completion doesnotmake it clearwhy
one can regardelementsofLPas functions or really equivalence
classesof functions module functions 0 a e one can easily see

that they behavelikefunctions in manyways For example



1 If UELPCoD and vECOCoD then uv E LPLCam

Moreprecisely Cox 02 up to uv e LPextendsby
continuity writ 1114vill llull llullc to a continuousbilinear

map
LPx 02 u u uvELP

Indeed this followsfrom Iluullp flucallveal'da t
Auld I lawIDF
Hull Hullco

Forexamplethisallows one todefinefor uELP Capua
esssupp u 0,171 xEloB Fu EC CoD

440 St uv o e LPCop IM
esssuppup5
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121Moregenerally if Itter pgradthen
Ex29 2 up uv E E Exercise

Using functionalanalytictechniques we canalsoidentifythedual

spaces

Proposition Let Kp o and I l Then
LP6,17 I 2910,1
Concretely j 1916,17 or is j E LP CoD

julu fukVlada
is an isometricisomorphism

Proof Notethat j E LP indeed as provedabove



Step 1 we claim that I julep lug
But Ijully sup I julust sup I julusI

UECOYEt luke

If I fulvadx Vully
Hullp l

as we showed in theproofthat lilly is a norm
Step2 j is surjectiveTo provethis we needto use a
property of LPwhich we will only show later LPis reflexive
i e the canonicalinclusion L LP LP is an

isomorphismWeshowthis as a consequenceof a geometric
property of Il'llup called uniform convexity

So suppose j 17 e is notsurjectiveSince

ran j j Lt E LB is a closedsubspaceHahnBanach

F Ie E Ito s t It rang 0
But by the reflexivityof LP It Llu forsomeOtwell
So gives Llu jr 0 Hve Lf i e julu 0
To show if u E LPCoD is suchthat juluko tu e c

then v0
To dothis assume to the contrary that u 0 wemayassume

lull L Take T ECocaD with IT ul p E Hill



Avec Ijutal I jut all elljully IlTully Ellul
For VW FYI tuwit thisgives

1 J IWIPdx I lull I Kill P t

a contradiction

Therefore I du 0 contradicting I 0

ran j LM D

Wehave carefullyavoided the case p o sofar
Definition we set Ecco 17 L cois

Howis this a spaceof functions We can regard
UECOCCON as an element Tu E La CoD by

Tu L CfoB F v te fo u will dx
Thus uts Tu is an injectivemap Coco17 2916,17
Its rangehowever is notdenseThe identificationof L'with
essentially bounded measurable functions requires measuretheory
Nonetheless we candomany thingswith 5 thatwe are
usedto E.g we can define a pointwisemultiplicationmap

LPx LF un to uv ELP I p o

asfollows for fetal we define UVELP 297as
LF I w to u vw note VW E Li so u UW E e



is welldefined checkthat for u ve e thisdefinition of
Uv agreeswiththe pointwiseproduct u v

Have 29 292 u u t ur ET via uv well to u vw

notethat UWE L by
Remark It looks like La is somehowdifferentthanLP par
we coulddefineLP p o as a completionof 9 but not 2
Exercise Tu u e CoccoD C L La is closedand
not dense

But the correct perspective is that LP Ear forall Kp so
is a spaceof distributions generalizedfunctions ne LP ear

induces Tu CocoD a uts fould uk dx i.e
Tu E CoccoB t

Tu assigns to a testfunction v a complexnumber

More generaldistributions e.g Diracdistribution Exo toEloB
Sx v e Cle B to va

Exercise So4 LPCoD K leper
i.e FuELP It S Ty E CocoB


