
 
Banachspacesandcontinuous mapsbetweenthemhavemuchbetterproperties
than generalnormedvectorspaces
Recall that a Banach space X 11.11 is a completemetricspace

with metric dlx.gl xyll
Theorem BaireCategoryTheorem Let X d be a completemetric space
Let Ajax je IN be a nowheredenseset i.e AT

0
0

Then YewAj X A completemetricspaceis not a countable
unionof nowheredensesets

Proof Since A is nowheredense F x E X 1AT Pick r Est
ByBCA r xeX dk xian satisfies B nAT D

AT É
B

Weproceedinductively Let j EIN j 32
SinceAj is nowheredense F xjEBj.IE Pick rj 2J st
Bj By xj satisfies Bj nAj 0 andBJ aBj
xj is a Cauchy sequence for jab Xj XeEBe so
d xj xe s 21

Let Kym xj EX usingthecompleteness of X
Fix 122SincexjeBe for jal wehave x e BI c Be Therefore
4Ae Sincethis is true tea 2 wehave x e XI Lyte D

Remark Q withdlxyklx.gl is notcompleteandQ yea x1
countableunion

IR is complete since ItYesx1 the countability ofthefamily Aj
is essential



Corollary Let X be a completemetricspace
i Suppose AjCX jen is closedandfewAj X
ThenF j s t Aj 0
ii Suppose UjCX jell is openanddenseThen

fewUj CX is dense

Proof i If Aj 0Kj Bairewouldimply joyAj X contradiction

ii Let Aj X Uj this is closed andnowheredensesince

Aj X1Uj NUT XIAO Therefore

UAj X thus MUj X YewAj 0JEIN JEN

Replacing Xby the completemetricspace XnTrix forarbitrary
x EXand r 0 andUjby UjnBTx whichis openanddense

in XnBTW we conclude that Brw nfall toThis preciselymeansthat fanUj is dense D
indeedletneBienesopickErnstawake
sinceuexisdensewecanfindyousothat
alkylmincer aixxDDefinition Let X be ametricspace ACK Butthey anddixiesdwindling r

i A is calledmeager or a setoffirstcategory if
A YowAj with Ajc X nowheredense

it A is called nonmeager or a setofsecond category
if it is notmeager

Liii A is calledresidual if NA is meager EA Anujwith

UjCX openanddense

Example lil Qar is meager irrationalnumbers CR are nonmeagerand
also residual

ii X complete A residual A nonmeager Exercise



I

Ciii X complete X is nonmeager Every O Uch openis
nonmeagerWhen I Xthen U is notresidualhowever

litil F relationship betweenthesenotionsandLebesguemeasure
Claim F residual set SCRwith L 687 0 l din l

Lebesguemeasure

Proof Let D gjlionandput U Yen q 2099259
this is openand denseand L me E 2 i e 2h
Steeple is residualandLTSKym LMek0 D

Inthe otherdirection FmeagersetswithpositiveLebesgue
measure e.g fat Cantorsets

Civ The set f e Cocois f is differentiablein atleast
onepointof fo IT is meager Banach1931 Exercise

we nowapply theBaireCategoryTheorem in the contextofBanachspaces
Principleof UniformBoundedness Banach Steinhaus

Theorem Let X be aBanachspace let Y be anormedvectorspace
Suppose Tal c Lexy is pointwisebounded i.e
U x E X Sgp Italy o

Then Tx is uniformly banded i.e
Sy11T exy

s a



Proof For neIN let An xEX ITH en th
By assumption A fewAn Moreover An is closed since

every Ty is continuous By the Baire CategoryTheorem

F noE IN SZ An 0 that is FxoEX ro Ost

Bro xo cAno

For XEX x 0 wethenfind
11TaxIly 11 Talat E I T tally 21

take y 17,11 24

4 Vax
Sup
11Tally It A

Corollary XBanachYnormed Suppose Aj joy C LA4 converges

pointwise to A X Y i.e
Yim Ajax Hex

Then AE LUYI andHAILex ElifintKAjllexy so

Proof A is certainly linear we needtoshow A is bounded
Banach Steinhausimplies syptAjly so Pick a subsequence
Ajulkenwith IlAjully To lipintHajdu C
Then Aja A pointwise and
IAxly LY I Ajuxly E KnollAjullexy Kxtx

Clay D



Remark.Thecompleteness of X is crucial Take X CocoB Il Ily
Y B

and consider Aju j t uh dxThen
IAju E jtully

and Aju tf u o But A X Y uts u lo is notcontinuous

Eg for un x l xD Hunt net180 but Aun unlo 1 tn
Onthe otherhand IAjulellullco and A Ocean It'llco IR
is continuous

OpenMappingTheorem

Theorem Let X Y beBanachspaces AE LexD Suppose
A is surjectiveThen A is open i.e A Lucy is

openforall open U X

Corollary X Y Banachspaces A ELKD bijective AtELLYx
Proof At is certainly linear its continuityfollowsfrom
At U AN CYbeing open tux open D

ProofofTheorem Step 1 Since A is surjective wehave

Y YI ACBaco BaireLon4implies FREIN St
ALBI has nonempty interior Scalingandtranslating
we infer that Belo C ACPI forsome E 0

DetailsFyeyroostBradCACBM.letxoexs.t.llx.laHyoaxollyathenrr.lyaxeACanlasAx BythetriangleinequalitywehaveBroncosCByoax moreoverAlanaAxcacBancothusBroncocacao
free

Beca actionfor E



LIygy
t cacBaios

Step2 We claimthat Belo CA Bolo
Let yeBelo andpick x EB lo ft y y AxoEBezio
Since Be 10 C A By

105
we canpick X EBald SZ

Yz y Ax EBeato
Continuing in thisfashion we construct xjeBz.jo st

YjtFYj Adj EBzj ielo
Let ÉXj E B210 note Ifllxjly Ef25 2 andXiscomplete
then y Ax Ingly EAx gym Ty 0 sinceYoneBaggio

Step3 Let U X beopen and y AxeAtul tell
If r 0 is S.t B lx CUthenAlu JA Bras Axt ABrca

Ax Beryl

A u y is open
Bere y

ExampleThefollowingexampledemonstratesthe uselessness foranalytic
purposes of algebraic bases in infinitedimensions
Let X Y e and extend thelinearlyindependent family eilience

cedefin to an algebraicbasis bakerwith Nba1112 1
Comingfromlinearalgebra the norm

11all En laal a gnarly withonly finitelymany
at nonzero

looks sensible Wehave



Hallet I layI Ilballer 11all
so AId l 11.11 l 11tea is a continuous bijection

But for an turfej wehave Vault In k k
IlanletCal K l

so A is notcontinuous ThereforeA is notopen thusimplies
that l 1111 is notcomplete
Lemma If X is completewithrespecttothe norms1111and11112

and F C 0 sit Il 112 Chill
then F C 0 Sit 11 11 E C'll.kz 0

Proof A Id X 11.11 x Il112 is continuousandbijective
hence open so A Id X It112 xkill is banded

whichgives D

Lemma Let X be aBanachspaceSuppose AELK isinvertible
If BELCH satisfies IB Allie IA Il thenalsoBELex
Se thesetof invertiblebandedlinearmapson aBanachspace
is open

Proof Let D B A andwrite D AtD A It A D
Since I A Dla E IA ly IlDlLex I themap It A D is

invertible andtherefore B It A D A E LIN D



ClosedGraphTheorem

Definition X Y vectorspaces A X Y linearThe graphofA is
TH exAN axe X C XxY

When XYarenormed we say that A NY is closed if
TCA C XxY is closed Here I expllaillallxtllylly

Theorem Let XY beBanachspacesand let A X Ybe a linearmap
Then A is continuous e A is closed

Proof XyAxn Cauchy Xu is Cauchy sowith KlimXu
also LimAxn Ax LinHuAxukYAD ETA

TA TACXxY is a dosedlinearsubspace
i e a Banachspacein itsownright

Talpa tf X is continuousandbijective open

and Ax Ty Ctx g W Thus A is continuous

as the compositionof 1,5 e L XTA and
TyITA E LTA Y D

RemarkFor linear A X Y considerthreestatements
i Xn x
CidAxn y
CiiiAx y
To provethat A is continuous one usually needsto show

i Lii liii When XY areBanachspacestheClosed

GraphTheorem says we needonlycheck i lii iii



Example completenessof X is crucial Let A C1 coB Il Ilell Ilco
and 4 019 B Illy 1111

co and considerA dy NY
i Tac xxY is dosed if fun C C 11913 and 941 Cro d
are Cauchy sequencesthen unto noEC

dig v e ca it

Thecandidateforthelimitof un dat e xxy is up where

u t not ftve dx Andindeed
I u uall p not f vNde unlo ftdatesdel

E Mo unloltype Stlvia dg.ca dx

luo uncolt I r dateNco

ITO
Iii A is unbounded for un x xk Huall 1
but IAually AKx Il K Po as k o

Unfortunately A is averyimportantoperatorWemayendup
sayingmoreaboutsuchunboundeddosedoperatorstowardstheend

of the course


