
 
LetU be a normedvectorspace Oneoftenencountersthefollowing
situation one has a linearfunctional l W K withllllluw.lk
and W EV andwishes to extend it to t V lk thatis

I wk lls for w EW with Hauk Illfewla
The Hahn BanachTheoremdoesjustthis
Definition Let X be a lk vectorspace A function p X IR is called
sublinear if plaxtaph Ax ex 420 K R

plan Kph Axe X REG IF É
and play splatply thyEX

Remarks i Anynormon X is sublinear
Iii WhenIkeG have a plotplxx eplatp tnx 2pm

so necessarily p20

Theorem HahnBanach real case Let X be an IR vectorspace
and let p X IR be sublinear Suppose Yax is alinear
subspace and X 47 R is linearandsatisfies

X y Eply KyEY
Then FI AIR linearwith Ilya and IW EpW tx ex
ProofStep 1 If 4 EX andZENY we showhowto extend7

from Y to Y span of Yand z To thisend let

a'Cyttz Ily tx for yEY te IRwhere a ERwill
be chosen later Then I ly X The requirement on a is
Ily ta e p lytta t yEY te IR

iWe first arrange for t 1 To thisendnotethat
ply21 Xy z plytz ply Zp Z so any



intPytel Alyn to
works thepointbeingthatthis inf is finite

Iii The inequality for t 1 requires
a P

W plx H

The supremum is finitesince Xxl plxH eplat plxHeptz
iii and can be simultaneously satisfiedsince tx y ex wehave
7W plx Z e plytz Aly Indeed this inequality is

equivalent to Rattly I plxH plytz
11

A lx titty a pWEIyÉjn
botp

iv Fixing xEIR subjectto and we nowcheck in

general for too

X y Ita t XE'D Ia E E p Ey Iz
ply Ital

Step 2 Now comesthe abstractnonsensepart Set
D IT I Y T CX mean

I T R linear
I ly d
I e p on T

for Tj I E P 5 1,3 we say
T T K TY I T Iz Iz ly I

ThenCP s is a partially ordered set Weclaimthatevery
totally ordered subset T T CP has an upperband



to this end let F Y T and set I ly A

Then II EP and CT I s TY I

By Zorn's Lemma P has amaximal element 17,57 Weclaim
that T X If this were false we couldrepeatstep 1 and
extend I to a functional on a strictly largerspace contradicting
the maximality of CT Il A

Theorem HahnBanachcomplexcase Let X be a Gvectorspace
p X o o sublinear Y X linearand 7 Y a

linearwith 17Cystply t ye YThen FI X C with

Ily X and I INI Epa Vx ex
Proof Let X Red Telma then

Xlix X Lix titzlix it G 72kt it G KXEX
so 72 XK X lix
Let X X IR be an IR linearextension of X with
IG E PW V X EX

Put TWATW TATtix this is R linearandindeedE linear
since Ilixk itW with Ilya

Finally let XEX and choose red Iafl with

0 1TW aTW I a ATLax we thusget
15W I lax s plan lapla pH D



Corollary Extensionofcontinuouslinearfunctionals

Let X be a normedvectorspace Yet and let hey
Then 7 Text with Ilya and 4714 11714

ProofApply Hahn Banach with PG NallyNally D

Corollary Manycontinuouslinearfunctionals let X be a normedvector
spaceand let O Xe X Then Fae withAG Axl

and 11714 1
Proof DefineTo Y spankl Ik by

7 ax adally
HahnBanach with p l lx producesthe desired X D

Thus for X 103 thedualspace alwayscontainsmanyelements

Proposition Let X be a normedvector spaceanddefinethelinearmap
2 X X X doubledualof X as follows

2 x X XW for XeXandXext
Then l is injective and 112Kill Hally
Proof wehave 1124311

1,1 ELIEL Iinktext

on the otherhandgiven Xe X F text suchthat

11714 1 and AG 1111 i so 112611 2 126111 1114
Thisgives 112kill lally which in turnimplies theinjectivity

of 2 D

Corollary Every normedvectorspace XHlx has a completion T H ly
i e a Banachspaceforwhich thereexists a continuous injective



isometric linear map i X Twithdenserange
Proof Wemay take I closureof 2k CXYwith

Il Il Hill ly D

Exercise the completion is uniqueupto isometricisomorphism


