
 

Havingdeveloped a sizeableamountof foundationalmaterial

we now turn to the study of linearequations
A x y

when do solutions exist Aretheyunique Etc

Our firstapproachto solving is motivatedby the following
basic fact in linearalgebra if A IR RM is linear

then ran A KerAH
Ker A Cran AH

Here At Rm R is the adjointLAXy lxAtty VERYyeah
so Amy can be solvedforanygivenye ye kent103
In general normedspaces we donothave an innerproductSo
the adjointneeds to be defined better

Definition Let X Y benormed IK vectorspaces AEL XY

The adjointof A is themap At y x

I to doA

Thus if we write yay Ily for te y't ye Y then
AXi y X A A xxx

If XY are Hilbertspaces then At Y X viaRiesz
and Ax y x AY AXEX yEY



Example Let RC R bemeasurable Let Ke Ears
and set A Ea Ea

Au G L KK July dy
Note that 11AullEw L IfkexpulpdyPdx

f flklaysidy flutyTdy dx
IlKleinMullins

so AEL LN indeedwith Hallam Uklearns
Claim Att Lars 24ns is the integraloperatorwith

integral kernel x y to kly x That is
CAT G LKly x rly dy

Indeed for u v e Ea
CAUVIA L AUG Rdx

L fuklapupdyviadx
franklyy uly dxdy

fr fatty via dx ulpdy
É
f UG I kly.TVgdy de

Lu Ahlen D
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Lemma i For AELex4 we haveHATLexx Alley
Cii At LIXY BELLY Z with XYZ normedspaces

BoA At B
Ciii At Lex Y A ELOY YH satisfies

A YW ay Ax where 2x X X y 4 4
4

are the canonical inclusions

Proof lil HAM I IIANY
IXyet

IT It
Kamal

ITI IE
A

HahnBanat
gyp

IAxlly Halluxy

lii B A1 7 7 B A A A B A B X

Liii Exercise
D

To study the relationshipofCker ran AAH we firstdefine
Definition Let X be a normedvectorspace
Lil If A CX is a subsetthen

At Text Ala O HaeAl c N



whenA is a linearsubspace one alsowrites At anna
the annihilatorofA

lie If F c Xt is a subsetthen

F REX AW O FAEX CX

Remark i At spanAlt spant
t
similarlyfor tf

Gil At and tf are always closed
iii IF ex whereas It defined in i c Xt

Lemma Let Yc X be a subspace of the normedspaceX
Then ten 5
Proof 2 follows directly fromthe definition

E Let Xo E X IT Let he X be suchthat

IGo Aly 0 Then XE Yt and

76.140 implies Xo
t Yt D

We usethesenotionsto give anothermore abstractexample

of adjoints
Lemma Inclusionsandprojections are dualto eachother
Let X normedvector spaceand let y ex be a dosedsubspace
i Let i Y X denote the inclusionmap ily y
Then it X y't is surjectiveand induces an
isometricisomorphism Ny E y't



Iii Let it X Xy denote the projection ITU Xt7 67
Then it Ny It satisfies HA E Yt theNy
and it induces an isometricisomorphism Ky E yt

Remark in El
KEEN Cragist KEI KEI

Similarly in Cii

Proofof the lemma i Given he y't letTex't be an extension
ofX givenbyHahn Banach Then for yEY

it I y I ily T ly Aly
it153 7 so it is surjective

It E D THISCy O HyEY
9 Ily 0 t yey
I e Yt

Ker i Yt Thus it induces an isomorphism

Mera ran it ie j Nyt y

Let Me Nyt Then Kj CATHY
EYE
18 93191

sup Kitty
Lp
1741 117411yYEY

TEI
We thusneedto show 11 IlyIly zing 117tully Horten
E is clear.since Atmly Il the yt



2 Given text let Tex't be an extensionof fly
with 11511 117lyly Then I X ly 0 so

Mo I X E Yt and ninetylately 1175611 1Illxx
IIIlyNyt

Iii Exercise D

Theorem X Y Banachspaces Let AEL XY If ranACY is
closed then i ran A t kerAY ranA tckerAt

Iii Ker A tan AH KerA t ranAt
iii ranAt c Xt is closed

ProofCase1 A is bijective By the OpenMappingTheorem
B A E LLYX Since B A Ix identitymaponX

AD Iy
we get A B Ix Ix

B A I Iy
At E y x is invertible The conclusion isnowobvious

Case2 A ELEX4 We factorA OF T
T X Mara projection

i rant y inclusion

F Hera ranA inducedby A bijection

Since ran A is aBanachspace It is a bijection Case1



Now At It It it with

Ciara Kera t c A injective

it y't Yfan at surjective

ran At ran Cher At which is closed

KerAke Ker it IranAlt M

Remark If A E LIXY and ran is closedthen ranA is closed
This is muchharderto prove but it is obviouswhen X is

reflexive

An obvious question is now arethere some generalclasses

of operators which have closedrange or whoseadjoints

have closed range We shall study an importantsuchclass

Fredholmoperators later in detail

For now here is an easy result

Corollary Xreflexive Banach AEL XY Suppose we havethefollowing
estimate F C 0 tyke Yt Ily ly CllAtty'll
Then A is surjective

Proof implies that ran At is closed if Atty law is a

Cauchy sequence then so is yet with limit y ey't
andthus At y't Ay



Atis injective Ay 0 Ily ly 0 y't0

The previousTheoremimpliesthat

ran A KerA I got y't
Given ye Y F xe X St A W Ly this uses

the reflexivity of X A x y D

Thus solvability of Ax y followsfrom an estimateforAt
a ratherconcretetask

Example A 4 12127 VELMAdiscreteLaplacian
Au n un Zuntuntil Unun Cday

If ReUnac of ne z then we have an estimate

Hullez E tellAuller
A is surjective couldalso use Lax Milgramhere

To prove set Du ne une un Husn une un
and DAD a n Dun Dun un e Zuntunt

A DADTV

Re Ayu Re DDu u ReNuul
Re DuDu I CReVnlunk

NEZ

Re IlDull t c llull
Z cllull

allure IlAull lull


