
 

We havealready seen someinstances of the usefulness of
the ability to definefunctions of a bounded operator i.e FCA
for AE Lu where flake it II lift or flak l N

ITxJ Kkr We shall now study this procedure

f to fla in detail when

A is a selfadjointboundedlinearoperator on
a complex separableHilbertspaceH
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Proof Ii We only checkmultiplicativity
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iii Z Let to EAA we claim p to E ofplan i.e

plzd plat is notinvertible Notethat
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E If WoEalp Al write we plz CIGj Z
with Wo pla CII zj A not invertible
Fj sit Zi A is notinvertible

Zj E off but Wo ply 0 so we have
proved WoE plocal D

Therefore the spectrumof plat only depends on play one
Proposition I pla La p cocoa 11Pa Ip1211
Proof For every BELCH we have 118112 11BABIl indeed
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so we haveequality throughout
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Theorem FunctionalCalculus Thereexists aUniquemap
Coca LIH f to FCA p If

withthe followingproperties
lil p is an algebra homomorphism and pep p
ii p x x p p p A A

iii I fall La f c GAD
liv offal floral Moreover if AEopA Au Authen
f X EOp flat FCA u fA u

v If A is compactandf107 0 then f A is compact
Proof By i Iii Cpkplay for pedEx

Il pepIlla 11pllcocoa for peace
StoneWeierstrass play pea C CHAD
is dense weuseherethat old CIR is compact
F extension of 0 to all p e cocoa and iii

holds by continuity from
in holds for fee Ex It followsby continuityforall
fe co offs see below

v FAKEFxs flat is compactSincenormlimitsofcompact
operators are compact this holds for ft Coal I



Corollary AE LCH selfadjoint ZEHAF IIE ATLEAH
Proof HAl FCA fix IZ x E COLLAB UseCiii D
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Corollary AELCH self adjoint Apositive Ax x 20 HEH FBELCH

B BY BE A B positive

Proof D FCA where flak Tx ECocoa Note RA o o D

Theorem Let AELCH be compact butnotnecessarily selfadjoint
Then F orthonormalsets xn yn notnecessarilycomplete
and An340,0 Sit

A x InAn xAyn
The An are the singularvaluesof A theyare thepositive
eigenvalues of IA AA

Proof Apply the Hilbert Schmidttheorem to AXA
eigenvalues If 737 0 and orthonormaleigenvectors
Xi Xi and span xn1 taker AA KerA
Note A Ax 0 O x AAAA LAxAN AND AHAx O

Put y LAxn then
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yn is an orthonormal sets

Ax A I xx xn InAn lxxnyn
of IAI T ME A AA In by theTheorem

ypart Civ

Inthe proof ofpart in ofthetheorem we usethefollowingnotion
Definition Let X d be ametricspace For A B CX compact

definetheir Hausdorffdistance as

an i
a in B b in A

Examples X IR
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É É forexample
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Proposition The set E x Ac X compact equippedwith

the Hausdorffdistance is a metricspace If X is
completethen so is e x
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Proof Let ABECCAClearly d4B 20 Suppose 7 at AlB
since B is compact F botB sit digb dialB infdlabbEBdiaoB 0 sincebo ad dCAB 2dLaoB 70
Likewise DCAB 0 if BIA 0
da B 0 iff A B

Triangle inequality if A B C e ECDthen t 6GB

a
P Yet d194 Easy Etc dlab dibd

Ey dlab t int dibd
Taking Ept RHS gives int guy dead intodibd

Yet d46 t gB It dlbid
This land a symmetric argument for quetantdlad gives

d AC E dlaB dCBC

If X is complete and Aj c e x is Cauchy then

A limitsof convergentsequences aj with a jeAj tj
is thelimit ofAj Exercise D

Thus part in of theTheoremfollowsfrom 2 separate statements

Lemma K C IR compact fjljewccock.IR convergentwith

f glimafj E CockD fj k fck in ECR



Proof If if If w flyl E typ IfjW flat l fi flock
similarly

gyp if Ifj la fly't ell fi flock
d filk fad ell fi floats 0 a

Theorem i let X complexBanachspace Aj je
C Lex convergent

with A 4m Aj E LINThen HE OF joeIN S t

YayTetra ItWI E
t jojo

The spectrumdepends uppersemicontinuously on the operator
in the limit Aj A spectrummay suddenly appear

Iii If A complexHilbertspace Aj Aj then also too Fjo
IIa IIa 12 w e t jejo

Thus o Aj ofAl ola dependscontinuously on A At
Proof i Let UE Z E Q d12HAI e Weneedto show
7 joeIN St Aaj C U HJojo
If this were nottrue then F zine ofAja
ja jo jut sit dZju a ZE

But since sup IA Ia R so Zju lies in thecompact
Set V ZEE IZ ERM WLOG Zju Z EV
Then 704 ofA F f 0 j EIN sit
ZEO Iz d 8 jojo implies 74 ofAj this usesthat



the subsetof Lex consisting of all invertibleoperatorsis open
Contradiction to

Iii If this were false F E 0 and ju 2 the AA s t

ofAjw n Be 2k 0 4k Since oft is compact
WLOG Zu to E AA then Bee Zo c Be Zu forka

kolarge so ofAjw n Ber to 0then
Since the Aju are self adjointthis implies
11 to Ajut IILa E Iz k to

We claim that fo Aja is a Cauchy sequence indeed

I Go Aja Go Ajet'llLCH
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Zo A is invertible contradictionto ZoeAA D



Remark Part ii is not true for general operators A andsequences
Aj A E.g let th AZ
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Then t Zee AKI A Z
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so Bolt c ofA

But if Aj At j B Ben o ne Z no
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then Bo D C gAj Hj Exercise
Remark We havereallyonlyprovedTheorem iv for realvalued f

G FAH HAI The generalcasefollowsfrom a notveryhard
extensionofthisentiresection to normaloperators AAAAA
Note FCA FAKFCAIFAF IfRAFHAHHA HFECOCA E

In Functional Analysis 2 wewillpushthe functionalcalculus
further to yield the spectraltheoremHere we only briefly
indicate the situation in the finite dimensional case

Thus let H G A ELCH self adjoint thus the
continuous functional calculus for A is an algebra homomorphism

CCAAD L H

f ra e since ofAl c e is a finiteset

Explicitly if a omER are the distinct eigenvalues and

Tj Gns Ej Kerog A is the orthogonalprojection to

the j th eigenspacethen A EGTj and flakÉ flog Tj



Let us look at this more abstractly
Let xeH then cocoa s f to fla xx E Q is

a continuous linearmap and thus

FCA x x I f GjMxOj
ExplicitlyMx Oj leg A x x Tj X x 11ITx1

Ff toeÉrj

Set day É Mxlo fog then IflAlxx frat dux
dux is the spectralmeasure of X Here a countingmeasure

By polarization thyEHF measure day on off s t

If A x y Jaa f dux H fe CCAA
Explicitly duxy It Tj xy 8g
Dropping x y flat faff duh
whee gu is a projection valuedmeasure

Explicitly du É Tj dog
Notehow the projections Tj drop outof our abstractarguments

Examplesc I 1 A Say dm
Iii A Jra Z dula
Ciii An examplefor a bandedoperatoron H2
Au Int u nti 2ulnit uCnD MAKE4,03 Y Elk



FCA x y L f X dupA

day XIII arccosHEAR IFGarcesKNEE
If we are braveand use flak 1 ayG Effie
then f A y projects y onto its components corresponding

to spectrum in ab

Theorem SpectralTheorem LetAE LCH A At andsuppose F yet
sit span play peed CH is dense Then I unitary

operator U H E ofAli dup s t

UAW f A XFA
Proofsketch U p f y f ft cocoa does the
job U A 4 f y ul plafly Af f FED D
T

11patsy11 plf pf 4,4 pIff y y La Ift dry
Remarklilwhen din tho I still needtoexplainwhere guycomes

from

lidWhen dinH o the existenceof y is equivalentto
the propertythat all eigenvaluesofA aredistinct
If thisfails we get unitary equivalence ofA to
a directsum of El dal dung s for appropriate
Yj's


