
 

We nowturn to some geometricaspectsof infinitedimensionalspaces
andtheir subsets and relatethis to their functionalanalytic
properties

Separationtheorems

Definition Asubset Act of a normedvectorspaceX is convex
if x yea teCoD txt a t y EA

convex notconvex

Theorem Let X be a normed IR vectorspace Let A B CX
be non empty convexsets with An 1 0
lil If A is openthen F XE Xt CE IR s t

yea see 716 t a EA be B

if needIii If A is compact andB is closedthen

I text CEIR Sit Separatinghypersurface

IIa
lat cs 7161

Proof i Fix aoeA DoeB Xo bo ao 0 and let

A Bt xp a btl a EA bEB
Then C is non empty open sinceA is open convex sinceA B

are convex contains D ao botto and does notcontainXo
since a bt xoxo for a EA bEB wouldimply a 6 butAand



B aredisjoint Xo

iii
n s

Weshallprove F XE Ast X x 1 74 txt C
Grantedthis we conclude as follows for a e A beB we have
a bexo E C andtherefore I a X6 74721 7607
thus I a 7167 This implies

YI Ila E c intXo
But since A is open the supremum on the left is notattained

at any ageA Otherwise t to 7Catty wouldhave a
minimum at to for all v e X so Xlv o f vex 7 0 1

To prove we proceed asfollows

DefinetheMinkowskifunctional FEC

p X IR plat int a o x etc

Claim p is sublinear

Indeed plan apesfor a Q xEXfollowsdirectlyfromthe
definition Let now x y EX and letXp o be

ft E In E C Since C is convex

mEt I II ee



Thus plxty Etty so taking the infimum qty
overallpossible I m gives

É yplxty splatply
since C is open p 64 for xEG
sinceXo G p la 21

Define f span xd IR feta t Then

fltxd t s
t plat p ltd too

0 E p tx too

ByHahn Banach we canextend f to a linearmap
1 X IR satisfying Xx Epa HxEX andthus

We still need to show that 7 EX But

17611 Max AW XCX E Max pH pal
If R 0 is s tr Brlo CC then It e C forall xex
x O and thus pEx E Ellall then gives

ACN E EAxl as desired

ii We deducethisfrom i as followsWeclaimthat Frost
U y Brla which is openandconvex satisfiesUnB p
Grantedthis we getfrompart Ii XExcelRs u c 716

tu EU bEB Since A is compact FaoEAS t 76kg176
thus aspA

lakhlad c tint716 as desired



To provethe claim supposethat for some sequence RICK
with a 10 FakEA KGB s t OkeBalak Since A
is compact WLOG ak a EA Butthen

I bn all ell tu akiltlaw all
s k t Hak all

É O
hence bk a But B is closed a EB This contradicts
our assumptionthat AnB D D

Application 1 convexsetsandweakclosures weakconvergence
Theorem Let X be a normed R vectorspace and let AcX be

convex Then I Aw
Proof We alreadyknow ACAT SupposeF XoE Iw II
By the separationtheoremappliedto xo and I

FAE X S.t X xo YEAH YEAtext c.Therefore

xEX XW S c is a weaklyopen neighborhoodof
Xo disjointfromA This contradicts XoETw D



Corollary Mazur's lemma X normedIR vectorspace Wkend
x ex with Xu x Then I sequence yellow of
convex combinations of the Xk moreprecisely

Ye EIalkXk with 0 takeEl El a t

so that ye x

Proof Let K con x xu where conv r setofall

convexcombinations ofelements of r is the convexhull of

Rc X This is the smallestconvex set containing r

Then K is dosedandconvex so K K Iw Since

xu t x we have Xetw Therefore x e k is indeed

the limitof a sequence of convex combinations ofthe sad I

This gives animportantclassof w s l s c functionals forwhich
the directmethod of the calculusofvariationsapplies
Proposition Let X be a normedIRvectorspace let M X be

closedandconvex and let F M IR be continuousand

convex i.e FC txt Itsy t FW t CI DFLPHyEX
teCoB

ThenF is W SLS c

Proof Let xx Ken CM with Xk t to EM uponpassingto
a subsequence wemayassume Flat timing Ike a a



ByMazur's Lemma applied to thothot forsomefixed
KoeIN F convexcombinations yet EI ath Clako s t

ye Xo Since I is continuousand convex

Flye E EE alk Fy E II FAR
In the limit l o get Flo s getkid
Takingko a gives Fla Ex Inparticular x o D

Application 2 reflexivityandweakcompactness

Ourgoal is to prove
Theorem A Banach spaceX is reflexive if andonly if the
unitball B Xe X IN I isweaklycompact

Wealready saw as an immediateapplicationofBanach

Alaoglu The converse requires more work

Lemma Let X be a realBanachspace and let Ac be
a convex weak closed set Let X E X IA

Then FyeX St X sup Mex
MEA

Remark The separationtheoremonlygives
Ee X s t IN YA M

Proof Since A is weak closed I weak openneighborhood

it 1 next lunk e with xp we X E 0



sit A U n A D still or equivalently 74 Atu
Applying the separationtheorem to 173and Atu gives
EE X s t If Elm III IME EA
Since I O F veu sit Ely 8 0 WE Eat 8 EIN so

EI IA IA
ClaimThis I is necessarily of theform I 24 XX

In somesense I is muchmorerestrictedthan in the
Remark since it separates1 fromthe ratherelongated
set At U

Indeed note that for yell we have
IG OIA Ela for all a EA

sup Im C so

MEU
Now it m eX't Mak glad 0 then notonly

MEN but also an EU Hx EIR so

I INI e E t a O IN 0

We now have a linearalgebra setup I N R is

linearandvanishes on the space I Keith Therefore
I is a linearcombinationof up lad Exercise

I 2 EIJI for
some a are R

This completes the proof D



Theorem Goldstone Let X be a Banachspaceand let I X x
bethe canonicalinclusion Let B xex 11 11 1

BE EEN LEll 1 Then 2 B CB is weak dense

Proof Since B isweak compact we certainly have that

A p B WE B is closed Suppose A B and let

EE B IA The Lemma appliedwith H gives us

A e X sit EMA
Ak Ipu

At supAW 11711xx
XEB

E CA E
LEI UNAENIX

which is absurd
D

We can now finishthe proofof theTheorem suppose Box
is weakly compactEquivalently I B C X is weak compact

hparticularclosedBut Goldstone'sTheorem gives
2 B nCBTW B

Therefore also 2 x XYand X is reflexive D



Application3 uniform convexityandreflexivity

Definition A BanachspaceX is uniformly convex if
HE OF 870 s t

x y ex IN El lyk l II x yl E 11711 l S

co Examples I EveryHilbertspaceis

uniformlyconvex since

I xty112 lx y112 2 Axially1Bimplies
Hayk

EBiglo

KEEP NII YI's E E
L E

when 1111 1Ilylls l Ilx yIlse
So 8 1 I E tworks

2 IR V11

3 IR 11.11 and R 11.16 are notuniformly convex
the unit spheres contain line segments

1111 With l Axl Max lx l W I

142 1 2

I X X

In particular 2 and 3 show thatuniformconvexity

is a propertyof a norm not of an equivalenceclass
ofnorms unlikecompleteness weakC l topology etc

4 l la L La are notuniformlyreflexive etLP lapa are

seebelow





Since Kye U I W EAT E
IHy EAT E

211 E a 2117 Alxty S s Uxtylled

11711 1 S Ilxyll e hence also
1124 24711 e

contradiction since ily EV
I

And finally the long promised
Theorem Clarkson Let lap o R R measurableThen

PLL is uniformly convex andthus reflexive

Lemma Let x yEIR E 0 Then78 0 sit

4 AyPEEP INPalyP XIII IS HIIIII
Proof Trivial for x y 0 Otherwise scale ay Ctx.ty

sothat Ix1 ly1 1 Note everything in gets

multipliedby t when x y ns.tx.ty Suppose 870 does

not exist then for ft weget cxn.sn Ixnltlynkl

sothat 41xn ynlpzetllxnlptly.lt but y1EM'S I f Leg
Passing to a convergentsubsequence xnyn koyo

Holtlyol we obtain from Eg Pz KEEP
Exercise for pal this inequality holds iff Xo yo Hintare at is convex



Butthen gives Xo Yo 0 I to Holtlyol l I

Proofof thetheorem Let Ilflip Ugh 1 Ilf glop E

Let S x er 4 fat gulp a EP lifeIPtigen be

the set where f andg differby
a fair bit Then

Is Hel galPdx EIAflip light EE

Is Hel geolPdx Ez

By theLeming XE S implies IGN P s l g Haig so

I I MY Pdx L ifeng.ge
IfEgayPdxzgHWIgfIfEgal dx

z g f 1541119
1 dx

I 3 Iz gg 1 2 1 ax

E E as desired D


