
 

Afterourhardwork in the settingof boundedoperators we can now
easily prove

Theorem I 11 SpectralTheoremforunboundedselfadjointoperators
Let H be a separable complexHilbertspaceand let

A DCA C H H be self adjointThenthereexist

a finitemeasurespace Min
a measurablefunction g M IR
a unitarymap U H ECMdid

so that i f eDIA E g Uf e ELMdal
Iii YE U DIANCECHdu

LUAU y in guyW XEM
That is UAN Tg

PropositionP 4 Let A DIA CH H be densely definedandclosed
Then gla f z te RaIA Z A E LCH is analytic

and for Z weglad

RzIAI Rw A W Z RaIAIRwIA
In particular Ra A RwA RwA Rz A

Proof Exercise D

Proof Theorem CT5 impliesthat Ati CA it H DA CH are
bounded They commutebyProposition CP41 Moreover

Ati CA i
since given f get let u Ati f v la ing eDIA then



Ati f g Ati Ati u CA i v

uCA i v

A u u Ati u u If CAit g
Since At it H D A CH is normalandbounded we can
applyTheorem CT10 Weget a finitemeasurespace Min
a boundedmeasurablefunctiong M G and a unitarymap
U H E Mdu s t

U Ati U f gf f e ELMdy
Plan Ati i g me an f i

Since CAtilt is injective g 0 a e So g gt i m e

is finite a e
i suppose f EDIA then
and Uf U Ati Atif U Atit U U Atif

g Ul Atif

g lef ggU Atif l igUKAtil f E ECMdel
Conversely if f EH and g Uff ECMdy then

Fye H s t Up g til Uf
Uf e glgti Uf guy Until W'up

U Ati y
f la ta y EDIA

ii If f e DIA then UAH g g ulAf g U Ati At

qt u f i Ati f g i i Uf gUf



Finally we provethat g is real valued
a e Butthisfollows

from the fact that
IR J o A ofUAW Atg yessrang D
Theortm

IT5 Proposition P2

Example E 14
i Position operator H L IR DID yet XY E22
QuW XyG So Q Tx ThenTheorem CT11
is almosttrivial for Q take

MA IR Lebesgue

g x X

U I

If wewant Ma to be a finitemetricspace use
the unitarymap EUR1 ER e tax

u to exhu

ii H LC ADG DCA H2 8 E

Set U H 142 U F u to and
Ilnt Fte intuadx

Then UAUT B UCDIAD 442 CLE 1221
CBU n Nun

Notethat 12127 47 dm where M Z

dy EySn
so in the notationofTheorem T.li g n N M IR
To get a finitemetricspace let U ur enkacall dm I eng

iii H 2K V ELT realvalued potentialThen



A DIV HE8D C LES ECS
is self adjoint Exercise Theorem T.tl applies

But U is not explicit anymore One can show that

I complete ONB orthonormalbasis of eigenfunctions un CH

of A and Uf f un new e L2 defines

a unitarymap as in Theorem CT11 modulothe finiteness

of themeasurespacewhich is easily arrangedusing
thetrick

in example i here

So he decomposes H into eigenspacesof A
NB thisshouldbeputin quotationmarks in i

Liv H LKG B

A if D A u E H CoI u o uCi CH H
See Example E8 iit Theorem In decomposes H

into the eigenspaces of A Exercise

We can useTheorem T 11 to develop a Borelfunctionalcalculus
much as in the proof of Theorem CT9

TheoremCT12 Borelfunctionalcalculus unboundedoperatorcase

LetADACH H be selfadjointThenthereexists a unique
continuous algebrahomomorphism d BoCoca LCH so that

i ifthn CBOGAN hnext 5 x tx and fup114 1 so
then oh u An tu ED la



ii if frill fk tx e ok fu f EB Toril and Ifall
is boundedthen pffal off strongly in LCH

Moreover 4 has the properties
iii Au Xu 6 flu fix u
iv f 20 44120

ProofByTheorem T Ill wemay assume that A Tg onDIJK24Mdm
whereg M IR is measurable and Mp is a finitemeasurespace
The existence of of is provedas in theproofofTheoremCTg
the definition 41ftTfg satisfiesall propertieswith i

followingfromtheDominated ConvergenceTheorem

Uniquenessofp is slightlymoresubtle Sosupposeofsatisfies
all properties up to i lil Weneedto showthat pf u
is uniquelydeterminedbythesepropertiesforall feBgall neH

Step1 For N 0 p x te nng A on ran thewig
Check First we checkthat p denn u EDIA forall uEH
Wecheckmembership in PLAY D A forall vet
Av p tenne u 4Hen IA v u

lying pHennAhn u u

Imo p hn ten via

him p xtena y u

him u 4 xtenno u



I
p ten g u EDIAN DIAIand ApHammu 4GENM

since lbythealgebrahomomorphism property
p Ian12 p Ifan p tenn

this finishesthe argument

Step 2 Determined f u for f e BoloAllwith supp fCEN N
Well if we ran p Iggy then step 1 andthe continuity

and algebra homomorphism propertyofof determine
ofCftem la uniquely if f is a polynomialhence by
continuity if f is continuous hence by ii if f E Bo Coal
For general net we have u p 1 u him 4Ewing u
and
114,6 41 4474 tenia u

Ish p ftp.T.ijdgendent
fnsn

If 1cmn u

p If 1cm I Henn u
isthereforeuniquely determined

Step3 conclusion Givenany f e Balsall we have
fn I quit f pointwiseand boundedly so

f stronglimitofffull is uniquelydetermined since
all 4 fn are by Step21 D



Remark R121 projection valuedmeasures For A DA CH H

self adjoint let Poo In IA for RCR BorelThen
P is a projectionvaluedmeasure

i PIN is anorthogonalprojection tr
ii P107 0 PURI I
licit R E on wherethe Rn are pairwisedisjoint

Pint u É Plain Hut H
in Plain Rak PU PA

Notethat for u EH
Palau Antalya faInMu MuCr

is the spectralmeasureof u
Notation dryA d PA u u Note PA is notdefined

Given goBofors gla u u fag177 d Ph u u
Formalway to write this ga faga dPLA
one can alsoextendthis to certain unbounded

g leading eg to
thebeautifulAmal A Ja I dPla

Example E 15 spectralprojectors

i A multiplicationby x on 24112 If FEBO IR then
fla multiby f x simply

Special case f In Rc R Borelmeasurable

In A malt by 1 spectralprojectorto Rcra D



ii A DE HEY LY E

Let 1 0 then Ican
A
EggPn

where

Pnu ein ffeingulyldy projectsontothenth
Fouriermodeof u

Example E16 Schrodingerequation
Let VE LTD and set A DEV HAYCE L

Fix notH2 and set ultle itano
Claim U E CO IR 4218 n C IR ECS's satisfies

i t Ault DH ult TER Schrodingereg
4107 40 initialcondition

and ductile Hullett unitarilyofevolution
Remark ult titty is definedalsoforwoe E 8 but it

onlysatisfiesthe Schrodinger equation in aweaksense
Issue what is It

Proof Theorem C13 below D



Theorem TB Let A DCA CH H be self adjoint andset
UCH Etta E LCHThen

g Ift
is unitary and Ultts ult UG
Ult is stronglycontinuous i.e tyet IRS th UltlyEH

is a continuous function

iii For YEDAI YimUNF iAy
Moregenerally him 44th UH IAUItsy tt ER

in If yet and the limithim aft existsthenye DA
Example E167continued Part i ofthisresultgiveslluctslle llu.tlett
part ii gives u ECCIR Ecs'll part iii showsthat If iAu
and since tts i Ault it e itAu i e it

tygwe get UE C IRDAl CURHE

PoofofTheorem T13 Write UH p fat fat eity in the
notation ofTheorem CT12
i followsfrom UHHUCH 447 447 4 FI 44thlollets

4121 I

and Ulttskolftes d ffs 41ftoffs UHUCD
ii Ift lol ft and fan ft pointwise the claim
thus followsfromTheorem LT12 ii

iii Wehave Utht lay it e I x y Usingtheorem IT1211it

we onlyneedto observethat anex III satisfies



an x 91 KX ER OKby 1 Hospital
IanW E I th O XEIR ok since t seIR leis I

f dzeitsdt 1st Soleitsdtl
1stSoleitsldt 1st

Themoregeneralstatementfollows from Whitt it u by
applying UH

Liv Define an operator B DCB C H Hby
DCB YEH UsUHF exists By thisUTI
Bypart Iiiit B A Weclaim that B is symmetric
it x y eDCBthen

By 41 41 tutte y

Is ie t uchi unity
uchi YI p Lee HEY

QBy
asclaimedTherefore B C BACAEACB so B A
This entails DCB DAI as was to beshown D

Definition D107 A function 11227 HUH E LCH so that

Uhl is unitary ft

U tts UK Uls Ut is

Ky EH ter YimUlt ly UCHy
is called a strongly continuous oneparameterunitarygroup



TheoremCT13 produces all suchgroups
Theorem T14 Stone'stheorem Let th Ult be a strongly
continuous oneparameterunitarygroup on the separableHilbert
spaceH Then F unique selfadjoint operator A D A CH H
so that ult Keita t ter A is called the infinitesimal

generatorof U The domainof A is
DCA ye H FYI YY et Ay i linguine

Proof Omitted SeeTheorem VII 8 inReedSimonVol 1 D

For example H EUR1 Ult 4 x y x t satisfies the

assumptionsof Theorem IT 14 The infinitesimal generator Ahas
domain DIA MEEGRI FLY Y Y Y in Earl
and one sensiblywrites Ay it day't iday
We call DIA the Sobolevspace H IR


