
 

As seen in exercises one can use spectralmethods

eigenfunctiondecompositions to solve evolution equations on

smooth bounded domains r Elk such as the

neatequation
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waveequation Ofult x o ult x
u10 no E H r

gut I U E Ecr
u stillon 0

We wantto study here a bit the case of waves on unbounded
domains and indeed we shallfocus on the case of IR
Theorem T 36 Let VE CE Rn bereal valued Then

the operator Otv is self adjoint on Rn
Proof We alreadyknowthat 0 HERDCURD Cry

is self adjoint Indeed F l l a of is a

multiplication operator by 157 on ECR's where
F PCRM É Eary is theFouriertransform

Thus Oti Rn turn is invertible We thus have
as operators tree

at Vt i t at Vei Got it foti
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We claim that It VC oeil E Rn Eary is invertible
this impliesthat at Vt i tf 22 is invertible Similarlyfor

of v o the Otv is selfadjoint
withdomain CRY

To provetheclaim notethat V C artist E E is a

compactoperator this followsfromthe fact thatmultiplication

by V as a map Rn Eran Loti 2211127

factorsthrough
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where1270 is sit suppVC Bplol
It Vf oeil l Lpn Eary is a compactperturbation

of I and thereforeFredholm of index 0 Wetherefore
onlyneed to check its injectivity
But if f e 241127 Satisfies It U Got 518 0 then
u toti f EHEA solves Got it V u D
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Taking imaginary parts gives u 0 D
Lemma L227 ol Otv C EminV1 Al

Proof Weclaim that for TeIR with X min u so

W X HMM CARD
is invertible Using the Fouriertransform O X tf E
is invertible so we only need to prove the invertibility

of It VC 0 771 E E This is aFredholmoperator

of index O and it is injective since It ve o D fo
implies for u o A felt the equation
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Corollary C11 Let no u e Rn and set
ult cos t Famu sin trot

not 4
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ProofAn application of the functional calculus for OtV
Exercise D

Remark R317 One can show not HURD U E H Rn

U E C R i Harm n C IRHh RY n Cri H ten

Suppose V20 Thenformally differentiating the energy

ECtktfpnlgult.at yCtixsPtVWlultixsFdx

gives E'Ct Inqu.dfutxu.dz Aut V u dtu dx
fate f tofu out Vu gu dx

O
That is energy is conserved

Example E 23 na ko the solution of
C0ftON ult NO

u 0 x U lx

dulox O
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There are explicitsolutionsofthis freewaveequation onR'foralln



A qualitatively similarpictureholds for solutionsof
E OTV ult x 0 u lo dacoit E CECR

for general ve CER V20 except ult x is not 0

in W Ro for t too but rather exponentially small

lie lultix E C é't IN Ro t too for some a o

Interestingenergy is conservedbut leaves everyboundedregion
xERN W Ro of space

Theorem CT37 Let V E CECRJ V20 Let no u ECT r
and let u ult x be the solution of

Eon u o
UCOD Uolx

ofuldD u lx

Then t AEIR F J ElNo I JE G ImXj O
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so that ult x E e Nita x t EA tax
where I Eat a E C e At Ix1 Ro t 20 GCCRoA

The numbers Aj only depend on V andC EV Xj ago
Remark R 32 i In we are assumingthat allAj are simple
withoutthis assumption there are tons É'éitittkajuw
Iii Note that looks quitesimilarto an eigenfunctionexpansion



of solutions to the wave equation but the Xj are not
real Moreover since only States exponentialdecay in

compact regionsof space this is not a contradiction to
global in space energy conservation

AfullproofofTheorem T 37 is quiteinvolved See eg
Dyatlov Zueerski or my lecturenotes A minicourse on
scatteringtheory onmy webpage Here I merely want to
indicatewherethe Xj E e comefrom how do we get
a discrete set of these so called resonances in Im too

fromthe self adjoint operator o V

Proposition P9 O E VE CE 1123 For XEG lm too set

Rr X GotV X CARB HERB using IT361,1L221
Let x e CE R Then the cutoff resolvent

x RvA x EUR3 HERB

extends from 1m70 to a meromorphicfamilyofoperators
in Xe G

TheAj ee in Theorem IT37 are the poles of XRMX
if we fix X ECE R sit Xt on suppV



Lemma L 231 For AEG Ima 0 set Rok C o 744
thefreeresolvent Then x RohlX LARD HERB
extends to a holomorphicfamily of operators in XEG for
all ye CURB

Proof Roa f at fp ÉITY fly dy 1m70 exercise

We thus need to show that

xRoux with integralkernel etIg away
defines a holomorphic familyof bandedoperators Etf
This can be checked explicitly using elliptic regularity is
useful forthis purpose exercise D

ProofofProposition CP9 Whoa 71 1 near suppV For 1m70
write o V X I VL o X 1 o 0 72

equality of operators th E since Otv Yard o R
are invertible so is

It Vol o R t It V Roh L2 L
Write further

It VRoAF I t VRA H X V RN X
C NEE It VRA I X It VRA x

But It VRA l X LE is invertiblewith



It VRAICIXD I VR A G X
so also It VRAly L t is invertible
now implies stillfor lm 770
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It suffices to showthat
contact

support
It VR Xx

1 LRT CCR

has a meromorphic continuation from imtoo to tee
Indeed we use that

It VR lay LIB EM if f e EUR3and
a CINEMA't then ut

EYESgetu f VRoa xu
has compact supportindeed V0CECA

In A we have expressed RvA as a composition of
holomorphic and meromorphic families of operators

To show F we note that
VRoMx EUR3 I EUR3ME HEAR3 Is tfCRY
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is compact AA It VRAly is a holomorphicfamily

ofFredholm operatorson191123 and AA is invertible for
Im270 By the analyticFredholmtheorem the claimfollows D


