
 

We shall now putthe theoryof Sobolevspaceswhip III I CR
to use to study simple2ndorderODES on I using the 2

approaches outlined earlier

Solutions via the Riesz representationtheorem APPROACH2

Let I Lab CIR a a b o

Let f E CO I and consider
u f in I
ulakulble0

UsingRiesz F UE Ho I solving weakly in that

f u v dx f f v dx tu e H I
I

PropositionLP81 The weaksolution u satisfies u e CI and
is a classical solution of

Proof By WE KI hasweakderivative
CUT f ECO I C L I

u E W I u x n Nat I IIF dt lies
in C I u E CCI since uh u 4 In It dt

Boundary conditions since CE I C H I is dense and

H I C C I by Theorem T20 evey UGH I

vanishes at a b finethis is true for ne CE Il D



Solutions via self adjointnessarguments APPROACH 1

Let again I a b as a c be o

We define A Ey on DA UE CRI ula no o

We aim to proveTheorem I 15 I is self adjoint First
we identify the domain of I Weneed

Lemma L 117 Hf I u E H Il ula no o

This was our original definitionof H Il so reallythis
Lemma is about showingthatthe original definition is
consistentwith Definition CD137

Proof E Easy
2 Given ut H Il ulal uts o let v4 4 YEE
For y e CE LA

f y v da f y u dx

J yu y u dxa

Exact fay u'd
so u has a weakderivative v e CR definedby
v ext u

YEE ve H R suppv CI

WLOG I C I l Let y x v1 É then

VK E H IR y v in H IR supp y cC ItE I tu



We can then approximately in H IR by

Vy tukECE tittle I Ill CCE I lek

as in Corollary C3 So v is the limitof a sequence

Vue ECE I in H R This proves u VE E H Il D

Lemma L 12 DCF HIII n H I

Proof 2 Given me I n Ho I pick usingtheoremCTIgillie

UKE CCI with UK u in I Since HII C C I

Lemma L11 gives upLal4161 O so

Vu x unla If lunch aka O in HCI

Th y y u in HII Uk

TuCal Tito 0 Eff
so Tk E D A Since I u in ECI

If u in ECI

we get UE DIII
E Let u eDIAT so I up C DA K C I n t I

ft u tho ur in ECI

7 Ligature Ling u v in ECI

To conclude we only need to show that uk converges in ECI
But this follows from



I UE Well SI lui ulRdx

f lupine un ve dx

Hu we'llact wellects
Is O D

roof ofTheorem IID in nl dimension I is self adjoint
If VE ECI satisfies ve DAH ie F C S t

I IvAvec IEC Yulee K UEDAT
then we must show that VG DII
Well impliesthe existence of g e ECI sit

V Fu g ul fue DIAZ
In particular v y g y Ky ECE I

Let Gla fight dt so GEH I and

v14 G 4 19,41 HYECECIL
Formally Crip k v34 which suggests that v G c CER

similarlyto Lemma L91

Claim v e HCI To provethis let XECECIL Jxdx 1 given

yeCECIL wethen have ya f ya pitifyds dt ECE Il
y y ySIXdt

y y X EYdt
andthereforefrom



O v p G p

I via y 41 x4114dt Glx ya xenfydt dx

SI v y't ay ykq.EE
dx

Ivy t G dy dx

Since ye CECI is arbitrary this impliesthat V E H II

with vb G c E H Il so in facteven ve HCI with

v't G't g so A u g v

Claim a v16 O Indeed for UEDCA wehave

D f v u gu dx vu l I v n't gu dx
uco u lo ulalu al

If
t feign

dx

v16 u lo vla u a

Plug in u EDA with u lat l n 161 0 u Lalo
y a 0 u'llk I v167 0

By lemma LL117 this gives vet Il finishingtheproof D


