
 

Werecallthe statement

Theorem 4.7 Riesz Markov Let X be a compactHausdorffspace
and let X E Coca be a positivelinearfunctionalThenthere
exists a unique RadonmeasureM on X sit

Ifl f f dy f E CN
Conversely forevery Radonmeasurey defines a positive

linearfunctional on C x

We considerfirstthe questionofuniqueness
Lemma L 7 If X E coWH is givenby for a Radon

measure y then for U
c X open

µ u sup X f f e CN OE fel
supp f c le

Proof Z For f eco X with Os feel supp f all we have
f x E tu w tx E X Integrating over Xgives

747 f f du E f tukl day u
E Let K C U be a compact subset Fix an open set

CU with K CV and TCU Let f E co x be

stiff
l on k

fo on XIV
U

o e fel
Such f existby the Tietze ExtensionTheorem



Then Ik tf onX so upon integration M K ETH

MCk s sup 74 f e CN Oe fel supp f cul
Taking the supoverall K E U andusingthat y is
innerregular gives m Ul I sup 741 D

Proofof uniquenessof u inTheorem CT7
By Lemma Litt M is determined on opensubsets of X by7
Sincere is outerregular we canalsocompute for Kc X

M k int petal US K open
Finally if E CX is Borelmeasurablethensincere is inner
regular also

MCE sup uCK K E E compact
is now uniquely determined D

For the proof of existenceof y we of coursestartbydefining
for lect open

m u sup 7 f f e CN OE fel suppfo u
We want to upgradethis to a Radenmeasureusingthefollowing
result

Proposition P3 Let m D UCX open o o be a

functionwith the following properties



A UE V m a s mCV monotonicity
B U U2 E 0 m lyUj EImUj subadditivity

c U Ve O Unv p mCUuv m a tm u

D m ul sup m u Ve O Tau
a form ofinnerregularity

Then m can be extended uniquely to a Radenmeasurer
definedon allBorelsets in X

Proof Uniqueness of u followsbythesameargumentsas above
For existence define the setfunction

µ A inf m u U E O U 2 A A CXsubset

Claim I i n't is an outermeasure
Check pt o m 07 0 since m o mfgup mostmcg

my 0

AEB M A EMCB directlyfromthedefinition

A Az CX we need to showmyAil IMA
Let e 0 Pick Uj EO UjAj m Uj an Aj t Ej
Then MyApem YU ÉImUj

IMA ten

IMAI t E



Letting Edo gives

Claim2 Mle meal for UE 0 obvious XM

every UE O is measurable MCA y Anutty Anic
YA EX

Check Onlyneedto prove 2 since E followsfromsub

additivity Let e 0 and pick VE O VSA sit

MCUCMA te
Will show mcr 2m Unu MYVnuc
This implies MTA man e

am Vnu AVAUY E

2M Anu MACANUS E

so uponletting exo gives

To show 0 choose using D WE 0 sit W cu nu is

compact and m Una m W E lwhere e o is fixed
W V n we are disjointopen
subsets of V so

m wit m Untig

m Wu until Ema
MCVnul Mun Ug Cn w e Minus

marte turning



m wite t m U n EY
malt E mcu m wi

M VI t E

Letting exo proves

Conclusion oftheproofBy the Carathéodory ExtensionTheorem
the restriction ofy't to the o algebra of ut measurable
sets whichthus includes theBord o algebra is a measure

µ with M UkMla t UE 0

µ is outerregularby construction andfinite oncompactsets

n
is innerregularbythefollowing argumentLet e so HE ox is

measurable thenbyouterregularity F UGO US XIE s t

MCU M X E E

So K XIU is compact K CE and

µ k MIX M u next MCKIE E M E E

Since e 0 is arbitrary we aredone D

Proofof existence of u inTheorem CT7
For the function m D Suckopen Co o definedbyCT
we shallverify the properties A D fromPropositionCP3

A obvious



B Given U U2 E 0 set U Y Uj and let
fe co X betel supp fall Thereexist meINand

a partitionofunity of X di loneCTX with

0 4 El suppAjcUj É tr l on suppf
f É dit with suppoff Uj so

X f É 710 f E Ém Uj E FmUj
Take supoverall f to get m UUj E Imig

C For U V EOUnved have maun Em faithful by B

To prove 2 let f ge coat Oef gel
supp fo U suppgov Then Oeftg El sinceUnu p
and supp fig Uw

Acf xgkxcfeglemcuun.FI X

Take sup overfig to conclude
D If f E COCA O E fel supp tou then since

supp f is closed F V CU open s t

supp fo v Tcu

TH e mu

sup mew Well Won
Take supovert to conclude D


