
 

In n l dimension elements of WlP R Iep to are automatically

continuous by theorem T 181This fails in higherdimensions

Example E 18 Let R B o C IR n22 andconsider
u x txt a x Erl lol where a 0

i let pal We have flult da rolling rap rn dr a

iff aptn 1 I a Mp
Iii For which 20 pal a f do we alsohave new Pg
Well for x40 Fg YI Tul Eat
For this to lie in LP r 502 need att Ap et

x hp 1 We assumenow thatthisholds
Wefurtherneed tocheckwhether the Lefunction YI
is indeedtheweakderivativeof u but if ye CEA
then

I u dx 4th Ingo u dx

hisfurs.cagqx
gjutt j1 t

froggy dx Reel

where I Rell I 11411 rollsiny en s
d 80 since

a c n 1
Liii Summary Leta 0Then txt E W't B lot iff act 1



iv In particular Ix1 GW Blol

Concretely In satisfies diva Ein on fu in the

sense of distributions for some on 0

Example E 19 Let xp new CB lol be countableand dense

Let a 0 pal a f l Then
u x É 2 lx at

a
converges in WHP B ios

so has someregularity but u is unboundedon every

non empty open subset of B lol

Planfor the next lectures
I density of spaces of smooth functions
E extensions of whorl functions to Rn
E boundaryvalues of whip functions
CIIexistence of continuous or differentiable representatives

1 Approximationbysmoothfunctions Idea performoperationson smoothfunctions

Cf Lemma L 101 corollary ez
extendbycontinuityanddensitytowhip

Lemma L 137 Let y ECE Bloll f y dat Yew EnpCE
Let mewhip Rn Kp Then yet u eWhP Rn andindeed

0 ye ul Ye out and yet u u in whip Rn

In the remainderofthissection we use thefunctions yefromthislemma



Theorem T 22 Myers Serrin 1964 Let RC Rn Kp co

Then Coco n whit in a whiter is dense
Proof Let new kph
Step 1 partition of unity
Let Ri xer Ixki dirt x d it
Set U it hit sit rook p ThenUinuj p
unless Ii ji I l

Then Xiu ewhip r supp Xin Chi
Step 2 mollification Fix 8 0

Pick E 0 sit supp Ye Xiu C dit Ri 3

I Xiu Ye Xiu'llwhip fi
Set v É Ye Xiu At each xer only 4
Summands are possibly nonzero VE C r

Moreover Hu ullwk.pe E É Il Ye trial Xiullwap
c f Ed z i f

A similar estimateshowsthat the series defining u converges
in wkiPod D



Remark R 18 in general Colt ult U E C Crm is not

dense in wk.ph Simpleexample I C 1,07061
UGK 1 W my

next

if v e Oct CCG TD we claimthat Hu v twin
cannotbesmall Indeed assuming the contrary weget UK EGG
Uh u in W r so unla o uhno D in w ft i acoffee
and likewise unlion alion I uniformly For largek this
requires lunch olc'sand lunk 11 3 a contradiction

Remark R18 suggests that for betterdensity statements weneedto
imposerestrictions on r

DefinitionCD157Anopen set RC IR is ofclass CK KE INow too

if t XoE OR F neighborhood UCR of x and a map
I E Ck U Rn St I U 4 u V CR is a Ck

diffeomorphism i.e It V U is Ck so that xo o

Uns Vn IRI MY x x xn xnso

I un on V n IR x103
IO mm

Theorem 4.237 Let r c Irn be a C domainwithcompactboundary
Then Can wknd whirl is dense forall keno Kp co

If r is bounded CTE whip n is dense

Proof Let u ewk pal
Case1 If di dist supp u or so thenfor Ecd

Yet U E CTR vanishes near or so yeah ECT and
K



Ye u u in wk.ph
Case2 Let Xo E Or ThenWLOGthereexistno and a C1
function y Blin IR sit 4107 0 04107 0

rn BrRYaxfun xx lx la r yex xn r

ThishoIdTÉwe rotateandtranslated exercise such

transformations mapwhip functionsintowhip functions

By shrinking r 0 wemayassume that suppu

v41 v61 t fr any fwhereVW outwardpointingunit Rn
normal

ok en VI en v ly
suppose supp u EU Let d dist supp u du

Forsmall e 0 consider the function ne ewk plan U
U lx ul Xt Een u shifteddownby een

Then us u in whip r nu exercise

If XE Unr and Xteen E supp u then

dist xt een or nu z E by
So for f E we can define a cat function

us s via Ueg la 8ft aw Ntnu
x U

using that for xernu the evaluationofGg up x only
usesvalues of u at pointswith distance z E 850from
a nu Then ugg to us in wkper nu

In combination we haveapproximated u by Cct functions



I

with support in U

Case3 General u Use a partitionofunity applying case 1

once and case 2 a finitenumberoftimes at a finite
number of points in or sit their neighborhoods u
as above cover or which is compact B

E BehaviorofW if functions under coordinatechanges extensions

Weworkongeneraldomains In lightofDefinition D161this isclearlyuseful
Theorem T241 Let UV IR be open I V U a C diffeomorphism

and I dal I d14 1 E C o on VandU respectively For
UEWlP UI Kp to wethenhaveu u f EW P IV and

É 1 54 I
Proof Iep o Wefirst showthat u v Hu

v gieLPG El n But

I lvlylidy f luttly l dy fu luv Idet day wPdx
CPHullpull

similarlyfor gi
Let now une c ul n w Pu nuts u in w Pla using
Theorem CT23 Then un un H E C V nw't V satisfies
Ilun vlog11Tun glay Chunullwi.pe O

Therefore ve W Pu and Tu g



p D Weonlyneedto show v e win r since theformula

for or follows fromwhat we havealreadyproved inviewof
who u C W Ul Now for XEV andsmall hoo
luktht veal I ul Html ul Gill I INI Wa I

n

i
E CITully

Thisimplies Ove Tu by the generalizationofTheoremCT19
to generaldimensions D

MuchlikelackofsmoothnessmakeshandlingwkP functionsdirectly
occasionally awkward the presenceof a boundary Or 0 can similarly
causetroubleThus
TheoremCT257 Suppose I C IR is a C domainwith compact

boundaryThenthereexists a linearextensionoperator E s t
i Eullen
ii E W Pla WhpRn is continuous

As a preparation we first consider a special case
Lemma L 14 Let Q x xn EIR xIR lx KI Kuki

Q Q n In O

Let leper u EWhP Q Set

atx xn Yan xn o
u x xal Xn O

Then HEW PGI andHutwipia E Cl u wiPla



Proof Set go fi t I E i Ent

n x xn xn O
g lx tn Enw xn xn 0

Clearly Yu lip a 2 lullaca p co

Iuka HUGH
andanalogous statementsfor g i Cle ien
Itremains to provethat get gi
Well let y ECE Q Then for It is n l

fautHodx fo u8 dx where ylxixntylxixu.ltya xn

If ya xu 0 for Hnlof then ye CE la and we get
Saut offdx foExitdx fo gig dx
For general y we can replace y in this calculationby
M kn p Nan where ye CCIR is 1 on IR11 2,21

O on C lD
in thelimitk o

usingtheDominatedConvergencetheorem
note that of ng y Ei
Lastly for En

faut É de faultxn Eon xx Inex xn dx
Ja u Gndx ga at ya xu ybi xu

Notethat g x 01 0 If g lx xu 0 for Hnlaf then



SECEQA so

Jault Endx Ja kn fdx Ignpdx
In general

ta u Hn de Isla u 9147 dx fan
d fax

fagnpdx
where terra said

ftp y
dfncxitxndtl

D unless Ink
uniformlybounded a q

C Inez lukixall dx ETO D

ProofofTheoremCT25 Since Or is compact F opensets
Un UNCIR with Or c EUn and C diffeomorphisms

In Q Ukwith 4,1Qt Ukn r
Ek Oo Uk nor

where Q x xn EIR xIR lx Kl Kuki
Q Q n xn o

Qo Q n Sta o



Pick Uo CR open dist Uo Or 0 s t RCMonk
LetYu u o be a co partitionofunity subordinateto rn
Wehave u You É Yuu
Claim Volk 48 If defines a whipRn extension

of You
Indeed we claim that 8g yo9g t u theRHSlyingin

LP M indeed
To see this we computefor ye CE Rn

fro8 dx Jyou Iti eatersIR

Tru If up dx

Jr 8gYo tuff x dx
firn Ex lot u8 x dx

To extend Yuu like N we set

V W Mu Ft E H a

O 1 4Uk Ing
Since Yuu AK E W P Qt by
Theorem CT24 lemma L 14 showsthat

myvalue e wht Uk but since suppVuelta

the extension of valueby 0 which is preciselyup liesin



WIP RM

Altogether Eu É ve eWl'tRn defines thedesired
extension D

I Boundaryvalues

Unlike in the case nel for n 22 elements of H r neednot
be continuous or morepreciselyhavecontinuous representatives
Thus the meaning of u lot 0 is notimmediately dearThe

followingresult clarifies the situation

Theorem F 26 tracetheorem let ra IR be open ofclass C
with compact boundary Or Then themap

CTE F u ti ul or E C or

extends by density andcontinuity to a boundedlinearmap

with a uts Wor G LP or le p o

The map with a u to alone 29ns where u is the

unique locally Lipschitzrepresentativeof u is bounded aswell

Remark R19 Or is a compact C submanifoldof IR the local
charts 4 Q U rn I a Un r I a Unor
restrict to charts la Qo un or of Or giving onthe
claimed structure We canthen define LP ar using LPOo LPBion
and a partition of unity Differentchoicesofchartsand I



partitions ofunity givethe same spaceand equivalentnorms

Asusual thekeystep in theproofofTheoremCT26 is the
analogous local result on the half Qt of the cube Q
Lemma12.15 For UE W Plat ula t LP Q is well defined

in the sense explained inTheorem CT261

Proof Step 1 estimatefor UE Cla nWlPlat Ie p o

Well u x o uld xn In g x tidt

integratingthis over xne toD gives
luckol E f luckalldin t I Il xn Ga xalldxn
H ut allpea E f Hulitilapia din

tf 11 outxulllaza din
E Hull

play Tudela
HullWIPQd

Step 2 densityargument Given new IPad select uke OnW'Pldt
sit UK u in WhP Q then unla is a Cauchy
sequence in LPlad and ulo him unla is independent
of the approximating sequence and Hulad ell outleap

Step3 pro Hulaok Ys Il uladle pls u eat ultra
D



ProofofTheorem T26 Reduceto LemmaLL I5 using C coordinate
charts near points in 0h Detailsleftas an exercise D

Remark R207 For the weaksolution u et r of un f e Cr
Cr E IR with C boundary we deduce that ulor E Ear
is well defined andequal to O a e since v1on 0 for
v e Har sincethisholds for u in the densesubspaceCar

Remark R21 The tracemap whip r outs uloneLP or is
not surjectiveunless p o Rather Which w tip or
Using the Fouriertransform descriptionof Hs4124 one can rather
easily showthat HSRn tuts uh e Hst RD is well
definedwhensot continuous and surjective tryto provethis

Traces leadto thefollowingverypleasantcharacterizationof whopchip
Theorem CT27 If r c IR isofclassC and has compact boundary
then WIP r Suewheen MoeO ELPcos

Proof Exercise

II Embeddingtheorems

Wefinish our discussion of generalpropertiesof Sobolevspacesby
relatingthem to otherfunctionspaces specifically otherLP and



Holderspaces
Recall Let aECO I NCIR Then

law ulyscan d UE CRI u coa Iyer Ix yr
o

Chace u e CKGT PutCOMFYforall BEING IPkk
These spaces are Banach spaceswithHullgo.ae llulleotCu7con
and Hull chant Eh Bull

cages
Suppose RE Rn O a p 1 Then the embedding

caper as coach is compact
Indeed if fun c ca Ba is bounded thenWLOG
U u in COCA by ArtetaAscoli since luuw unlylleclx.gl
C Sgp Lun cop But then
I u u x unnelly law Yella Uknelly 4211unyetIx yla lxgtfo

Clun well Y Eso
Since cars is complete U L Uu E 99 r D

First we generalizeTheorem In to higherdimensions

Theorem CT28 Morey'sinequality let n a pen a t f e co 7
Then F C 0 Sit

Hullco acan
t C'll u wi turn

Thatis every newlipRn has a Holder a continuousrepresentative

andthe estimateholds



ProofStep 1 We estimatethe averagevariationof u near a point
XeIR intomsof the Li normof Ou as follows for too
WE 1 lulxetw uk E ft ITulxtswilds
Sign lnexttw uk dw E ft f g ITulxtswil duds
I It So GIMl dads

a y x
lats Spy TIF dy
Joy lug awlday th Sg lulxetwl ualdw

th f III dy
Integratethis in t from 0 torso toget

fry tuly awldy E Jp FIFIdy
Mfp lulytuwldy E Cff truly l dy

t

Jay ly xt it dy

IR 5trnid.IE
e r Y usingpan

So we have proved

mfg lulyl uklldyecrttlloully.cz
E Cl Dullpan when F1



step 2 pointwisebound

lulu E luck ulylltlulyll
Average over ye B lx toget
lull E C Spalula idylldy f lucy dyBW

É CATullycan t Hullearns
C lullwhipRn

Moreprecisely this is valid at Lebesguepoints x of u similarly
to the proof of Theorem T 18

This estimateimpliesthat Hull E CHullumpan thereforeevery
ut WPLINY has a continuous representative

Step3 Holderbound Let x y E IR r lxyl
set w BrianBly then

luck uly Effwtu lo ulastdat fufulatacyldz

and

FI fotuk ula dz fEfp a luv ult do Cr FllTullar
VEI r independent

constant E 0,4
É luv uly E C lxyl Yloullepeen as desired D



Corollary C 7 Let R e IR be of class C withcompactboundary
Let pen a l f Then wipers ca Cr

Moreprecisely every newlitershas a Holder a continuous
representative And I C sit Hullcoage Cllallwiper
tu eW Pal where u on the leftis the Holdercontinuous
representative

Proof Theorem CT25 produces wewhipRn with wtf u
and Huttllwlpan E C lullwiping Theorem CT28 then
impliesthe corollary B

Remark R 22 In the casepen22 we do not haveW'inRn a car
or even W'in Rn as 29112M An example onBreach
is next log log Ii withweak gradientsatisfying
IouWF inHgWl E L Bre o

Second when k pan we do not have W Pcrm Cocky
but we do have improvedintegrability

Theorem F29 Gagliardo Nirenberg Let IE pan and set

f t so p Hp E p l Then Whp Rm 279124

and Hullpagan E CUTullacry
Thus oneweakderivative isworth I degreesof exponentLebesguespace



Remark R23 The exponentp't is the unique one forwhich the
estimate has any chance of holding leverfor ne CE RM
Indeed if uh um I 0 then

Hunkpapa AyAxl'Éx I fanlucylady

It Hullatom
Iunlearn 117Au Hill pan D loud pan

So for us with O UE CE IRN fixed forces

a t C'X F Y X 0 1 7 7 0
p Ep

Proof ofTheoremCT287 It suffices to consider ne CE Rn
Case1 p l Sop Write x x xn let Kien

Xi x XinXie al and estimate

lulu f Xin Xin t xin ta dt

If 7 fu x Xin t Xie all dt fi x

lust E II If ikill independentofx

I luck xist da t fi ki I IjtÉg
d

R
Holderinequality

se f xint f fly ax Seth d



Sip Saluki dx da

Efffixed Ifexist ftp.lxjldx de
independentofx2

I f fix dx f flxildxzf.LI ffjkpdxidte
i

Jpnlucent dx E It fanif xj dx
Jn louks dx

by definition of fj This means Hull can
IlTullycry

i.e the estimate for pal
Case2 Kp n For some t t to be determined let

x LucaIt Since G y ly It EC IR we

have v e WbsRn forall IE s to by the chainrule
exercise with a v t lult on therefore

Hull can Nullity
Hall

up th iult bullypa

tf lult louldx
t Hoult

an
HullÉ sgun 9

Select t sit It It ng e n so t Pff 1



Then nth Ep p't and the proof is complete D

Remark R24 While in the case pen we cannothave an estimate
of theform for any pit o byRemark R237 and sincewin Rn
Loan by Remark R221 we have to settle for less one can

StowthatWH Rn LFRn t go a

Corollary C8 Let RCR be C withcompactboundary lepanpit Ep
Then with a PG If I is bandedthen W'Pater
t ie g p is compact Rellichcompactnesstheorem

Proof Whip r LP r follows via extension toWIP Rn
and application of Theorem CT29 of the proofof
Corollary C77

Compactness lil let Fc with bebandedThen for her
1h14 we have

Iggy
Th earn Clhl

IIE Tulle
C th
pllullop

Fc LPby is precompact by theFréchetKolmogorovtheorem
ii For general ga p supposefun awipers is bounded
WLOG UKFT u E LPM and thus un u in LP er



Upsp since R is bounded For p g p pick
E CODwith ft Fx then
I un ulla ellunullageHunall'É O I

I
Finally havingtreated whip spaceswith ka the caseof Kaz
follows by simple inductivemeans
Theorem T301 Sobolevembeddingtheorem let r ar be C
Let KEIN Kp to

i If Kp a n then Whip r ter for Ig pt ta
and if I is banded whip r Lf'd leg c g
is compact

ii If k At lta leno O act then

WKPay as Chace
If his bounded this embeds compactly into Clift Kaka

We omitthe discussion of the case K ApeIN here

This resultprovidesthe link between weak solutions ofPDE
lyingin some Sobolevspace and classicalsolutions in Cl or
Holderspaces



Example E 20 i S E HERD COURY This canalso
beprovedusingthe characterization in Theorem T20 foru cfatal
lula 2 5 IS e if I E del

C f HIM CHIN III de
E C I CHIN SdE t J HIMS IER de t

C LlullHsRa
since Jpn 1 1219

5de c o for s E

Iii S Et kta KE No O c act
Hscry Ckd Rn

Exercise provethisusingthe characterization of HSCry
via the Fouriertransform

ProofofTheorem T307
i By Corollary C8 for Kkk 1 we have

one w Pac LPON f f t
so WhpCD as WKYP r

Similarly wk P r Whbra co WoPug Pace
where h so pff In Pyg
For bounded SL W Pu cu LF r legcg is compact
therefore wk Pacs 29M is compact being the composition

of linearmaps and a compactmap



Iii Part i gives

whip r whiffs where f f kit I 0

Then note that t t 4 0 so q n andtherefore

W 9 N C94T by Corollary C 7

Wetter lice D


