
 

Let I a b E IR o sa be o We shall study
the spares whip I in somedetail

Theorem CT18

i let mewhip Il Iep to Then 7 TE CCI sit
U T a e and for Xo X EI
TCN IN I U'Lt dt

one thus typically replaces u by its continuous representative
a

Iii Conversely if u Ello CI satisfies ulxkulx.lt uftldt
a e where ve L c Il then new I and its weak
derivative is u v If u u't LP Il then we Whip I

For the proofwe need
Lemma L9 Let u E Ioc I and supposethe distributional
derivative of u vanishes that is fab up dy 0 HyeCECI
Then u is constant a e

Proof Fix X E CECI with fabx dx 1

Let y e CE CI Then YW YW CAW ECECI
has fab ya dx o if we take co faby ax

In this case y x JaThat defines an elementyeCECIL
and we compute



D Jab up dx

f ut dx

f my dx oof uxdx
f my dx faby dx c c fauxdx
f Cu c y dx

Since y e CE CI is arbitrary we get u c o a e by
Theorem LIZ D

ProofofTheorem I 18
i Set u x ft u Ctldt Thus v e co I we claim

that v has weakderivative u To seethis let yeCECI
then fab v y de fi guilt at y G dx

6 Itfat f u Hy'd atdx

If u t e'Cadtdx gig
till

Jatofat u t y Gtd at ta ko x

I ft u til y'd dx at
fat n 4 yet dt tf v14 yet dt

fab u p dt

Set now f u v Ello I then byeCE I



If y dx Jab up de f ve da fabu p dat f uydx o
m
fee a e so u txt et f a'Ltldt a e

whee c H m m m
Iii follows fromthe firstpartof theproofofpart i D

Remark R157 Functions u ab k of the form
ult uGol tf flt dt for some ft L Ca67 are called

absolutely continuous An equivalentcharacterization is that teso

Ff 00 sit forall disjoint XuYe C la b with I lynx f
one has II ugh uKall E such functions are differentiable

a e and their pointwisederivativeequals f a e

Weaimto showthat the natural definitionsof differentiability agree
Theorem T 19 Let 1 a p e o Thenthe following are equivalent

i UE W P IR

Lii Fc 0 sit I th n ul up E CIhl where

Enn x uCxth
iii if p co there exists a sequence uh CE R sit

Uh u in LP R1 andUk converges in LP R to
some limit v e LPIR which is in facttheweakderivative

of u

The constructionofthe approximating sequence heal in iii will use



thetechnique of mollification let g e cell inwith f sax l
set Sk Ne k g Kx so f gda i k k and set

k ulCN f f ly uh y dy UE LPCRl

Lemma L107 Let 1 E p o For utLPR we have

feta E CCIR n LP IR and Satu Ktu in LP R
Moreover Setu c Curl if supp u is compact

Proof Since situ N S uly salty dy weget
Sk U E C by differentiationunderthe integralsign
Lets 0 Choose a continuous functionwithcompact support
V ECE IR Sit Huullage s E Then
u spue u u v gyu t fk v ul
Now for f E L R and ge Par we have

If gl 11 f fly gexg dyllp
Sp fell Iggy dy
Il fly Ugly

So I sat v ullip Ill sully llvullp llgllyllvull.ptCe
Finally since v is uniformly continuous I host Iv41upl É
UxyeR Hyl to For kako thisgives

Iva fufu a f sula un gu z u x z da

E f tu la la uh alldz



E f Islaldt E
CE

U v gutully E CE Ll support Take E pp
All threeterms in are E C's forall sufficiently largek
where C only depends on g Since 90 is arbitrary
we are done D

Corollary C3 Let K p o Let mewhip R1Then F unECE R

sit UK u in WhP IR
Proof Step 1 Vn getu u in WPAR

Well Lemma L107 gives K u in Cllr It suffices

to show that uphas a weakderivative in LPR and

Val fufu then uELPimpliesuh n'me
To thisend let y e CE IR then

f rug da f su ul y dx f f salt y ugly la dedyIR IR

Sk uly p fuk y y'ddy dy

Truly ady
Iggy

dy

ff u ly gulxy ya dxdy
f Guru y dx



Step 2 Given Ue COURS nW'PURI Eso F VGCCIR
sit Huulwlpar E

Well let y e CE112,211,4 1 on Eli Setyaw yCE

We claim that Yuu leotard u in wiper

HYuu ullapa If Kuk Duk Pdx
Hu 14 Pdx o

Gaul Yuu't pin and Yuu u in LP
while yh u o in LP since

14h41 TO Wak
E Clum W k B

This proves that lil liii in Thm CT19 for Isp o

ProofofThin CT19
iii ki The assumptions give Hye CCR
fuk y'd f v y dx
t
f u y ax f u y dx

so Ku and so uh he uh a in LP R
Since with is completethis gives new't CRI

i iit If wewhelk then thnk uh John lxttldt

andtherefore for p so



IlThu uliar f I f n'lxtadtPdx

Ip I Inextol dt Jade dx

ht f f tu latePdx dt
heHu Pearl

For p o IlThuult E thtuexttildt E hllu'll

Lii Ti Let y eCE IR Then for flat h f ulithi uh yh dx
Ifchilth'llThu all 1144 I 011411 19 fi
fuk fr uly ylyhi plylldy I Spuly y lydy

Therefore I f up'd E Clylla fye Carl
Thus pts fugdx extends to a continuouslinearfunctional
on LF F v e LPCRI St

Tuy dit f ry da t yeCECRI
UeWlP R with u EV D

Remark R16 i Theorem T19 says for p o that

who IR LipCRECQ IR u N E Hula sup Iuka

Cisco.FI 1YIjT a

Lii If p o and uneCE IR is a Cauchy sequence in W't R
then u Ym Uk E W CIRI lies in CAR u R E



Hull o Hu'll so u continuous Thus CECRI WAR

is not dense justlike it is notdense in 29121 either

iii u x I can x
satisfies condition ii inThm CT197 but

u 4w'd IR since the distributional derivativeof u is
SLA SH D G L R1

Thenext characterization is the basisuponwhich one can conveniently
define Sobolevspaceswith general orders se IR we will see
applicationsofthis later in the discussionof trace theorems
Theorem T20 Let k ENo weEarl.Then u EHk IR if andonly if

Jp it15172k16151 d c o where I E f éixenlady
is theFouriertransformof u Moreover the norms llullyuca
and Il it l 1hallear are equivalent

Remark R 177like is definedas atempereddistribution lies Rl if u is
itself a tempereddistribution Thus u e J R lies in Har

if a EJCIRI is in fact in 2 cURIand I 11 1311245191 deco
Iii Onecanthendefine for sell
HS IR UETERI GELLAR J it 1517251617145 4
For 520 one can replace J R by 22412 ForSEIR this is

the completion of CECRI writ Hull s Il CitiMilly



Proof ofTheorem CT207 Set Ikari SueEarl HINKEL
with norm Hallyu Il it ln'ally Wewantto showthat
KURKACRI
i If UE THR Schwartzspace sup Cittaif nail a Kj k

XEIR
then I E i56151 so since HK eCEI1212J
HullEn E C f El 1556171 dz

C I Hustle
C É Il ulilly since Utsa is an isometric

isomorphism Earl Ear
CMullin

Since ÉBRI e cat 111 we similarlyhave MullinECHullfu
So on JARI AllynandAllyn are equivalentnorms

ii Now JAR CHERI is denseby Theorem CT19 iii
Likewise JIRI CHUR is dense since

a ue JURI JARI C VELTRI INDYECRY
is dense and their is complete
HUR Thar are the completions of JCR w v t

equivalentnoms andthereforethey are equal D



We next generalizeTheorem Ilg to Sobolev spares on I la67
a sac be o The strategy is to extendelements ofWIP I to
all of IR in a controlledmannerandthereby reduce to the case

I IR wehavealreadytreated

Proposition P 6 Let Iep E o I la67 E IR Thenthereexists
a continuous linearextension operator E W P I Whp R

i Eu I Ki
ii VEulpar E Cllullear i
iii 11Eullwlpar E C lullwhipR

Proof If I R nothing todo Cafe 1 I half infinite Case2 I bounded

Case1 I R CO o For UE W P Rt set
x uh x o

u ta KO WAK G X o
u C N XCO

In u v is continuous at x p Then
Hullpar

E CHu LPart
Hull an E CHillyard

Weclaimthat w is theweakderivativeof v Indeedby
Theorem CT18

vex
to u Gt ulost fuChat v lol tf what
o u txt ulol tf u a dt ulol tf n't Hdt

ulol tf wAl dt

so vEW Seealso the proofof Theorem CT18 il



Wemaythus set Eu v

Case 2 bounded I withoutloss ofgenerality I 0,1

Fix X E CARS with 21 1 on Go 53
4 0 On C a

Given UE W P Il y Xu E LP I

up Xue LP I
Claim U EW PCI and ut xu'tx'u
Indeed for ye CECIL

JI uzy't xu'tyay dx
SIu xp't u'xytuply dx
f u xy t u xp dx 0 since xp ECECI

Thus U EWhP 0,01 via extensionby O on Cia
and Case 1 produces ye Whp R with

Hull E C lucky E C lulla
lull up E Il xu'll t lx'all E Chu'll llull

CHullwipe

Arguingsimilarly for ur gives Vrewhip R urlean up
Set Elul vetup D



Corollary C4 If wewhip Il Iep o F fun E CEURI St
Uu II u in Whip Il

Proof Apply Corollary C3 to Eu E W PIRI D

We can now generalizetheorem Ilg as follows
Theorem IT19 Let I pea Thenthe following are equivalent

i UE WIP I
Lii Fc 0 sit HI GI Och a dirt I OI

I Thn ulta e e ctht
iii if p co there exists a sequence uh CE R sit

Unto u in LP Il anduh converges in LP I to
some limit ve III which is in facttheweakderivative

of U
Proof Exercise

D

Theorem CT21 Sobolevembedding

Let IE pE o Set a t t Then WIP I c coast where

COM IF UE CCI Uco EYE MITA a

Xy
In particular WHP II C Lo Il

Proof For x ye I we have

UK ugh y ult dt



Fix I I with II El and average over yet
then for XE I
lud É SIlulpldy If fluHldt dy

Hultzcan Hu'llLicey
E Hull

pay
U
LP Ig

E CHullwipe where C is independentof x

To control a
can we estimate for xy EI

luck uly E ft lultildt
pal E Hu'llact u wi I

pro E ly XtHu'llact Ely N HullwhoLI
lap o ft In Pdt I 27 at G E

Hu wipe 11ft B

Corollary C57 If ICR is unbounded Ie p o

and we whip I then law l o as txt o X EI

Proof Let e 0 Pick uECE IR ft Il u u lilwipe E

Then luk le l veal Hu ul
E Ot C E

for all sufficiently large XE I D



Corollary C6 Product rule Let IC IR IEPERUNEW'IP I

Then UV EWIP I uv u've ur and

lluvllwl.pe t CAullocalludwlipcat wipe local
C Hull

wipe NWP

Proof UVE LP I since u u ET I byTheorem T2

Once we show that u've un is a weak derivativeof uv
the estimate follows

Case 1 p o Pick Uk UkECE IR s t Uhl u and

Val v in WIP I andthusalso in La Il Then

UkUK SUV in LP I
Urk Yuk t yuk s u've un in LP I

SinceWhp I is complete we are done

Case 2 p o Let ye CECI thenfor supp y I GI

Luv y da SI Uv y dx

u Ink EW
I I

Q ut un yda

un hasweakderivative ult un E LOCI D


