
 
Motivation
1 Differential operators oforder 1 are notboundedoperators
X X forany interesting or natural normedspace
E g list u ult to u is bounded C 16,17 Cocois

but not defined let alonebanded as amap
c can c fo is

ii D8 H2 ECS FLDYu Inkn'FuG
I

UE E I CHIFuINT O
NEZ

This is notdefined or banded as amap tf tf
or E E or

Nonetheless the operators dad D C fer co can
andDEX HI 8 ECS are welldefined and one

can inquireabouttheirmapping properties injective

surjective denserangeetc no spectraltheory

i E X ult O Es ult k u lolett So daTE LCCco
has nontrivialkernel for all Zee Inparticular it is

neverinvertible

ii PoA u101 0 I n forsome ne z and a lot etin

For X4 n ne21 Do7 448 EAD is invertible

Wewill study operators such as these in largegenerality
and understandwhat distinguishesthem



2 Quantummechanics The Schrodingerequation for a
function 4 4 tix on IRE reads

if y Yay
410 x You YoEUR3 IHowdx 1

Solution is formally givenby pit x ett pies
What is this Looks like functional calculusfor an unbounded
operator Er Wewillmakesenseofthis andrelate
the selfadjointnessof off to the unitarily of NotsXlt
lie flattenRdx I ft

Firsttask definitionandbasicpropertiesof unboundedoperators
DefinitionD 1 Let x lily CYlilly be normedvectorspaces
Let A DCA Y be a linearoperator whereDCA EX is
a linearsubspace the domain of A
lil A is an unbounded operator if A DCA 11Ux 4,1111g

is not bounded lie Fco sit IAxl ClaytxeDCA
Iii A is densely defined if DCF X lie DCACX is

a densesubspace

iii A is closed if its graph Tf CxAx x eDAY
is a dosed subspace of Xx Y



Recall lil If AE LYY so A DIA X Y is bounded then

TA is dosed If XY are Banachspacesthe converseholds

as well ClosedGraphTheorem

Iii If A DCACX Y is densely definedandbanded then
A has a unique continuous extension A Ny
Ix Hm AXj Where XEX andxpEDA Xj x

Example ED X 4 0 GB with supnorm lullco ftp.pluctsl
A ft DCA C Co1 Y
Claim A is li unbounded lii denselydefined iii closed

Proof i Consider unitethe 6 0,12 Then

Nuuk 114616 1 but IAually Kun'llof
k

So F C o sit IAuullgclluullotk.CL KKtkD
Iii C CoB C C GN is dense indeed Thespace

ofpolynomials is dense in co Cai even
iii Let UuEDCA KEIN and suppose

UK U E XeCOCCOID

Auntuh v e ye cocarp
as k o

That is huhAun un inNy Weneedtoshow un ETA

I i e ut Da c GD
V Au u

Well ufa unto ftu'ucslds t ki taking ks o gives



ult uco ft u s ds whichimplies D

An importantreasonwhy closed operators areimportantis

TheoremG1 Let X Y be Banach spaces andsuppose A D A ex Y
is linear closedandbijectiveThen A Y D A CX is
bounded

Proof The projection Ty Ta Y is a continuous bijectionof
Banachspaces sinceTA oxy is completebeing a closed

subspaceof a Banachspace By the OpenMappingTheorem
B Ty OTT E LCY N

where it th X is the projection But

IIIÉIggy's
and BAD

4 so B at

CxANEPA
Notefinallythat tix TA DA so B H DA D

Example E2 AFda DCA C X Y where X Y Cocois and
DCA u E C GD u10 03 Then A satisfies the

assumptions ofTheoremTD and

Aff t ft fads so AI ColeD Dal Cole D
is indeed continuous



DefinitionCD2 i An extension of a linearoperator
A DCA CX Y is a linearoperatorA DLADex Y
sit DCA 2DCA and A Ipa A Notation ACA

Lii A linearoperator A DCA ex Y is closable if
it has a closed extension

Example E3 A A C loD CCO Cait ColaTD is
an extension of Ao dy uec 6TD u lo o ca c

LemmaLL1 A DLA C X Y is closable iff the closure

TI of TacXxY is a lineargraph i e ay ETI y o
In this case the correspondingoperator I DCF CX Ywith

TI TI is the smallestclosedextensionof A calledtheclosure
of A

Remark RD TI is a linearsubspace it is a lineargraph iff
x yp x y ETI y Yz x y Xyz Oy ya
implies y yzed 10,0EPI 10y ETAimplies Oy

Proofof lemma 2 1 If A DCA X Y is a closedextension

of A then I c xx y is a closed set containing Ta and
therefore TA TI Since Ta is a lineargraph so is TI
Thus I DII X Y where DCA Tx TI and
Ex y where W e PI is well defined closed



and the smallest dosed extension of A

Obvious
D

Warning Typically DCA E DAT For instanceAda C co co
is closed so A I but DIALDCA C DAT C

Lemma L 2 A DCA CX Y is closable iff forall sequences
XuYu new C Ta with xu O and AxeYu y bro
wehave y 0

Proof Since XxY is ametricspacesthe statedcondition is equivalent
to PA 2 Lay y o D

Example E4

i Ao Doto COCKD C COCCOM COCCOTD
Claim DCAT C CEB
Indeed A DIA C Can C Co co is closed

Example Ell and extends Ao i so DAT CDA
Conversely given u E C Ear pickyECC6,17
sit un u in C then un u in Co so

un un E TA converges to 14v ETA Therefore
AFAT D

eg writeultkulotf.tn lads andapproximate
u eco uniformlyby a sequenceofpolynomials



Iii If A DCA CX Y is continuousthen A is closable
Indeed Xu 0 Axa y implies

Hyll gym IAxallEllAll limit xu11 0 so y 0
Exercise if Y is completethen DII DAT

iii There de exist operators that are notdoseable e.g
A DCA uECHR supp u GIRI C EAR IR

DA Fu to fault dt E IR
Here supp u xEIR uk 04 Ms Exercise

Liv Recall C 8 CECCOZED
uETCHED UCHLOKUCHCHTKEINO

Let APo DDL CC SD CECA El8D
Claim A is closable and DCA H 8D

Proof ConsiderBF A F instead landrecallthat I 8
Az is an isomorphism with

DCBF F DAD s 2 a LanInez lankCulltlnithth
B DCB CEC ZI LEI
Ba n Man

Weneed to show

DCB NZ a Canney I ClemD Ianto
Well if at that then acts ay E Sca DCB
where



ally an Ink N
O Int N

Then act a in H2 proofInland lanta
andthus Back half n train in 1223
so alt Bak can Intan in AZ x1473
proving that DCE n 27

Conversely 142 2 a ts mann Elka as an

unboundedoperator on t withdomain Kal is closed
Exercise and extends B DCB Chal D

Example E 4 Civ is a first demonstration ofhowSobolevspaces
such as HE arise naturally in the analysisof differential
operators on E A majorgoal of FAI is the analysis of
linearpartialdifferential operators For now a simpleresult

Example E 5 Let r c IR be openandbounded Write
Ou Gk É Fyik Laplace operator Laplacian

Let CECr we can supp u or

Claim o CEers c er Eos is closable
Indeed suppose une CE la is suchthat

un 0 in La and fit our f in Ecr
Thenforall ye cars we have



fu y dx four p dxF fun op dx 40
d integrates

S f y dx
Therefore fr fy dx o f ye cart Since CEA Cr
is dense this gives f D Use Lemma L2 to conclude D

Thedomain of the closure will beidentifiedwith
H d DCE later

Generalizingthis example consider for Kp to

A CECI CLPLN LPM

Au 4 In anW OuCN where xenon 028 gin
Kk Éaj and an ECN Er

PropositionCPD A is closable

Proof If Un E CE er un o in LPG
theAun f in LPM

then for ye cars

fr fay dx fr yenandTen y dx

L un En l 1
k
day dx

Letting k o gives If y ax 0 t y Ecu
Thisimplies f O a e seeTheoremCT2 below D



Theorem T2 FundamentalLemmaof thecalculus ofvariations
Let I CR beopen and ft Licht i.e Ikf El for
all k er Supposethat ffp ax 0 Dye cans Then
f O a e

Proof Recallthe Lebesguedifferentiationtheorem for a e yes

1 ultra f Iflat flat dx 0
Lebetsgue

measure

Considersuch a Lebesguepoint Xo Er Let y e CE B lol
with f y del and set ye Gt e y then

Y ECECR for small E 0 and fye dx l Thus
O L flayed dx flex fixed yea dat fla
where we can estimate T.fi xal.EEdx80

Bela

Therefore fed 0 fro a e I


