
 

We now return to theDirichletproblemfor the Laplaceequation
Let r can be a bounded domain of class C let

fe E and let u e H lol bethe uniqueweaksolution

of f
ou f in r
u 0 on Or

i e J ou or dx L fr ax f v e H r
r

Our goal is to provethat UE Oct Moregenerally
Theorem T 31 Let r c IR be boundedand CT let
felt a KENo and let U E H Irs denote the unique
weaksolution of Then we Hkters MoreoverF
CCR h sit

dullykey Cllflykey
Remark R 25 If f E COEN then fe H Crs HkEino so
WE few then By Sobolevembedding Theorem CT30 this
impliesthat u lies in every Holderspaceon Jr so u e CET

In the special caseKao Theorem T.I asserts that uEtters
That is the mere assumption that É ofu E E and neHo ri

implies Oxidgut Er H i j individually Hereis a little
calculation that shows thatthis is notwholly unreasonable



if u e CE Ir then writing di di

Ididjut didju didju

di dju didju dju djdi u

di dju didju dj Dju d u t dindin
so EI lout lout E.ME

gjg I d

a
f tout da tf loutdx

Applyingthis to Ou in place of u one gets
11Pullin Ilflyn

verymuch in linewith

Issues I u in CT31 does nothavecompact supportin d
2 InTheorem CT31 we do notyetknow if
we tf in our calculation we assumedthis

wastrue

3 What to do near or

Ideas I localization uns xu
2 regularization mollification u n ye u

3 Straighten out andreduce to a problem on RY



1 Localization Let R'ER andletXE CECr with X l on r
Set u xu E H r then u is a weak solution of
Ou fl ft 2 ox out a n e Ece CI
supp u G r

2 Regularization

Lemma L 16 If v e H r supp v Er is a weak solution

of ou g e leg then retard and lullypogcllgly
Proof Let y ECE B loll Jpny del peut en p E
For Ec dist supp v or ve v ye E CECr and

Ove Con ye g yet ge E CECr
Therefore by
I rave usilly 11ge gs ly it 0

and also ve v in H Cr

ve is a Cauchy sequence in Ha so v e ta D

Corollary C9 interiorregularity If we H r is a weak
solution of out E HYoon u E HYECa
In particularthis applieswhen fetters the conclusionstill
beingthat we Had forall r er

Proof Let r er and choose so r ere erk even
Let X e CECrj be equal to 1 on Rj



Step 0 0 Xun Xuf 28Xu on Coxa u E E r

with SuppAnd Grater
By Lemma LL 161 Xu UE HCN

Step je El n h Assuming that Xu je ne H r

consider ofXu ju D XkjHuje d

Xu f 20Thj 7Xkjt u

Xu Xu ja
th j E H r

suppGuul Eru je Cd
For ne INI la Ej ua 04kgu E H ers is

a weak solution of
04 00Guyu 04kg E Eas
suppun Gr

use Hers by Leanna L16 XujueHitter
Step k gives you E Had so u e Hkt'd as claimedD

Remark R 26 According to corollary C 97 the regularity of
u in someopen set Ucr is 2 1 regularity of f on

in U

So interiorregularity of u is a local result



3 Straightening out or This is much more subtle andwill

lay bare a fundamental limitation of our approachthus

farwhich strongly relied on the fact that we are

looking precisely at EY d No constantcoefficients

allowed as otherwisethe proofof Lemma 416 fails

so if I V U C IR is a C diffeomorphism with

UCR an open neighborhoodof a point in or and Vern
I Un IRF Unr

E uncanny un or In
we consider

U U E H Vn IRI

WhatPDEdoes u solve

Lemma L 17 Let u cHo fr nu supp u G U
V U Y EHf UnIR'd

Then u is a weak solution of out felt rn u if and
only if u is a weak solution of

Ogu fo tf E LV nNY
where OgV É Fg di Figgisdjr
gii si en gigsiten g if 8 8 g ji



Igl det Cgij
Proof Omitted Thought freeproof chainrule D

RemarkCR277 Cgi is a positivedefinitematrixwithsmooth

dependence on y Eun RI and og is the Laplace
Beltrami operator on the Riemannianmanifold VnRt g

Thuswe needto control boundary regularity of solutions to a

variable coefficientPDECon a simplerdomain
Wemay aswell studyalso interiorregularityagain butthis
timefor general variable coefficientoperatorsThe followingresult
does it all

TheoremCT32 Let r CRn be asmoothlyboundeddomain and let
gii gji bi C E CTE for k i j en assumethat 70 7 1
sit the ellipticity condition

XIEP E É g EE E ABR Y EERn ELL

holds Define the operator L by
Lu G II digit x djulxlt.IEb xdings t chuld

Suppose u E H r is a weak solution of Lu f e Ece
i.e

If u dx I É giiGdju k dirks I bind uh ok yo



could vs dx t ve t r

If fetters for some kenothen we Hkter and

Mullikan E C Iflyhas Hullegg
Remark R 28 For 1 0 so git fig bi c O wehave

lulling cloudy C f on ou dx
r

Cfr f u da t Cllflealully
HulleastCillflea andthus gives

Hallyknees E C flares
This is the estimate in TheoremCT317Thus wehave
proved Theorem CT31 givenTheorem T 32

Inthe proofofTheorem T 32 wewilluse finitedifferencequotients
Dhu Thing Thu x nexth Oth E IR

For ne Ho1124 we have DhuE H Rn with 7 Dun D on
Furthermore IPully EllTully see the proofofThm CI193
andconversely if u et and Dhu is uniformly bandedinEas h o

then UE H Tu himDhu

We alsohave an integrationbyparts identity foru vet RM

J u Dnv dx tht f un ult ul dx J uk via dx



tht f ulxth via ax Jukulady
f Phu v dx

Finally a productrule for u u GH 1127

Dhluv x tht lucxths uld vixth t uk vexth v41

Dh au Dhu Thu t uDhu

ProofofTheoremCT32
Step 1 estimatefor lullabies
Plugging van into the definition ofweaksolutiongives
fu dx ftp.gijlxsdiulmdjulxsdxtf bikdiucN.ulx

I caulx uld dx
Ey11pulling 11611 lull lulle Hell llull

Allpulley E Ilfilelull t Cloullellully t C lull

Ilfly C llullEt Elloutlet
since xy E ext tey x y eIR apply to xelloullyyellully

Houllier E cell fly dully
We can moresharply estimate IInfudx Ell fly us outlier
H CH Hbcu and thus obtain

lull you E C I fly icut hullers



Step2 interior estimate

i k 0 Let X ECECN d dist suppx or 0

Then w XueHo r is a weaksolution of r

LW g yf L W u E E cu
EE firstordpartialdifferential

operatormaps H E
insteadofmollifying which doesnotworkanymore we study
finitedifference quotients of w for Ocho d keen put
phew W WHthen WH

so ohwe Har still

Arguing informally for a moment considerthe equationthat dew
satisfies if bi c o compute omitting the summationsign

di gii x 0 dewas t dah oilgiidjwi W

Ight ins
di deng's x djw x heel

di degijaOjwas in H Crs

so from step 1 we suspectthat Idullyon remains
uniformly banded as h 0 and thus Jewett'd
This canbe carriedout rigorously

In orderto avoiddealingwith H at we do notapply step 1
in someway to Dehw with dewalsousedas a test function



but rather to w with didehw as a test function
So into

gu de f giidjw div t bid w v cw v dx
n

v eHons

plug it déhdehw

ILefthandside f g dindewda e 11911,117denwhy
Righthandside If giidjw di ihdehwldxl

1Lbidiw.dihdehwdxl 1frow.de

hghwdxlicgiig.wsengiiciji7 lfrdeh giidjw dildew dx

with ang't 9111 I fr deh bidiw dehwdxt lfr.decw dehwdal

I Ife giildendjw di dehndal Agrille lowllelladehwl
Ijaw
11611,110dehull lowly 118611 lowly
Hell lowly lack lullowlle

É a 11 a dehully callway alladehuai

for all e 0 similarly to step 1

I adenwlly E C duly Ugly the cod



with C independent of h
Tw E H so we tf and
Hull E C lully tUgly Cliff lulled

Iii Higher k This is analogous to the proofof Corollary e.g
Suppose felt Gl and let X X ECE04
Xfl on r ER Xz 1 on supp y Wealreadyknewthat

X UE HIM Thus w X u E HH satisfies

Lw think
YETI 9 EH

Ohg OhLW

Itt off digitdj wt bidint cw
LChew didengii Ojthew th didnt

uniteTHE 144
L dew get e Ea is uniformlyboundedin Ea

as h o with limit11filly E C Ilglaitllull p
C Uglyitllwile

So 11dullyen C Ilghell 11dully



E C Ugly thwhy implies

that dew is uniformly bounded in H dew et
5 wa ne Ha lull pin ECUglycutllwlein

Higherregularityfollows similarly using Iw
CD for 1 2 instead of for k D etc

Step3 Boundary regularity K O

Near a point pear we can straighten out r using a smooth
diffeomorphism Hiv U onto a neighborhood U of p
The localization XueHola Xe CE Unt satisfies

L xu q E LM as in Step 2 i

and Crusoe E H Vn 1124 satisfies a PDE

IX a GE LUNRY
where I is of the sameform as L withdifferentgijbi C
butstill elliptic

Relabeling T X Y E as Liu f it thus suffices to stud

theffigitation
Q Want kik i nail Qian sus

UE H QD Lu f EECQA Weakly

suppu



We claimthat we that with a quantitativeestimate

i Tangential regularity Exactly as in Step 2 we can

consider thetestfunction Ofdene for e l nt

note that dhe H at Ho Qt i e theDirichlet

boundarycondition is preserved

JeuEHcat so dedine2404 ki En
I El En 1

AndMalu
gymp outleap Ilflecanthullical

i Normalregularity ThePDE for u expresses the distributional

derivative ofu as follows

f gunonu p
ig din Ong onu

E bidin t c u

Allterms except g du are alreadyknownto lie in Cal
Sincetegmen by CELLI this showsthat dine Ea

11Mull ya E C U flea t Mz

u et la
Step4 Boundaryregularity K 1 We againonly discuss the

case Kal the cases k22 being completelyanalogous
So now UE H Qt Lu f E H Qt we already



know that UE that As in step 2 ii onlywithdifferent

notation Lu f instead of Lw g we thenget

for talent Cafu fi Och 4 where

the Cat is uniformly bounded By the estimates
11dehullypia is uniformly banded

in
110ulica o

Differentiating F along on in the senseofdistributions
expresses du in terms of day 121 3 and so

que Ela
u E H Qe

The caseof higherkbeing analogous we aredone D



Application 1 self adjoint realizationof u
we can now proveTheorem CT15

Lemma L 18 R C IR bounded Ctdomain Let A D

with DAF ue CCI u on 03Then

DCA Han Ho tr

Proof E If UuE DIA uh u in E

un f in E
then Il unwell as Cll fu teller by Remark R28
Un has a limit in Her which must be equal to

its E limit u so UE H er Since also
D Unlor uld in Wr by Theorem CT267

we get ulon 0 ut H r by Theorem IT277

z Let me train H'old Pick fueCE r sits

fu f ou in LM let uke can be the

unique H r solution of gun fu Then uneDIA
I un ulla Cllfu fly É O F UEDAD D

TheoremCT151 A GIR Codomain Then D with domain
D o Hbcu n Har is self adjoint

ProofWe only need to check that ve Plot implies
VEDI07 That is we have F C 0 S t



I Inconval E C llull en tu ED lo

or equivalently F g e Cr s t

I Gul v dx fr u g da t ne Han ti r

Let now J E H th be the unique solution of
of g te ta byTheorem IT 32

We shallprove T v whichwouldfinish the proof

Now Te Dco and andthe symmetry of 20 give

Lou v dx fan of dx frou ta tu e tenth

I Get on da o Huettl

Take u to be the solution of
ou V T E EG
alone

In Ivi Rdx 0 rate tent D

Corollary C 107 R E IR C domain F completeorthonormal
basis of Cr consisting of UKE CTE KEIN
which are eigenfunctions of a

Our Xuan in R
un o on or

with O X EX E o



Proof Notethat 0 Hanton Ecn is an isomorphism
Consider T en a f to o f E Lin since

this factors as Eco train Hard Eh
it is compact by Rellich's theorem
T is symmetric since for f ge icon and u.ve tanti's
with su fi org we have

Tf glee u one C ou Deon fitgan
Since T is bounded we thus conclude that

T o is a compactself adjointoperatoron Etr
Since kerf 03 we obtain a completeONB uulnew
of 24N consisting of eigenfunctions of T witheigenvalues

041K 0 Tue Mulla
But Tun E tan nHou so un MTune Fantin
Dung un e ten un e 714 r

ourmin e Has un e Hb in

up few Him Cet

Finally our tuna withXena implies

XuHualien f www.uudx f lounPdx 20
r r

Xu 20 and since auth to indeed Xu O D



Application 2 solvability Fredholmtheory
Fix a smoothbonded domain RCR

ou f e caWe saw that we can always solve u lose
andget higher regularity CT317

The following is an importantgeneralization

Theorem CT333 Let gii gji e CCE ki j en
and suppose 717770 sit

71512 E JI g caLig e 11512 V E E IR x er

Let Lu x It di gii x Ojuld
Then f f e Elr F weak solution UGH r of

Lu f
uloro

If fe H lol then u e Hks Hull
uan Cllflaky

Proof Define for u v E CECr

up g J j gis x dinkdjuk dx
Then u u

g
E fr A loudPdx A lung

and likewise X uuh u u
g
So Il11g list is equivalent

to the H r nom

The completion of CECN 11.11g C is H r Illy
Given fever consider



CECr F v te f f v dx
then I fr frdat E I flyHully E Cllfllelloully.ECllfllllullg
Riesz F ue H a st t ve H r

fufudx up EjIngii x din djudx
This means that 7,1 Oj gliadina fed weakly

Higherregularityfollowsfrom Theorem IT321 D

Remark R 28 The same arguments as in the proof ofTheoremIn
aboveimply that L is selfadjointwithdomain Hfantter
and also Corollary c10 remainsvalid for L

For general operators E d gild t bi dit c as inThm IT32

solvability and uniquenessmay fail in general E.g o d is

not injective in the notation of corollary C101 The following
is thebest one can get

Theorem CT34 Fredholmalternative

Let gitegti b c e cat be as inTheoremCT32

Let L digisdj t bidit c and
L digisg bi dit 6 dib formal adjoint

i let Ne fue cocotte ulon 0 Lu oh
N v E CET v1on 0 TLV 0



Then dim N dinEN c o

Iii Let feed Then Fue Hfa Luff iff
fi ya 0 tu e TN Any two solutions u differ

by an element of N HigherregularityholdsHEHEneHkt

Proof Write L Lhcfor clarity Then

Lop ten nHar Eon
is invertiblebyTheorem CT33 Moreover

c too bidit c Haggis Ii
is a compact operator

Lb e Lao tch c Lao taunt s i
cry

is a Fredholmoperator ofindex 0
Nullspace For ue ta nHow Lacu 0 we get
Ue CRI fromTheoremCT32 kern Lbc N andthis is

finite dimensional by
Cokernel If ve tN thenfor u Ethan Holm
Oz u TLV LUN so v E Cran2 t TN e ran 2 t

The converse is more subtle Wewould like to showthat

ve EM Lu v70 Hue tent implies vet and

LVO Then VE COLD so VE tN

Weargue in a roundaboutway



Step1 invertibleperturbation F Z E IR s tr LaetZ tenth E
is invertible

Indeed LIZ has index 0 andforreal txt it is

injective since Latz u o we that implies that

D Lett u u LG

II I giicxldiulxiojukldxtz.HUlie
Ibid in a et cycle

2 Alloutputallult Cloulflully
C Halle

Z E11041ft Z C Hultz
where C only depends on A b c So if t C

this implies 4 0

We can alsomakesurethat that is invertibleaswell

Step 2 rewrite Lu f as

f L Lte AZ u I Z AZT LtHu
Since Ltt is surjective onto END we conclude

that Cran 2 Cran CI Zeta 1 t

Kerper I 21427 t



i Claim 12 214 TLE
Indeed if y y e loll then yet Lalu forsomeretina

IEEE I u Chau Lta u u ly ItLatty

Iii Returning to if ve Er I that v0

then v z that v e than H LN
andthus uponapplying that

KLA v O
As we said beforethisgives ve cart vet N

Step3 Since L has index 0 dim N din TN D


