
 
We now switch gears entirely itwillbe awhilebefore we getback
to spectraltheory This is becausespectraltheoretictools leg
thefunctional calculus can in principlebeused to solvepartial
differential equations theverificationofthe assumptions of the
varioustheorems selfadjointness domains is rathernontrivial

and involves serious PDE machinery which we willneedto

develop first
Motivation variationalproblemsPDE andsolutionattempts
Consideran elasticmembrane given a connectedopen set a Elk with
smoothboundary or let u e CRI and
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We fix its boundaryto be
thegraphof g e ceorl

The energy of themembrane is Elul tf louPdx
Physicalmodel given g e cost u shouldhave leastenergy
among all elementsof Vig u e Ct u lot g
Questions i Is elg int Elu attainedforsome u EVogt

Iii If Fminimizer u of E onVig is a unique
iii Howcan one find character u G PDE
iv If g e cocost is ne coil Higherregularity



if

anaemia

Iii Uniquenessofminimiters is a consequenceof thestrictconvexity
of E Namely if u uz EVGwith Elu Eui elg

E YY tf ou OurPdx

If tou Rt 284in t Hurt dx
E f fr tou ft 2104,11741 1042Pdx
E f J 2174 it 21042Pdx

Elul Elul ecg

It is aminimizertoo equalityholdseverywhere so
HER 74,4kcalTuzlaforsomec 0 and 104 x law I

Dug on I 4 uz C E R but at Or 4 42 0

so UFU2

iii PDE fortheminimizer UEVig Let y ECE r or just
YEV10 i.e ye Cor y onto then UtsyEUlg UseIR
so Elul E Elutsy Ff lout't2s ou ay 5404Pdx
5 frouTy dx 0

We canintegratebyparts since y onto frompdx0

Since y e CEG is arbitrary



vary
out in a

u g on or

i Existenceofminimiters Two options
a try to solvethe PDE see below

6 directmethodof calculus ofvariations Clot is notreflexive
Elu has littletodo with Coil Willneed to extend

the classof u we workwith Cto H m

in Higherregularityof u via regularitytheory forthe PDE

We briefly discuss 2 natural approaches to solvingthePDE let

no ECE beanyfunctionwith udontg Write n not v then
we want ou f on in r

v e o on Or

Ignoringthe precisenatureofthe functionspaces inwhich f herelies
we call u uandstudy now

off jig
APPROACH 1 Solvability n'a functionalanalysis domains adjoints

Idea Regard as the equation Au f where ADA CEN 24
is the Laplacian DIA encodestheDirichletboundarycondition

a lot 0
Execution Let DIA ue CI ulon O

Au ou UEDIAN



We alreadycheckedthat A is symmetric Example E71
so A C At A is dosable the closure I At is
stillsymmetric exercise

Proposition P5 ranA cent is dosedandkerf so
Lemma 2.8 Poincaréinequality Let r c O Lx Rm be

openThen tu e CE r

fluPdx E E f toutdx
Intuition If u goesfrom Obackto 0

or an internaloflength L pix

then lul cannotexceedLieut f L x

Proofof Lemma L8 For x xD Er

Luke x112 1 TxCsxDdst ft 191Csolds
Lf I IsxDPds

by Cauchy Schwarz Integrate over x xD Er

Mullein E f fan Lf 194 IsxDPdsdx dx
L Il Ilya D

ProofofPropositionCPJ
Injectivity If UE ke I choose unEDCA sit

Upu AUFOUK AVO

Then Hurtling I Ill Punky Chun our dx



IE c fruntoun dx

E C HuntersHoundices
Hually E Clouull O

u him uh 0

Closedrange Let uneDIT Iu fats f E2264
Replacing unbygood approximations inthegraphnorm by
elements ofDCA we may assume UKEPA i so

UnE CRI
unlost
our fief
Hunnelly C11Thununten

C f Cnaue to tunes dxr

C fennel lfe ful dx

Clunuelle tufellies
Hunnelly Cllfufeller too

So F LimaUE UE Lk

But AuntTun f so funFun uf inTa
andthus f Fu D

Finally by Theorem I 41 ran A kerf



Theorem IT 151 F is self adjoint
This is hard and wewillneedto preparewell to prove it

GrantedTheorem CTID we get ran F Kotter from
Proposition P5

I DII EG is invertible

Theorem Tlb tf E EN F UE DIA SZ Tu f
Openquestions What is DIA In whatsensedoes UEDA
satisfy theDirichletboundary condition Howto prove
Theorem T 15 Sobolevspaces boundarytracesof

Sobolevfunctions

APPROACH 2 Rieszrepresentationtheorem

The startingpoint is the weakformulation ofthePDE 0
if we can is a solution and ve CIG

I tu Tu dx f ou v da frfr dx
Regardthe LHS as an innerproductwith associatednorm

Mulligan f touPdx
By Lemma L81 Multan I Cllullfiga trueCarl
so Il Ilya is a norm on CECal
Moreover the RHS of is continuous in theHbcunorm

ISnfu ax E Uf eenHullers E C fleas u
then



To applyRiesz need Hilbertspaces

Definition DID H664 closureof CECrs writ Allthen
This is a Hilbertspacewith H Irl cart andinnerproduct

un Hf Lou Tu dx
where put him our ELM if CECray u in them

Theorem CT16 Let f e Lou Then F ne H r St

Je Tu Tu dx frfrdx tu e CECr

We say that u is a weak solution of
Proof How a uts fufu d e IR defines an element

of Hotel which is equal to u baby for
someunique ut H r by Riesz D

Openquestions Is u for fecal also a classical

i.e Ect or even Cat solution of
In whatsensedoes u EH r satisfytheDirichlet

boundary condition



Plan for the next Nsl lectures
defineanalyzeSobolevspaces such as H r

solvability and regularity forgeneralelliptic PDEs

II dijk8ox wt ZE bik Exalt Chuk fed
boundary conditions for u

where Caitlin is symmetric and É ai HE3 Z CER X er
forall EeRnwhere c 0 ellipticity of

Laplaceequation ai identitymatrix
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