
 
Wewill deducethe spectraltheoremforunboundedself adjoint
operatorsfromresults on bounded operators Our discussionhere

follows the last partof FA I Throughout H denotes aHilbert

space

Definition D A AELCH is normal if AA A A

Equivalently A B tic where D Bit Ect andB ECB

LemmaLL47 If AELCHI is normalthen HA Il HAI th EIN
and

1151 11
A

Proof Weclaim that IlAxl 11AM Fx ett
Indeed I AXE AXAN AHAx x

AAHx AH AH HAW

If wehaveshown11A'll All thenfor XEH 1111 1
HANIFCANANN CATANAn x EYAYAYYYAXII

11A'thatVANNI

11AM II IA II
11AM II IAIl

Taking sup overall x HAIRKHAMPE IlAnt'll 11All

Yall't ellAnt'll
The converseinequality 11AM'llellAll is clear
Finally rattingHAMM IlAll D



Theorem LT61 continuous functionalcalculus

Let AELCH beselfadjointThenthereexistsa unique continuous

paptakXpptyp17algebra homomorphism
pen I

COCola LCH p pg 4G 447
so that p z A where z oA oz to 4p pp
Moreoverof satisfies

i Il lolfilly Il flat P I fall
ii ofp fl f real Av zu p f A u falu
iii f 20 44120 i.e p f xx 20 Vx Etl

Proof If f Éfj x e Glx then 4ft ÉfjAi Weshow
Iii in this case

LetterA Write f x flak lxZoga ge eel then
Ifl f Zo A 20741g pg A za

is not injective or not surjective or both so fade014417
Let WoE off fl Factor f x weCII lx xj Gxj t l
thus fix Wo and

Cfl ng CII CA x
Since pest wo is not invertible Fj f t A xj is not
invertible so xp E ofA and Wo fix
For FedEx we now conclude since4 f isnormalusing
Lemma L 4 that



114 f Ily Tpa EYE k f co
We can extend of from ICCAto cocoa by the density
of EG C C old StoneWeierstrass and i holds

by continuity
For ii for general fe cocoa
If 74 floodthenget z x definesgeCHAD and
G offfl pg p I I 101g z pCfl
so t 4 oldCfl
Suppose a fed tot ofAl We claimthatFunEH
Haul l sothat 11 Iz 441uh11 0 as k o this

implies t t off H To seethis
Step1 FunEHYuuki 116 Alunl O

This is clearwhenKerko A 503 If kerexo Ak107
then ranko A is dense sincerankoAlt keroAl
butnotdosedsince XoEofA Thus I C cost
Hull E Cl GoA all tu this impliestheclaim

Step2 If feed then Il fed pffluull 0

Writing f x É fixi wehave
A off un É fi xi Aila

14149143
o

Step3 Let fecolofall andpick fie ah fief in C local



Let go and let j be sit Il fi fllega c e
Letthenko best Il fj xo pfillunllc e the ko
Then I flat Iflhull

I lfjkl pcfjlluulltllfjkd flx.luall
Il offs offMaull

c e t 2 Ifj floral
BE

Thisfinishestheproofoftheclaim
For iii write f 70 as f g g20then

elf xx algaxx pigpig xx É g x pigx
Il pig7 11220 D

For A AteLCH and u EH considerthe map
Lu Clofall af to flatu u E G 40 Here FCA d f
Note i I Lufl Ell flatullHull E Ilflailly Hulk

Hull'll float
So Lu E colorant

ii Ln is a positivefunctional on C Gall that is

f 20 Luff 20

This is Theorem TG iii

Theorem 4.7 Riesz Markov Let X be a compactHausdorffspace
and let Ae Coca be a positivelinearfunctionalThenthere

exists a unique Radonmeasurem on X sit



Ifl f f dy f E CN
Conversely forevery Radonmeasurey defines a positive

linearfunctional on C x

Recall Let X be a compactHausdorffspace Let B C 2 denotethe
Borel o algebra and let y B co o be a measure ie p
is aBorelmeasure that is m101 0 andM E E EIMER
for allpairwisedisjoint E E E B ThenM is a Radonmeasure

if u is lil finite i.e Mexico
ii innerregular HEE B

MET EYE
iii outerregular HEEB

ME oftenMo

Wewill prove the RieszMarkovtheoremlater
Returningto Lu ft flat u u u E H from we now

get a Radenmeasure Mu on OlofAl so that

FA u u La f gun f E Cocoa
in particular Ma oral 1 A yuk la ul llull

Definition D81 For A AXELCH uEH the uniqueRadenmeasureMu
on ofAl sit holds is called thespectralmeasureassociated
with u



Example E111 Let H G A 681 OAK 1,21
For f ECOGAN i.e f fall fall Ek xQ flak t g
Exercise Let u Ci then
fla u u I 1 let fanlui taller

faitdin flip allin final524

Mu lui's t 142782 f E Ist Diracmeasure
Note if IT Its Y is theprojectionmapontothe
eigenspaceof A with eigenvalue1 then tu tell it ult
14212has an analogousinterpretation
So p recordshowmuch of u lives in thevariouseigenspares
of A

DefinitionD9 Let AELCH Then we H is a cyclicvectorfor A
if span u Au Au is dense inH

Example E 11 continued lilEvery u Y with u to andunto is cyclic
for A 8
ii A 88 has no cyclicvector Issue themultiplicityof
thespectrumis 2

Lemma L 5 Let A At EL H and suppose vet is a cyclicvector

forA Then F unitaryoperatorU H ECola du
so that UA U f XK If 7 f e Nola der
That is A is unitarilyequivalent to multiplicationbyX on oft



Recall th thHilbertspaces UELCHHa is unitary if U is
an isometric isomorphism UU Utu I

Proofof Lemma L 5 Define UflAl f for fecal
Welldefinedness I flatv11 flat v flan flat flatv v

IfPLAN u Ly Ifi du
I fllecocal

der
Since u is cyclicfor A flaw fecal H is dense
and thus U extendsto a continuous isometry H Rotadad
Since CColall c coal dy is dense ran U Loft dy
so U is an isometry
For f E ColAll

CHAU f AFUAFAN A
FUFADA FM Afd
FIX
A fat

This extendsby continuityto all fellow dad D

Example E11 continued A bE at E LCE u I ed
cyclic so Vito Vito que Iv Ff that82
L'Coal dirt E 6311.11 where 11181113 4Plainville
Themap U 6311117 63114 maps

fav III to f FY



i e U E II I E Z E
Thus UAUt Molaldad2 I ma 21 6 to in a 21 261

E CHAIdal
LemmaLL67 Let A AXELH H separable.Then F N E No to

and closedpairwiseorthogonalsubspaces Hint
lie ut w t veHn weHm n m s t H ÉHn and
i A Hn CHn
ii An F unEth which is cyclicfor Alan E LCHal i.e
spanSunAunAun CHn is dense

Proofatakeany O V E H and let thespan Atv jelly
Then i and ii holdfor Hip
6 Hit is A invariant if uethtand v eth then

AuD 14,14
0 so Au eHt

ContinuewithHt in placeof H Moreprecisely applytorn's
Lemmausingtheideas a 61 B

TheoremCT8 SpectralTheoremmultiplication operatorform
Let A AXELCH H separableThen F Radonmeasures fun
NE IN u all and a unitary operator

U H EAR dun
so that LUAU f InA It Al f AntiEn EARdunt

ProofGetHn fromlemma L6 andapply Lemma L5 to



I
each Alan D

Remark 12.7 Write M E R disjointunion I EnixR

M E Mn ie Mennen
g n X1 X so g M R

then U H E IMgu hasthepropertythat

UAV f g f FEL Mdel

Corollary C 1 A AXELCH ThenFfinitemeasurespace Ma
a boundedmeasurablefunction f onM and a unitarymap
U H UM dy sit UAW Tf i g to fg german

Comparethiswith Proposition CP2

ProofFollowRemark R 7 If we choosethevectors un generating
the cyclic subspaces of H so that Ilunk2h then

Mn IR
114112 24 so g M IdnCR co B

Example E 127 Let H l2 2 andGulp itunes un il utca nee
This is a discreteversion of id checkthat A AteReal
Recall that Ft AZ 246,23 F u 5 Fengune
is unitary Let F F A F so

Fu 5 IF I i Fu intr Fucayeine

Fa I i e if Fulntileint i et Fu nDein if

i ie ell ult



25h61417

So U F is a unitarymap as in Corollary C 2 with

HAU KI Tg on ECCO2A g 25h51

Finding explicit U is only possible in veryspecial even if
important circumstances

Weshall now extendthe continuous functionalcalculus TheoremCt6
to a more generalfunctional calculus

TheoremCT9 Borelfunctionalcalculus

Let A AHELCH Let BRAD u OCA QBorel measurable

Hull sup luki okThenthereexists a unique continuous
algefiahomomorphism q BoCoca LCH so that

i p Ifl A for fax
ii if frill fly tx e of fu f EB Toril
and Ifall is boundedthen petal off

strongly in LCH i.e 4 fr u pCflu fu EH

Moreover 4 has the properties
iii Au Xu 6 flu fun
iv f 20 44120
v If BELCH commuteswithA so ABBA then B

commutes with 44 tf E Bacall



Remark R 8 Instead of BOGAN one can use Local if
one definesthis as the spaceof equivalenceclasses of
BOGAN where u n u if uKlerk for almostall x w rt
all spectralmeasures Mun un cyclicvectorsfrombefore

Remark R9 Thepointof liil is that Bo oral is thesmallest

spaceof functions ofAl A which x contains colocal

and p is closedunderpointwiselimits ofuniformlybounded

sequences as in part iii Exercise

Proof of Theorem T 9
Existenceofy we apply corollary C A so U H E Mdu
is unitary gM IR is boundedandmeasurable

UAU Tg multiplicationbyg on EMge
Wethendefine of f f EBololad via

Up f U Tfog
Ideamotivation If A multiplicationbyX on Coaloilthen
off multiplicationby fa

It is easyto checkthatof is a algebrahomomorphism and
that i licitandCiv hold Exercise

To check ii let u E L M g then Ifulghulxilellfallalukil
is dominated by v supIlfullo lute 22Mdal and



converges pointwiseto u so Thu thu fu tu
in ECMdidby theDominated ConvergenceTheorem
Since U is unitary this implies the strongconvergence

offuk U'tTell U Tf U f f
To check v notethatTgEET whereBEUBU EL RMdm
ThisimpliesTg BETgTgB TgBtg BIT 552 and
more generally I gB II for FedEx

By continuity of Coloradoftstf.ge L UMdubweget
for all f E ColdAD

Finally using property ii andRemark R9 we get for
all f E BOGAN

Uniquenessof4 The algebrahomomorphism andcontinuity
requirements fix of on C ofAl etTheorem IG
The uniqueness on Bo ra followsfromRemark R9

Whywouldonewantto do this Themainpoint in applications
is that we can take f In Scott measurable typically

evenjust an interval Theoperator
PINE CA IN E L H

is thencalledthespectralprojector to r Note indeedthat

PCR PIM since 15 1 and PC PG so Pa is infact
an orthogonal projection



Wemoreoverhavethe relationship between Phl andspectralmeasures

VEH R ColAlmeasurable MuchEfaIndy 1 Byu Pla u u

IPinlull

Example E 13 i A 6 8 r 21 Pa 8 9
orthogonal projectionontothe 2 eigenspaceof A
Lii Let A Tf on Ello D where flax Cf

Proposition P21 So Auld Xu x In QuantumMechanics

this is the position operator Let R C IR bemeasurable

Then Peel next Y YET
NB Ahas no eigenvalues Exercise oak cake B
Physicistswouldtellyou 1 7 8 Deltadistributionatx

is an eigenfunction ofAwith Alx x1x Butofcourse
Ix E CD But doeslook like PIN projects u

onto the spanofall eigenspacesofAwitheigenvalues inn
it does sohowever in a mathematically meaningfulway

Partdueto intrinsicinterest butalso to preparetheunboundedcase
we generalizetheorem CT8 to families of commutingself adjoint
operators comparewith the simultaneousdiagonalitabilityof
commuting self adjointmatrices



TheoremCT10 H separableHilbertspace A An ELCH

commuting self adjointoperators i.e A Aj AjAFAnAj
ThenF finitemeasurespace MM

bounded measurablefunctions fi fn the R
a unitarymap U H ECMdal

so that
UAjutg x fjk ga g elite dy

XE M

j l D

Proof We will construct a functional calculusfor Ai Anland
use Theorem CT7 RieszMarkov to produce Ma
Let K ITofA E IR

Step 1 Define f la An for simplefunctions fes where
S I aj IpgW me IN ajE G RjE R
R E x xEn Ejcoff measurable

To dothis we onlyneed to defineflan An for fair
R E X i En E R We set

flan An IE CAl ten1AM E LCH
spectrapection

Step 2 For fe S Il flan An Ily Il fly supIfall
Indeed wemay write f É aj Ir where aj ee aid the
Rj C R arepairwisedisjoint and URj K



1411 max 191 ExercisePicture
ÉÉÉÉÉÉ

IEjEM
on the otherhand

É Ir LA AN
IIE IIGHT

and writing Rj II Ejp
IpgAn i Ant trull An II tejpity p ten.plAp

ftp T It teg na Ap 0 if Jfk sincethen
I

Theorem F 9 M F p s t EjpnEup 0Exercise

Therefore for vet

flan anv12 11 I g jÉÉÉjÉj
191 IlIpgAn Adult

i ME t.EE ii
I1f1
11EgII'ul

Ifl Hull

Step3 FCA An for f E Cock
Well given f e Cock pick fj ES JE IN s.tl f fjlljMo
By Step 2 Fj An AnlELCA is a Cauchysequence

and we can set



flan An Yim fj Ai An E LCH
The map

CO K If to flan AN ELCH

is linear by construction
is continuous andindeed1144111245,4m 44jllli.cn
2ymllfjlla llflla llfllcoga

of xj Aj if xj hi xn tox Exercise

dCfg1 6 f of g by approximationof fig by
elements of S

Off p f
Step4 spectralmeasures

Let ve H and set Hu flan Anu f e co k
Let us assume I H If this is notthe case use a

Zorn'slemmaargument of Lemma L 6 Since

7 COCK IR Alf FCA Antv v

is a positivebounded linearfunctional RieszMarkov Theorem4.71

produces a uniqueRadenmeasureMr on K withMIKEllull
S.t X f f f du f E Cock

Define U Hu Eck dy by
flan Anu is f

Then 11U flan ANVIE f Ifl dy HR A If
If A An V V



L flan An f IA An V v

Il fan Antully
U has denserange

U extendsuniquelyto a unitarymap ti H ECKdy
Lastly for feck UAjU f UAj ut U447

U Olg Alf v

U xjf if xjf D

Remark R 10 Theproof inclthe omittedZorn'slemmaargument also
shows that F unitary U H ECR am s7

UA Ut is multiplicationby Xj on each CCR gun
So if Al Anl has a cyclicvectorv then UAju is multiplication

by xj on ECR guv

Corollary C 2 H separableHilbertspace AEL H normal

AAHAHA Then I finitemeasurespace Min
g M E boundedmeasurable U H ECMdy unitary
Sit CUAU f x gu FI FELUMdm

Proof Let A AAH
AEI CA AH

Then Af A and AtAz and A At AA



Theorem CT10 applies giving Ma g ga M IR andU
and UAUT f UA U f till Ail't gift igf gf
for g g ti ga D

Remark R 11 Following Remark R107 thereexists in thesetting

of corollary C21 a unitarymap U H ECG gun
St UAL Ign 2 Agn121 An

In case 7 cyclicvectorfor CA Az A is unitarily equivalent

to multiplicationby t on Eck dy where

K xtiy XE dad yedad Q


