
 
We now considerdualsadjoints of unboundedoperators
Definition D3 Let A DCAlex Y be linearanddensely
definedThen At DCA CY't X with

DCA I y EY ly DCAF X H Ly'tAx yay y Ax
is continuous

isdefinedby Atty Ty E Xt the uniquecontinuous
extension of ly Wecall At the dual of A

Remark R 2 i At is well defined Ty is uniquesinceDCATX
Iii For XEDCAand y EDCAY wehave

y'tAxyay by
W CAYAW

LATEXxxxx
Looks like integrationbyparts

Example E 6 ra IR openbounded I p g o with ft't l
Let X Y LP r so X HE 470121 Consider

Ap DAY CEG C X Y Apu ou

Claim AptoAg
Well for geog r and u EDCAp wehave

lg u f g ou dx fog u dx

Ilgcall Elloglallully Thus lg has a continuous



extension IgELP
t with flu ogula forgeckos

Ag ag gecko

Theorem G3 Let A DCA X Y be denselydefined
i At DCA't Y't X is dosed
it ACB lie B DCB X Y is an extensionofA

B cA

Proof Ii Let y'te DAY with y't y't in Y't
Atty x in N

For XEDIA wethenhave

y'tAx yay Mfa Fu Ax yay
1 Satyaxxxx def ofAN

X X xxxx
y EDCAN A y x

ii Let y EDCBH and XED A CDLB then

y Ax yay Ly Bxyay BETXxxxx

y EDCAY and A y B y D

As inthe caseofboundedoperators we have a characterizationof ran A
intermsof kerfwhen rant is dosed



TheoremCT4 Let X Y beBanachspaces A D A CX Y
densely definedandclosedThen ran A CY is closedoff
ran A KerAt ye Y y y 0 KytekerAt

Proof is dearsince two Y is closed forall Wo y't

Certainly ran AEtckerAH for if XEDIA ytekerAY
then y'tAx yay ATT x 20xxx 0

Suppose now F y Et Kera IranA Since ranA rant
F y ey't St y't ran a 0 y ly l Thus VEDA
Ly'tAx y y 0 y EDCAY andA y 0

So y EKerAt but y y contradicts yetckerA D

we now specializeto the case of operatorsbetweenHilbertspaces
Definition D 3 X Y Hilbertspaces A DCACX Y densely
definedThen At DLAY Y X is definedby
DIAM yEY F Z E X sit Axg x Z AXEDCAR

Atty Z We call At the adjointof A

So Axg CxA y forXEDIAYEDCAY

Remark R 3 Recallingthe antilinear IsomorphismJ H H

Jly x x y set B At thenfor y E DIAM



and XeDCA we have

x ByHH x A Jy
AX J ly
Ax y't text I

so B is the dualoperator of A and it seems acceptable
that we shouldwrite Atfor theadjointtoo we committed

essentially the samemildabuse ofnotationalready in
Example E6 above

Definition CD4 Let A DCA CH H be a densely defined
linearoperator
i A is symmetric if Axy CxAy HxyED A
That is A cat

ii A is self adjoint if A A
Remark R 4

i If A is everywheredefined DIA H andself adjointthen
A is bounded HellingerToeplitztheorem see FAI

Iii If A is bounded DCA H and symmetricthen A is
self adjoint since AoA soDIAM H

iii If A is selfadjointthen A is dosedbyTheoremCT3 i



Example E 7 I IR smoothlybounded Consider

Ao Ao Ai Az D as unboundedoperators on ECMwhere

DIAok CECA
D Ao CRE
DCA ue CEE ul go
D Az ue CRI ulose lot

Claim1 Aw Az A are symmetric Ao is not
Check Notethat An E AzE A E to For u veDCA

we have fu or de

fyqdr fr.ru
or dx

ÉÉdr fou v dx fourdx
The integrationbypartsproduces boundaryterms forgeneral
une DCA E.g when ulost1 lato

voto Flat
wehave fu or dx fourdeftI do

Volcan
Claim2 At 2Az i.e Az is a nontrivial extensionofAz
Indeed we have fu or ax fou v dx also for

UE D AD veDCA so DAD CDCAT andthe
claimfollowsfrom DIAN EDAD



Self adjointextensions of An or to A will befound
later aswillthe closuresof Ao AzAiAo

This example showsthat symmetry or self adjointnessof a differential

operatordependsensitively on the choice of domain
In orderto give a more concreteexample weneed

Definition D 5 i We saythat u E 22110D has a weak
derivative v e Ello n if t yeCeccoID

fo up dx f Vy dx
In this case wewrite v u

ii We set H can u e Ello is u E EkoD

with norm lull I a lull Hu'll
Remark R5 i ByTheorem TD u is unique if it exists
ii H lois is a Hilbertspace Ct CoD CH CloD is
dense and H COD C CO CoD

iii For u v E H lo ID we have ur EH loinandasku'veno
So u v dx uul fouv dx

Wewill prove ii Ciii later

Example E 8 Let An CECCOIDCLUED ECCO I
Anu idatu We considervariousextensionsofAg



i Let Atif withdomainDCA H LoD

Az if with domain D Az UE H loD u could 01
Claim Af A andAEAo In particularAoAzareclosed
andsince Ao Az Az is symmetric butAo is not
andneitherAo nor Az is selfadjoint

Check Sincefor U EDCAd and veDEAD we have
foin I dt if u Tdt f n it dt

we get At Az and Artsto
Let U E DCAI we wantto show u EDCAz
By definitionofDIA F C S t UVECECONCDIAD

If u Idt AuADIE Chuke
Rieszrepresentationtheorem F we Can s t

J u Tat f wi at t ve Clio D i.e u et ul w
Moreover CA u u u Ao J u it at f in Tdt
and hence tou in

For general ve Dad getboundarytermswhen u ett

u Aol Jin Edt inch T inCortot

IIdefofAt Jo in Tdt

Atum f in Tdt
uCn ret no D V u EDIAE veDEAD



Plugging in v Ect CoB CDCADwith voto van
gives u 17 0 and v07 I uh 0 gives u107 0

Altogether we haveproved UEDead
Iii Let A idatwith domainDCA ueH loD ulo un

Then A is self adjoint i.e AFAY Exercise

We now discussthe ramificationsof choices of domainsfor
spectraltheory

Definition CD6 H Hilbertspaces A DCA CH H
Then g A Ze Q Z A DCA H is bijectivewith

boundedinverse

MAK El gIA

Op AK ZE G Z A D A H is notinjective

I A Z EQ Z A is injectivewithdenserange H
FLAK HAT I GLADu ICAI

ByTheorem T1 e AT H DCATCH is automatically
bounded when A is closed

Example E 8 continued if on DAo H 110,11
DIAFLUEH u107 6111

D Az UE H UCO UCD03



Claim1 olAo ofAz Q eventhoughAz is symmetric

Well if Z E d then ult ett E CoccoD CH coD Dlad

if u zu u E Kertz A so ZtopAo
KerCzAd o ran z AE ranCE Az so

bywhatwe havealreadyshown EE olAz
InfactopeAz 0 and so EE GLAD D

Claim 2 HAD opCA ZITZ C IR

Indeed for K E Z unit é Kt E DCAD 12th A un o
LIKE op A Ethel

For ZE 01252 Ker z A3 03
For Ze E f e Ello ID allsolutionsof GA u f
aregivenby ult e ittu lost tie it folds
The RHS indeeddefines an elementof H 10,11

If 74 252 i.e e it I we have

a o k u l e
it not f ie't l D fads

for the unique choice u lot 1 ie
it folds
l e it

Z A DCA 410is is bijectiveandthus
has a continuousinverse when t 4247

The crucial differencebetweensymmetryand the strongernotionof
self adjointness is capturedby the following result



Theorem IT I Let A DCA CH H besymmetricThen the

following are equivalent

i A At lie A is self adjoint
ii HA CIR
Liii F z z Eg A with 1mECO Im 270
in Ati DCA H and A i D A H are invertible

Characterization it istypicallythemostconvenienttocheckwhen
A is a differentialoperator say it amountsto a solvabilityand
uniqueness statement withH andDIAItypically Eand a Sobolevspace
For the proofofTheorem4.51 weneed
Lemma L 3 i If A cat then Hz Ee

N Iz A ul z 11m21dull tu eDCA

then Z Egla and I G A YLa E Il
Prooflil followsfrom 1m zayn mo my ÉÉÉÉÉ

ii implies that Z A is bijective so F G A H PHI
Theboundednessfollowsfrom sincefor nett

11m2111GATall E IlGAIHAl ul Hull D

ProofofTheorem CIS
Civ iii trivial
iii ii if toEglA then also



D Z EQ 17 to lmao C g AZo
Indeed Z A CzZd t GoA It 2 a Ry ZoA
where Rzo Zo Alt H D A is boundedby Iza
For ZeDao E AT GOATÉ ENCELYN

with such disks gla c lma 03 Similarly forZo zt
Zt d

ii i Let UED AY Since Ati is surjective F u ED A
Sit Atti u Ati no Ati no therefore

Atti u u 0

For all v eDCA this implies
D Ati u ud V u no CA i u

If we take u sit A in u u usingthesurjectivity

of A i this gives D HuYIP Uno EDCal
WehaveprovedDCA'S CDCAS ButDCA CDCAYby symmetry

DCA DCAN

i Liv ran Ati is closed if fut Ati un f EH
whee uneDCA then by Lemma L2 Ci
Hun well E Il fu fell so unconvergesto some neH



Since Ali CAFit is closed we have
Yf MylanfulETA Ati u f

Lemma L 2 i impliesthat Ati isinjective

ByTheorem T 4 ran Ati Ker Ati H H

so Ali DCA H is invertibleindeed D

As an example one can use this result specifically characterization in
to check Example E 8 ii

Example E9 4 4187 A D DCA TRISHCH H

This is self adjointand ofAl opA n ne 23

Exercise

Hereis anotherclassofexamples
Proposition P2 Let Min be afinitemeasurespace Let f M IRbe
measurable DefineTf DTy ECMdm ECMdm by
Tfu txt fault where Det fueECMdel fueECMg

Then tf is self adjoint Moreover

offkessranf xEIR M f ex e ell 0 HE 0

Proof Tf is symmetric i for uneDCF
Tfup f fut du f u ft dy tu tu

Tf Ii is invertible given g e Eam we have

UI it fat ED Tf since I f El fo utELY and



IEi El fo fueEL

SinceTf til ft g Tf ti is surjective

If 24 essrantthen F E 0 Sit It fall E a e XeM

Thustag to If Etf is an inverseof Z Tf Notehere

I Ifl E E lgI EE and If 1 IZEHAF f Efl
ZE Ightlg EL

If zeess rant let a 0 pick A c f ke e tea withMCA eco o
and consider g tf ThenUgly l Butfor XEA
I241Fete so 11Egl e So eitherEg E
inwhich case z Tf is notsurjective or Ef E E inwhich

case z Tt EDITH if it existedwouldhave
11 ItTH gl 7 É'llgl i.e wouldbe unbounded in contradiction
to Theorem CTl D

Example E 10 Ma RHiteBordmeasure fax Inthis case

Tf SUPP MI R Guygot

Remark R 6 One can also provetheself adjointnessofTf directly
Let v EDCTE Set X lx 1 Halen thenO otherwise

Itfully HM I XnTYulle monotone convergencetheorem



The III
Cu Ntv

tiny
11,2

Xna u

HI Egg TfXna v note XNEDITH
finn Since ItXulEN luiEE

Min EEE
u xnful

HI Xnfull

free so vEDITH D

Thespectraltheorem to whichwe nowturn showsthat all self
adjoint operators are unitarily equivalent to tf forsomemeasurable
f on somefinite measurespace Min


