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Abstract. We give a uniform description of resolvents and complex powers of elliptic
semiclassical cone differential operators as the semiclassical parameter h tends to 0. An
example of such an operator is the shifted semiclassical Laplacian h2∆g + 1 on a manifold
(X, g) of dimension n ≥ 3 with conic singularities. Our approach is constructive and
based on techniques from geometric microlocal analysis: we construct the Schwartz kernels
of resolvents and complex powers as conormal distributions on a suitable resolution of
the space [0, 1)h × X × X of h-dependent integral kernels; the construction of complex
powers relies on a calculus with a second semiclassical parameter. As an application,
we characterize the domains of (h2∆g + 1)w/2 for Rew ∈ (−n

2
, n

2
) and use this to prove

the propagation of semiclassical regularity through a cone point on a range of weighted
semiclassical function spaces.

1. Introduction

Consider a compact conic manifold of dimension n ≥ 3 with a single cone point. Upon
introducing polar coordinates around the cone point, this can be described as a compact
manifold X with connected embedded boundary ∂X, and a smooth Riemannian metric g
on X◦ which in a collar neighborhood [0, ε)x × ∂X of ∂X takes the form

g = dx2 + x2k(x).

Here, k(x) is a smooth family of metrics on ∂X. See Figure 1.1.

X

∂Xx

Figure 1.1. Left: a two-dimensional conic manifold. Right: its resolution,
a manifold X with boundary ∂X = x−1(0). The boundary is metrically a
point.
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Let ∆g ≥ 0 denote the Friedrichs extension. In this paper, we give a precise description of
Schwartz kernels of resolvents and complex powers of elliptic semiclassical operators related
to ∆g. Denote the diagonal in X ×X by diagX = {(p, p) : p ∈ X}.
Theorem 1.1 (Rough version of Theorem 6.3.). Let

Ah = h2∆g + 1. (1.1)

Let w ∈ C. Then the complex power A
w/2
h , h ∈ (0, 1), defined using the functional cal-

culus for ∆g and restricted to the domain C∞c (X◦), is a weighted semiclassical cone pseu-
dodifferential operator. This means that it has a distributional Schwartz kernel1 of the
following form: on a resolution X2

c~ of [0, 1)h ×X ×X, see Figure 1.2, it can be written as

A
w/2
h = B(w)+C(w), where B(w) is conormal of order w to the lift diagc~ of [0, 1)h×diagX

to X2
c~ and vanishes to infinite order at lb, rb, sf, while C(w) is smooth in the interior of

X2
c~, vanishes to infinite order at sf, df and has polyhomogeneous expansions at all other

boundary hypersurfaces.

Restriction to various parts of the double space X2
c~ gives standard objects: (1) for any

fixed h = h0 > 0, A
w/2
h0

is a b-pseudodifferential operator [Mel93, §5], as observed previously

by Loya [Loy03a]; (2) if φ ∈ C∞(X) vanishes near ∂X, then φA
w/2
h φ is a semiclassical ps.d.o.

[Zwo12, Part 4]. See Remark 3.4 for further details.

Remark 1.2. We in fact describe inverses and complex powers for a general class of fully
elliptic semiclassical cone differential operators, see Definition 2.4 as well as Theorems 3.10
and 5.2; for simplicity of presentation, we shall restrict ourselves to the case (1.1) in the
introduction.

The semiclassical resolvent (h2∆g − λ̃)−1 for fixed λ̃ /∈ [0,∞) has the same structure.
This is closely related to [Loy02], where Loya constructed (∆g − λ)−1 as an element of a
suitable large parameter cone calculus, with uniform control as λ→∞ in suitable sectors in
the complex plane. Large parameter calculi are slightly more precise than semiclassical ones
(related via h = |λ|−1/2, λ̃ = λ/|λ|) in that differentiation of a large parameter operator
in the parameter reduces its differential order: symbols of large parameter operators are
symbolic jointly in λ and the momentum variables. See also [Vas13, §2]. The advantage
of semiclassical calculi however is that they are directly amenable to geometric microlocal
techniques, allowing us to significantly simplify and streamline the constructions in [Loy02],
and paving the way also for the subsequent somewhat involved construction of the doubly
semiclassical calculus needed for the construction of the complex powers of Theorem 1.1
(see also the discussion following equation (1.6) below).

We stress that the present paper concerns the off-spectrum behavior of the high energy
resolvent of conic Laplacians. On the other hand, in recent work, Chen Xi [Xi20] gives a
detailed construction of the high energy resolvent of conic Laplacians near the spectrum,
with applications to Strichartz estimates for Schrödinger operators. Combining the present
paper with [Xi20] thus gives a rather complete description of the high energy resolvent.

Our construction of complex powers follows Seeley’s original approach [See67] (see also
[Sch86]). In the non-semiclassical conic setting, Loya [Loy03b] employed an argument using
the heat kernel constructed in [Loy03a], see also [Gil03]. Imaginary powers were constructed

1We use the same notation for an operator and its Schwartz kernel.
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Figure 1.2. The semiclassical cone double space X2
c~, see Definition 3.1,

and its boundary hypersurfaces. Here, x and x′ are the pullbacks of the
boundary defining function to the first and second factor of X × X. Also
shown is the diagonal diagc~. For dimensional reasons, variables in ∂X×∂X
cannot be depicted.

by Coriasco–Schrohe–Seiler [CSS03] (with quantitative operator norm bounds as | Imw| →
∞) based on Schulze’s cone calculus [Sch91, Sch94, Sch98]; see also [GKM06]. Constructions
on general classes of manifolds can be found in [Sch88, ALNV04]. For manifolds with
boundaries or corners, see [Gru96, RS84, Loy01b]. The relationship between Schulze’s cone
calculus and Melrose’s geometric microlocal point of view (which the present paper is based
on) is explained by Lauter–Seiler in [LS01].

We give an application of Theorem 1.1 to the propagation of semiclassical regularity (am-
plitudes of oscillations of frequency h−1) through cone points for solutions of the equation

(h2∆g − 1)u = f ; (1.2)

notice the minus sign, which makes this into a semiclassically non-elliptic equation. Such
estimates have been obtained in a number of different settings: Cheeger–Taylor [CT82b,
CT82a], see also [KM82], analyzed wave propagation on exact cones, followed by Melrose–
Wunsch [MW04], using geometric microlocal techniques, on general conic manifolds, see also
[Vas08, MVW08]; these papers also prove diffractive regularity improvements via the use of
the edge calculus [Maz91, MV14]. (For recent results on the fine properties of the diffracted
wave, see [FHH18, Yan20].) More recently, Baskin–Marzuola [BM19] proved semiclassical
propagation estimates on unweighted spaces (relative to the quadratic form domain). We
also mention the closely related works by Gannot–Wunsch [GW18] on semiclassical diffrac-
tion by conormal potentials, and by Hillairet–Wunsch [HW17] on high energy resonances
generated by conic diffraction.

In order to obtain sharp propagation estimates on function spaces which admit weights
xl (relative to the quadratic form domain) at the cone point, it is convenient to conjugate
the PDE (1.2) by an operator which (1) commutes with the operator h2∆g − 1 and (2) is,
roughly, homogeneous of degree l with respect to dilations in x; for the analysis of the
resulting equation, one can then appeal to results of [BM19]. A natural choice for such an
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operator is the power (h2∆g + 1)−l/2. A crucial input, needed to guarantee that microlocal
assumptions and conclusions on geodesics going into or coming out of the cone point are
preserved under such a conjugation, is that such a power preserves semiclassical wave front
sets (see §6.2)—which semiclassical ps.d.o.s do indeed; Theorem 1.1 provides this input.

For now, we only state a regularity result in which we conclude uniform (as h→ 0) bounds
on u near the cone point assuming locally uniform bounds in a punctured neighborhood of
the cone point:

Theorem 1.3. For Ah = h2∆g + 1 as in (1.1), denote the domains of its complex powers

by Dwh := D(A
w/2
h ) for w ∈ C. Let l ∈ (−n−2

2 , n−2
2 ). Suppose u ∈ h−ND1+l

h solves (h2∆g −
1)u = f with f ∈ hD−1+l

h (i.e. h−1f has uniformly bounded norm in D−1+l
h as h → 0). If

u is uniformly bounded in L2 (as h→ 0) when microlocalized to every open bounded subset

of T ∗X◦, then u ∈ D1+l
h .

See Theorem 6.6 for a more natural statement on a truncated cone: the assumption on u
is then that u bounded when microlocalized away from directions which are outgoing from
the cone point, and the conclusion gives uniform bounds on u everywhere; that is, one can
propagate uniform control through the cone point to the outgoing directions.

As a consequence of our analysis, and as briefly motivated below, there is a scale of
weighted Sobolev spaces naturally associated with the algebra of semiclassical cone opera-
tors (see Definition 3.14),

Hs,α,τ
c,h (X; |dg|) =

(
x

x+h

)α
(x+ h)τHs

c,h(X; |dg|), s, α, τ ∈ R.

As a vector space, this is the fixed weighted b-Sobolev space xαHs
b (X; |dg|) (see Appen-

dix A), but its norm is h-dependent and captures precise semiclassical behavior near the
cone point. For example, for k ∈ N0, an h-dependent family of distributions u lies in

Hk,α,τ
c,h (X; |dg|) if and only if ( x

x+h)−α(x + h)−τV1 . . . Vju ∈ L2(X; |dg|) for all j = 0, . . . , k

and each Vi of the form Vi = h
x+hWi, where Wi is a smooth vector field on X tangent to ∂X

(i.e. a b-vector field). Note that weights2 (x+ h)τ interact well with b-vector fields W (or
their rescalings V = h

x+hW ) in the sense that (x+h)−τW (x+h)τ = W+τ(x+h)−1[W,x+h],
where the zeroth order term is x

x+h times a smooth function on X and thus in particular

uniformly bounded near h = x = 0; likewise for weights ( x
x+h)α.

Our final main result identifies the domains Dwh = D(A
w/2
h ) of powers A

w/2
h uniformly as

h→ 0 (i.e. with uniformly equivalent norms) in terms of these spaces:

Theorem 1.4 (Brief version of Theorem 6.3). Let Ah = h2∆g + 1 and put Dwh = D(A
w/2
h ).

Then for |Rew| < n
2 , we have3

Dwh = HRew,Rew,0
c,h (X; |dg|).

This is false without the restriction on Rew; see [MW04, §3] and Remark 6.5.

Our proof of Theorem 1.1 uses techniques from geometric microlocal analysis; see Ap-
pendix A for a brief review. Thus, in §3 we define the space Ψc~(X) of semiclassical cone

2One could equivalently use powers of
√
x2 + h2.

3In the main body of the paper, we will use a b-density on X rather than the metric density |dg|, which
leads to a shift of the weights in Theorem 6.3 by n

2
relative to the present statement.
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pseudodifferential operators on X as distributions on X2
c~, conormal to diagc~ smoothly

down to ff, tf, df, which vanish to infinite order at lb, rb, sf; we also consider a large calculus
which allows for general polyhomogeneous asymptotics at ff, tf, lb, rb. Typical vector fields
V ∈ Ψ1

c~(X) are of the form V = h
x+hW with W a b-vector field on X. Concretely, working

in local coordinates [0, ε)x × Rn−1
y near a point in ∂X, we have

h
x+hxDx,

h
x+hDy1 , . . . , h

x+hDyn−1 ∈ Ψ1
c~(X). (1.3)

For fixed h > 0, these vector fields are smooth multiples of xDx and Dyj , thus typical
b-vector fields, while for x bounded away from 0, they are smooth multiples of hDx and
hDyj , thus typical semiclassical vector fields. Finally, dividing them by h and formally

setting h = 0, they are equal to Dx and x−1Dy, thus typical vector fields near a cone
point. The span of the vector fields (1.3) over a suitable space of smooth functions forms a
Lie algebra, see Remark 3.3; thus, the present paper can be regarded as a contribution to
the investigation of classes of (pseudo)differential operators associated with Lie algebras of
vector fields with controlled degenerations; see e.g. [MM87, Mel96, MM99, AGR17].

More generally, one can work with weighted operators; we then have

Ah = h2∆g + 1 ∈
(

x
x+h

)−2
Ψ2

c~(X). (1.4)

Indeed, in the case of a product cone [0,∞)x × ∂X with metric g0 = dx2 + x2k, k a fixed
metric on ∂X, we have

h2∆g0 + 1 = (hDx)2 − i(n− 1)hx−1hDx + h2x−2∆k + 1, D =
1

i
∂. (1.5)

In order to relate this to (1.3), note that h2x−2∆k = ( x
x+h)−2 ·

(
h

x+h

)2
∆k, with

(
h

x+h

)2
∆k

being an operator created out of the vector fields (1.3) (with suitably smooth coeffi-
cients), similarly for the other terms of (1.5). The term B(w) in Theorem 1.1 then lies
in ( x

x+h)−wΨw
c~(X), while C(w) has differential order −∞ but nontrivial expansions at

ff, lb, rb, thus lies in the large calculus.

The construction of the inverse of Ah in Theorem 1.1 proceeds in three steps: (1) a
symbolic parametrix construction, analogous to the elliptic parametrix construction on
closed manifolds; (2) an improvement of the parametrix at ff (requiring inversion of a
model operator Nff(A)) which is very similar to the construction of precise parametrices
for elliptic b-operators in [Mel93, §5]; (3) an improvement of the parametrix at tf, which
requires inversion of a model operator Ntf(A) which captures the transition between the
elliptic b-behavior at x = 0, h > 0 and the conic behavior at h = 0, x → 0+. Formally,
Ntf(A) is constructed by passing to the coordinates (h, x̂) with x̂ = x

h and restricting to
h = 0. In the setting of Theorem 1.1, this produces a shifted Laplacian on an exact cone,

Ntf(A) = ∆g0 + 1 = D2
x̂ − i(n− 1)x̂−1Dx̂ + x̂−2∆k(0) + 1, g0 = dx̂2 + x̂2k(0),

on [0,∞)x̂× ∂X. This is a weighted elliptic b-differential operator at the cone point x̂ = 0,
and an elliptic scattering operator [Mel94] at the large end of the cone, and its analysis is
a standard application of the b- and scattering calculi.

Next, following Seeley’s approach, we define A
w/2
h as the integral

A
w/2
h =

i

2π

∫
γ
λ̃w/2(Ah − λ̃)−1 dλ̃ (1.6)
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along a suitable (unbounded) contour γ. Thus, one needs to understand the behavior

of (Ah − λ̃)−1 uniformly as |λ̃| → ∞. Upon factoring out |λ̃|−1 and defining (h̃, ω̃) =

(|λ̃|−1/2, λ̃/|λ̃|), we must therefore control (h̃2Ah − ω̃)−1, the resolvent of a conic operator
with two semiclassical parameters. The development of a suitable pseudodifferential calcu-
lus Ψc~~̃(X) for such operators is the technical heart of the paper. Roughly speaking, the
inversion of elliptic elements of Ψc~~̃(X) again requires the inversion of certain model opera-
tors, the most complicated one of which is now itself an elliptic semiclassical cone operator;
in this sense, this analysis has an iterative character. We give details in §4. Theorem 1.1
then follows from standard push-forward theorems for (polyhomogeneous) conormal dis-

tributions [Mel92, Mel96]. Obtaining the sharp structure and order of A
w/2
h relies on a

simple trick relating semiclassical (in h̃) and large parameter (in λ̃) symbol expansions; as
this appears not to have been explicitly described in the literature before, we explain this
in §5.1 for powers of differential operators on closed manifolds.

The structure of the paper is as follows. In §2, we define the class of fully elliptic (semi-
classical) cone differential operators, following [Loy02, Gil03]. In §3, we develop the semi-
classical cone ps.d.o. calculus; in particular, we give a streamlined proof of (a generalization
of) the main result of [Loy02] in §3.3. The doubly semiclassical cone calculus is developed
in §4 and subsequently used in §5 in the construction of complex powers of semiclassical
cone operators. The application to complex powers of semiclassical conic Laplacians and
propagation estimates is given in §6.

The results regarding inversions and complex powers presented here admit straightfor-
ward extensions to the case of semiclassical cone operators acting on sections of a smooth
vector bundle on X. Moreover, one can allow X to have any finite number of cone points.
We leave the (notational) details to the reader.

Acknowledgments. I am grateful to Jared Wunsch, András Vasy, and Boris Vertman for
helpful conversations, and to Chen Xi for sharing a preliminary version of his manuscript
[Xi20] with me. Many thanks are due to two anonymous referees whose detailed comments
led to significant improvements in the quality and precision of the exposition. I gratefully
acknowledge support from the NSF under Grant No. DMS-1955614 and from a Sloan Re-
search Fellowship. Part of this research was conducted during the time I served as a Clay
Research Fellow.

2. Semiclassical cone differential operators

Denote by X a connected compact n-dimensional manifold with connected and embedded
boundary. Fix a boundary defining function x ∈ C∞(X), so ∂X = x−1(0), dx 6= 0 at ∂X.

Definition 2.1. Let m ∈ N0. Then

Diffmc,~(X) :=
∑
j≤m

(h
x

)j
C∞
(
[0, 1)h; Diffjb(X)

)
.

For A ∈ Diffmc,~(X) and h0 ∈ (0, 1), Ah0 ∈ x−mDiffmb (X) is the restriction of A to h = h0.

This space of operators is independent of the choice of x. An interesting class of examples
is given by operators of the form

Ah,ω := hmx−mAb − ω, Ab ∈ Diffmb (X), h ∈ (0, 1], ω ∈ C; (2.1)
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for m = 2, this class includes the semiclassical conic Laplace operators in Theorem 1.1 in
view of the expressions (1.5) (for exact cones) and (6.2) (for general cones).

Denote local coordinates on ∂X by y ∈ Rn−1. Then in a collar neighborhood [0, ε)x×∂X
of ∂X, a general element A ∈ Diffmc,~(X) takes the form

A =
∑

k+|α|≤j≤m

(h
x

)j
ajkα(h, x, y)(xDx)kDα

y , ajkα(h, x, y) ∈ C∞([0, 1)h × [0, ε)x × Rn−1
y ).

(2.2)

There is a standard notion of ellipticity for the b-differential operators xmAh, h > 0,
namely the nonvanishing of

∑
k+|α|=m amkα(h, x, y)ξkbη

α
b for (0, 0) 6= (ξb, ηb) ∈ R × Rn−1.

Similarly, in x > x0 > 0, i.e. away from ∂X, the h-dependent operator A is a semiclassical
operator, A ∈ Diffmh (X◦), for which there is again a standard notion of ellipticity which re-
quires that the semiclassical principal symbol

∑
k+|α|=j≤m x

−jajkα(0, x, y)ξkηα be bounded

from below in absolute value by c0(1 + |ξ|+ |η|)m, c0 > 0, for all (ξ, η) ∈ R× Rn−1.

Fredholm or invertibility properties of elliptic b-operators depend on a choice of weight
for which the b-normal operator is invertible. Note that

xmAh =
∑

k+|α|≤m

hmamkα(h, x, y)(xDx)kDα
y +

∑
k+|α|≤j≤m−1

xm−jhjajkα(h, x, y)(xDx)kDα
y .

hence the normal operator of xmAh, given by freezing coefficients at x = 0, only depends
on the coefficients ajkα(h, 0, y) for j = m.

Definition 2.2. Fix a collar neighborhood of ∂X. The b-normal operator of A ∈ Diffmc,~(X)
is then the h-dependent operator

Nh,∂X(A) := x−mN∂X(h−mxmAh) ∈ C∞
(
[0, 1);x−mDiffmb ([0,∞)x × ∂X)

)
.

If Nh,∂X(A) is independent of h, we put, for any h0 ∈ (0, 1),

N∂X(A) := Nh0,∂X(A) ∈ x−mDiffmb ([0,∞)x × ∂X).

In terms of (2.2), we have Nh,∂X(A) = x−m
∑

k+|α|≤m amkα(h, 0, y)(xDx)kDα
y , which is

h-independent if and only if the coefficients amkα(h, 0, y) are h-independent; all semiclassical
cone operators A in this paper will have h-independent b-normal operators. For such A,
and in the notation of Appendix A, we recall the definition of its boundary spectrum:

specb(A) :=
{
σ ∈ C :

(
xmN∂X(A)

)̂(σ) ∈ Diffm(∂X) is not invertible on C∞(∂X)
}
.

Lastly, when both h and x are small, let us introduce the rescaled variable x̂ = x/h, then

A =
∑

k+|α|≤j≤m

x̂−jajkα(h, hx̂, y)(x̂Dx̂)kDα
y .

This can be restricted to h = 0, giving rise to the model operator

Ntf(A) :=
∑

k+|α|≤j≤m

x̂−jajkα(0, 0, y)(x̂Dx̂)kDα
y on +N∂X := [0,∞]x̂ × ∂X. (2.3)

Here we compactified [0,∞)x̂ radially at infinity, with x̂−1 a boundary defining function of
{∞}. Note that in x̂ < 3, we have

x̂mNtf(A) =
∑

k+|α|≤j≤m

x̂m−jajkα(0, 0, y)(x̂Dx̂)kDα
y ∈ Diffmb ([0, 3)x̂ × ∂X),
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which is thus a b-differential operator with smooth coefficients (and has normal operator
equal to the restriction to h = 0 of the pullback of Nh,∂X(xmA) along (h, x̂) 7→ (h, hx̂)).
On the other hand, for x̂ > 1, we have

Ntf(A) =
∑

k+|α|≤j≤m

x̂k+|α|−jajkα(0, 0, y)
(
x̂−k(x̂Dx̂)k

)
(x̂−1Dy)

α, (2.4)

which is thus an unweighted m-th order scattering operator near x̂ = ∞, that is, a finite
sum of up to m-fold compositions of scattering vector fields Dx̂, x̂−1Dy with smooth (down
to x̂−1 = 0) coefficients. A natural function space for Ntf(A) to act on is thus:

Definition 2.3. Fix a cutoff χ ∈ C∞c ([0, 3)x̂), χ ≡ 1 on [0, 2], and a smooth volume density
µ∂X on ∂X. Then the space4 Hs,α

b,sc([0,∞]x̂ × ∂X) consist of all distributions u such that

χu ∈ x̂αHs
b

(
[0, 3)x̂ × ∂X;

∣∣dx̂
x̂

∣∣µ∂X), (1− χ)u ∈ Hs
sc

(
(1,∞]x̂ × ∂X, x̂n−1|dx̂|µ∂X

)
.

Here, for s ∈ N0, Hs
b consists of distributions which remain in L2 upon application of up to

s smooth vector fields tangent to x̂−1(0) (that is, x̂Dx̂ and vector fields on ∂X), while Hs
sc

consists of distributions which remain in L2 upon application of up to s smooth scattering
vector fields, i.e. vector fields of the form x̂−1V with V tangent to x̂ =∞ (that is, Dx̂ and
x̂−1 times b-vector fields on ∂X).

The notion of full ellipticity is then:

Definition 2.4. Let α ∈ R. We say that A ∈ Diffmc,~(X) with h-independent b-normal
operator N∂X(A) is fully elliptic at weight α if the following conditions hold:

(1) For all h > 0, xmAh ∈ Diffmb (X) is elliptic as a b-differential operator on X.
(2) Restricted to X◦, A ∈ Diff~(X◦) is elliptic as a semiclassical differential operator

on [0, 1)h ×X◦.
(3) α /∈ − Im specb(A), and Ntf(A) : Hs,α

b,sc(
+N∂X) → Hs−m,α−m

b,sc (+N∂X) is invertible

for some s ∈ R, and elliptic as a b-scattering operator. (Restricted to +N∂X =
[0,∞)x̂ × ∂X, x̂mNtf(A) is an elliptic b-differential operator, and the scattering
principal symbol of Ntf(A) at x̂−1(∞) is elliptic, meaning in terms of (2.4) that
|
∑

k+|α|=j≤m ajkα(0, 0, y)ξkscη
α
sc| ≥ c0(1 + |ξsc| + |ηsc|)m, c0 > 0, for all (ξsc, ηsc) ∈

R× Rn−1.)

Remark 2.5. Condition (3) is equivalent to just the invertibility of Ntf(A): by standard
elliptic b-theory, the invertibility of Ntf(A) in part (3) in fact implies α /∈ − Im specb(A)
(see [Mel93, §6.2]), and the symbolic ellipticity follows by oscillatory testing.

See §3.1 for a cleaner formulation of conditions (1)–(3) and the definition (2.3) of the
normal operator, using in particular a notion of principal symbol which captures the ellip-
ticity of A in the b-, semiclassical, and b-scattering senses. See §6 for the detailed analysis
of shifted conic Laplacians h2∆g + 1 (with m = 2) and the verification of the conditions of
Definition 2.4 in this context.

Remark 2.6. We are not studying operators which are elliptic in the sense that xmA is an
elliptic element of Diffmb,~(X), such as x−2(h2∆b + 1), m = 2. For such an operator, the
boundary spectrum depends nontrivially on h, and the Schwartz kernel of its inverse fails
to be polyhomogeneous at [0, 1)h × (lb ∪ rb). See also [Loy01a].

4This space is called a cone Sobolev space in [Loy02, §6].
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3. Semiclassical cone calculus and semiclassical resolvent

Fix an operator A ∈ Diffmc,~(X) which is fully elliptic at weight α ∈ R in the sense of
Definition 2.4. In this section, we shall give a precise description the semiclassical resolvent
A−1
h . The main result is Theorem 3.10 below, describing A−1

h as an element of the (large)
semiclassical cone calculus Ψc~(X). Complex powers of Ah will lie in the same calculus, as
we will show in §5.3. The associated scale of Sobolev spaces is defined in §3.4.

We remark that in the special case A = hmAc − ω, Ac = x−mAb, Ab ∈ Diffmb (X) as
in (2.1), we have (h−mAh)−1 = (Ac − λ)−1 for λ = h−mω, which is the resolvent of an
operator in a calculus of cone operators with large parameter λ. Now, large parameter
ps.d.o.s are slightly more precise than semiclassical ps.d.o.s in that the latter do not encode
the joint symbolic behavior in (ζ, λ) (with ζ denoting a suitable ‘cone momentum’) and

rather only keep track of symbolic behavior in ζ and powers of h ∼ |λ|−1/m separately.
(See also [Vas13, §2.1] for more on the relationship.) Therefore, Loya’s work [Loy02] gives a
slightly more precise description of A−1, though the precision lost here is easily recovered,
cf. §5.1. The benefit of working with semiclassical ps.d.o.s is the geometric simplicity of
their Schwartz kernels: they are conormal distributions on a suitable double space, here a
resolution of [0, 1)h×X2. By contrast, the Fourier transform in ζ does not identify the space
of joint symbols in (ζ, λ) with a parameterized (by λ) space of conormal distributions. By
working semiclassically, we can thus streamline the arguments of [Loy02], yet maintaining
the precision of [Loy03b] in the description of complex powers in §5. We will also simplify the
treatment of the normal operator Ntf(A) arising in (2.3) compared to [Loy02] by analyzing
it within the b-scattering calculus, see in particular (3.11).

3.1. Definition of the semiclassical cone calculus. We denote by X a connected com-
pact n-dimensional manifold with connected embedded boundary ∂X.

3.1.1. Double space; Schwartz kernels. Recall the definition of the b-double space

X2
b := [X2; (∂X)2], (3.1)

whose boundary hypersurfaces are denoted lbb (the lift of ∂X×X), rbb (the lift of X×∂X),
and ffb (the front face). The b-diagonal diagb ⊂ X2

b is the lift of the diagonal diagX ⊂ X2.

Definition 3.1. The semiclassical cone double space is

X2
c~ :=

[
[0, 1)h ×X2

b; {0} × ffb; {0} × diagb

]
.

Its boundary hypersurfaces are denoted lb (lift of [0, 1)h× lbb), ff (lift of {0}× ffb), rb (lift
of [0, 1)h × rbb), tf (‘transition face’, front face of the first blow-up), df (‘diagonal face’,
front face of the second blow-up), and sf (‘semiclassical face’, lift of h = 0). By diagc~ we
denote the lift of [0, 1)h × diagb. See Figure 1.2.

We denote by ρlb, ρff , etc. defining functions of lb, ff, etc. Denote by πb : X2
c~ → X2

b the
lift of the projection [0, 1)h ×X2

b → X2
b. The space of semiclassical cone ps.d.o.s is then:

Definition 3.2. Let m ∈ R. Then5

Ψm
c~(X) :=

{
κ ∈ Im− 1

4

(
X2

c~; diagc~; ρ−ndf π
∗
b

(
bΩ

1
2 (X2

b)
))

: κ ≡ 0 at lb ∪ rb ∪ sf
}
,

5Locally, such elements are Fourier transforms of symbols of m; the shift of the order by 1
4

is due to the

standard normalization of conormal distributions, see [Hör71, §2.4].
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where ‘≡’ means equality of Taylor series; that is, κ vanishes to infinite order at lb, rb, and
sf. If Elb, Eff , Erb, Etf ⊂ C× N0 are index sets and E = (Elb, Eff , Erb, Etf), we set

Ψ−∞,Ec~ (X) := AEphg(X2
c~),

where AEphg(X2
c~) consists of polyhomogeneous distributions with specified index sets at

lb,ff, rb, tf, and with index set ∅ (not made explicit in the notation) at df and sf.

Schwartz kernels of elements of Ψ−∞,Ec~ (X) are pullbacks to X2
c~ of polyhomogeneous

distributions on the simpler space

X2
c~,∞ =

[
[0, 1)h ×X2

b; {0} × ffb

]
(3.2)

vanishing to infinite order at the lift of h = 0. The lift of [0, 1)h×diagb to X2
c~,∞ is denoted

diagc~,∞ ⊂ X2
c~,∞. (3.3)

To make Definition 3.2 concrete for elements of Diffc,~(X), let us work in local coordinates
(x, y) on X lifted to the left factor of X2, and with (x′, y′) denoting the lifts to the right
factor. We can use (h, x′, s = x/x′, y, y′) as local coordinates on [0, 1)h× (X2

b \ rb) in which

the Schwartz kernel of, say, Ah = hmx−m(xDx)jPm−j(y,Dy), Pm−j ∈ Diffm−j(∂X), acting
on b-half-densities, is given by

Ah = hm(x′)−ms−m(sDs)
jPm−j(y,Dy)

(
δ(s− 1)δ(y − y′)

) ∣∣∣∣dss dx′

x′
dy dy′

∣∣∣∣ 1
2

. (3.4a)

Near tf ∩ ff and in coordinates (h, x̂′ = x′

h , s, y, y
′), this is equal to

Ah = (x̂′)−ms−m(sDs)
jPm−j(y,Dy)

(
δ(log s)δ(y − y′)

) ∣∣∣∣dss dx̂′

x̂′
dy dy′

∣∣∣∣ 1
2

, (3.4b)

with x̂′ a local defining function of ff. Near tf ∩ df and in coordinates (ĥ = h
x′ , x

′, sh =

ĥ−1 log s, y, Yh = y−y′
ĥ

), this is

Ah = e−mĥshDj
sh
ĥm−jPm−j(y, ĥ

−1DYh)
(
δ(sh)δ(Yh)

)
· ĥ−n

∣∣∣∣dss dx̂′

x̂′
dy dy′

∣∣∣∣ 1
2

. (3.4c)

The operator Ah is thus an element of ρ−mff Ψm
c~(X). This implies the relationship

Diffmc,~(X) ⊂ ρ−mff Ψm
c~(X) =

(
x

x+h

)−m
Ψm

c~(X). (3.5)

One could use different normalizations in the definition of Ψm
c~(X) (e.g. by multiplying the

Schwartz kernels by ρ−mff ); we choose the present normalization as it directly matches the
familiar b-calculus for h bounded away from 0 (see Remark 3.4 below), and as it leads to
simpler definitions of symbol and normal operator maps later on.

From the calculations (3.4a)–(3.4c), one can also deduce that the vector fields h
h+xxDx,

h
h+xDyj from (1.3) are nondegenerate elements of Ψ1

c~(X), that is, their principal symbols
are nonzero linear functions in every fiber of N∗diagc~. Thus, a choice of boundary defining
function x ∈ C∞(X) gives a bundle isomorphism N∗diagc~

∼= [[0, 1)h×bT ∗X; {0}×bT ∗∂XX],
given by identifying the dual bundles via mapping h-independent b-vector fields V ∈ Vb(X)
to the lifts to the left factor in X2

c~ of h
h+xV . See Remark 3.3 below for a better, invariant,

point of view.
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We stress that Ψc~(X) is not a resolution of the algebra Ψb,~(X) of semiclassical b-

ps.d.o.s: the semiclassical parameter of the latter is h, compared to h
h+x for semiclassical

cusp ps.d.o.s. The fact that h
h+x does not vanish at tf causes the failure of the tf-normal

operator homomorphism to map into a commutative algebra, as discussed below. (By
contrast, the vanishing of h

h+x at df is the origin of the leading order commutativity at df

captured by (3.8).) One may thus think of Ψm
c~(X) as consisting of operators of the form

a
(
h, x, y, h

h+xxDx,
h

h+xDy

)
,

where a(h, x, y, ξ, η) is a symbol of order m in (ξ, η) with smooth dependence on the point
z = (h, x, y) ∈ Xc~, where

Xc~ := [[0, 1)h ×X; {0} × ∂X] (3.6)

is the semiclassical cone single space, discussed in detail in §3.4.

Remark 3.3. A simple calculation shows that the span of h
h+xVb(X) over C∞(Xc~) is a Lie

algebra (which is independent of the choice of x) which one could reasonably call Vc~(Xc~).
(The corresponding algebra of differential operators contains ( x

x+h)mDiffmc,~(X) for all m, cf.

(3.5).) This is then the space of smooth sections of a natural vector bundle c~TXc~ → Xc~;
the corresponding cotangent bundle c~T ∗Xc~ is then naturally isomorphic to N∗diagc~.
However, operators occurring in practice are typically expressed as in Definition 2.1 rather
than in terms of the vector fields (1.3), hence we do not develop this invariant point of view
further here.

Remark 3.4. The relationship of the semiclassical cone calculus with other ps.d.o. calculi

is the following. Let A ∈ Ψm
c~(X) + Ψ−∞,Ec~ (X), identified with its Schwartz kernel, and let

φ ∈ C∞([0,∞)) be identically 0 near 0.

(1) In h > 0, A is a smooth family of b-pseudodifferential operators,

φ(h)A ∈ C∞
(

(0, 1)h; Ψm
b (X) + Ψ−∞,Eb (X)

)
.

(2) Localizing away from the preimage of x = 0 or x′ = 0, A is a semiclassical b-
pseudodifferential operator,

φ(x)A ∈ x∞Ψm
b,~(X) + h∞Ψ

−∞,(∅,∅,Erb)
b,~ (X),

φ(x′)A ∈ x∞Ψm
b,~(X) + h∞Ψ

−∞,(Elb,∅,∅)
b,~ (X).

(3.7)

Here, Ψb,~ consists of distributions conormal to the lift of [0, 1)h × diagb to the
semiclassical b-double space [[0, 1)h ×X2

b; {0} × diagb], see [HV18, Appendix A].
(3) As a consequence of (2), φ(x)φ(x′)A ∈ Ψm

~ (X◦) is a semiclassical ps.d.o.

3.1.2. Symbol and normal operator maps. There are a number of symbol and normal op-
erator maps for semiclassical cone ps.d.o.s. The high frequency principal symbol is valued
in (Sm/Sm−1)(N∗diagc~). It captures A ∈ Ψm

c~(X) modulo Ψm−1
c~ (X). As usual for semi-

classical operators, there is an additional (commutative) symbol which captures A modulo
ρdfΨ

m
c~(X). For a fixed choice of ρdf , it is invariantly obtained by restricting κ ∈ Ψm

c~(X) to

df which is naturally identified with the radial compactification bTX, and Fourier trans-

forming in the fibers of bTX (using the fiber density induced by the half-density of the
Schwartz kernel to integrate). Since this computes the restriction of the full symbol of κ to
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df, we combine this symbol map with the high frequency principal symbol to the principal
symbol6

c~σm : Ψm
c~(X)→ (Sm/ρdfS

m−1)(N∗diagc~).

This fits into the short exact sequence

0→ ρdfΨ
m−1
c~ (X)→ Ψm

c~(X)
c~σm−−−→ (Sm/ρdfS

m−1)(N∗diagc~)→ 0. (3.8)

Next, restriction to ff ∼= [0, 1)h × ffb gives the usual b-normal operator, with smooth
dependence on the parameter h,

Nff : Ψm
c~(X)→ C∞

(
[0, 1)h; Ψm

b,I(
+N∂X)

)
, (3.9)

where +N∂X is the inward pointing normal bundle of X (including the zero section), and
Ψb,I denotes the space of b-ps.d.o.s whose Schwartz kernel is invariant under the lift of the
diagonal action of R+ on +N∂X × +N∂X to (+N∂X)2

b. (The definition (3.9) uses that
there is a natural diffeomorphism of ffb and the front face of (+N∂X)2

b, and that there

is a natural restriction map bΩ
1
2 (X2

b)|ffb
∼= bΩ

1
2 (ffb), see [Mel93, Equation (4.90)].) The

corresponding short exact sequence is

0→ ρffΨm
c~(X)→ Ψm

c~(X)
Nff−−→ C∞

(
[0, 1)h; Ψm

b,I(
+N∂X)

)
→ 0.

Remark 3.5. For A ∈ Diffmc,~(X), the symbolic ellipticity conditions in all three parts of Defi-

nition 2.4 taken together are equivalent to the ellipticity of the principal symbol c~σm(ρmff A),
as follows from an inspection of (3.4a)–(3.4c). Moreover, the first part of condition (3) of

Definition 2.4 implies the invertibility of Nff(ρmff A) on weighted b-Sobolev spaces on +N∂X
with weight −α. (Note that in a trivialization of +N∂X via the choice of a boundary
defining function, Nff(ρmff A) is a smooth positive multiple of a conjugation of N∂X(A) by a
smooth nonzero function on [0, 1)× ∂X.) Together, this gives a symbolic characterization
of full ellipticity.

The third and final model operator arises by restriction to tf as in (2.3); to obtain a
convenient description, we shall first show that tf is, in a natural fashion, the double space
for a ps.d.o. algebra consisting of operators which are b-operators at x̂ = 0 and scattering
operators at x̂ = ∞ in the notation of (2.3). The underlying manifold for this algebra

will be the compactification +N∂X, defined in a trivialization +N∂X ∼= [0,∞)x̂ × ∂X as

[0,∞]× ∂X, where [0,∞] = ([0,∞)x̂ t [0,∞)ĥ)/ ∼ with equivalence relation 0 < x̂ ∼ ĥ =

x̂−1. Its two boundary hypersurfaces are ∂0
+N∂X = x̂−1(0), ∂∞+N∂X = ĥ−1(0).

We first observe then that

tf ′ := front face of
[
[0, 1)×X2

b; {0} × ffb

] ∼= front face of
[
[0,∞)× (+N∂X)2

b; {0} × ffb

]
is canonically diffeomorphic to the radial compactification (+N∂X)2

b.7 The latter has 4
boundary hypersurfaces which we denote lb′,ff ′, rb′,ff ′∞: the first three are the closures of
the left boundary, front face, and right boundary of (+N∂X)2

b in the radial compactifica-
tion, and ff ′∞ is the boundary ‘at infinity’ (i.e. the complement of (+N∂X)2

b in the radial

6Over x > 0, this is the usual semiclassical principal symbol ~σm : Ψm
~ (X◦)→ (Sm/hSm−1)(N∗diagX◦).

7One can take this as the definition of the radial compactification, similarly to [Mel93, Equation (4.92)].
Alternatively, if +N∂X ∼= [0,∞)x×∂X is a local trivialization, giving (+N∂X)2 ∼= [0,∞)x×[0,∞)x′×(∂X)2,
we have (+N∂X)2

b
∼= [0,∞)r × (S1

++)θ × (∂X)2 where r = |(x, x′)|, θ = (x, x′)/|(x, x′)| (lying in the first

quadrant), and then (+N∂X)2
b = [0,∞]r × (S1

++)θ × (∂X)2.
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compactification), see the left panel of Figure 3.1. Denote by diag′b the closure of the lift

of the diagonal in (+N∂X)2 to (+N∂X)2
b.

diag′b
lb′

rb′

ff ′∞

ff ′

diagtf

fftf,b

fftf,sc

Figure 3.1. Left: the radial compactification (+N∂X)2
b
∼= tf ′. Right: its

blow-up along the b-diagonal at infinity is naturally diffeomorphic to the
transition face tf.

Now, tf ⊂ X2
c~ arises by blowing up the intersection of tf ′ with the lift of {0} × diagb.

We have thus established a natural diffeomorphism

tf ∼= (+N∂X)2
b,sc :=

[
(+N∂X)2

b; diag′b ∩ ff ′∞

]
(3.10)

of tf with the double space for operators which are b-operators at ∂0
+N∂X and scattering

operators at ∂∞+N∂X.8 Denote by diagtf the b-scattering-diagonal, i.e. the lift of diag′b
to tf; denote furthermore the lift of ff ′ by fftf,b (b-front face), and the lift of diag′b ∩ ff ′∞ by
fftf,sc (sc-front face), see the right panel of Figure 3.1. We remark that the transition from
b- to scattering behavior on tf is similar to the analysis at the transition face in [GH08]
(denoted bf0 there).

Let ρtf,sc ∈ C∞(tf) denote a defining function of fftf,sc. Schwartz kernels of operators in

Ψm
b,sc(

+N∂X) are characterized as those distributions which lift to be distributional sections

of ρ−ntf,sc ·
bΩ

1
2

(
(+N∂X)2

b

)
, conormal of order m to diagtf , which vanish to infinite order at

all boundary hypersurfaces other than fftf,b and fftf,sc. Schwartz kernels of elements of

the large b-scattering calculus Ψ
m,(Elb,Eff ,Erb)
b,sc (+N∂X) are sums of such distributions and

elements of

Ψ
−∞,(Elb,Eff ,Erb)
b,sc (+N∂X) = A(Elb,Eff ,Erb)

phg

(
(+N∂X)2

b,sc

)
,

8The definition (3.10) is more economical than the standard definition of the b-scattering-

double space, which is the blow-up of the b-double space of +N∂X, defined as (+N∂X)2
b =

[(+N∂X)2; (∂0
+N∂X)2, (∂∞+N∂X)2], at the intersection of the lifted diagonal with (∂∞+N∂X)2; let us call

the resulting space the extended b-scattering-double space ′(+N∂X)2
b,sc. This is the blow-up of (+N∂X)2

b,sc

at (the lifts of) lb′ ∩ ff ′∞ and rb′ ∩ ff ′∞, i.e. the blow-up of the top left and bottom right corners in the right
panel of Figure 3.1. But Schwartz kernels of our large b-scattering calculus vanish to infinite order at the lift

of ff ′∞, hence passage to the extended double space ′(+N∂X)
2

b,sc, and demanding infinite order vanishing
of Schwartz kernels at the two new front faces, does not enlarge the space of b-scattering operators. We
remark, with foresight, that if we consider the extended semiclassical cone double space ′X2

c~, defined in
Definition 3.7 below, its transition face, which arises from tf by blowing up tf ∩ (sf ∩ lb) and tf ∩ (sf ∩ rb),

is naturally diffeomorphic to ′(+N∂X)2
b,sc; and it is this latter double space which is a more convenient

double space for the study of compositions of b-scattering ps.d.o.s; in the semiclassical cone context, this
foreshadows Lemma 3.8 and Proposition 3.9 below.
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where the index sets refer to the lifts of the boundary hypersurfaces lb′, ff ′, rb′ of (+N∂X)2
b,

while the index set at each of the other boundary hypersurfaces (fftf,sc and the lift of ff ′∞)
is the trivial index set ∅.

Using that there is a natural restriction map ρ−ndf π
∗
b(bΩ

1
2 (X2

b))|tf′ ∼= ρ−ntf,sc
bΩ

1
2 (tf ′), we

thus get a normal operator map

0→ ρtfΨ
m
c~(X)→ Ψm

c~(X)
Ntf−−→ Ψm

b,sc(
+N∂X)→ 0. (3.11)

Remark 3.6. The structural reason for the appearance of the b-scattering calculus in (3.11)
is the fact that the vector fields in (1.3) restrict to b-scattering vector fields at the front
face of the space Xc~ defined in (3.6); indeed, in terms of x̂ = x/h, they are equal to
(1 + x̂)−1x̂Dx̂ and (1 + x̂)−1Dyj , which are indeed b-vector fields near x̂ = 0 and scattering
vector fields near x̂ =∞.

3.2. Composition. To describe compositions, we will define a suitable triple space. First,
recall the definition of the b-triple space,

X3
b := [X3; (∂X)3;X × (∂X)2; ∂X ×X × ∂X; (∂X)2 ×X]. (3.12)

The lift of (∂X)3 is denoted fffb. Denote the stretched projections by

πb,F , πb,S , πb,C : X3
b → X2

b,

defined by continuous extension from (X◦)3 → (X◦)2, projecting onto the first two factors,
last two factors, and first and third factor, respectively; they are b-fibrations. We denote
the preimages of diagb under these maps by diagb,•, • = F, S,C; their intersection is the

triple diagonal diagb,3. Note furthermore that π−1
b,•(ffb) is the union of two boundary p-

submanifolds,
π−1

b,•(ffb) = fffb ∪ ffb,•, • = F, S,C,

where ffb,• is the lift of the appropriate one of the three submanifolds blown up in (3.12).
We denote the lift of X2× ∂X, X × ∂X ×X, ∂X ×X2 by bfb,F , bfb,C , bfb,S , respectively.
See Figure 3.2.

fffb ffb,F

ffb,S

ffb,C

bfb,F

bfb,S

bfb,C

diagb,C

diagb,3

Figure 3.2. The b-triple space X3
b, see (3.12), and its boundary hyper-

surfaces, including one of the three lifted diagonals diagb,•, and the triple
diagonal diagb,3.
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Definition 3.7. Define the collections of submanifolds of [0, 1)h ×X3
b

Fb = {{0} × ffb,•}, Bb = {{0} × bfb,•}, Db = {{0} × diagb,•}, • = F, S,C.

Recall lbb, rbb ⊂ X2
b, defined after equation (3.1). The extended semiclassical cone double

and triple spaces are then
′X2

c~ :=
[
X2

c~; {0} × lbb; {0} × rbb

]
, (3.13)

′X3
c~ :=

[
[0, 1)h ×X3

b; {0} × fffb;Fb;Bb; {0} × diagb,3;Db

]
, (3.14)

The lifts of {0}×lbb, {0}×rbb to ′X2
c~ are denoted tlb, trb. We moreover label the boundary

hypersurfaces of ′X3
c~ as follows:

• fff, ff•, bf• are the lifts of [0, 1)h × fffb, [0, 1)h × ffb,•, [0, 1)h × bfb,•;
• tff, tf• are the lifts of {0} × fffb, {0} × ffb,•;
• tbf• is the lift of {0} × bfb,•;
• dff, df• are the lifts of {0} × diagb,3, {0} × diagb,•;

• sff is the lift of {0} ×X3
b.

Lastly, diagc~,3, diagc~,• are the lifts of [0, 1)h × diagb,3, [0, 1)h × diagb,•.

The idea behind the definition (3.14) of ′X3
c~ is that we need to blow up each of the

three preimages under Idh×πb,• of those submanifolds of [0, 1)h×X2
b which were blown up

in the Definition 3.1 of X2
c~; whenever the preimages of the same submanifold under two

different maps intersect non-trivially, we first blow up the intersection to make the lifts of
the submanifold disjoint, whence they can be blown up in either order.

The reason for passing to the extended double space is that we need to blow up {0}×ffb,F

in the definition of the triple space in order for Idh×πb,F to lift to a b-fibration down to
X2

c~; the image of the lift of {0} × ffb,F under (the lift of) Idh×πb,C however is then the
codimension 2 submanifold {0} × lbb. To make the latter projection lift to a b-fibration,
we need to blow-up {0} × lbb in the target. A symmetric argument motivates the blow-up
of {0} × rbb in (3.13). The preimages of {0} × lbb, {0} × rbb under [0, 1)h × πb,• are the
(lifts of) the elements of Bb, hence we also blow these up in (3.14).

The following statement shows that Definition 3.7 is the ‘right’ one:

Lemma 3.8. The projections Idh×πb,• : [0, 1)h ×X3
b → [0, 1)h ×X2

b lift to b-fibrations

πc~,• : ′X3
c~ → ′X2

c~, • = F, S,C. (3.15)

Proof. For definiteness, consider the case • = F . Note that Idh×πb,F : [0, 1)h × X3
b →

[0, 1)h×X2
b is a b-fibration. Blowing up {0}×ffb in the target, and its preimages {0}×fffb

and {0} × ffb,F in the domain, this map lifts to a b-fibration[
[0, 1)h ×X3

b; {0} × fffb; {0} × ffb,F

]
→
[
[0, 1)h ×X2

b; {0} × ffb

]
.

by [Mel96, Proposition 5.12.1]. The lift of this map upon blowing up {0}× lbb in the target
and, in this order, {0} × ffb,C , {0} × bfb,S in the domain is again a b-fibration; likewise,
the lift to the subsequent blow-up of {0}× rbb in the target and {0}× ffb,S , {0}× bfb,C in
the domain is a b-fibration. Since the lift of {0}×bfb,F then gets mapped by the stretched
projection diffeomorphically to the lift of {0} ×X2

b, the lift of the stretched projection to
the blow-up of {0} × bfb,F is still a b-fibration[

[0, 1)h ×X3
b; {0} × fffb;Fb;Bb

]
→
[
[0, 1)h ×X2

b; {0} × ffb; {0} × lbb; {0} × rbb

]
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by [Mel96, Corollary 5.10.1].

Blowing up the lift of {0}×diagb in the target and its preimage, the lift of {0}×diagb,F ,
in the domain produces a b-fibration[

[0, 1)h ×X3
b; {0} × fffb;Fb;Bb; {0} × diagb,F

]
→ ′X2

c~.

This is b-transversal to the lift of {0}× diagb,3 (since the latter gets mapped diffeomorphi-
cally to the codimension 1 boundary face df), hence blowing this up, the projection map
lifts again to a b-fibration. Since {0}×diagb,3 ⊂ {0}×diagb,F , we can in fact blow the lifts
of these two manifolds up in any order by [Mel96, Proposition 5.11.2]; thus the stretched
projection[

[0, 1)h ×X3
b; {0} × fffb;Fb;Bb; {0} × diagb,3; {0} × diagb,F

]
→ X2

c~ (3.16)

is a b-fibration. This is b-transversal to the lifts of {0} × diagb,•, • = S,C, both of which
get mapped diffeomorphically to the lift of {0} × bfb,F ; blowing these up, the map (3.16)
lifts to the map πc~,F in (3.15), which is thus a b-fibration, as claimed. �

Composition properties of large parameter operators were proved by explicit calculations
in [Loy02, §§4–5]. Compositions in our semiclassical calculus are consequences of standard
pullback and pushforward theorems, see [Mel96, §6], [EMM91, Appendix B].

Proposition 3.9. Let Aj ∈ Ψ
mj
c~ (X) and A′j ∈ Ψ

−∞,Ej
c~ (X) for j = 1, 2. Then:

(1) A1 ◦A2 ∈ Ψm1+m2
c~ (X) and A1 ◦A′2 ∈ Ψ−∞,E2c~ (X), A′1 ◦A2 ∈ Ψ−∞,E1c~ (X).

(2) Write Ej = (Ej,lb, Ej,ff , Ej,rb, Ej,tf), and suppose that inf Re(E1,rb + E2,lb) > 0. Then

A′1 ◦A′2 ∈ Ψ−∞,Fc~ (X), where F = (Flb,Fff ,Frb,Ftf) = E1 ◦ E2 is defined by

Flb = E1,lb ∪ (E1,ff + E2,lb), Frb = (E1,rb + E2,ff)∪E2,rb,

Fff = (E1,ff + E2,ff)∪ (E1,lb + E2,rb), Ftf = E1,tf + E2,tf .
(3.17)

Here, ∪ denotes the extended union of index sets, defined in (A.1).

Proof. Denote the Schwartz kernel of Aj by Kj . Note that Kj lifts to ′X2
c~, with index set

∅ at tlb, trb. The Schwartz kernel K of A1A2 equals

K = (πc~,C)∗
(
π∗c~,FK1 · π∗c~,SK2

)
.

Now π∗c~,FK1 is conormal to diagc~,• and vanishes to infinite order at the preimage of lb ∪
rb∪sf under πc~,F , thus at all boundary hypersurfaces of X3

c~ except for fff, tff, dff, ffF , tfF ,
dfF , bfF . The product with π∗c,~,SK2 is well-defined since diagc~,F and diagc~,S intersect,
transversally, at diagc~,3, and vanishes to infinite order at all boundary hypersurfaces except
for fff, tff, dff. Under pushforward by πc~,C—which is transversal to these and embeds
them as the submanifolds ff, tf, df of ′X2

c~—we obtain, by [EMM91, Proposition B7.20],
a conormal distribution on ′X2

c~ vanishing to infinite order at all boundary hypersurfaces
except for ff, tf, df; in particular, we can blow down tlb, trb and thus obtain an element of
Ψm1+m2

c~ (X).

The rest of the proposition follows by similar arguments; we give details for A′1 ◦ A′2.
Denote the Schwartz kernel of A′j by K ′j . Since K ′1 lifts to be polyhomogeneous on ′X2

c~
with index set ∅ at tlb, trb, one finds that π∗c,~,FK

′
1 is polyhomogeneous on ′X3

c~, with index
set E1,lb at bfS ,ffC ; E1,ff at fff, ffF ; E1,rb at bfC ,ffS ; E1,tf at tff, tfF ; N0 at bfF , tbfF ; and
∅ at the remaining boundary hypersurfaces. Similarly, π∗c~,SK

′
2 is polyhomogeneous with
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index set E2,lb at bfC ,ffF ; E2,ff at fff,ffS ; E2,rb at bfF ,ffC ; E2,tf at tff, tfS ; N0 at bfS , tbfS ;
and ∅ otherwise. The preimage under πc~,C of lb is bfS∪ffF , of ff is fff∪ffC , of rb is bfF ,ffS ,
of tf is tff ∪ tfC , and the preimages of tlb, trb, sf, df are boundary hypersurfaces of ′X3

c~ at
which π∗c~,FK1 ·πc~,SK2 has trivial index sets. Moreover, (πc~,C)∗ integrates transversally to

bfC , at which the index set of π∗c~,FK
′
1 ·π∗c~,SK ′2 is E1,rb +E2,lb. The pushforward theorem,

see [EMM91, Proposition B5.6], then gives the result. (For example, the index sets at bfS
and ffF are E1,lb and E1,ff +E2,lb; the map πc~,C maps these to lb, where the pushforward
of the polyhomogeneous distribution then has index set E1,lb ∪(E1,ff + E2,lb) = Flb.) �

The principal symbol map c~σ is multiplicative, c~σm1+m2(A1A2) = c~σm1(A1)c~σm2(A2);
this follows by continuity from X◦, h ≥ 0, resp. X, h > 0 from the corresponding statement
for the semiclassical, resp. b-pseudodifferential calculus.

The normal operator maps Nff and Ntf are homomorphisms, so Nff(A1 ◦A2) = Nff(A1)◦
Nff(A2) etc. We only need this in the case that at least one of A1, A2 is a differential
operator, in which case this is easily verified in local coordinates; the calculations are
similar to [Mel93, §4.15].

3.3. The inverse of a fully elliptic semiclassical cone operator. Fix an operator

A ∈ Diffmc,~(X)

which is fully elliptic at weight α ∈ R. Denote the Mellin transformed normal operator by

Â(σ) := N̂∂X(A)(σ), σ ∈ C. We then define its boundary spectrum by

s̃pecb(A) :=
{

(σ, k) ∈ C× N0 : Â(ζ)−1 has a pole at ζ = σ of order ≥ k + 1
}
. (3.18)

Define the following index sets:

Elb(α) := {(z, k) ∈ C× N0 : (−iz, k) ∈ s̃pecb(A), Re z > α} ,
Erb(α) := {(z, k) ∈ C× N0 : (iz, k) ∈ s̃pecb(A), Re z > −α} .

(3.19)

We then set

Êlb(α) :=
⋃
j∈N0

(Elb(α) + j), Êrb(α) :=
⋃
j∈N0

(Erb(α) + j),

and finally

Ě•(α) := Ê•(α)∪ Ê•(α), • = lb, rb,

Ěff(α) := N0 +
(
(Ělb(α) + Ěrb(α))∪N

)
.

(3.20)

Theorem 3.10. Let A ∈ Diffmc,~(X) be fully elliptic at weight α. Then there exists h0 > 0
such that

Ah : Hs,α
b (X)→ Hs−m,α−m

b (X), s ∈ R,
is invertible for 0 < h < h0. The inverse lies in the large semiclassical cone calculus,

A−1 ∈
(

x
x+h

)m
Ψ−mc~ (X) + Ψ−∞,Ec~ (X),

E = (Elb, Eff , Erb, Etf) = (Ělb(α), Ěff(α) +m, Ěrb(α) +m,N0). (3.21)

Remark 3.11. The conclusion holds more generally, with exactly the same proof, when
A ∈ ρ−mff Ψm

c~(X) is a semiclassical cusp ps.d.o. which is fully elliptic at weight α in the sense

that c~σm(ρmff A) is elliptic, fNff(ρmff A) is h-independent for some 0 < f ∈ C∞([0, 1)h×∂X),
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and Ntf(A) : Hs,α
b,sc(

+N∂X) → Hs−m,α−m
b,sc (+N∂X) is invertible for some s ∈ R (thus all

s ∈ R by ellipticity).

The part of the proof which employs elliptic b-theory is very similar to that of [Loy02,
Theorem 6.1]. The efficient analysis of the normal operator at tf is new.

Proof of Theorem 3.10. The symbolic elliptic parametrix construction, using (3.8), pro-
duces

B0 ∈ ρmff Ψ−mc~ (X), AB0 = I −R0, R0 ∈ ρ∞df Ψ
−∞
c~ (X) = Ψ

−∞,(∅,N0,∅,N0)
c~ (X). (3.22)

We next solve away the error to leading order at ff by passing to ff-normal operators,
see (3.9). Write (( x

x+h)mA)(B0( x
x+h)−m) = I−R′0, R′0 = ( x

x+h)mR0( x
x+h)−m ∈ ρ∞df Ψ

−∞
c~ (X),

the point being that near ff, ( x
x+h)mA ∈ Ψm

c~(X) and B0( x
x+h)−m are unweighted elliptic

operators. We then seek B1 with Nff(( x
x+h)mA)Nff(B1( x

x+h)−m) = Nff(R′0), which can

be accomplished using the Mellin transform along the fibers of ff ∩ h−1(h0), h0 ≥ 0 (and
working on the line Imσ = −α on the Mellin transformed side): this is standard elliptic
b-theory [Mel93, §5.13], with smooth parametric dependence on h ∈ [0, 1); recall here the
assumption that the normal operator of A is h-independent. The upshot is that, localizing
near ff by means of a cutoff which vanishes identically near sf ∪ df, we can find (using

( x
x+h)m = f ′′ρmlbρ

m
ff and ( x

x+h)−m( x′

x′+h)m = f ′′′ρ−mlb ρmrb for some smooth f ′′, f ′′′ > 0)

B1 ∈ Ψ
−∞,(Elb(α),N0+m,Erb(α)+m,N0)
c~ (X),

A(B0 +B1) = I −R1, R1 ∈ Ψ
−∞,(Elb(α)−m,N,Erb(α)+m,N0)
c~ (X).

Note that the index set of R1 at ff is N = {1, 2, . . .}. This vanishing at ff comes at the
expense of polyhomogeneous error terms at lb. Now, letting A act on the left factor of the
double space (fiberwise in h), its normal operator at lb is identified with Nff(A). Thus, we
can solve away the error term at lb to infinite order as in [Mel93, §5.20] with an operator

B2 ∈ Ψ
−∞,(Elb(α)∪ Êlb(α),N+m,∅,N0)
c~ (X),

A(B0 +B1 +B2) = I −R2, R2 ∈ Ψ
−∞,(∅,N,Erb(α)+m,N0)
c~ (X).

(3.23)

We can improve this using a Neumann series: we have Rj2 ∈ Ψ
−∞,(∅,j+N0,E

j
rb(α)+m,N0)

c~ (X)

for E1
rb(α) = Erb(α) and Ej+1

rb (α) = (j + Erb(α))∪Ejrb(α)↗ Êrb(α). Thus, let

B′3 ∼
∑
j≥0

Rj2, B′3 − I ∈ Ψ
−∞,(∅,N,Êrb(α)+m,N0)
c~ (X). (3.24)

We then obtain the analogue of [Loy02, Lemma 6.7] using Proposition 3.9 (and slightly
enlarging index sets for brevity), namely

G := (B0 +B1 +B2)B′3 ∈ ρmff Ψ−mc~ (X) + Ψ−∞,Ec~ (X)

⇒ AG = I −R, R ∈ Ψ
−∞,(∅,∅,Ěrb(α)+m,N0)
c~ (X).

(3.25)

We need to improve the decay of the error term at tf; this requires inverting the model
operator Ntf(A), which is an elliptic b-scattering operator of class ρ−mtf,bDiffmb,sc(

+N∂X). But

by the full ellipticity of A at weight α,

Ntf(A) : Hs,α
b,sc(

+N∂X)
∼=−→ Hs−m,α−m

b,sc (+N∂X), s ∈ R, (3.26)
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is invertible; hence we can construct the Schwartz kernel of its inverse explicitly by com-
bining elliptic b- and scattering theory. To wit, we first construct a parametrix Btf,0 ∈
ρmtf,bΨ−mb,sc(

+N∂X) with Ntf(A)Btf,0 = I − Rtf,0, Rtf,0 ∈ ρ∞tf,scΨ
−∞
b,sc (+N∂X) using the sym-

bol calculus. By elliptic b-theory as above, one then obtains a right parametrix, and by
similar means a left parametrix,

Btf,1, B
′
tf,1 ∈ ρmtf,bΨ−mb,sc(

+N∂X) + Ψ
−∞,(Elb,Eff ,Erb)
b,sc (+N∂X), (3.27)

Ntf(A)Btf,1 = I −Rtf,1, Rtf,1 ∈ Ψ
−∞,(∅,∅,Ěrb(α)+m)
b,sc (+N∂X),

B′tf,1Ntf(A) = I −R′tf,1, R′tf,1 ∈ Ψ
−∞,(Ělb(α),∅,∅)
b,sc (+N∂X);

the index sets arising here are the same as above since the normal operator of Ntf(ρ
m
ff A) at

∂0
+N∂X is equal to Nff(ρmff A) restricted to h = 0, hence their boundary spectra are the

same. We then have

Ntf(A)−1 = Btf,1 +Ntf(A)−1Rtf,1 = Btf,1 +B′tf,1Rtf,1 +R′tf,1Ntf(A)−1Rtf,1,

with the first two terms lying in the space (3.27), while the last term, in view of (3.26),

has Schwartz kernel in A(Ělb(α),Ěrb(α)+m)
phg ((+N∂X)2) (with trivial index sets at ∂∞+N∂X×

+N∂X and +N∂X × ∂∞+N∂X), which is a subspace of Ψ
−∞,(Elb,Eff ,Erb)
b,sc (X). Therefore,

Ntf(A)−1 ∈ ρmtf,bΨ−mb,sc(
+N∂X) + Ψ

−∞,(Elb,Eff ,Erb)
b,sc (+N∂X). (3.28)

Equipped with this structure of Ntf(A)−1, we now return to (3.25). Choose an operator

B′4 ∈ ρmff Ψ−mc~ (X) + Ψ−∞,Ec~ (X) with Ntf(B
′
4) = Ntf(A)−1. For

B4 := B′4 ◦R ∈ Ψ−∞,Ec~ (X),

we then have

A(G+B4) = I −R4, R4 ∈ Ψ
−∞,(∅,∅,Ěrb(α)+m,N)
c~ (X),

which is an improvement at tf. We can now solve away the error by a Neumann series:

taking B′5 ∈ Ψ
−∞,(∅,∅,Ěrb(α)+m,N)
c~ (X) with B′5 ∼

∑
j≥0R

j
4, we put

G5 = (G+B4)B′5 ∈ ρmff Ψ−mc~ (X) + Ψ−∞,Ec~ (X),

which satisfies

AG5 = I −R5, R5 ∈ Ψ
−∞,(∅,∅,Ěrb(α)+m,∅)
c~ (X) = h∞A(∅,Ěrb(α)+m)

phg ([0, 1)h ×X2),

with the index sets in the last space referring to the left and right boundary, [0, 1)×∂X×X
and [0, 1)×X × ∂X, respectively. For sufficiently small h > 0, I −R5 is an invertible map

on Hs−m,α−m
b (X), with inverse given by a convergent Neumann series, and thus lying in

I + h∞A(∅,Ěrb(α)+m)
phg ([0, 1)×X2). Therefore,

AB = I, B := G5(I −R5)−1 ∈ ρmff Ψ−mc~ (X) + Ψ−∞,Ec~ (X),

completing the construction of a right inverse. The construction of a left inverse is analo-
gous. A standard argument shows that the right and left inverses agree, finishing the proof
of the theorem. �
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3.4. Mapping properties. Recall from (3.6) the spaceXc~ = [[0, 1)h×X; {0}×∂X], which
is a natural manifold for the definition of function spaces compatible with the semiclassical
cone algebra:

Definition 3.12. The boundary hypersurfaces of Xc~ are denoted ∂cX (‘cone face’, lift of
[0, 1)h × ∂X), ∂tX (‘transition face’, lift of {0}× ∂X), and ∂~X (‘semiclassical face’, lift of

{0}×X). See Figure 3.3. Given index sets Fc,Ft,F~ ⊂ C×N0, we define A(Fc,Ft,F~)
phg (Xc~)

to consist of polyhomogeneous distributions with specified index sets at the respective
boundary hypersurfaces.

Xc

Xt

X~

h

x

Figure 3.3. The semiclassical cone single space Xc~. Also indicated are
axes for the semiclassical parameter h and a defining function x of ∂X ⊂ X;
the single space arises by blowing up the corner h = x = 0 in the product
space [0, 1)h ×X.

For notational simplicity, let us fix a trivialization of bΩ
1
2X.

Lemma 3.13. Let A ∈ Ψ0
c~(X). Then A is uniformly bounded on L2

b(X).

Proof. By Hörmander’s square root trick (see [Hör71, Theorem 2.2.1]),9 it suffices to prove
this for operators which are residual in the symbolic sense, i.e. for

A ∈ ρ∞df Ψ
−∞
c~ (X) = Ψ

−∞,(∅,N0,∅,N0)
c~ (X).

Writing the Schwartz kernel of such A as K(h, z, z′), z, z′ ∈ X, it then suffices, by Schur’s
lemma, to prove the uniform boundedness of

∫
X K(h, z, z′) dµb(z) and

∫
X K(h, z, z′) dµb(z′),

where µb is a b-density on X. Note then that the projection (h, z, z′) 7→ (h, z) lifts to a

b-fibration ′X2
c~ → Xc~ under which K pushes forward to an element of A(N0,N0,∅)

phg (Xc~).

This is thus a bounded function; similarly for
∫
X K(h, z, z′) dµb(z′). This concludes the

proof. �

Note that x
x+h , x+h, and h

x+h are defining functions of ∂cX, ∂tX, and ∂~X, respectively.
Since h is merely a commutative parameter, this suggests the introduction of the following
weighted function spaces:

9This amounts to constructing, for C > 0 exceeding sup |c~σ0(A)|2, an element B ∈ Ψ0
c~(X) such that

C − A∗A = B∗B + R where R has trivial principal c~-symbol, i.e. R ∈ ρ∞df Ψ−∞c~ (X). Note that this
construction of an approximate square root only uses the principal symbol, and the proof in the reference
can thus be followed with only minor modifications.
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Definition 3.14. Let s, α, τ ∈ R. Then we define the weighted semiclassical cone Sobolev
space by

Hs,α,τ
c,h (X) =

(
x

x+h

)α
(x+ h)τHs

c,h(X) =
{(

x
x+h

)α
(x+ h)τu : u ∈ Hs

c,h(X)
}
,

where Hs
c,h(X) is the completion of C∞c (X◦) with respect to the norm

‖u‖2Hs
c,h(X) := ‖u‖2L2

b(X) + ‖Au‖2L2
b(X), s ≥ 0, (3.29)

where A ∈ Ψs
c,h(X) is a fixed operator with elliptic principal symbol.10 For s < 0, we define

Hs
c,h(X) as the L2

b(X)-dual of H−sc,h(X).11 The norm on Hs,α,τ
c,h (X) is

‖u‖2Hs,α,τ
c,h (X) =

∥∥( x
x+h

)−α
(x+ h)−τu

∥∥2

Hs
c,h(X)

.

Thus, Hs,α,τ
c,h (X) is a Hilbert space of distributions of X which, as a set, is independent of

h > 0, but whose norm does depend on h.

For s ∈ N0, an equivalent definition is that u ∈ Hs,α,τ
c,h (X) if and only if(

h
x+hV1

)
· · ·
(

h
x+hVj

)((
x

x+h

)−α
(x+ h)−τu

)
∈ L2

b(X)

for all j = 0, . . . , k and all Vj ∈ Vb(X).

Remark 3.15. For h bounded away from 0, Hs
c,h(X) is the standard b-Sobolev space Hs

b(X),

while for x bounded away from 0, this is the standard semiclassical Sobolev space Hs
h(X◦).

More generally, we have Hs,α,τ
c,h (X) = Hs,α

b (X) as sets, but with inequivalent norms as

h→ 0; we describe the relationship more precisely in Proposition 3.18 below.

We record the boundedness of semiclassical cone ps.d.o.s on weighted Sobolev spaces:

Proposition 3.16. Let s, α, τ ∈ R, and let E = (Elb, Eff , Erb, Etf) be a collection of index
sets. Then:

(1) Any A ∈ Ψm
c~(X) defines a bounded map A : Hs,α,τ

c,h (X)→ Hs−m,α,τ
c,h (X).

(2) Let A ∈ Ψ−∞,Ec~ (X). If α+ inf Re Erb > 0, then A is a bounded map

A : Hs,α,τ
c,h (X)→ H∞,β,µc,h (X) (3.30)

for β < min(inf Re Elb, α+ inf Re Eff), µ < τ + inf Re Etf .
(3) If the leading order terms of Eff and Etf do not have logarithmic factors (i.e. (z, k) ∈
Eff , Re z = inf Re Eff implies k = 0; similarly for Etf), (3.30) holds provided that,
still, α+inf Re Erb > 0, β < inf Re Elb, but only β ≤ α+inf Re Eff , µ ≤ τ+inf Re Etf .

Proof. For α = τ = 0, statement (1) is Lemma 3.13 for m = 0, and for general m follows
by a standard argument (using a symbolic elliptic parametrix for the operator A in (3.29))
from Lemma 3.13. For general weights, we only need to observe that Ψm

c~(X) is invariant

under conjugation by xα(x+h)τ−α. For τ −α = 0, this follows from (x′/x)α = ρ−αlb ραrb and

10That is, there exists b ∈ S−m(N∗diagc~) so that b · c~σs(A)− 1 = 0 ∈ (S0/ρdfS
−1)(N∗diagc~).

11Equivalently, Hs
c,h(X) for s < 0 consists of all extendible distributions [Hör07, Appendix B] u on X◦

which are of the form u = u0 +Au1 with u0, u1 ∈ L2
b(X) and A ∈ Ψ−sc~ (X) a fixed elliptic operator. As the

norm of u, one can then take inf ‖u0‖+ ‖u1‖, the infimum taken over all such decompositions.
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the infinite order vanishing of Schwartz kernels of elements of Ψc~(X) at lb∪ rb. For α = 0
on the other hand, we have

x′ + h

x+ h
=
ρrbρffρtf + ρtfρsfρdf

ρlbρffρtf + ρtfρsfρdf
=
ρrbρff + ρsfρdf

ρlbρff + ρsfρdf
,

which is a smooth function on X2
c~ except at sf ∩ lb, where it is equivalent to 1/(ρlb + ρsf)

and thus merely conormal. The infinite order vanishing of Schwartz kernels at lb means
that multiplication by (x

′+h
x+h )τ−α, τ −α > 0, preserves Ψc~(X). The argument for τ −α < 0

is analogous.

To prove (2), we define

A′ = (x+ h)−µ
(

x
x+h

)−β
A
(

x′

x′+h

)α
(x′ + h)τ ∈ Ψ−∞,E

′

c~ (X),

where E ′ = (E ′lb, E ′ff , E ′rb, E ′tf) with

E ′lb = Elb − β, E ′ff = Eff + α− β, E ′rb = Erb + α, E ′tf = Etf + (τ − µ).

Since A has differential order −∞, it suffices to prove that A′ is uniformly bounded on
L2

b(X). Note then that inf Re E ′• > 0 for • = lb,ff, rb, tf, which implies the desired bound-
edness by Schur’s lemma.

Part (3) follows from these considerations as well, since now polyhomogeneous distribu-
tions with index sets E ′ff and E ′tf at ff and tf are bounded there, hence Schur’s lemma applies
again. �

We further record mapping properties on polyhomogeneous distributions:

Proposition 3.17. Let E = (Elb, Eff , Erb, Etf) and F = (Fc,Ft,F~) denote two collections
of index sets. Then:

(1) Any A ∈ Ψm
c~(X) is a bounded map on AFphg(Xc~).

(2) Let A ∈ Ψ−∞,Ec~ (X), and suppose inf Re(Fc + Erb) > 0. Then A is a bounded map

A : AFphg(Xc~)→ AGphg(Xc~), where

Gc = (Fc + Eff)∪Elb, Gt = Ft + Etf , G~ = ∅.

Proof. This follows easily from pullback and pushforward theorems by writing Au = π∗(KA·
(π′)∗u), where KA is the Schwartz kernel of A, and π, resp. π′ : ′X2

c~ → Xc~ are the lifts of
the projection maps [0, 1)h ×X2 → [0, 1)h ×X to the left, resp. right factor of X2. �

Finally, we relate the spaces Hc,h(X) to the more standard semiclassical b-Sobolev spaces
Hs,α

b,h(X) = xαHs
b,h(X), see Appendix A.

Proposition 3.18. For s, α, τ ∈ R, we have

Hs,α,τ
c,h (X) ⊂ h−(τ−α)−−s−Hs,α

b,h(X),

Hs,α
b,h(X) ⊂ h−(τ−α)+−s+Hs,α,τ

c,h (X),

in the sense that the inclusion maps are uniformly bounded. That is, there exists C > 0
such that ‖h(τ−α)−+s−u‖Hs,α

b,h (X) ≤ C‖u‖Hs,α,τ
c,h (X); similarly for the second inclusion.
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Proof. We have H0
c,h(X) = L2

b(X) = H0
b,h(X). Moreover, given V = h

x+hW , W ∈ Vb(X),

we have hWu = (x+ h)V u, which implies that for s ∈ N0,

Hs
c,h(X) ⊂ Hs

b,h(X), Hs
b,h(X) ⊂ (x+ h)−sHs

c,h(X).

Multiplication by weights gives

Hs,α,τ
c,h (X) ⊂ xα(x+ h)τ−αHs

b,h(X) ⊂ xαh−(τ−α)−Hs
b,h(X),

xαHs
b,h(X) ⊂ (x+ h)−s+α−τ

(
x

x+h

)α
(x+ h)τHs

c,h(X) ⊂ h−sh−(τ−α)+Hs,α,τ
c,h (X).

These inclusions in fact hold for real s ≥ 0, as can be shown using complex interpolation.
(Indeed, using Theorem 5.1 below—whose proof is independent of this proposition—applied
to Az,z := (x−2h2Ab,z + 1)z, where Ab,z = x2∆g + z2 for any fixed smooth conic metric

g and z � 1, one finds that the complex interpolation space [xkHk
c,h(X), xk

′
Hk′

c,h(X)]θ is

xsHs
c,h(X) for s = θk′ + (1 − θ)k; here, taking z large ensures that the Schwartz kernel

of Az,z for Re z in any fixed interval vanishes to any pre-specified order at lb and rb.
Similarly, interpolation spaces of weighted (semiclassical) b-Sobolev spaces are weighted
(semiclassical) b-Sobolev spaces as well.) For general real orders s ∈ R, the claim follows
by duality. �

4. Doubly semiclassical cone calculus and doubly semiclassical resolvent

For a fully elliptic m-th order semiclassical cone operator A ∈ Diffmc,~(X), the ultimate
goal is to describe the structure of complex powers Az, which using (1.6) we will accomplish

by analyzing the resolvent (Ah − λ̃)−1 for λ̃ on a suitable unbounded contour. Denoting

h̃ = |λ̃|−1/m, the resolvent is a scalar multiple of (h̃mAh − ω̃)−1, ω̃ = λ̃/|λ̃|. The operator
we are inverting here is thus of the form

Ãh,h̃,ω̃ := h̃mAh − ω̃, A ∈ Diffmc,~(X), h, h̃ > 0, ω̃ ∈ Ω ⊂ C. (4.1)

It thus has two semiclassical parameters h, h̃. For our purposes, we think of h̃ as the smaller
one: for any fixed h > 0, a suitable integral over (h̃, ω̃) (using a description of the resolvent

for h̃ near 0) will produce complex powers, whose uniform behavior as h → 0 we wish to
describe.

We construct the doubly semiclassical cone (or ‘dsc’) calculus Ψc~~̃(X) and associated
normal operators in §4.2, after a warm-up on manifolds without boundary in §4.1. The
composition properties of the dsc-calculus are proved in §4.3. The subsequent construction
of the resolvent of Ãh,h̃,ω̃ in §4.4 will then be a simple application of the calculus.

4.1. Prologue: doubly semiclassical calculus on closed manifolds. Suppose, only
in this section, that X is a closed manifold (compact without boundary). The semiclassical
double space is X2

~ = [[0, 1)h ×X2; {0} × diagX ], where diagX ⊂ X2 is the diagonal, and
elements of Ψ~(X) are characterized via their Schwartz kernels: they vanish to infinite order
on the lift, sf0, of h = 0, and are conormal to the lift diag~ of [0, 1)h×diagX . The principal
symbol takes values in (Sm/hSm−1)(T ∗X). We denote the front face of X2

~ by df0.

We define the doubly semiclassical double space as

X2
~~̃ = [[0, 1)h̃ ×X

2
~ ; {0} × diag~], (4.2)
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see Figure 4.1. The spaceX2
~~̃ has four boundary hypersurfaces: the lifts sf, df of [0, 1)h̃×sf0,

[0, 1)h̃×df0, as well as the lift of h̃ = 0, denoted s̃f, and the front face of the blow-up in (4.2),

denoted d̃f. The lift of [0, 1)h̃ × diag~ to X2
~~̃ is denoted diag~~̃. Then Ψm

~~̃(X) consists of

distributions conormal to diag~~̃, of order m− 1
2 (cf. Definition 3.2), which vanish to infinite

order at sf ∪ s̃f.

h

h̃
z − z′

s̃f

sf

df

d̃f

diag~~̃

Figure 4.1. The doubly semiclassical double space X2
~~̃, its boundary hy-

persurfaces, and the ‘diagonal’ diag~~̃. We denote by z, resp. z′ the pullback
of local coordinates on X along the left, resp. right projection X ×X → X.

This definition is not symmetric in h and h̃. However, if one switches the roles of h and
h̃, a neighborhood of the lift of [0, 1)h × [0, 1)h̃ × diagX to the resulting space is naturally
diffeomorphic to a neighborhood of diag~~̃ as defined above, and moreover the spaces of C∞

functions vanishing to infinite order at the lifts of h = 0 and h̃ = 0 are naturally identified
via the pointwise identity map on the interior (0, 1)h × (0, 1)h̃ ×X

2. Therefore, the order
of the blow-ups in (4.2) is irrelevant in practice; our present choice of ordering will however
be more convenient for the discussion of complex powers in §5. (Any definition which is

symmetric in h, h̃ is necessarily more complicated and thus less convenient here.)

Let us make this concrete in local coordinates, and denote by z ∈ Rn local coordinates
on X pulled back to X2 along the left projection, and by z′ their pullback along the right

projection. Local coordinates on [0, 1)h̃ × X
2
~ near [0, 1)h̃ × (df \ s̃f) are then (h̃, h, z, Z),

Z = (z − z′)/h. Upon blowing up h̃ = Z = 0, local coordinates near d̃f \ s̃f are (h̃, h, z, Z ′),

Z̃ = Z/h̃ = (z − z′)/(hh̃), with diag~~̃ = {Z̃ = 0}. Semiclassical quantizations

(2πhh̃)−n
∫
ei(z−z

′)ζ/(hh̃)a(h, h̃, z, ζ) dζ (4.3)

of symbols a thus lift to conormal distributions Ψ~~̃(X).

The principal symbol map is

0→ hh̃Ψm−1(X)→ Ψm(X)
~~̃σm−−−→ (Sm/hh̃Sm−1)(T ∗X)→ 0. (4.4)
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It is defined by observing that d̃f ∼= [0, 1)h×TX via continuous extension of (0, 1)h×TX 3
(h, z, v) 7→ limh̃→0(h, z, z+hh̃v) ∈ d̃f, so the restriction of κ ∈ Ψm

~~̃(X) to d̃f can be Fourier-

transformed along the fibers of TX, giving an element of C∞([0, 1)h;Sm(T ∗X)) capturing κ

modulo h̃Ψm
~~̃(X), which is ‘half’ of (4.4). The other ‘half’ arises by restricting to df. Now

df◦ is naturally identified with (0, 1)h̃ × TX via (0, 1)h̃ × TX 3 (h̃, z, v) 7→ limh→0(h̃, z, z +

hv) ∈ df◦; the semiclassical quantization (4.3) restricts to (2πh̃)−n
∫
eiZζ/h̃a(0, h̃, z, ζ) dζ,

hence its semiclassical (in h̃) Fourier transform (which resolves the degeneration as h̃→ 0)

gives the desired principal symbol a(0, h̃, z, ζ) at df, capturing κ modulo hΨm
~~̃(X).

Thus, we can construct parametrices of elliptic operators A ∈ Ψm
~~̃(X) by means of the

usual symbolic parametrix construction, producing B ∈ Ψ−m
~~̃

(X) such that R = AB − I,

R′ = BA − I ∈ h∞h̃∞Ψ−∞
~~̃

(X) = Ċ∞([0, 1)2 ×X2). For h, h̃ small, I + R and I + R′ can

then be inverted by a Neumann series, and one obtains A−1 ∈ Ψ−m
~~̃

(X).

4.2. Definition of the dsc-calculus. From now on, X is again a connected compact man-
ifold with connected embedded boundary ∂X. Let us denote the boundary hypersurfaces
of X2

c~ by adding a subscript ‘0’, so ff0, lb0, rb0, tf0, df0, sf0. Recall that diagc~ ⊂ X2
c~

denotes the lifted diagonal.

Definition 4.1. The dsc-double space is

X2
c~~̃ :=

[
[0, 1)h̃ ×X

2
c~; {0} × ff0; {0} × diagc~

]
. (4.5)

The boundary hypersurfaces are:

• lb,ff, rb, tf, df, sf are the lifts of [0, 1)h̃ × lb0, [0, 1)h̃ × ff0, etc;

• t̃f, d̃f, s̃f are the lifts of {0} × ff0, {0} × diagc~, h̃−1(0).

The dsc-diagonal diagc~~̃ is the lift of [0, 1)h̃ × diagc~.

Note the similarity with how X2
c~ is constructed from X2

b in Definition 3.1. Denote by
ρH a defining function of the boundary hypersurface H = ff, lb, etc. Let πb : X2

c~~̃ → X2
b

denote the lift of the projection [0, 1)h̃ × [0, 1)h ×X2
b → X2

b.

Definition 4.2. Let m ∈ R. Then

Ψm
c~~̃(X) =

{
κ ∈ Im− 1

2

(
X2

c~~̃; diagc~~̃; ρ−ndf ρ
−n
d̃f
π∗b
(

bΩ
1
2 (X2

b)
))

: κ ≡ 0 at lb ∪ rb ∪ sf ∪ s̃f
}
,

with ‘≡’ denoting equality of Taylor series. If E = (Elb, Eff , Erb, Etf , Et̃f
) is a collection of

index sets, we set

Ψ−∞,E
c~~̃

(X) := AEphg(X2
c~~̃),

with index sets ∅ at df, sf, d̃f, s̃f (not made explicit in the notation).

Let us verify that this is a sensible definition by considering an operator

Ãh,h̃ = h̃mhmx−m(xDx)jPm−j(h, x, y,Dy). (4.6a)

Note that a constant term ω̃ is of this type, too, for m = 0, so the calculations here
cover all operators of the form (4.1). Identified with its Schwartz kernel, (4.6a) is, in

(h̃, h, s = x
x′ , x

′, y, y′) coordinates and dropping b-half density factors for brevity,

Ãh,h̃ = h̃mhm(x′)−ms−m(sDs)
jPm−j(h, sx

′, y,Dy)
(
δ(s− 1)δ(y − y′)

)
, (4.6b)
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cf. (3.4a). We lift this to [0, 1)h̃ ×X
2
c~ and compute its form in various regimes:

(1) In a neighborhood of (0, 1)h̃×(ff0\rb0), we can use the coordinates (h̃, h, s, x̂′ = x′

h , y, y
′),

in which

Ãh,h̃ = h̃m(x̂′)−ms−m(sDs)
jPm−j(h, hsx̂

′, y,Dy)
(
δ(s− 1)δ(y − y′)

)
. (4.6c)

Thus, in these coordinates, Ãh,h̃ is a semiclassical cone operator in h̃, with parametric

dependence on h. (This is the uniform, down to h = 0, version of the obvious fact that

Ãh,h̃ for fixed h = h0 > 0 is a semiclassical cone operator in h̃.) In these coordinates, tf

is defined by h = 0, so from (4.6c) one expects the restriction Ntf(Ã) of Ã to tf, defined

in detail in (4.11) below, to be an h̃-semiclassical cone operator. The first blow-up

in (4.5) thus resolves its structure at h̃ = x̂′ = 0. Near t̃f, we consider two projective
coordinate systems.

(a) The first is a neighborhood of the interior of t̃f ∩ ff where we can use coordinates

(h̃, h, s, x̃′ = x̂′

h̃
, y, y′); in these,

Ãh,h̃ = (x̃′)−ms−m(sDs)
jPm−j(h, hh̃sx̃

′, y,Dy)
(
δ(s− 1)δ(y − y′)

)
(4.6d)

is a weighted operator of the form (3.4b). Restriction to t̃f, with defining function

h̃, gives a family of operators with smooth dependence on h,

N
t̃f

(Ã) = (x̃′)−ms−m(sDs)
jPm−j(h, 0, y,Dy)

(
δ(s− 1)δ(y − y′)

)
, (4.6e)

cf. (4.9) below.

(b) The second projective coordinate system near t̃f we consider is a neighborhood

of the interior of t̃f ∩ d̃f, where we can use (
ˆ̃
h = h̃

x̂′ , h, sh̃ = (log s)/
ˆ̃
h, x̂′, y, Yh̃ =

(y − y′)/ˆ̃
h), so

Ãh,h̃ = e−m
ˆ̃
hsh̃Dj

sh̃

ˆ̃
hm−jPm−j(h, he

ˆ̃
hsh̃ x̂′, y,

ˆ̃
h−1DYh̃

)
(
δ(sh̃)δ(Yh̃)

)
· ˆ̃h−n. (4.6f)

Since this is smooth and nondegenerate down to the boundary hypersurfaces (
ˆ̃
h = 0

and x̂′ = 0) in these coordinates, this justifies the blow-up of {0} × diagc~ in (4.5)
(reflected in the definition of sh̃ and Yh̃ here) as well as the factor ρ−n

d̃f
in Defini-

tion 4.2.
(2) Near (0, 1)h̃× (tf0∩ (df0 \ sf0)), we use (h̃, ĥ = h

x′ , sh = (log s)/ĥ, x′, y, Yh = (y−y′)/ĥ),
so

Ãh,h̃ = h̃me−mĥshDj
sh
ĥm−jPm−j(ĥx

′, eĥshx′, y, ĥ−1DYh)
(
δ(sh)δ(Yh)

)
· ĥ−n. (4.6g)

The blow-up of {0} × diagc~ (defined locally by h̃ = sh = Yh = 0) resolves the h̃-

semiclassical degeneration: near tf ∩ (df \ sf) ∩ (d̃f \ s̃f) (where h̃ & |sh|, |Yh|), we can

use the local coordinates (h̃, ĥ, sh̃ = sh
h̃
, x′, y, Yh̃ = Yh

h̃
), so

Ãh,h̃ = e−mĥh̃sh̃Dj
sh̃

(ĥh̃)m−jPm−j(ĥx
′, eĥh̃sh̃x′, y, (ĥh̃)−1DYh̃

)
(
δ(sh̃)δ(Yh̃)

)
· (ĥh̃)−n. (4.6h)

In these coordinates, defining functions of tf, df, d̃f are x′, ĥ, h̃, respectively; this fully
justifies the density factor in Definition 4.2.
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Remark 4.3. A further consequence of these calculations is that Ãh,h̃ ∈ ρ
−m
ff Ψm

c~~̃(X), and it

is non-degenerate as such, in the sense that the principal symbol of the diagonal singularity
is a nonzero multiple of the b-principal symbol of (xDx)jPm−j(h, x, y,Dy).

The principal symbol map is denoted c~~̃σm and fits into the short exact sequence

0→ ρdfρd̃f
Ψm−1

c~~̃
(X)→ Ψm

c~~̃(X)
c~~̃σm−−−−→ (Sm/ρdfρd̃f

Sm−1)(N∗diagc~~̃)→ 0, (4.7)

cf. (3.8). At ff ∼= [0, 1)h × [0, 1)h̃ × ffb (where we recall that ffb is the front face of X2
b, as

discussed after (3.1)), we have a 2-parameter family of b-normal operators, giving a map
Nff with

0→ ρffΨm
c~~̃(X)→ Ψm

c~~̃(X)
Nff−−→ C∞

(
[0, 1)h × [0, 1)h̃; Ψm

b,I(
+N∂X)

)
→ 0, (4.8)

cf. (3.9). Similarly, restriction to the transition face for the second semiclassical parameter,

t̃f, which is fibered over [0, 1)h gives a normal operator map

0→ ρ
t̃f

Ψm
c~~̃(X)→ Ψm

c~~̃(X)
N

t̃f−−→ C∞
(

[0, 1)h; Ψm
b,sc(

+N∂X)
)
→ 0, (4.9)

The transition face tf is not a smooth fibration over [0, 1)h̃, see Figure 4.3; rather, by
restricting the blow-up procedure (4.5) to [0, 1)h̃ × tf0, we find that

tf =
[
[0, 1)h̃ × tf0; {0} × (tf0 ∩ ff0); {0} × (tf0 ∩ diagc~)

]
.

Recalling from (3.10) that tf0
∼= (+N∂X)2

b,sc, we thus conclude that tf is the double space

for operators which are semiclassical (with respect to h̃) cone operators near ∂0
+N∂X and

semiclassical scattering operators near ∂∞+N∂X. Near the lift of [0, 1)h̃×(tf0 \(sf0∩df0)),

the boundary hypersurface tf is naturally identified with (+N∂X)2
c~̃ (with the subscript ‘~̃’

indicating that the semiclassical parameter is h̃); the following definition (with X = +N∂X)
captures the global structure of tf:

Definition 4.4. Let X be a manifold whose boundary is the disjoint union ∂X = ∂0X t
∂∞X of two connected embedded hypersurfaces. Denote the b-left boundary, b-front face,
b-right boundary, scattering front face, and lifted diagonal in X2

b,sc by lbb, ffb, rbb, ff0,sc,

and diagb,sc. (See Figure 4.2.) Then the semiclassical cone-scattering double space is

X2
c,sc,~̃ :=

[
[0, 1)h̃ ×X2

b,sc; {0} × ffb; {0} × diagb,sc

]
.

Denote by ff sc the lift of [0, 1)h̃ × ff0,sc, and by lb, ff , rb, t̃f , d̃f , s̃f the closures of the

corresponding non-bold-face hypersurfaces of (X \ ∂∞X)2
c~̃ inside of X2

c,sc,~̃. The lift of

[0, 1)h̃ × diagb,sc is denoted diagc,sc,~̃.

Let ρH denote a boundary defining function of H for H = lb,ff , etc.

Definition 4.5. For X as in Definition 4.4, we define

Ψm
c,sc,~̃(X) :=

{
κ ∈ Im− 1

4

(
X2

c,sc,~̃; diagc,sc,~̃; ρ−n
d̃f
ρ−nff sc

· π∗b
(

bΩ
1
2 (X2

b)
))}

,

where πb is the lift of the projection [0, 1)h̃ × X2
b → X2

b, so πb : X2
c,sc,~̃ → X2

b. Given a

collection E = (Elb, Eff , Erb, Et̃f ) of index sets, we denote by

Ψ−∞,E
c,sc,~̃

(X) = AEphg(X2
c,sc,~̃),
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ffb

lbb

rbb

diagb,sc

ffb

ff0,sc

Figure 4.2. Illustration of the double space X2
b,sc.

with index set ∅ at all boundary hypersurfaces except lb, ff , rb, t̃f .

For X = +N∂X, we have

tf = (+N∂X)2
c,sc,~̃ (4.10)

and lb = tf∩ lb, ff = tf∩ff, rb = tf∩rb, t̃f = tf∩ t̃f, ff sc = tf∩df, s̃f = tf∩ s̃f, d̃f = tf∩ d̃f.
See Figure 4.3, where we also indicate sf = tf ∩ sf.

ff

t̃f

s̃f

sf

lb

rb

ff sc

d̃f

Figure 4.3. Structure of tf and its boundary hypersurfaces as stated af-
ter (4.10). The local coordinates used in (4.6d) and (4.6f) (without h, which

defines tf) are valid near the interiors of ff ∩ t̃f and t̃f ∩ d̃f , respectively;

(4.6g) and (4.6h) (without ĥ, which defines tf) are valid near the interiors

of ff sc \ d̃f and ff sc ∩ d̃f , respectively.

With these preparations, the normal operator at tf is given by restriction to tf, giving a
short exact sequence

0→ ρtfΨ
m
c~~̃(X)→ Ψm

c~~̃(X)
Ntf−−→ Ψm

c,sc,~̃(+N∂X)→ 0. (4.11)
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Since tf ∩ t̃f is equal to the transition face of (+N∂X)2
c~̃, the tf- and t̃f-normal operators

are related by

Ntf(Ntf(A)) = N
t̃f

(A)|h=0. (4.12)

Here, the leftmost Ntf is the tf-normal operator map for semiclassical cone operators with
the single semiclassical parameter h̃.

4.3. Composition. As in §3.1, it is convenient to introduce an extended dsc-double space,
based on the extended semiclassical cone double space ′X2

c~ from Definition 3.7. Let us
adorn the names of the boundary hypersurfaces of ′X2

c~ with a subscript ‘0’ as before
Definition 4.1.

Definition 4.6. The extended dsc-double space is

′X2
c~~̃ :=

[
[0, 1)h̃ ×

′X2
c~; {0} × ff0; {0} × diagc~; {0} × lb0; {0} × rb0

]
. (4.13)

We label its boundary hypersurfaces as follows:

• lb, ff, rb, tf, df, sf, tlb, trb are the lifts of [0, 1)h̃ × lb0, [0, 1)h̃ × ff0 etc;

• t̃f, d̃f, s̃f are the lifts of {0} × ff0, {0} × diagc~, h̃−1(0);

• t̃lb, t̃rb are the lifts of {0} × lb0, {0} × rb0.

The lift of diagc~~̃ to ′X2
c~~̃ will be denoted by the same letter. Schwartz kernels of

operators in Ψm
c~~̃(X) and Ψ−∞,E

c~~̃
(X) lift to ′X2

c~~̃ and vanish to infinite order at tlb, trb,

t̃lb, t̃rb.

The extended dsc-triple space is constructed on the basis of the extended semiclassical
cone triple space ′X3

c~ from Definition 3.7. Again, we adorn the names of hypersurfaces of
′X3

c~ with a subscript ‘0’, prior to any subscripts they may already have. The triple and
lifted diagonals in ′X3

c~ are still denoted diagc~,3, diagc~,•, • = F, S,C.

Definition 4.7. Define the collections of submanifolds of [0, 1)h̃ ×
′X3

c~

Fc~ = {{0} × ff0,•}, Bc~ = {{0} × bf0,•}, Dc~ = {{0} × diagc~,•}, • = F, S,C.

The extended dsc-triple space is then

′X3
c~~̃ :=

[
[0, 1)h̃ ×

′X3
c~; {0} × fff0;Fc~;Bc~; {0} × diagc~,3;Dc~

]
.

We label its boundary hypersurfaces as follows:

• fff,ff•, bf•, tff, tf•, tbf•, dff,df•, sff are the lifts of [0, 1)h̃ × fff0, [0, 1)h̃ × ff0,•, etc;

• t̃ff, t̃f• are the lifts of {0} × fff0, {0} × ff0,•;

• t̃bf• is the lift of {0} × bf0,•;

• d̃ff, d̃f• are the lifts of {0} × diagc~,3, {0} × diagc~,•;

• s̃ff is the lift of {0} × ′X3
c~.

Lastly, the p-submanifolds diagc~~̃,3, diagc~~̃,• are the lifts of [0, 1)h̃ × diagc~,3, [0, 1)h̃ ×
diagc~,•.

Recalling the stretched projections πc~,• : ′X3
c~ → ′X2

c~ from (3.15), we have:
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Lemma 4.8. The stretched projections Id×πc~,• : [0, 1)h̃ ×
′X3

c~ → [0, 1)h̃ ×
′X2

c~ lift to
b-fibrations

πc~~̃,• : ′X3
c~~̃ →

′X2
c~~̃, • = F, S,C. (4.14)

Proof. We consider the case of πc~~̃,F ; the proof is very similar to that of Lemma 3.8, so

we shall be brief. The starting point is that Id×πc~,F is a b-fibration. The lift of this to
the blow-up {0} × ff0 in the target and its preimages {0} × fff0, {0} × ff0,F in the domain
is the b-fibration[

[0, 1)h̃ ×
′X3

c~; {0} × fff0; {0} × ff0,F

]
→
[
[0, 1)h̃ ×

′X2
c~; {0} × ff0

]
.

We next blow up the lift of {0}×lb0, resp. {0}×rb0 in the range and its preimages—the lifts
of {0}×ff0,C , {0}×bf0,S , resp. {0}×ff0,S , {0}×bf0,C—in the domain, with the projection
map lifting to a b-fibration. The lift of {0} × bf0,F gets mapped diffeomorphically to the
lift of {0} × ′X2

c~; thus, upon blowing up {0} × bf0,F , we get a b-fibration[
[0, 1)h̃ ×

′X3
c~; {0} × fff0;Fc~;Bc~

]
→
[
[0, 1)h̃ ×

′X2
c~; {0} × ff0; {0} × lb0; {0} × rb0

]
.

Blowing up the lift of the diagonal {0}×diagc~ in the range and the lift of {0}×diagc~,F in
the domain, this map lifts to a b-fibration, and remains such upon lifting to the blow-up of
the triple diagonal at h̃ = 0, {0} × diagc~,3. The lift of this map to subsequent blow-ups of

the other diagonals at h̃ = 0, {0}×diagc~,•, • = S,C—which lift to be disjoint from the lift
of {0} × diagc~,F—is still a b-fibration, as the latter submanifolds map diffeomorphically
onto the lift of {0} × bf0,F . �

This allows for a simple proof of composition properties of the dsc-calculus:

Proposition 4.9. Let Aj ∈ Ψ
mj

c~~̃
(X), A′j ∈ Ψ

−∞,Ej
c~~̃

for j = 1, 2. Then:

(1) A1 ◦A2 ∈ Ψm1+m2

c~~̃
(X), A1 ◦A′2 ∈ Ψ−∞,E2

c~~̃
(X), A′1 ◦A2 ∈ Ψ−∞,E1

c~~̃
(X).

(2) Write Ej = (Ej,lb, Ej,ff , Ej,rb, Ej,tf , Ej,t̃f), and suppose that inf Re(E1,rb + E2,lb) > 0.

Then A′1 ◦ A′2 ∈ Ψ−∞,F
c~~̃

(X), where F = (Flb,Fff ,Frb,Ftf ,Ft̃f
) is defined by (3.17)

and F
t̃f

= E
1,t̃f

+ E
2,t̃f

.

Proof. The proof is similar to that of Proposition 3.9, but notationally more complex. We
shall only discuss the composition of remainder terms with polyhomogeneous expansions.
Denoting by K ′j the Schwartz kernel of A′j , we write the Schwartz kernel K of A′1 ◦A′2 as

K = (πc~~̃,C)∗

(
π∗

c~~̃,FK
′
1 · π∗c~~̃,SK

′
2

)
.

K ′1 is polyhomogeneous on X2
c~~̃. We first need to lift it to ′X2

c~~̃; this is not quite automatic

since ′X2
c~~̃ is defined as a blow-up not of X2

c~~̃ but of

[0, 1)h̃ ×
′X2

c~ =
[
[0, 1)h̃ ×X

2
c~; [0, 1)h̃ × (lb ∩ sf); [0, 1)h̃ × (rb ∩ sf)

]
. (4.15)

Note however that the blow-up of {0}×ff0 in the definition of X2
c~~̃ in (4.1) commutes with

the first blow-up in (4.15) since [0, 1)h̃× (lb∩ sf) and {0}×ff0 are transversal; similarly for

the second blow-up. Thus, we can lift K ′1 from X2
c~~̃ = [[0, 1)h̃×X

2
c~; {0}×ff0; {0}×diagc~]

to the blow-up of (4.15) along {0} × ff0 and {0} × diagc~ (the latter being disjoint from
the submanifolds involving lb and rb), and thus to ′X2

c~~̃ by lifting to the final two blow-

ups in (4.13). This lift (which we denote by K ′1 still) has non-trivial index sets only at
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lb,ff, rb, tf, t̃f, while at the remaining hypersurfaces, in particular at those only present in

the extended double space, tlb, trb, t̃lb, t̃rb, it vanishes to infinite order.

We now observe that under the map πc~~̃,F , preimages of boundary hypersurfaces of ′X2
c~~̃

are unions of boundary hypersurfaces of ′X3
c~~̃ as follows:12

lb : ffC ,bfS ; ff : fff,ffF ; rb : ffS ,bfC ; tf : tff, tfF ;

t̃f : t̃ff, t̃fF ; sf : sff, dfC ,dfS ; s̃f : s̃ff, d̃fC , d̃fS ; df : dff, dfF ;

d̃f : d̃ff, d̃fF ; tlb : tbfS , tfC ; trb : tbfC , tfS ; t̃lb : t̃bfS , t̃fC ;

t̃rb : t̃bfC , t̃fS .

The only boundary hypersurfaces of ′X3
c~~̃ not contained in this list are bfF , tbfF , t̃bfF ; the

pullback π∗
c~~̃,FK

′
1 has index set N0 at (i.e. is smooth down to) these. The corresponding

statement for πc~~̃,C is obtained from this by cyclically permuting indices according to

F → S → C → F , while the statement for πc~~̃,S is obtained by interchanging C and F ,

but leaving S fixed.

Therefore, the index sets of K ′12 := π∗
c~~̃,FK

′
1 ·π∗c~~̃,SK

′
2 at bfC , tbfC , t̃bfC are E1,rb +E2,lb,

∅, ∅, so the pushforward K = (πc~~̃,C)∗K
′
12 is well-defined when inf Re(E1,rb + E2,lb) > 0.

The index set of K at lb is then the extended union of the index sets of K ′12 at ffF and

bfS , which are E1,ff + E2,lb and E1,lb. The arguments for ff, rb, tf, and t̃f are similar; in the

latter case (which did not arise in §3), we note that the index sets of K ′12 at t̃ff and t̃fC are
E

1,t̃f
+ E

2,t̃f
and ∅, whose extended union is indeed F

t̃f
as stated.

Finally, the index sets of K at tlb, trb, t̃lb, t̃rb, sf are trivial. Following the arguments
after (4.15), this implies that K is the lift of a polyhomogeneous distribution on X2

c~~̃ to
′X2

c~~̃, finishing the proof. �

4.4. Construction of resolvents of semiclassical cone operators. Since the doubly
semiclassical calculus is exclusively used as a tool (rather than as an interesting class of
operators in its own right), we restrict attention to the following class of operators (cf. (4.1)):
fix A ∈ Diffmc,~(X), m ≥ 1, and pick an h-dependent operator Ab,h ∈ C∞([0, 1)h; Diffmb (X))
such that

A− hmx−mAb =: A′ ∈ Diffm−1
c,~ (X).

Furthermore, let ω̃ ∈ C \ {0}. Define Ã ∈ ρ−mff Ψm
c~~̃(X) by

Ãh,h̃ = h̃mAh − ω̃ (4.16)

To motivate the correct definition of full ellipticity for such operators, let us write the
operator A as

Ah =
∑

k+|α|≤j≤m

(h
x

)j
ajkα(h, x, y)(xDx)kDα

y , ajkα(h, x, y) ∈ C∞([0, 1)h × [0, ε)x × Rn−1
y ),

(4.17)

12We write ‘A: B1, B2, . . . ’ for π−1

c~~̃,F (A) = B1 ∪B2 ∪ · · · .
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in local coordinates on [0, 1)h ×X; we can then take

Ab,h =
∑

k+|α|≤m

amkα(h, x, y)(xDx)kDα
y .

Observe that in the definition of Ãh,h̃ in (4.16), all terms of Ah with j ≤ m−1 get multiplied

by h̃m−j · h̃j with m− j ≥ 1; the calculations starting with equation (4.6a) (which include
the constant term in the special case m = 0) thus imply, as noted in Remark 4.3, that the

ellipticity of the dsc-principal symbol of ρmff Ã is equivalent to the semiclassical ellipticity of∑
k+|α|=m amkα(h, x, y)ξkηα − ω̃ for (ξ, η) ∈ R × Rn−1, meaning the absolute value of this

expression is bounded from below by c0(1 + |ξ| + |η|)m, c0 > 0, for all (ξ, η). Since this
is an open condition in the parameter h, it holds automatically for all sufficiently small
h > 0 provided it holds at h = 0, where it can be expressed as the semiclassical ellipticity
of bσm(Ab,0)− ω̃ on bT ∗X.

Next, consider the normal operator Nff(ρmff Ã); in h, h̃ > 0, this is a smooth nonzero

multiple of N∂X(xmÃh,h̃) = h̃mhmN∂X(Ab,h). Assuming that the b-normal operator of A

is h-independent—equivalently, N∂X(Ab,h) is h-independent—this implies that, for some
0 < f ∈ C∞([0, 1)h × [0, 1)h̃ × ∂X) depending on the choice of ρff , the ff-normal operator

f−1Nff(ρmff Ã) = N∂X(Ab,h) ∈ Diffb(+N∂X) is h-independent.

The normal operator N
t̃f

(Ã) can be computed by passing to the coordinates (h̃, h, x̃ =
x
hh̃
, y) and restricting to h̃ = 0; since h̃mhjx−j = h̃m−j x̃−j , only the leading order part

hmx−mAb of A and the constant term ω̃ contribute:

N
t̃f

(Ã) =
∑

k+|α|≤m

x̃−mamkα(h, 0, y)(x̃Dx̃)kDα
y − ω̃.

But we are assuming that amkα(h, 0, y) is h-independent; hence

N
t̃f

(Ã) = Ntf(h
mx−mAb,0 − ω̃) (4.18)

is an h-independent (weighted) b-scattering operator on +N∂X. We shall need to assume

its invertibility as a map Hs,α
b,sc(

+N∂X)→ Hs−m,α−m
b,sc (+N∂X).

Finally, the invertibility of the tf-normal operator of Ã—as in Theorem 3.10 but also
taking the semiclassical scattering behavior at ∂∞+N∂X into account (see the proof of
Theorem 4.11 below for details)—requires a full ellipticity assumption. But the tf-normal

operator of Ntf(Ã) is equal to (4.18) in view of the relationship with N
t̃f

(Ã), see (4.12); and

the semiclassical cone-scattering principal symbol ofNtf(Ã) is the restriction toN∗(diagc~~̃∩
tf) of the dsc-principal symbol of Ã, the ellipticity condition for which was already discussed
above.

In summary, the correct notion of ellipticity is the following.

Definition 4.10. Let m ≥ 1, A ∈ Diffmc,~(X), ω̃ ∈ C \ {0}. Let Ab ∈ C∞([0, 1)h; Diffmb (X))

be such that A = hmx−mAb +A′ with A′ ∈ Diffm−1
c,~ (X). Define the operator

Ãh,h̃ = h̃mAh − ω̃.

Then Ã is fully elliptic at weight α ∈ R if the following conditions hold.

(1) We have |bσm(Ab,0)(z, ζ)− ω̃| ≥ c0(1 + |ζ|)m, c0 > 0, for all (z, ζ) ∈ bT ∗X.
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(2) The operator hmx−mAb,h−ω̃ is fully elliptic at weight α in the sense of Definition 2.4.

The second condition here entails the h-independence of the normal operator of Ab,h

as well as the invertibility of the model problem (4.18); the latter means, in terms of the
expression (4.17) for A, that

x̂−m
∑

k+|α|≤m

amkα(0, 0, y)(x̂Dx̂)kDα
y − ω̃ : Hs,α

b,sc(
+N∂X)→ Hs−m,α−m

b,sc (+N∂X)

is invertible for some s ∈ R.13 As we shall see in the proof of Theorem 4.11 below (see the

discussion following (4.21)), this condition implies the invertibility of Ntf(Ã) in a uniform

manner as h→ 0, in the sense that the inverse Ntf(Ã)−1 is an element of the semiclassical
cone-scattering calculus.

Theorem 4.11. Suppose Ã as in Definition 4.10 is fully elliptic at weight α ∈ R. Then
there exists c0 > 0 such that

Ãh,h̃ : Hs,α
b (X)→ Hs−m,α−m

b (X), s ∈ R,

is invertible for 0 < h, h̃ < c0. The inverse lies in the large dsc-calculus,

Ã−1 ∈ ρmff Ψ−m
c~~̃

(X) + Ψ−∞,E
c~~̃

(X), E = (Ělb(α), Ěff(α) +m, Ěrb(α) +m,N0,N0),

where the index sets are defined by (3.19)–(3.20).

Proof. The proof is similar to that of Theorem 3.10, except we now also need to invert
the tf-normal operator. The first step of the inversion of Ã is the usual symbolic elliptic
parametrix construction. Restricting henceforth to h, h̃ < c0 for some small c0 > 0, where
Ã is dsc-elliptic as discussed above, we obtain

B0 ∈ ρmff Ψ−m
c~~̃

(X), ÃB0 = I −R0, R0 ∈ ρ∞dfρ
∞
d̃f

Ψ−∞
c~~̃

(X) = Ψ
−∞,(∅,N0,∅,N0,N0)

c~~̃
(X).

The next step solves away the error at the front face ff ∼= [0, 1)h̃× [0, 1)h×ffb by employing

b-normal operator analysis with smooth parametric dependence on (h̃, h) and using the

independence of Nff(Ã) on (h, h̃); this gives

B1 ∈ Ψ
−∞,(Elb(α),N0+m,Erb(α)+m,N0,N0)

c~~̃
(X),

Ã(B0 +B1) = I −R1, R1 ∈ Ψ
−∞(Elb(α)−m,N,Erb(α)+m,N0,N0)

c~~̃
(X).

As in (3.23), we solve away the error at lb to infinite order with an operator

B2 ∈ Ψ
−∞,(Elb(α)∪ Êlb(α),N+m,∅,N0,N0)

c~~̃
(X);

subsequently, the error at ff (where the index set of the error term is N) is removed using
a Neumann series argument as in (3.24). The upshot is that we can construct a right
parametrix G as in (3.25), and similarly a left parametrix G′, with

G,G′ ∈ ρmff Ψ−m
c~~̃

(X) + Ψ−∞,E
c~~̃

(X),

ÃG = I −R, R ∈ Ψ
−∞,(∅,∅,Êrb(α)+m,N0,N0)

c~~̃
(X), (4.19)

G′Ã = I −R′, R′ ∈ Ψ
−∞,(Êlb(α),∅,∅,N0,N0)

c~~̃
(X). (4.20)

13This operator has the same form as (2.3) upon restricting the sum in (2.3) to j = m; note that in (2.3)
the spectral parameter—here ω̃—was incorporated into A there.
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We next improve the error term at t̃f using the normal operator N
t̃f

from (4.9); see
also (4.6e). By (3.28), and recalling from (4.18) that the h-dependence is trivial, we have

N
t̃f

(Ã)−1 ∈ ρmtf,bΨ−mb,sc(
+N∂X) + Ψ

−∞,(Elb,Eff ,Erb)
b,sc (+N∂X) (independent of h).

Take thus Bt̃f ∈ ρ
m
ff Ψ−m

c~~̃
(X) + Ψ−∞,E

c~~̃
(X) to be an operator with N

t̃f
(Bt̃f) = N

t̃f
(Ã)−1; at

tf, whose intersection with t̃f is defined by h = 0 within t̃f, we can, indeed, take as the
index set for Bt̃f the set Etf = N0 in view of the smooth h-dependence in (4.18). Then

G4 := G+Bt̃fR ∈ ρ
m
ff Ψ−m

c~~̃
(X) + Ψ−∞,E

c~~̃
(X)

⇒ ÃG4 = I −R4, R4 ∈ Ψ
−∞,(∅,∅,Ěrb(α)+m,N0,N)

c~~̃
(X).

We solve away the error at t̃f to infinite order by a Neumann series argument; thus, taking

B′5 ∼
∑∞

j=0R
j
4, we obtain

G̃ := G4B
′
5, ÃG̃ = I − R̃, R̃ ∈ Ψ

−∞,(∅,∅,Ěrb(α)+m,N0,∅)
c~~̃

(X).

Analogous arguments starting with (4.20) produce

G̃′ ∈ ρmff Ψ−m
c~~̃

(X) + Ψ−∞,E
c~~̃

(X), G̃′Ã = I − R̃′, R̃′ ∈ Ψ
−∞,(Ělb(α),∅,∅,N0,∅)
c~~̃

(X).

Finally, we remove the error at tf. We claim that there exists h̃0 > 0 such that Ntf(Ã)—

which in h̃ > 0 is an h̃-dependent family of b-scattering operators on +N∂X—is invertible
for 0 < h̃ < h̃0, with

Ntf(Ã)−1 ∈ ρmff Ψ−m
c,sc,~̃

(+N∂X) + Ψ
−∞,(Elb,Eff ,Erb,Etf)
c,sc,~̃

(+N∂X). (4.21)

This almost follows from Theorem 3.10 upon restricting Ntf(Ã) to a (weighted) element of
Ψc~̃(+N∂X); however, +N∂X is not compact, hence the theorem does not apply. However,

Ntf(Ã) has a very simple structure at the scattering end, i.e. near ff sc: it is a semiclassically

elliptic scattering operator. Thus, symbolic arguments produce a parametrix of Ntf(Ã) of
the form

Btf,0 ∈ ρmff Ψ−m
c,sc,~̃

(+N∂X), Ntf(Ã)Btf,0 = I −Rtf,0, Rtf,0 ∈ ρ∞d̃f
ρ∞ff sc

Ψ−∞
c,sc,~̃

(+N∂X),

i.e. the error Rtf is trivial at the scattering end. Thus, (4.21) follows by subsequently

improving the parametrix Btf,0 using the parameterized b-arguments and the t̃f -normal
operator analysis analogous to the tf-normal operator analysis in the proof of Theorem 3.10;
note that the infinite order vanishing of error terms at the scattering end is preserved by

these steps, as they are local near ff , lb, rb, and t̃f .

Thus, if Btf ∈ ρmff Ψ−m
c~~̃

(X) + Ψ−∞,E
c~~̃

(X) has tf-normal operator Ntf(Btf) = Ntf(Ã)−1 (in

h̃ < h̃0), then

G5 := G̃+BtfR̃ ∈ ρmff Ψ−m
c~~̃

(X) + Ψ−∞,E
c~~̃

(X)

⇒ ÃG5 = I −R5, R5 ∈ Ψ
−∞,(∅,∅,Ěrb(α)+m,N,∞)

c~~̃
(X).
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Multiplying G5 from the right by an operator given as an asymptotic sum
∑∞

j=0R
j
5 gives

G6 ∈ ρmff Ψ−m
c~~̃

(X) + Ψ−∞,E
c~~̃

(X) with

ÃG6 = I −R6, R6 ∈ Ψ
−∞,(∅,∅,Ěrb(α)+m,∅,∅)
c~~̃

(X).

Now R6 ∈ A(∅,Ěrb(α)+m,∅,∅)
phg ([0, 1)h̃ × [0, 1)h ×X2), with the index sets referring to [0, 1)2 ×

∂X × X, [0, 1)2 × X × ∂X, h̃−1(0), h−1(0), in this order. Thus, for small h, h̃, I − R6

is invertible on Hs−m,α−m
b (X) by a convergent Neumann series, with inverse of the same

form.

Setting G = G6(I − R6)−1 proves the existence of G ∈ ρmff Ψ−m
c~~̃

(X) + Ψ−∞,E
c~~̃

(X) with

ÃG = I. Similar arguments produce a left inverse G′ lying in the same operator class, and
standard arguments give G = G′, finishing the proof of the theorem. �

5. Structure of complex powers

Using the resolvent constructed in §4.4, we shall now deduce the precise structure of
complex powers of semiclassical cone operators. Seeley’s original approach to the definition
of complex powers of elliptic operators on closed manifolds uses a large parameter calculus;
we explain in §5.1 in this simple setting how one can use semiclassical operators instead.
In §5.2, we prove a slight extension of Loya’s result [Loy03b] about the structure of com-
plex powers of fully elliptic cone operators using the resolvent rather than the heat kernel
[Loy03a]; this uses a special case of the results of §3.3. In §5.3 finally, we generalize this to
the semiclassical setting.

5.1. Seeley’s approach revisited. Let X be a compact manifold without boundary. Let
A ∈ Diffm(X), m > 0, be elliptic, and σm(A) + 1 6= 0 on T ∗X (thus σm(A) misses
(−∞, 0)). Assume that A is invertible. Then by [See67], see also [Shu87, §§10–11], we can
define complex powers of A by

A(w) =
i

2π

∫
γε

λw(A− λ)−1 dλ ∈ Ψw(X), (5.1)

initially for Rew < 0 and then for all w ∈ C by analytic continuation. Here, we integrate
over the contour

γε = γ3 ◦ γ2 ◦ γ1,

γ1(s) = s+ iε, s ∈ (−∞, 0], γ2(θ) = εe−iθ, θ ∈
[
−π

2 ,
π
2

]
, γ3(s) = −s− iε, s ∈ [0,∞),

(5.2)

where ε > 0 is so small that (A − λ)−1 exists when λ is ε-close to (−∞, 0]; and we define
λw = exp(w log λ) using the logarithm with branch cut along (−∞, 0]. See Figure 5.1.

We rewrite the integrand for large |λ| in terms of the semiclassical resolvent

R(h, ω) = (hmA− ω)−1 ∈ Ψ−m~ (X).

This exists, and depends smoothly on ω near −1, when h > 0 is small enough. Moreover,
R(h, ω) can be computed modulo h∞Ψ−∞(X) = h∞C∞(X2) in local coordinates by a
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Reλ

Imλ

γ1 iε

−iε
γ2

γ3

Figure 5.1. The integration contour γε defined in (5.2).

symbolic computation. More precisely, given k ∈ N, there exists N ∈ N such that we can
write R(h, ω) in a local coordinate chart as

R(h, ω) = Oph(rN (h, ω)) + E(N)(h, ω),

where E(N) ∈ hkCk(X2) and r(N)(h, ω) =
∑N−1

j=0 bj(h, ω), bj ∈ hjS−m−jhom (T ∗X \o) (with C∞
dependence on h, ω omitted from the notation); this uses that Schwartz kernels of elements
of Oph(hjS−m−j) become arbitrarily smooth on [0, 1)h × X2 as j → ∞. Rewriting the
integrand in (5.1) as

(A− λ)−1 = |λ|−1R(h, ω), h = |λ|−1/m, ω = λ/|λ|,
we can replace R(N) in local coordinates on X2 by Oph(r(N)), modulo an error

i

2π

∫
γε

λw|λ|−1E(N)(|λ|−1/m, ω, x, x′) dλ ∈ Ck(X2). (5.3)

On the other hand, since the symbol of an elliptic parametrix of an elliptic semiclassical
operator in local coordinates is unique modulo h∞S−∞, the expansion of r(N) must agree
with the expansion into large parameter symbols upon making the appropriate identifica-
tions; that is, we have

|λ|−1 Op|λ|−1/m

(
bj(|λ|−1/m, λ/|λ|)

)
= Op(b′j), b′j(λ) ∈ S−m−j,mhom ((T ∗X × Λ) \ o), (5.4)

where Λ = {θω : θ ∈ [0,∞), ω ∈ Ω}, Ω a small neighborhood of −1, and the b′j are the

terms of the symbolic parametrix construction of (A−λ)−1 in the large parameter calculus,
see [Shu87, §11.1]. (Note that we use the standard quantization on the right!) Here, we

recall that S−m−j,mhom ((T ∗X × Λ) \ o) (with o = {(z, ζ, λ) : ζ ∈ T ∗zX, ζ = λ = 0} the zero

section) consists of all a ∈ C∞((T ∗X ×Λ) \ o) such that a(z, θζ, θmλ) = θ−m−ja(z, ζ, λ) for

all θ > 0. In particular,
∫
λwb′j(λ) dλ ∈ Smw−jhom (T ∗X \ o) and so

i

2π

∫
γε

λw Op(b′j) dλ ∈ Ψmw−j(X).

Together with (5.3), and recalling that k is arbitrary, this proves (5.1).

5.2. Complex powers of cone operators. From now on, X again denotes a compact
n-dimensional manifold with connected embedded boundary ∂X, and x ∈ C∞(X) de-
notes a defining function of ∂X. For a (non-semiclassical) cone operator A = x−mAb ∈
x−mDiffmb (X) satisfying a suitable ellipticity condition, we wish to describe the complex
powers A(w); this is a warm-up for §5.3.
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Theorem 5.1. Suppose that hmA+ 1 = hmx−mAb + 1 is fully elliptic with weight α ∈ R,
and that A− λ : Hs,α

b (X)→ Hs−m,α−m
b (X) is invertible for λ ∈ (−∞, 0].14 Let

A(w) :=
i

2π

∫
γ
λw(A− λ)−1 dλ, w ∈ C, (5.5)

where γε is as in (5.2), with ε > 0 chosen so that (A − λ)−1 exists when λ is ε-close to

(−∞, 0]. Then A(w), Rew < 0, is well-defined as an operator on Hs,α−m
b (X). Its Schwartz

kernel (as a distributional right density on X◦ × X◦) admits a holomorphic extension to
w ∈ C, and we have

A(w) ∈ x−mwΨmw
b (X) + Ψ

−∞,Eb(w)
b (X), Eb(w) =

(
Elb, Eff ∪ (N0 −mw), Erb

)
,

where Elb, Eff , Erb are defined by (3.19), (3.20), (3.21).

Loya [Loy03b] proves this when A has no spectrum inside a conic sector whose interior
includes the closed left half plane. Note also that Theorem 5.1 does not entail any state-
ment about the restriction of the Schwartz kernel of A(w) to the diagonal diagX◦ (which,
extrapolating from the classical case [Shu87, Sch86], is at best only meromorphic).

Proof of Theorem 5.1. It suffices to consider the case Rew < 0; the extension to the
complex plane is accomplished by setting A(w) := AkA(w−k) when w ∈ C, k ∈ N0,

and Re(w − k) < 0. By assumption, (A − λ)−1 exists for all λ ∈ γε, and we have

(A − λ)−1 ∈ xmΨ−mb (X) + Ψ−∞,Ebb (X) by [Mel93] or as the special case h = 1 of The-
orem 3.10 (using the invertibility assumption on A − λ). For large |λ|, we rewrite (5.5)
semiclassically in terms of Ah,ω = hmA− ω:

A(w) =
i

2π

∫
γε

h−mwωwA−1
h,ω · |λ|

−1 dλ, h = |λ|−1/m, ω =
λ

|λ|
. (5.6)

Confining ω to a small neighborhood Ω of −1, we have

A−1
h,ω = Rh,ω + Eh,ω, Rh,ω ∈ ρmff Ψ−mc~ (X), Eh,ω ∈ Ψ−∞,Ec~ (X)

with E =
(
Ělb(α), Ěff(α) +m, Ěrb(α) +m,N0

)
by Theorem 3.10, with smooth dependence

on ω ∈ Ω.

For convenience, we may deform the contour γε to a new contour γ′ε which is exactly
radial, at a small angle ±ε with (−∞, 0], for |λ| ≥ 1. Upon inserting a smooth cutoff
χ ∈ C∞c ((1,∞)), χ(|λ|) ≡ 1 for |λ| ≥ 2, the integral (5.6) is a sum of two integrals for
ω = −e±iε, each of which is a push-forward along the map X2

c~ → X2
b which is the lift of

the projection [0, 1)h × X2
b → X2

b. Recall that Eh,ω vanishes to infinite order at sf ∪ df,
hence is polyhomogeneous on the simpler space X2

c~,∞, see (3.2); the stretched projection

X2
c~,∞ → X2

b is a b-fibration. Since ff and tf both map to ffb ⊂ X2
b, we obtain∫

γε

χ(|λ|)h−mwωwEh,ω · ω
dh

h
∈ Ψ

−∞,Eb(w)
b (X) (5.7)

since the index set of the integrand is Eff at ff and N0 −mw (from h−mw) at tf.

14The full ellipticity assumption implies invertibility for sufficiently large negative λ in view of Theo-
rem 3.10 with ω = −λ/|λ| and h = |λ|−1/m, hence this merely serves to exclude the possibility of spectrum
in a large but finite interval [−C, 0].
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It thus remains to analyze the contribution of Rh,ω, which, in view of (5.7), we may in
addition localize arbitrarily closely to the preimage diagc~ ∪ df of the diagonal under the
blow-down of df. But then Rh,ω can be expressed in local coordinates near the diagonal
diagc~,∞ in X2

c~,∞, see (3.3). Its full symbol, modulo ρ∞dfS
−∞(N∗diagc~), is uniquely de-

termined by the requirement that Rh,ω be an elliptic parametrix of Ah,ω in X◦. As in the
discussion leading to (5.4), we can thus compute |λ|−1Rh,ω as a quantization of a sum of
N large parameter symbols, modulo error terms

E
(N)
h,ω ∈ |λ|

−1ρmff ρ
N
dfΨ
−m−N
c~ (X) (5.8)

with Schwartz kernels localized near diagc~. Any fixed continuous |λ|−1ρmff ρ
∞
df Ψ

−∞
c~ (X)-semi-

norm is continuous on the space in (5.8) when N is large enough; hence, by the arguments

leading to (5.7), E
(N)
h,ω contributes to (5.6) by a Schwartz kernel E

(N,w)
h,ω in such a way that

any fixed Ψ
−∞,(∅,(m+N0)∪ (N0−mw),∅)
b (X)-seminorm becomes finite for N large enough.

It therefore remains to describe the contribution from the quantization of a single large
parameter b-symbol arising in the symbolic parametrix construction for (A − λ)−1. Writ-
ing am(z, ζ) = bσm(Ab)(z, ζ), (z, ζ) ∈ bT ∗X, the first term is b−m(z, ζ, λ) = xm(am −
xmλ)−1; thus, b′−m−j(z, ζ, λ

′) := b−m−j(z, ζ, x
−mλ′) (with j = 0 for now) has the prop-

erty that x−mb′−m−j(z, ζ, λ
′) is homogeneous of degree (−m − j,m) in (ζ, λ′) (that is,

b′−m−j(θz, θ
mζ, λ′) = θ−m−jb′−m(z, ζ, λ′) for θ > 0) and smooth down to x = 0. Sub-

sequent terms in the symbol expansion of (A − λ)−1, with j = 1, 2, . . ., have the same
property. Similarly to [Shu87, §11.12], it follows that

b
(w)
mw−j(z, ζ) :=

i

2π

∫
γε

λwb−m−j(z, ζ, λ) dλ

=
i

2π

∫
x−mw(λ′)w · x−mb′−m−j(z, ζ, λ′) dλ′

is a homogeneous symbol of degree mw − j, and smooth as such down to x = 0 when
multiplied by xmw. If ψ ∈ C∞c ((−1, 1)) is identically 1 near 0, serving to localize to a small

neighborhood of the b-diagonal, the quantization of b
(w)
mw−j is therefore

Opb(b
(w)
mw−j) = (2π)−nψ

(x− x′
x′

)
ψ(|y − y′|)

×
∫∫ ( x

x′

)iσ
ei(y−y

′)ηb
(w)
mw−j(x, y, σ, η) dσ dη ∈ xmwΨmw−j

b (X).

This completes the proof. �

5.3. Complex powers of semiclassical cone operators. Let X be as in §5.2.

Ah = hmx−mAb − ω0, Ab ∈ Diffmb (X),

with 0 6= ω0 ∈ C fixed. The following is the main result of this paper:

Theorem 5.2. Let m ≥ 1, A ∈ Diffmc,~(X). Suppose that Ah − λ̃ is fully elliptic at weight

α for all λ̃ ∈ (−∞, 0] in the sense of Definition 2.4, and suppose that h̃mAh + 1 is fully
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elliptic at weight α in the sense of Definition 4.10.15 Let

(Ah)(w) :=
i

2π

∫
γε

λ̃w(Ah − λ̃)−1 dλ̃, 0 < h < h0, (5.9)

with γε as in (5.2), where ε > 0 is so small that (Ah − λ̃)−1 exists for all λ̃ ∈ γε and all
0 < h < h0 for some small h0 > 0.16 Then (Ah)(w), Rew < 0, is well-defined as an operator

on Hs,α−m
b (X). Its Schwartz kernel admits a holomorphic extension to w ∈ C, and we have

(Ah)(w) ∈
(

x
x+h

)−mw
Ψmw

c~ (X) + Ψ
−∞,E(w)
c~ (X), E(w) = (Elb, Eff ∪ (N0 −mw), Erb,N0),

where the index sets are defined by (3.19), (3.20), (3.21).

Proof of Theorem 5.2. The proof is parallel to that of Theorem 5.1. Thus, for finite λ̃ ∈ γε,
Theorem 3.10 implies (Ah − λ̃)−1 ∈ ρmff Ψ−mc~ (X) + Ψ−∞,Ec~ (X), while for large |λ̃|, we write
the resolvent semiclassically in terms of the operator

Ah,h̃,ω̃ = h̃mAh − ω̃, h̃ = |λ̃|−1/m, ω̃ =
λ̃

|λ̃|
,

with ω̃ lying in a small neighborhood Ω̃ of −1. Note that this operator is fully elliptic at
weight α in the sense of Definition 4.10 for ω̃ sufficiently close to −1, since full ellipticity is
an open condition. Hence, by Theorem 4.11,

A−1

h,h̃,ω̃
= Rh,h̃,ω̃ + Eh,h̃,ω̃, Rh,h̃,ω̃ ∈ ρ

m
ff Ψ−m

c~~̃
(X), Eh,h̃,ω̃ ∈ Ψ−∞,E

c~~̃
(X),

with smooth dependence on ω̃.

Since the Schwartz kernel of Eh,h̃,ω̃ is the lift from X2
c~~̃,∞ := [[0, 1)h̃ ×X

2
c~,∞; {0} × ff0]

(see (3.2)) of a polyhomogeneous distribution with trivial index set at the lifts of h = 0 and

h̃ = 0, the contribution of Eh,h̃,ω̃ to (Ah)(w) can be described by the push-forward theorem

similarly to (5.7); note that the map X2
c~~̃,∞ → X2

c~,∞ is a b-fibration. Thus, with notation

as in (5.7), ∫
γε

χ(|λ̃|)h̃−mwω̃wEh,h̃,ω̃ · ω̃
dh̃

h̃
∈ Ψ

−∞,E(w)
c~ (X),

recalling that Schwartz kernels of elements of this space can be described equivalently as
living on X2

c~ or X2
c~,∞, as discussed around (3.2).

Rh,h̃,ω̃ is given, modulo error terms in ρmff ρ
N
dfρ

N
d̃f

Ψ−m−N
c~~̃

(X), as the quantization of a

symbolic expansion to order N . As N → ∞, such error terms contribute elements of

Ψ
−∞,(∅,(m+N0)∪ (N0−mw),∅,N0)
c~ (X) to (Ah)(w), in the sense explained after (5.8).

It thus suffices to consider the contribution to (Ah)(w) of the quantization of a single

term in the large parameter (λ̃) semiclassical cone symbol expansion of (Ah− λ̃)−1; we can
localize these quantizations in an arbitrarily small neighborhood of diagc~. Concretely, in

15Note that the full ellipticity of the operator h̃mAh + 1 implies its invertibility for small 0 < h, h̃ < c,
and thus of Ah − λ̃ for λ̃ < −c−1 . The requirement that Ah − λ̃ be fully elliptic for all λ̃ ∈ (−∞, 0] merely

takes care of the remaining bounded set of values −c−1 ≤ λ̃ ≤ 0, and implies the invertibility of Ah − λ̃ for
these λ̃ for all 0 < h < h0 provided h0 ∈ (0, c] is sufficiently small.

16Since full ellipticity of Ah − λ̃ is an open condition in λ̃ ∈ C, there exists ε > 0 small guaranteeing
the invertibility of Ah − λ̃ for λ̃ ∈ γε with |λ̃| bounded by any fixed constant. For large (independent of

ε ∈ (0, 1]) λ̃ ∈ γε on the other hand, invertibility follows from Theorem 4.11.
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the interior ff◦ ⊂ X2
c~, i.e. for h bounded away from 0, the large parameter expansion is the

same (with parametric dependence on h) as that discussed in the proof of Theorem 5.1;

the quantization of the j-th term contributes an element of C∞((0, 1)h;x−mwΨmw−j
b (X))

to (Ah)(w).

Next, to obtain a uniform description down to h, we first work near ff∩tf∩diagc~. There,

we rescale the local boundary defining function x′ of ff to x̂′ = x′

h as in (3.4b), and in the

rescaled coordinates, Ah − λ̃ is a large parameter cone operator, non-degenerately down to
h = 0 (a local defining function of tf). After this rescaling, the large parameter symbolic

expansion for (Ah − λ̃)−1 is thus again of the form discussed in the proof of Theorem 5.1,

and the quantization of the j-th term contributes an element of ρ−mwff Ψmw−j
c~ (X) (with

infinite order of vanishing at sf ∪ df, as we are localizing near ff ∩ tf).

It remains to analyze A(w) near tf ∩ df ∩ diagc~, cf. (3.4c). But there, the expansion of

(Ah − λ̃)−1 is into large parameter (λ̃) semiclassical (in ĥ = h/x′) symbols, i.e. successive

terms in symbolic expansions gain powers of ĥ as well as reduce in symbolic order in the
joint fiber variable (ζ, λ̃) ∈ (N∗diagc~× Λ̃) \ o, where Λ̃ = {θω̃ : θ ∈ [0,∞), ω̃ ∈ Ω̃} and o is

the joint zero section (i.e. the product of the zero section of N∗diagc~ and the set {0} ⊂ Λ̃).

Thus, the j-th term of this expansion contributes a term ρjdfΨ
mw−j
c~ (X) (with Schwartz

kernel vanishing near lb ∪ ff ∪ rb). The proof is complete. �

6. Application to semiclassical conic Laplacians

We now consider a connected n-dimensional compact conic manifold, n ≥ 3. For nota-
tional simplicity, we assume that there is only one cone point.

Upon blowing up the cone point, we arrive at the following setup: X is a compact,
n-dimensional manifold whose boundary ∂X 6= ∅ is a connected embedded hypersurface,
and g is a smooth Riemannian metric over the interior X◦. We assume that there exists a
boundary defining function x ∈ C∞(X) such that in a collar neighborhood [0, x0)x× ∂X of
∂X, the metric g takes the form

g = dx2 + x2k(x, y,dy), (6.1)

where k is a smooth metric on ∂X with smooth parametric dependence on x ∈ [0, x0).
Thus, using local coordinates on ∂X,

∆g = D2
x − i

(
n− 1 + 1

2x∂x log | det k|
)
x−1Dx + x−2∆k. (6.2)

In Theorem 6.1, we describe the structure of complex powers of h2∆g+1; in Theorem 6.3,
we show that these powers are equal to those defined by means of the functional calculus
for ∆g when acting between suitable weighted spaces. Theorem 6.6 is an application to
semiclassical propagation estimates at conic points.

6.1. Complex powers and domains. To begin, we define the index sets for the Schwartz
kernel of the relevant resolvent: denote by 0 = λ2

0 < λ2
1 ≤ · · · the eigenvalues of ∆k(0), and

put

νj± = i

n− 2

2
±

√(
n− 2

2

)2

+ λ2
j

 .
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Then, by a simple calculation using (6.2), the boundary spectrum (see (3.18)) is given by

s̃pecb(x2∆g) =
⋃
j,±
{(νj±, 0)}. (6.3)

We fix a weight17

α ∈ (−n+ 2, 0); (6.4)

these are the only choices of weights for which h2∆g + 1 is fully elliptic at weight α, as we
will see in the proof of Proposition 6.1 below. The index sets Elb(α), Erb(α) in (3.19) are
independent of α in this range, and given by

Elb = {(iνj−, 0) : j ∈ N0}, Erb = {(−iνj+, 0) : j ∈ N0}.

See Figure 6.1.

R
iν0−

0

iν1−iν0+

−n+2

iν1+

︷ ︸︸ ︷Elb︷ ︸︸ ︷−Erb

Figure 6.1. The index sets Elb and −Erb.

Define

Êlb =
⋃
j∈N0

(Elb + j), Êrb =
⋃
j∈N0

(Erb + j),

Ě• = Ê• ∪ Ê•, • = lb, rb, Ěff = N0 + ((Ělb + Ěrb)∪N),

Eb = (Elb, Eff , Erb) =
(
Ělb, Ěff + 2, Ěrb + 2

)
;

the summand 2 here arises from the second order nature of ∆g, cf. Theorem 3.10. We
remark that inf Re Elb = 0 and inf Re Erb = n. Let

E ′ff(w) := Eff ∪ (N0 − 2w).

We will make the index set of complex powers more precise at ff than in Theorem 4.11;
thus, let

Eff(w) :=


Eff , w = −1,

{(z, k) ∈ E ′ff(w) : Re z ≥ n}, Rew ≤ −n
2 ,

{(z, k) ∈ E ′ff(w) : Re z ≥ −2 Rew (‘>’ when k > 0)}, Rew > −n
2 , w 6= −1,

and finally

E(w) =
(
Elb, Eff(w), Erb,N0).

Theorem 6.1. Let (X, g) be as above, with X of dimension n ≥ 3. Let α ∈ (−n + 2, 0).
Then h2∆g+1 is fully elliptic at weight α. Moreover, for w ∈ C, the complex powers defined
in (5.9) satisfy

(h2∆g + 1)(w) ∈
(

x
x+h

)−2w
Ψ2w

c~ (X) + Ψ
−∞,E(w)
c~ (X). (6.5)

17The degeneration of the spectral gap for n = 2 is the reason why we assume n ≥ 3 here. Indeed,
part (3) in Definition 2.4 of full ellipticity cannot be satisfied for n = 2.
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Proof. The main task is the verification of full ellipticity. The symbolic conditions (1) and
(2) in Definition 2.4 are immediate since bσ2(x2∆g) is a positive definite quadratic form on
bT ∗X, hence it remains to check (3): the invertibility of the tf-normal operator.

Let Ah = h2∆g + 1 and Ab = x2∆g. Note that there is a spectral gap,(
− Im specb(Ab)

)
∩ (−n+ 2, 0) = ∅, (6.6)

so α /∈ − Im specb(Ab). Now, the model operator Ntf(A) of the family A = (Ah), see (2.3),
is the shifted (by 1) Laplace operator of an exact conic metric on the model space +N∂X ∼=
[0,∞)x × ∂X; indeed, we have

Ntf(A) = ∆g0 + 1, g0 := dx2 + x2k(y,dy),

We need to prove its invertibility as a map

Ntf(A) : Hs,α
b,sc(

+N∂X)→ Hs−2,α−2
b,sc (+N∂X). (6.7)

This is well-known; an explicit formula for the inverse is given e.g. in [GH08, §3.4]. We
give a direct proof for completeness. Passing to metric densities for convenience, we need
to show that

Ntf(A) : H
s,α+n

2
b,sc (+N∂X, |dg0|)→ H

s−2,α+n
2−2

b,sc (+N∂X, |dg0|) (6.8)

is invertible. By elliptic regularity in the b- and scattering calculi, any element u ∈
ker(Ntf(A)) automatically lies in xα+n

2H∞b (|dg0|) near x = 0 and is Schwartz as x → ∞.
Near x = 0, we in fact have u ∈ xn2−εH∞b (|dg0|) in view of (6.6). This suffices to justify
integrations by parts in

0 = 〈〈Ntf(A)u, u〉L2(|dg0|) = ‖dg0u‖2 + ‖u‖2,

which implies that u = 0. This proves the injectivity of (6.8).

To prove surjectivity, we note that (6.8) is a Fredholm operator,18 and symmetric on

L2(+N∂X, |dg0|); thus its cokernel is equal to the kernel of Ntf(A) on H
−s+2,−α−n2 +2

b,sc ,

which is the dual of the target space in (6.8). But −α− n
2 + 2 = n

2 + (−(n− 2)− α), and
−(n − 2) − α ∈ (−(n − 2), 0); thus, the cokernel is trivial by the same argument as for
injectivity.

We wish to apply Theorem 5.2. First of all, for λ̃ ≤ 0, the operator (h2∆g+1)− λ̃ is fully

elliptic at weight α, as follows either by repeating the above arguments (using 1− λ̃ > 0),

or by noting that (h2∆g+1)− λ̃ = (1− λ̃)((h′)2∆g+1) is a nonzero multiple of the operator

just studied, with a rescaled semiclassical parameter h′ = h(1− λ̃)1/2.

The second assumption of Theorem 5.2 to be verified is the full ellipticity of h̃2Ah + 1;
in the notation of Definition 4.10, we have Ab = x2∆g (consistent with the definition
before (6.6)). But then the symbolic ellipticity condition (1) of Definition 4.10 follows from
the positive definiteness of bσ2(Ab), while condition (2) is the full ellipticity of h2x−2Ab+1 =
h2∆g + 1, which we just verified. By Theorem 5.2, we now get

(Ah)(w) ∈ ρ−2w
ff Ψ2w

c~ (X) + Ψ
−∞,(Elb,E ′ff(w),Erb,N0)

c~ (X). (6.9)

18Indeed, in (3.27) we constructed approximate right and left inverses for this operator where the error
terms Rtf,1, resp. Rtf,2 are compact operators when acting on the codomain, resp. domain of (6.8); indeed

these operators map into spaces of functions on +N∂X which decay rapidly at fiber infinity, and which have
infinite b-regularity and better decay at the zero section than their respective domains.
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For w = −1, (Ah)(w) = A−1
h has index set Eff at ff by Theorem 3.10. For Rew = −1 with

w 6= −1 (thus Imw 6= 0), we have E ′ff(w) = Eff ∪ (N0 − 2w) simply, hence Eff(w) = E ′ff(w).
For Rew > −1, we have inf Re Eff = 2 > −2 Rew, hence Eff(w) = E ′ff(w) in this case as
well.

Consider now w ∈ C with Rew < −1, in which case Eff(w) is a proper subset of E ′ff(w).
Let k ∈ N with Re(w/k) ∈ (−1, 0); then

(Ah)(w) = ((Ah)(w′))
k, w′ := w/k. (6.10)

The index sets of (Ah)(w′) having lower bounds 0, −2 Rew′, n, 0 at lb,ff, rb, tf, we conclude
using Proposition 3.9 that for −2 Rew < n, the index set of (Ah)(w) at ff has leading
coefficient −2w (without logarithms), while for any w with −2 Rew ≥ n, exponents (z, k)
with Re z = n may be present. To determine the index set of (Ah)(w) at lb and rb, we do
not use formula (6.10), but recall that these index sets are necessarily subsets of Elb and
Erb by (6.9). This proves that the index set of (Ah)(w) at ff is Eff(w) as stated. �

Less precise mapping properties require only conormal bounds; hence we record:

Corollary 6.2. For Rew > −n
2 , we have

(h2∆g + 1)(w) ∈
(

x
x+h

)−2w
Ψ2w

c~ (X) +A−ε,−2 Rew,n−ε,0(X2
c~) (6.11a)

for all ε > 0, where A denotes the space of L∞-conormal functions vanishing rapidly at
sf, df, with the exponents denoting the decay rates at lb, ff, rb, tf. For Rew ≤ −n

2 , we have

(h2∆g + 1)(w) ∈
(

x
x+h

)−2w
Ψ2w

c~ (X) +A−ε,n−ε,n−ε,0(X2
c~). (6.11b)

We now relate this to the complex powers defined via the functional calculus for self-
adjoint operators:

Theorem 6.3. Let (X, g) be a compact conic manifold of dimension n ≥ 3.

(1) Denote by D1
h the quadratic form domain of Ah = h2∆g + 1: this is the completion

of C∞c (X◦) with respect to the norm

‖u‖2D1
h

:= ‖u‖2L2(X) + ‖hdu‖2L2(X),

where L2(X) = L2(X, |dg|) is the metric L2 space. Then D1
h = H

1,1−n2 ,−n2
c,h (X) with

uniformly equivalent norms, i.e. there exists C > 1 with C−1‖u‖
H

1,1−n2 ,−
n
2

c,h (X)
≤

‖u‖D1
h
≤ C‖u‖

H
1,1−n2 ,−

n
2

c,h (X)
.19

(2) Define A
w/2
h , w ∈ C, via the functional calculus for the Friedrichs extension of

∆g. Denote its domain for Rew ≥ 0 by Dwh = D(A
w/2
h ) with norm ‖u‖Dwh =

‖Aw/2h u‖L2(X); for Rew < 0, set Dwh = (D−w̄h )∗.20 Then

Dwh = H
Rew,Rew−n2 ,−n2
c,h (X), Rew ∈ (−n

2 ,
n
2 ), (6.12)

19The shift of n
2

in the weight is due to the different volume densities: the metric density for L2(X), and

a b-density for the Hc,h(X)-spaces.
20Thus, for w < 0, A

w/2
h acts on Dwh by duality: for u ∈ Dwh , we define A

w/2
h u ∈ L2(X) by 〈Aw/2h u, v〉 :=

〈u,Aw̄/2h v〉 for all v ∈ L2(X); note that A
w̄/2
h v ∈ D−w̄h .
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with uniformly equivalent norms. Moreover, for Rew ≥ n
2 , the inclusion map

Dwh ↪→
⋂
ε>0

H
Rew,−ε,−n2
c,h (X)

is uniformly bounded as h→ 0.

(3) Let w, z ∈ C be such that Re z,Re(z − w) > −n
2 . Then A

w/2
h : Dzh → D

z−w
h has a

distributional Schwartz kernel which is a semiclassical cone ps.d.o. of the form (6.5)
and (6.11a)–(6.11b).

Remark 6.4. The domains are Dwh = xRew−n2HRew
b (X) as sets, but with h-dependent

norms; cf. Remark 3.15.

Remark 6.5. For w > n
2 , and restricting to the non-semiclassical case h = 1, the domain

Dw1 contains xw−
n
2Hw

b (X) as a subspace with finite codimension, a complement of which
consists of elements with finite polyhomogeneous expansions at ∂X (arising from the indicial
roots (6.3)); see [MW04, Lemma 3.2] for the case w = n

2 . In particular, C∞c (X◦) ⊂ Dw1 is
not a dense subspace. By duality, for w ≤ −n

2 , the identification (6.12) is not valid either.

Proof. We shall write ‘A . B’ to mean ‘A ≤ CB for an h-independent constant C’, and
‘A ∼ B’ for A . B, B . A. We first note that

‖u‖L2(X,|dg|) ∼ ‖x
n
2 u‖L2

b(X) ∼ ‖u‖H0,−n2 ,−
n
2

c,h (X)
.

Since hd ∈ ( x
x+h)−1Ψ1

c~(X), we thus have

‖u‖2D1
h

= ‖u‖2L2(X,|dg|) + ‖hdu‖2L2(X,|dg|) . ‖u‖
2

H
0,−n2 ,−

n
2

c,h (X)
+ ‖u‖2

H
1,1−n2 ,−

n
2

c,h (X)
.

so ‖u‖D1
h
. ‖u‖

H
1,1−n2 ,−

n
2

c,h

.

For the converse, we split u = χu + (1 − χ)u, with χ ∈ C∞(X) supported in the collar
neighborhood of ∂X. Then Hardy’s inequality ‖x−1χu‖L2 . ‖d(χu)‖L2 (which uses that
n ≥ 3) gives ∥∥( x

x+h

)−1
u
∥∥
L2 ≤ ‖u‖L2 + h‖x−1χu‖L2 + h‖x−1(1− χ)u‖L2

. ‖u‖L2 + h‖d(χu)‖L2 + h‖(1− χ)u‖L2

. ‖u‖L2 + h‖du‖L2 ,

using the bound ‖[d, χ]u‖L2 . ‖u‖L2 . For V ∈ Vb(X), we further have the trivial estimate∥∥( x
x+h

)−1 h
h+xV u

∥∥
L2 . ‖hdu‖L2 .

Together, this proves ‖u‖
H

1,1−n2 ,−
n
2

c,h

. ‖u‖D1
h
, and thus completes the proof of part (1).

Turning to part (2), we note that D−1
h = (D1

h)∗ = H
−1,−1−n2 ,−n2
c,h (X), where we take

adjoints with respect to the inner product of L2(X, |dg|) = H
0,−n2 ,−n2
c,h (X). By interpolation,

this proves (6.12) for w ∈ [−1, 1]. In particular, since C∞c (X◦) ⊂ D±1
h is dense, we conclude

that Ah|D1
h

is given by the distributional action of h2∆g + 1.

Next, we prove (6.12) for w ∈ [1, n2 ); the result for w ∈ (−n
2 ,−1] then follows by duality.

Now, since Ah is positive, specAh ⊂ [1,∞), we have Dwh ⊂ Dw
′

h for w ≥ w′; hence we can
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identify, for w ≥ 1,
Dwh = {u ∈ D1

h : (h2∆g + 1)u ∈ Dw−2
h },

also in the sense of equivalence of norms, namely

‖u‖Dwh := ‖Aw/2h u‖L2 ∼ ‖u‖D1
h

+ ‖(h2∆g + 1)u‖Dw−2
h

.

Assume inductively that (6.12) holds for w − 2 in place of w. Then u ∈ Dwh means u ∈
H

1,1−n2 ,−1

c,h (X) and

f := (h2∆g + 1)u ∈ Hw−2,w−2−n2 ,−n2
c,h (X).

Since the weight of u at x = 0, i.e. 1− n
2 , lies in the spectral gap (−n+2, 0), we can compute

u by inverting the operator h2∆g + 1 at weight α = 1− n
2 by means of Theorem 6.1 or 3.10.

(Note here that h2∆g + 1 is invertible on Hs,α
b (X) for all h > 0.) Thus,

(h2∆g + 1)−1 ∈
(

x
x+h

)2
Ψ−2

c~ (X) + Ψ
−∞,(Ělb,Ěff+2,Ěrb+2,N0)
c~ (X),

which maps f into H
w,w−n2 ,−n2
c,h (X) by parts (1) and (3) of Proposition 3.16. This estab-

lishes (6.12) for the power w.

For w ∈ [n2 ,
n
2 + 2), (h2∆g + 1)−1 maps Dw−2

h into

H
w,w−n2 ,−n2
c,h (X) +H

∞,−ε,−n2
c,h (X) ⊂ Hw,−ε,−n2

c,h (X)

for any ε > 0 by Proposition 3.16(3), as claimed. Assuming inductively that Dw−2
h ⊂

H
w−2,−ε,−n2
c,h (X) with w− 2 ≥ n

2 , we obtain Dwh ⊂ H
w,−ε,−n2
c,h (X) by an analogous argument.

Since Dwh = DRew
h for any w ∈ C, the proof of part (2) is now complete.

Part (3) is an immediate consequence of part (2). �

6.2. Semiclassical propagation through cone points. In this section, we shall work
locally near the conic point, i.e. near ∂X. Thus, on the collar neighborhood

X ′ := [0, x0)x × ∂X ⊂ X,
the metric g takes the form g = dx2 + x2k(x, y,dy) as in (6.1). We are interested in the
propagation of semiclassical singularities through the cone point x0 = 0 for solutions of the
equation

(h2∆g − 1)u = f, (6.13)

where u, f lie in a suitable semiclassical cone Sobolev spaces. We define

Hs,α,τ
c,h,loc(X

′), resp. Dwh,loc(X
′)

to consist of all u so that φu ∈ Hs,α,τ
c,h (X) (with respect to a smooth b-density on X

as in Definition 3.14), resp. φu ∈ Dwh (X) for all φ ∈ C∞c (X ′). Here, we set Dwh (X) =

D((h2∆g + 1)w/2) (using the functional calculus for the Friedrichs extension of ∆g) as in
Theorem 6.3(2).

We need to assume the absence of semiclassical wave front set along null-bicharacteristics
over the interior ((X ′)◦, g) which strike the cone point. Now, any outgoing unit speed
geodesic γ(s) on (X ′, g), meaning γ is defined on (0, ε) for some ε > 0 and has the property
that x(γ(s)) → 0 as s → 0, is necessarily radial, i.e. of the form γ(s) = (s, y0) for some
fixed y0 ∈ ∂X. Thus, writing covectors over a point in the interior (X ′)◦ as

σ dx+ η, η ∈ T ∗∂X,
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the set

U :=
{

(z, ζ) ∈ T ∗(X ′)◦ : |ζ|2g−1 = 1, ζ 6= σ dx with σ > 0
}

contains all covectors in the characteristic set of h2∆g − 1 which do not correspond (via g)
to the tangent vector of an outgoing unit speed geodesic.

We recall that a point (z, ζ) ∈ T ∗(X ′)◦ does not lie in the semiclassical wave front
set of order 0, denoted here by WF0

~(u), of an h-tempered distribution u on (X ′)◦ (i.e.

u ∈ h−NH−Nh,loc((X
′)◦) for some N) if and only if there exists A ∈ Ψ~((X ′)◦) with compactly

supported Schwartz kernel so that Au ∈ L2(X ′) is uniformly bounded in h. Equivalently,
in local coordinates, there exist cutoff functions φ ∈ C∞c ((X ′)◦) identically 1 near z, and
a cutoff ψ ∈ C∞c (Rn) identically 1 near ζ so that ψFh(φu) ∈ L2(Rn) uniformly as h → 0,

where Fhu(ζ) =
∫
Rn e

−iz·ζ/hu(z) dz is the semiclassical Fourier transform.

Theorem 6.6. Let l ∈ (−n−2
2 , n−2

2 ), and suppose that u ∈ h−ND1+l
h,loc(X

′) solves equa-

tion (6.13) with f ∈ hD−1+l
h,loc (X ′). (That is, φh−1f ∈ D−1+l

h,loc (X ′) is uniformly bounded as

h→ 0 for all φ ∈ C∞c (X ′).) If WF0
~(u|(X′)◦) ∩ U = ∅, then u ∈ D1+l

h,loc(X
′).

The crucial point of this theorem is the fact it is a lossless propagation estimate as far as
the number of powers of the semiclassical parameter h are concerned: u loses precisely one
power of h relative to the right hand side f . This is the loss one always has in semiclas-
sical hyperbolic problems; see e.g. [Zwo12, Lemma 7.11] for a simple example, and [DZ19,
Appendix E.4] for a detailed account.21

Proof of Theorem 6.6. Using Theorem 6.3, we may replace u, f by

u′ = (h2∆g + 1)l/2u ∈ h−ND1
h,loc(X

′), f ′ = (h2∆g + 1)l/2f ∈ D−1
h,loc(X

′).

We make the following two important observations:

(1) (h2∆g + 1)l/2 and h2∆g − 1 commute, hence (h2∆g − 1)u′ = f ′.

(2) Since for any χ ∈ C∞(X◦), the operator χ · (h2∆g + 1)l/2 is a semiclassical b-
pseudodifferential operator of order l by (3.7), we have WF0

~(u′|(X′)◦) ∩ U = ∅, and

thus u′ lies microlocally in H1
h on U .

We can then apply the semiclassical propagation estimate [BM19, Proposition 7.2], com-
bined with the elliptic estimate [BM19, Proposition 7.1]; in the notation of the reference,
we have Dh = D1

h, D′h = D−1
h , and by using the elliptic estimate, we may take in [BM19,

Proposition 7.2] the operators Q, G to be cutoff functions on the base X ′, identically 1 near
∂X ′,22 while Q1 is a semiclassical ps.d.o. on (X ′)◦ with wave front set contained in U , and
elliptic on a sufficiently large subset of U , namely so that all backwards null-bicharacteristics
starting over a point in suppQ∩ (X ′)◦ either strike the cone point or enter the elliptic set

21Since the first version of this paper appeared, the author proved a sharpening of Theorem 6.6 which,
roughly speaking, improves the estimate on u by a power of h+ x. This is however only a gain right at the
cone point in the high frequency limit. See [Hin21, §5.1].

22The proof of [BM19, Proposition 7.2] shows that Q there can be taken to be elliptic on the compressed
characteristic set near the cone point; in the notation of said proof, this is the operator B in [BM19,
p. 33]. The elliptic estimate [BM19, Proposition 7.1] estimates u′ in the complement of the compressed
characteristic set. Altogether, this thus gives estimates globally in the fibers of the b-cotangent bundle near
the cone point.
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of Q1. The a priori assumption that u′ is h-tempered provides control of the O(h∞) error
term in the estimate in [BM19, Proposition 7.2]. �

Remark 6.7. Theorem 6.3 and Proposition 3.18 give the inclusions

h|w|H
w,w−n2
b,h (X) ⊂ Dwh (X) ⊂ h−|w|Hw,w−n2

b,h (X)

for w ∈ (−n
2 ,

n
2 ), which allows for a translation of Theorem 6.6 into a propagation result

on semiclassical b-Sobolev spaces allowing for a flexible choice of the weight at the conic
point; this is however rather lossy in terms of powers of h. One can in fact deduce almost
sharp propagation estimates (losing 1 + ε powers of h for any ε > 0 for the entire range
of weights allowed in Theorem 6.6) from real principal type and radial point estimates
in a semiclassical cone calculus with variable orders, thus without relying on the delicate
arguments of [MVW08, BM19]. Details will be given in future work.

Appendix A. Review of b-analysis

We refer the reader to [Mel96, Mel92, EMM91, Mel93, Maz91] for details on various
aspects of b-analysis relevant to the present paper. A particularly reader-friendly account
is given in [Gri01]. Here, we only briefly collect some of the key notions. Let X denote an
n-dimensional manifold with corners, which is locally modelled on

Rnk = [0,∞)kx × Rn−ky

for various 0 ≤ k ≤ n. We assume that ∂X is the union of embedded hypersurfaces
M1(X) = {H1, . . . ,HN}. Denote by ρHi ∈ C∞(X) a defining function, so ρHi ≥ 0, Hi =
ρ−1
Hi

(0), and dρHi 6= 0 on Hi. The space Vb(X) ⊂ V(X) = C∞(X;TX) of b-vector fields
consists of all smooth vector fields which are tangent to ∂X; it can be identified with
the space of smooth sections of the b-cotangent bundle bTM , with local frame xi∂xi , ∂yj ,

1 ≤ i ≤ k, 1 ≤ j ≤ n− k. The dual bundle is the b-cotangent bundle bT ∗X.

For a b-differential operator A ∈ Diffmb (X), i.e. a locally finite sum of up to m-fold
products of b-vector fields, we define its normal operator NH(A) ∈ Diffmb (+NHX) at H ∈
M1(X) by freezing coefficients (here +NHX is the inward pointing normal bundle, defined
to contain the zero section). In local coordinates as above, in which H is given by x1 = 0,

and x′ = (x2, . . . , xk), we can write A =
∑
aαβ(x1, x

′, y)(xDx)αDβ
y , where aαβ ∈ C∞(X),

and (xDx)α :=
∏k
i=1(xiDxi)

αi ; then NH(A) =
∑
aαβ(0, x′, y)(xDx)αDβ

y . Fixing a defining
function ρH of H, and working in coordinates in which x1 = ρH , the Mellin transformed

normal operator N̂H(A)(σ) is defined by replacing x1Dx1 by σ in the expression for NH(A).
Furthermore, we say that A is said to be elliptic if the polynomial

∑
|α|+|β|=m aαβ(x, y)ξαηβ

does not vanish for (0, 0) 6= (ξ, η) ∈ Rk × Rn−k.
For α ∈ RM1(X), we define the space of distributions conormal to the boundary, Aα(X), to

consist of all distributions on X◦ which lie in ραL∞(X) together with all their derivatives
along any finite number of b-vector fields; here ρα :=

∏
H∈M1(X) ρ

αH
H . We furthermore

define L2
b(X) as the L2-space for a smooth b-density on X, which is locally a smooth

positive multiple of |dx1
x1

. . . dxk
xk

dy1 . . . dyn−k|; b-Sobolev spaces Hs,α
b (X) = ραHs

b(X) are

then defined for s ∈ N0 by membership of all b-derivatives up to order s in ραL2
b(X), and

for general s ∈ R by duality and interpolation. Semiclassical b-Sobolev spaces Hs,α
b,h(X) =
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ραHs
b,h(X) are equal to Hs,α

b (X) as sets, but with h-dependent norms: in local coordinates
and for s ∈ N0,

‖u‖2Hs,α
b,h (X) =

∑
|β|+|γ|≤s

‖x−α(hxDx)β(hDy)
γu‖2L2(X).

An index set E ⊂ C × N0 satisfies, by definition, that (σ, k) ∈ E implies (σ + j, `) ∈ E
for all j ∈ N0, 0 ≤ ` ≤ k, and that E contains only finitely many elements (σ, k) for
which Reσ is smaller than any fixed constant. Polyhomogeneity, or E-smoothness, of a
conormal distribution u on a manifold X with boundary H = ∂X then means that there
exist uσ,k ∈ C∞(∂X), (σ, k) ∈ E , such that u −

∑
Reσ≤N uσ,kρ

σ
H | log ρH |k ∈ AN (X) for

all N ∈ R. More generally, for a collection E = {EH : H ∈ M1(X)} of index sets on a
manifold with corners, we say that u is E-smooth if at each H ∈ M1(X) it is EH -smooth
with coefficients which themselves are polyhomogeneous distributions on H, with index set
at all non-empty boundary hypersurfaces H ∩H ′, H ′ ∈M1(X), of H given by EH′ . If this
holds, we write u ∈ AEphg(X). We also recall the definition

E ∪F := E ∪ F ∪ {(z, j + k + 1): (z, j) ∈ E , (z, k) ∈ F} (A.1)

of the extended union of two index sets E ,F .

Let S ⊂ X be a p-submanifold, i.e. given in suitable local coordinates by the vanishing of
x′ and y′ for some splittings (x1, . . . , xk) = (x′, x′′) and (y1, . . . , yn−k) = (y′, y′′). If x′ = x,
we call S a boundary p-submanifold, otherwise it is a interior p-submanifold. The blow-up
[X;S] is then defined as (X \S)tSN+S, where SN+S is the spherical (i.e. quotient by the
fiber-wise dilation action on the) inward pointing normal bundle, with smooth structure
defined by declaring polar coordinates around S to be smooth down to the origin; one then
calls SN+S the front face of [X;S]. The natural map β : [X;S]→ X (given on SN+S by
projection to the base S) is called the blow-down map. If T ⊂ X is another p-submanifold
which near T ∩S can be expressed in the same local coordinates by the vanishing of another
subset of these coordinates, we define the lift of T to [X;S] by β−1(T ) if T ⊂ S, and by

β−1(T \ S) otherwise.

If X,X ′ are two manifolds with corners, with boundary defining functions ρH (H ∈
M1(X)) and ρ′H′ (H ′ ∈ M1(X ′)), we say that a smooth map F : X → X ′ is a b-map if for
all H ′ ∈M1(X ′), either F ∗ρ′H′ ≡ 0, or

F ∗ρ′H′ = aH′
∏

H∈M1(X)

ρ
e(H,H′)
H

where aH′ ∈ C∞(X) is non-vanishing, and e(H,H ′) ∈ N0. If the first possibility does not
occur for all H ′, F is an interior b-map; we henceforth only consider such F . Push-forward
F∗ : TxX

◦ → TF (x)(X
′)◦ extends by continuity to the b-differential bF∗ : bTxX → bTF (x)X

′,
x ∈ M . If this map is surjective for all x ∈ M , we say that F is a b-submersion; if in
addition the exponents e(H,H ′) have the property that for all H ∈M1(X) there exists at
most one H ′ ∈M1(X ′) such that e(H,H ′) 6= 0 (equivalently: F does not map a boundary
hypersurface of X into a corner of X ′ of codimension 2 or higher), we call F a b-fibration.

If S ⊂ X is a p-submanifold and p ∈ S, denote by bTpS ⊂ bTpX the space of all b-
tangent vectors V |p where V ∈ Vb(X) is tangent to S. We then say that an interior b-map

F is transversal to S if at each p ∈ S, the b-nullspace bnull(F) = ker(bF∗) and bTpS are

transversal as subspaces of bTpX. If for q ∈ X we denote by Fa(q) the largest codimension
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boundary face of X containing q (so q lies in the interior Fa(q)◦), this condition is equivalent
to F |Fa(q)◦ : Fa(q)◦ → X′ being transversal (in the standard sense) to S∩Fa(q) for all q ∈ S.
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