SEMICLASSICAL PROPAGATION THROUGH CONE POINTS

PETER HINTZ

ABSTRACT. We introduce a general framework for the study of the diffraction of waves
by cone points at high frequencies. We prove that semiclassical regularity propagates
through cone points with an almost sharp loss even when the underlying operator has
leading order terms at the conic singularity which fail to be symmetric. We moreover
show improved regularity along strictly diffractive geodesics. Applications include high
energy resolvent estimates for complex- or matrix-valued inverse square potentials and
for the Dirac-Coulomb equation. We also prove a sharp propagation estimate for the
semiclassical conic Laplacian.

The proofs use the semiclassical cone calculus, introduced recently by the author, and
combine radial point estimates with estimates for a scattering problem on an exact cone.
A second microlocal refinement of the calculus captures semiclassical conormal regularity
at the cone point and thus facilitates a unified treatment of semiclassical cone and b-
regularity.

1. INTRODUCTION

We present a systematic analysis of the propagation of semiclassical regularity through
points which are geometrically singular (cone points), analytically singular (e.g. including
inverse square potentials), or both. The novel aspect of our approach is that it handles
leading order singular terms with ease, regardless of symmetry or sign conditions.

As a simple application of our main microlocal propagation result, we consider high
energy scattering by complex-valued potentials on R™ with an inverse square singularity.
Denote by HZ(R™ \ {0}) the closure of C°(R™ \ {0}) in the topology of H?(R™); denote
further by A = 2?21 Dij (where D = %8) the nonnegative Laplacian, and denote polar
coordinates on R" by (r,w) € (0,00) x S*~L.

Vo ()
|IE|2 )

Vo = Vo(r,w) € C([0,00), x S*~ 1 C) and Vo(0,w) =Z € C. (Thus V(z) = ﬁ +O(|z|™Y)

where

Theorem 1.1 (High energy estimates for potential scattering). Let V(z) =

near the origin.) Suppose that n > 5 and Re\/("T_Q)2 +Z > 1. Then there exists A\g > 0
so that for all A € C with Re A > Ag and 0 < Im A < 1, the operator

A+V —X: HY(R"\ {0}) = L*(R") (1.1)
is invertible, and its inverse obeys the operator norm bound
_ _1.,
IX(A+V = X) " xllp2sre < CyelAl727F (1.2)

for all x € C°(X) and € > 0. More generally, A +V — \: D — L*(R"™) is invertible for
n>2and Z € C\ (—oo,—(%52)?] for a suitable domain D (see (5.29) with | = 1), and the
estimate (1.2) holds in this generality as well.
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The point is that we can allow for Z to be nonreal, in which case A+V is not a symmetric
operator on C°(R™\{0}). (The compact support assumption on V' is made only to focus the
attention of the reader on a neighborhood of the singularity at z = 0. The result holds also
for V with sufficient decay at infinity, such as |[02V| < (2)~!79 for all & where § > 0.) For a
general result for matrix-valued inverse square potentials without symmetry conditions, see
Theorem 5.7; Lemma 5.10 verifies the assumptions of Theorem 5.7 for the case considered
in Theorem 1.1. Typical applications of high energy resolvent estimates include decay
and local smoothing estimates for solutions to wave and Schrodinger equations; since such
applications are orthogonal to the focus of the present paper, we shall not discuss them
here.

Burq and Planchon—Stalker—Tahvildar-Zadeh proved Strichartz estimates for exact in-
verse square potentials in the case of real Z > —(252)? [PSTZ03, BPSTZ03]. Duyckaerts
[Duy06] obtained, by means of estimates for semiclassical defect measures, high energy
resolvent estimates (without the e-loss) in the more general setting of inverse square po-
tentials at a finite collection of points p; in R", at each of which the coefficient Z; satisfies
Z; > —("52)2. We also mention the work by Baskin-Wunsch [BW13] on lossless resolvent
estimates in a geometric setting, namely in the presence of finitely many conic singularities,

and the work by Hillairet—Wunsch [HW20] on resonances in this setting (see also [Gall7]).

Remark 1.2 (More natural settings). The setting of Theorem 1.1 is chosen here for its
simplicity. More natural examples in which leading order terms without signs or symmetry
properties are present arise in particular in the study of PDEs on vector bundles. As an
example, motivated by the recent work of Baskin—Wunsch [BW23], we prove high energy
resolvent estimates for the Dirac—Coulomb equation in §5.3, see Theorem 5.14.

The heart of the proof of Theorem 1.1 is the propagation of semiclassical regularity
through r = 0,! which we prove in this paper for a general class of admissible operators, see
Definition 4.1 and Theorem 4.10. Thus, in addition to inverse square singularities (which
may be anisotropic), we allow for the underlying metric g to have a conic singularity at
r =0, so g = dr? + r2k(r,y,dr,dy) for some smooth r-dependent tensor k, with k|,—o
a Riemannian metric on a closed manifold Y. We moreover allow for further first order
differential operators of the schematic form r—'D,., r_QDy to be present. All these singular
terms are allowed to be of the same strength at » = 0: they are, to leading order at r = 0,
homogeneous of degree —2 with respect to dilations.

In order to explain the main features of Theorem 1.1, note that the degree —2 homo-
geneity of the Laplacian and of the potential »—2 is reflected also in the Hardy inequality,
which demonstrates that any factor of r~! should be regarded as a derivative as far as
analysis near the cone point r = 0 is concerned. Therefore, when Z in Theorem 1.1 is
nonreal, the operator A +V — X is, even to leading order at the cone point, not symmetric.
Therefore, techniques rooted in the spectral theory of self-adjoint operators do not apply.
Furthermore, recall that even for solutions of smooth coefficient PDEs Pu = f where the
principal symbol of P is complex-valued, microlocal regularity of u propagates along the
null-bicharacteristics of Re P only under a sign condition on Im P near the boundary of the
support of Im P [Vas18, §4.5]; on a technical level, the term Im P contributes the leading

1y particular, the choice of the large end of the space, here R" is only made for convenience and allows
for simple control of the global structure of the geodesic flow. Thus, we do not discuss the large literature
on limiting absorption principles here.
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term in a positive commutator argument for proving the propagation of regularity along
null-bicharacteristics of Re P. The absence of sign conditions on Im V' in Theorem 1.1 is
thus a significant obstacle for the applicability of existing methods.

In general geometric or analytic settings where one cannot separate variables, propa-
gation estimates through cone points and other types of singularities have so far largely
been restricted to self-adjoint settings. Melrose~-Wunsch [MWO04] studied the diffraction
of waves by conic singularities by combining microlocal propagation estimates in the edge
calculus developed by Mazzeo [Maz91] with the inversion of a suitable model operator on
an exact cone. This point of view is closely related to that adopted in the present paper,
see Remark 1.4, though by contrast to the present work, [MWO04] takes full advantage of
the self-adjointness of the underlying Laplace operator.

Later works on wave propagation in singular geometries have been based on positive
commutator arguments relative to a quadratic form domain (thus still in self-adjoint set-
tings), following the blueprint of Vasy’s work [Vas08] on the propagation of singularities on
smooth manifolds with corners (see Lebeau [Leb97] for the analytic setting). Vasy’s work
was extended to the setting of manifolds with edge singularities by Melrose—Vasy—Wunsch
[MVWO08], and the same authors established improved regularity of the strictly diffracted
front on manifolds with corners [MVW13]. See Qian [Qia09] for the case of inverse square
potentials. We remark that in these works, the underlying geometry near the singularity is
not reflected in the type of singularities which propagate or diffract—for instance, in the
case of [Vas08], the geometry is that of a manifold with corners equipped with a smooth
(incomplete!) Riemannian metric, but the correct notion of regularity is conormality at the
boundary; thus, these works introduce mixed differential-pseudodifferential calculi which
are compatible with both structures.

Baskin-Marzuola [BM22] combined the techniques of [Vas08] with those developed in
[BVW15] to study the long-time behavior of waves on manifolds with conic singularities.
An important ingredient in their work is a high energy estimate for propagation through
the conic singularity. In the present paper we give an alternative proof which in particular
avoids the use of a mixed calculus; see also Remark 1.5. We also mention that Gannot—
Wunsch [GW18] analyzed the diffraction by conormal potentials in the semiclassical setting
using direct commutator methods involving paired Lagrangian distributions, inspired by
[dHUV15].

The recent work by Baskin—Wunsch [BW23] on diffraction for the Dirac-Coulomb equa-
tion is also rooted in [MW04, MVWO08]. While the (first order) Dirac—-Coulomb operator is
self-adjoint for the range of Coulomb charges considered in [BW23], the wave type operator
obtained by taking an appropriate square has nonsymmetric leading order terms at the
central singularity; thus, the authors work directly with the first order operator in their
proofs of propagation results. We are able to give a direct proof of high energy estimates
for the resolvent associated with the wave type operator arising in [BW23], see §5.3.

In the high energy regime under study in the present paper, the strategy for overcoming
the issues caused by the absence of symmetry or self-adjointness properties is the following.
We distill the contribution of V' to the high frequency propagation of regularity (i.e. in
Theorem 1.1: the inverse powers of |\| appearing in uniform estimates of L? norms) into
a model problem right at the cone point, thus decoupling it from the real principal type
propagation away from the cone point (where V' plays no role due to its subprincipal nature).
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More precisely, in the setting of Theorem 1.1, set h := |)\|7% and z = h?X = 1 + O(h), and
define the semiclassical rescaling

Phz=hA+V =\ =h?A -2+ 5V "
= (hD,)? = i(n — 1) 2AD, + h2r 2 Agn1 — 2 + 15V}, '

Recall here that Vo € C°([0,00), x S*~1;C) is equal to a constant Z € C at r = 0. The
operator P, , is a semiclassical differential operator in 7 > 0. Its uniform analysis as h — 0,
as far as the novel bit near » = 0 is concerned, is based on two ingredients, discussed in
more detail in §1.1.

(1) Symbolic propagation estimates: real principal type propagation in r > 0 in the
spirit of [DH72], and radial point estimates down to r = 0 in the spirit of [Mel94,
Vas13] but taking place in the semiclassical cone algebra introduced by the author
in [Hin22]. The advantage of this algebra in the present setting is that P, has a
smooth and nondegenerate principal symbol in this algebra down to 7 = 0; in this
algebra, the proofs of the relevant symbolic estimates are then essentially standard.

(2) Inversion of a model problem. Passing to the rescaled variable 7 = ; and letting

h — 0 for fixed 7 in the resulting expression of P, , gives
N(P)= D} —i(n— 1)/ "'Di + 7 2Aga-1 — 1 + 5. (1.4)

The inversion of N(P) is a scattering problem on an exact cone at unit frequency,
and requires the existence of the limiting (outgoing) resolvent. Its analysis is based
on b-analysis near the small end of the cone [Mel93] and on the microlocal approach
to scattering theory on spaces with conic infinite ends pioneered by Melrose [Mel94].

The e-loss in the estimate (1.2) is then due to the analogous loss in the limiting absorption
principle for the scattering problem, as one needs to exclude incoming but allow outgoing
spherical waves, cf. Remark 5.3. (We shall in fact deduce the lossy estimates stated in
Theorem 1.1 from sharp results—as far as the relationship of domain and codomain of
Py, . is concerned—on spaces with variable semiclassical orders.) For general admissible
operators, the decay rates of incoming and outgoing solutions of the model problem are
typically different, and the semiclassical loss upon propagation through the cone point is
equal to their difference (up to an additional e-loss); we give explicit examples in which
this loss indeed occurs in Appendix A, demonstrating that our analysis is sharp up to an
e-loss. It seems impossible to avoid this e-loss if one proves the propagation estimates in
the above step-by-step manner: the microlocal radial point estimates force inequalities on
the semiclassical orders (see however [Wan20] in a Besov space setting), and also on the
incoming and outgoing decay orders of the function spaces on which the model problem is
invertible. Thus, avoiding this e-loss requires the development of propagation arguments
which provide control near » = 0 in one fell swoop. We demonstrate this for operators
Pn. = h?A; —z, z =1+ O(h), on (nonexact) conic manifolds, for which we are able to
obtain a lossless propagation estimate by means of a positive commutator argument which
is global on the level of the normal operator N(P), i.e. which involves the construction of
a commutator which is positive as an operator on an exact cone, in the spirit of Mourre’s
construction [Mou81] and Vasy’s approach to many-body scattering [Vas00, Vas01]; see
Theorem 5.4, in particular the estimate (5.6). It is not clear at present however how to
generalize such an argument to more general (in particular non-symmetric) settings.
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The close connection between diffraction by conic singularities and scattering on large
ends of cones was recently studied for exact (or ‘product’) cones (i.e. the metric is g =
dr?+r2k(y,dy)) by Yang [Yan20], resulting in a partial improvement of the classical analysis
by Cheeger—Taylor [CT82b, CT82a] which was based on separation of variables and Bessel
function analysis. Recently, Chen Xi [Che22| constructed a detailed parametrix for high fre-
quency diffraction by (nonexact) conic singularities, i.e. for the operator (R2A,— (1£i0)) ™1,
with applications to short time Strichartz estimates for the Schrédinger equation; an im-
portant ingredient in his work is the precise resolvent construction by Guillarmou—Hassell-
Sikora [GHS13], applied on an exact cone which arises similarly to (1.4). (The history of
the study of propagation and diffraction phenomena for solutions of wave type equations on
manifolds with singularities is long, starting with Sommerfeld’s example [Som96] and early
developments by Friedlander [Fri58] and Keller [Kel85]. The use of geometric and microlocal
techniques for the analysis of singularities goes back to work on manifolds with boundary
by Melrose-Sjostrand [MS78, MS82] using commutator techniques, and Melrose and Taylor
[Mel75, Tay76, MT] using parametrix constructions.) We also mention the recent work by
Keeler-Marzuola [KM20] who use estimates for the resolvent on exact cones perturbed by
a radial (but not homogeneous) potential in order to obtain dispersive estimates for the
Schrédinger equation.

Finally, we prove a diffractive improvement which gives finer control on the strength of
singularities as they propagate through the cone point. Combining our framework with
the arguments in [MW04, MVWO08] for the propagation of coisotropic regularity, we show
that, under a nonfocusing condition, the strongest singularities propagating towards the
cone point only continue along geometric geodesics (limits of geodesics barely missing the
cone point), whereas away from those, the diffracted front is smoother; see §4.6. We do not
address here the interesting question of whether one can prove estimates in the presence of
multiple scatterers using such diffractive improvements, as done in [BW13]; in particular,
we do not recover Duyckaerts’ results [Duy06] here. See Remark 5.11.

Regarding applications of our high frequency estimates, we content ourselves with a few
conjectural remarks. First, in the context of [BVW15, BVW18, BM22] and Remark 5.12,
it should be possible to use our results to justify contour shifting arguments for obtaining
asymptotic expansions (including radiation fields) of solutions to wave-type equations on
static conic manifolds with rather general inverse square potentials in the forward cone.
Due to the relationship between edge Sobolev spaces and semiclassical cone Sobolev spaces
discussed in Remark 3.4, it is likely not necessary to prove b-regularity at the spatial
cone point r = 0 (unlike in [BM22, §§8.2.2-8.2.3]); instead, edge propagation results at
r = 0 (with uniformity as ¢ — oo encoded by b-spaces), which directly apply also to
non-symmetric operators, likely suffice. One does need to show, however, the existence of
global forward solutions by means distinct from energy methods since spectral methods
are no longer available for defining domains of the spatial operator.? — Second, it is not
immediately clear how to generalize local smoothing estimates for Schrodinger equations
(e.g. as in [Duy06, Corollaire (2)]) if the underlying Hamiltonian is not self-adjoint; it is
an interesting question however whether, say in the context of Theorem 1.1, some version
of local smoothing (with an e-loss) holds for the evolution defined in terms of the inverse
Fourier transform of the resolvent (A+V —A+i0)~!, A\ € R, assuming it exists. (Estimates in

2A closely related setting in which many of these points are addressed, with the exception of the analysis
at a spatial inverse square singularity, is described in [Hin23]; see in particular [Hin23, §5.3].
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the elliptic regime A < —1 are discussed in [Hin22].) A similar remark applies to Strichartz
estimates.

1.1. Sketch of the proof. Consider again the operator Py . from (1.3); we work locally
near r = 0, thus on X = [0,1), x S"" . In order to achieve a clean separation of the
regimes h — 0, » > 0 (corresponding to semiclassical analysis away from the cone point)
and h ~ r — 0 (where the normal operator N(P) in (1.4) enters and semiclassical tools
cease to be applicable), we work on a resolution of the total space [0, 1);, x X obtained by
a real blow-up of h =r =0,?
Xch = [[0, 1)h X X; {O} X 8X]

See Figure 1.1. We wish to regard hLJrT as the ‘true’ semiclassical parameter; we proceed to
make this more precise.

0O —

FIGURE 1.1. The semiclassical cone single space X.p.

Note first that for h = 1, the rescaling 72P; , is a Fuchs-type operator, or b-differential
operator in the terminology of Melrose [Mel93], namely a differential operator built out
of the vector fields rd, and 8, (which span the space of b-vector fields), where y € R"!
denotes local coordinates on 0X. In this sense, the rescaled operator r2P1,Z has elliptic
principal part given by (rD,)? + k% D,iD,;, where kY is the inverse metric on S*!. As
h tends to 0, the operator 1"2Ph7z is built out of the semiclassical vector fields hrd, and
ho, (which span the space of semiclassical b-vector fields). In this semiclassical sense (i.e.
ignoring terms with extra powers of h), its principal part is

TQthZ ~ (hrDy)* + kithyihDyj —r2z.

The characteristic set, i.e. the zero set of its principal symbol §§h + |mpr|? — 2, becomes
singular at » = 0, which is indicative of the inadequacy of the semiclassical b-setting to
capture the behavior of P}, , microlocally near h = r = 0 (cf. the above discussion regarding
the tension between the geometry and the notion of regularity in [MWO04, Vas08] and
subsequent works). The way out is to divide by (h + 7)? and thus consider

2
(hL_H«) Ph,z = ph,z(ra Y, hL_HnTDT’ hL_H«Dy)

3Recall here that the real blow-up gives an invariant way of introducing polar coordinates around {0} x
0X. Thus, a neighborhood of h = r = 0 in Xy is diffeomorphic to [0,1), x [0, $]e x X and equipped
with a smooth map (the blow-down map) to [0,1) x X = [0,1) x ([0,1) x S"7') given by (p,0,y)
(psin®, (pcos@,y)) which is a diffeomorphism away from the front face p~'(0). In practice, it is more
convenient to work with the smooth functions h + r, hLH on X5 instead of p, 6.
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as a differential operator built out of 5 TE) and ;- +T 0,i, which are the prototypical semi-
classical cone vector fields 1ntr0duced 1n [H1n22] see §3.1. In this sense, the principal part

of (+2-)2P, . (i.e. ignoring terms of size O(h+r)) is

(hTH“)Qth (h+r ) k”(h+7“ )(hLJeryj) - (hLJrr)QZ‘ (1'5)

Put differently, we may note that Py . ~ (hD;)? + k% (hr—'D,i)(hr~'D,;) — 2 is homoge-
neous of degree 0 with respect to scaling in (h, r), and approximately homogeneous of degree
—2 with respect to scaling in r; this suggests expressing P}, , in terms of 32— =1 —
leading again to (1.5).

h-+r

h—l—r ’

Note that in the regime hiw < 1, where we are aiming to use semiclassical methods, the
operator (1.5) is now nondegenerate in the sense that its principal symbol

pO,l(Tvyvgan) = 52 + |77|2 -1

(recall z =14 O(h)) has a smooth zero set on which pg 1 vanishes simply. (The microlocal
analysis of semiclassical cone operators in the semiclassical regime is thus concerned with

tracking amplitudes of oscillations 75/ (h+7")5 T 1Y through the phase space over X ;—

more precisely: over the ‘semiclassical face’ hiﬂ = 0—whose fiber variables are (£,7).)

The semiclassical cone calculus W, (X), introduced in [Hin22] and developed further
in §3, makes this rigorous. It allows for the symbolic analysis of pseudodifferential operators
of the form

Opes(p) = “Pliltss o+ 1y, gl Dry g Dy)

using standard methods from microlocal analysis: there is a semiclassical principal sym-
bol p(0,r,y,&,n), which is a symbol on the aforementioned phase space (defined rigorously
after Lemma 3.2). Moreover, as usual, the commutator i[Op, ,(p), Op. ,(q)] is given by
the quantization of the Poisson bracket of p and ¢ up to operators with an extra factor
of » +T For the operator P}, . in (1.3), the Hamilton vector field of its principal symbol is
nondegenerate except at two submanifolds of critical points over r = 0; these critical sets
are saddle points for the Hamilton flow, and are end or starting points of geodesics hitting
the cone point or emanating from it. (See Figure 4.1.) One can thus prove quantitative
microlocal propagation and radial point estimates on the associated scale of wez’ghted semi-
classical cone Sobolev spaces, which measure L? norms of derivatives along ;7 +T rD D
and which feature weights which are real powers of ;7. and h + 7.

L h+r Y

Remark 1.3 (Semiclassical cone ps.d.o.s as tools). The (large) pseudodifferential calculus
U (X) was introduced in [Hin22] as the space in which inverses and complex powers of
elliptic semiclassical cone operators, such as h?A + 1, live; the goal there was a precise
description of their Schwartz kernels. Here, by contrast, we use semiclassical cone ps.d.o.s
as tools to understand propagation phenomena. Correspondingly, we only need to consider
the small semiclassical cone calculus, as our analysis will be based on proving estimates,
rather than on the construction and usage of parametrices. (Parametrices are typically
significantly more challenging to construct [Che22] and are very precise tools; on the flipside,
they tend to be less convenient when the need for generalizations or for proofs of sharp
mapping properties on various function spaces arises.) Thus, in §3, we provide a perspective
on ¥.;,(X) which makes it easy to work with in nonelliptic settings.
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At this point, we control the semiclassical regularity of solutions of P, ,u = f at h—}&L-r = 0.
This means that we have an estimate of the schematic form
h
u<Pu+Eu—|—H U 1.6
Jull S 1Pzl + 1Bl + |52 (16)

where Fu controls u on a transversal to the collection of forward geodesics which encounter
r = 0; the function spaces here are semiclassical cone Sobolev spaces. That is, control of
Eu together with weak control of u at hLJrr = 0 (finiteness of the final term) gives stronger
control of u (finiteness of the left hand side), provided the forcing term P, ,u has suitable
bounds (e.g. equals 0). Notice that the weights 1 and hLJrr in the norms |Ju|| and ||hiru||
are comparable for h ~ r, i.e. at the front face in Figure 1.1; thus, the estimate (1.6) does
not provide control of u in this regime.

In order to control w globally, including at h = r = 0, one needs to invert the normal
operator N(P) of Py ., which is the restriction of Py, to the front face of X.p; see (1.3)—
(1.4) for a concrete example. The function spaces on which one inverts N (P) need to match
the function spaces in which the symbolic propagation estimates are obtained. As already
observed in [Hin22] (see also the earlier paper [Loy02]) and demonstrated in detail on the
level of function spaces in §3.3, the correct function spaces for N(P) are standard Sobolev
spaces when 7 = 7 2 1 (i.e. measuring regularity with respect to D; and 'ﬁilDyi) and b-
Sobolev spaces in 7 < 1 (i.e. measuring regularity with respect to 7Dz and D). Following
[Mel94], we show in §4.4 that the analysis of N (P) on spaces with variable orders of decay as
7 — 00 precisely matches the above symbolic analysis which involves variable semiclassical
orders (powers of hiw) to accommodate the threshold requirements for propagation into/out
of the radial sets, cf. [DZ19, Appendix E.4].

We stress the global (rather than microlocal or symbolic) nature of the requirement
that the normal operator N(P) be invertible; while verifying this in concrete situations is
nontrivial, one has many standard techniques at one’s disposal (such as boundary pairing
arguments, unique continuation, separation of variables, etc). We also remark that the
necessity to invert model (or ‘normal’) operators for the purpose of controlling solutions of
PDE in a singular regime is a typical feature of singular PDE, cf. for example the role of the
invertibility of the Mellin-transformed normal operator family in the asymptotic behavior
of waves in [BVW15, BVW18, BM19, BM22].

In combination, the symbolic estimates and the normal operator invertibility provide

control of u at both hypersurfaces hiﬂ, = 0 and h+ 1 = 0 of X;: schematically, one

estimates the final term in (1.6) by HhLMN(P)uH and then replaces N(P) by P, ., thereby
committing an error term which vanishes to leading order at the front face h 4+ = 0, one
obtains

h

h +
The final term can be absorbed into the left hand side when h is sufficiently small. Thus, we
have uniform control of u as h — 0. (One can package this into an invertibility statement
for a modification of P, , by placing complex absorbing potentials away from r = 0 in the
spirit of [NZ09, WZ11, DV12, Vasl13], see §4.5.)

el WPzl + 1 Bull + [+ 1) ]| S 1Pzl + 1Bl + B

Remark 1.4 (Relation to edge propagation). The proof of symbolic propagation estimates
for wave equations on conic or edge manifolds using the edge calculus [Maz91], as done
in [MWO04, §8] and [MVWO08, §11], is closely related, via the Fourier transform in time,
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to the semiclassical cone Sobolev spaces associated with W.;(X); see Remark 3.4. Going
one step further in the comparison, we note that the fine analysis of diffraction by Melrose
and Wunsch [MWO04] for waves on a conic manifolds uses a normal operator at the cone
point which is defined via a rescaled FBI (Fourier—Bros—lagolnitzer) transform in time; this
normal operator is thus equivalent to the operator N(P) considered here, but used in a
different manner.

Remark 1.5 (Second microlocalization). Writing hrD, = (h + r)hLHrDT and hDy = (h +

T‘)hLHDy suggests that semiclassical conormal regularity at the cone point (regularity under
application of hrD, and hD,) can be captured on the scale of semiclassical cone Sobolev
spaces as well. We present a systematic second microlocal perspective on this in §3.4,
inspired by recent work of Vasy on the limiting absorption principle on asymptotically
conic manifolds [Vas21b, Vas2la] (with the conic nature referring to the large end of the
manifold). In view of the characterization of the quadratic form domain of h?A, + 1 as a
semiclassical cone Sobolev space in [Hin22, Theorem 6.1], we can thus eliminate the need
of working with a mixed differential-pseudodifferential calculus as in [BM22], and instead
work in a single microlocal framework.

1.2. Outline of the paper. In §2, we review basic notions from b- and scattering analysis,
with an eye towards the relationship with semiclassical cone analysis. In §3, we describe a
hands-on perspective on the semiclassical cone algebra W.,(X) with a focus on its use for
symbolic computations. The heart of the paper is §4: we define the general class of operators
to which the analysis sketched in §1.1 applies (§4.1) and analyze in detail their symbolic
properties (§4.2), followed by a general analysis of N(P) (§4.3). We state and prove the
main microlocal result, Theorem 4.10, in §4.4. We prove the diffractive improvement in §4.6.
Finally, §5 contains applications of the general theory: a sharp version of propagation
estimates for thg — 1 on conic manifolds in §5.1, and high energy resolvent estimates for
scattering by inverse square potentials and the Dirac—Coulomb equation in §§5.2-5.3.

In Appendix B, we provide a brief summary of the Sobolev spaces and pseudodifferential
calculi used, to aid the reader in keeping track of the (meanings of the) various orders
involved.
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comments and suggestions. I gratefully acknowledge support from a Sloan Research Fel-
lowship and from the NSF under Grant No. DMS-1955614.

2. REVIEW OF B- AND SCATTERING CALCULI

We denote by X a smooth n-dimensional compact manifold with nonempty, connected,
and embedded boundary 0X. The Lie algebra V,(X) C V(X) = C®(X;TX) of b-vector
fields consists of all smooth vector fields on X which are tangent to 9.X. The Lie subalgebra
Vse(X) C V(X)) of scattering vector fields consists of all b-vector fields which vanish, as
b-vector fields, at X . Thus, if z € C*°(X) denotes a boundary defining function (meaning:
0X = 271(0), and dzx does not vanish on 9X), then Vs.(X) = 2W,(X). In local coordinates



10 PETER HINTZ

(z,y) € [0,00) X R™ ! near a point on 90X, b-vector fields are of the form
n—1
a(z,y)xo, + Z Y (z, Y)Oyi s a,bt, ... 0" ec™, (2.1)
j=1

while scattering vector fields are of the form

n—1
a(x,y)z0, + Z v (x, Y)x0y;, a,bl,... .0t e .
j=1

Correspondingly, there are natural vector bundles

bTX -5 X,  TX — X, (2.2)

isomorphic to TX° over X°, but with local frames (in local coordinates as above) given by
20z, 01, ..., Oyn—1 and 3:26x,3:8y1, ..., 0yn—1 respectively, so that Vi,(X) = C*(X; bTX)
and Vs(X) = C®(X;%TX). Here, we implicitly use the bundle maps "TX — TX and
STX — TX (which are isomorphisms over X° but not over 9X) to identify C>(X; T X)
and C*°(X; 5T X) with subspaces of C*°(X;TX) = V(X). The dual bundles of (2.2) are the
b-cotangent bundle and scattering cotangent bundle, "7*X — X and °T*X — X, with
local frames %’3, dy!,...,dy" ! and j—g, dT@"l, e dyz,;l, respectively. (These 1-forms are thus
smooth, nonzero sections of *T* X, resp. **T* X, down to 0X.) Writing the canonical 1-form
on T*X° as

dz dud dr = dy? 53

gb? +j:1<77b)j v, resp. Esc? +;(nsc)jxa ( . )

thus defines fiber-linear coordinates (&p,7p), resp. (€, Mse) € R x R™™1 on PT* X, resp.

S¢T*X. The b-density bundle is denoted PQ'X = |[A"PT*X]|; in local coordinates, its
smooth sections are of the form a|‘]}ﬁc—mdy1 coody™ Y, a € C°.

The space of finite linear combinations of up to k-fold compositions of elements of Ve (X),

o = b, sc, is denoted Diff§(X), and we put Diffe (X) = @B, cy, Diff(X). The space Diffy,(X)
gives rise to the notion of conormality (relative to a fixed function space) of distributions
on X°: concretely, the space

AY(X) C L™ (X°)
consists of all u so that Au € x*L>°(X°) for all A € Diff,(X). More generally, for § < 1,
one can consider the space

1-5(X) C 2z7L™(X°)
of conormal distributions u of type 1 — 4, defined by the condition that for any k& € Ny and
A € Difff(X), one has Au € z* *L>(X°). (Thus, A*(X) = A¥(X).) A more restrictive
class than A%(X) is the class of classical conormal distributions, A%(X), which is defined
simply as

a(X) =2%C>(X) C AY(X).

Given an element u = 2%uy € A% (X), the function ug is thus not merely conormal (regu-
larity under z0,, 9,), but smooth (regularity under d,,0y).

As an important example, let £ — X denote a smooth real vector bundle of rank N,
and consider the radial compactification £ — X, i.e. the fiber bundle whose fiber E, over
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z € X is equal to the radial compactification of E, = RY defined by
RN .= (RN U ([0,00), x 8" 1))/ ~,
R\ {0} 3 p~tw ~ (p,w) € [0,00) x S*7L,

Then the total space E is a manifold with corners which has two boundary hypersurfaces,
Esx (the radial compactification of Fpx) and SE (fiber infinity, locally defined by p = 0).
On E, we regard only SE as a boundary, in the sense that we declare Vi,(E) to consist of
all smooth vector fields on E which are tangent to SE (but not necessarily to Ejx). For
s € R, we then put

S*(E) = A(E).
One can of course consider variants of this, e.g. requiring elements of V},(E) to be tangent
to both boundary hypersurfaces and defining spaces S*”(E) which are conormal of weight
—s,—r at SE, Eyx, respectively; or one may require classicality at one or both of the
boundary hypersurfaces.

2.1. b-pseudodifferential operators. We denote fiber infinity of the radial compactifica-
tion PT*X of PT*X by PS* X . Elements of S*(PT*X) will be symbols of b-pseudodifferential
operators (of type (1,0), in Hormander’s (p, d) terminology [Hor71, §1.1]). Concretely, con-

sider a € S*(PT*X) with support contained in a local coordinate patch near a point on 9.X;
thus, for all i,j € Ng and «, 8 € Ng_l, there exists a constant Cj;,g so that

1020502 0 a(w,y, &b, m)| < Cijap(l + [&] + [mp])*~0HAD,

The (left) quantlzatlon of a is then defined by

(Opp(a)u)(x
(2m) ////Xp )olly = ')
a(z, y, &, m)u(z’,y') O:U,/ dy’ dép, dm,

where ¢ € C2°((—1,1)) is identically 1 near 0. The cutoff ¢ serves to make C~'a2' < x < Oz’
and |y —y'| < ¢ on the support of the Schwartz kernel of Opy(a) for some C > 1, ¢ > 0, i.e.
it localizes near the diagonal. We define

UP(X) == Opy (S°(PT* X)) + W, (X).
Here, if we write 77 /g: X? — X for the left/right projection, the space Wy *°(X) of

xlfb +-y)- nb))cb(‘log%

residual operators consists of all operators C*°(X) — C*(X) (with C*°(X) denoting the
space of smooth functions on X vanishing to infinite order at 9.X) whose Schwartz kernels
K € C®°(X%m5PQMX) (the dual space of C®(X?;7iPQ!X)) pull back to smooth right
b-densities on the b-double space®

X2 = [X% (0X)?) (2.4)
which vanish to infinite order at the left boundary lby, (the lift of 0X x X) and the right
boundary rby, (the lift of X x 9X) but are smooth down to the front face ffy,. (See [Vasl8,

4For a detailed discussion of real blow-ups such as (2.4), we refer the reader to [Mel96]. See [Hin22,
Appendix A] for a brief summary which is sufficient for our purposes.
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§6] for more details, and also [Mel93, Gri01].) One often encounters weighted operators as
well,

Difff ! (X) := 2'Difff(X),  UPH(X) = 2" (X).
More generally still, one can consider quantizations of symbols which are conormal of order
s at PS*X and of order I at @X ; this level of generality is occasionally useful, see e.g.
[Vas21b, §5] and §3.4. Given an operator A € \Ilf;’l(X), we denote its Schwartz kernel by
Ky.

Elements of \Ifsb’l(X ) define continuous linear operators on C*°(X), and the composition
of two b-ps.d.o.s is again a b-ps.d.o., with orders equal to the sum of the orders of the two
factors. The principal symbol Po: \IIE’Z(X) — (2!8% /2155~ 1)(PT*X) is a *-homomorphism,
and maps commutators into Poisson brackets. In local coordinates (and omitting orders
for brevity), this means that for two operators A, B € ¥y, (X) with principal symbols a, b,
we have

by (i[A, B]) = {a,b} = Hub,

(2.5)
H, = (a§ba)$ax + (8%“)824 - (faxa)afb - (aya)anb

2.2. Scattering pseudodifferential operators. It is important to consider more general
symbol classes than merely S*(5¢7T*X) or x7"S*(5*T*X). Namely, for ¢ € [0, %), we shall
consider the class

5175 o (FTX)
of symbols which are conormal at 5¢S* X Wlth weight —s, and conormal of type 1 — ¢ with
weight —r at 5¢T% X. (The presence of both 1 — ¢ and ¢ as subscripts follows the classical

literature on symbol classes, see e.g. [H6r71].) This means that S)”"s s(*T*X) consists of
all smooth functions a on ST X which over X° are symbols of typ’e (1,0) and order s,
ie. alp-xo € S§o(T*X°) = S5(T*X°), and which near X satisfy for all i,j € Ny and
a, B € Ng_l an estimate

‘(Qja )’ 8§8§scaic (7, fscanSC)‘

< Cijapr "™ (i1l H180 (1 1€ | + [mse| )50 FIAD,

In the case 6 = 0, we omit the subscript ‘1 — 4,’. We then define the (left) scattering
quantization of a by

(Opge(a)u)(z,

(2m)~ ////eXp fsc xyl'nscDQbOlogj,

dz’  dy/
X a(xa Y, gSC? USC)u(xla y/) 7,2 x/ny 1 d€SC d77SC

Jolly— /)

(In this generality, scattering ps.d.o.s were introduced by Melrose [Mel94].) If one were

working with global coordinates, one could remove the cutoffs here due to the rapid decay

of the partial (in the fiber variables) inverse Fourier transform of a as |2 — 4 |+[% %\ — 00.°

SImportantly, one typically does not want to localize more sharply to L -L|+L-4 \ < 1 (which is
a small neighborhood of the lifted diagonal in the scattering double space, see [Mel94, §21]), as this would
thus destroy the leading order commutativity of the scattering calculus at 0X.
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We then set
U 5.5(X) = Opye (8775 5(°T* X)) + W 207 (X),

where W5.>*"*°(X) consists of all operators whose Schwartz kernels lie in C*(X?2; 750 X).
We shall refer to s as the (scattering) differential order, and to r as the (scattering) decay
order.

The principal symbol of scattering operators captures their leading order behavior for
large frequencies as well as at 0.X:
—1,r—14+268\ /5e75%
Mot Uiy 55(X) = (S1055/ 57 5% T TEX).

55,75

This is a *-homomorphism. Thus, for A; € ¥/ ; «(X), j = 1,2, we have

(A1, Ag) € W T (),

the principal symbol (which captures the commutator modulo \I/:éJ{f%}Q’”Hr%M(X ) is

given in terms of the principal symbols a1, as of Ay, As by
s fon—1,r1+ra—1+25 (1[A1, A2]) = Hy, s,

@ Hyy = (Ogc01) (20 + 15cOn.. ) + (Onca1)0y (2.6)

- ((m@x + nscansc)al)afsc — (9ya1)0y- (2.7)

We refer the reader to [Vas18, §3] for more details in the special case X = R”, in which case
the scattering calculus is the same as the standard ps.d.o. calculus on R” for amplitudes
which are product-type symbols in the base and fiber variables.

A natural setting where one must work with & > 0 arises when working with operators
which have a variable scattering decay order

reCe(er+X).
To wit, for s € R, we define
$* (TP X)
to consist of all a of the form a = 27 "ag, where ag € ﬂ56(0 1y S‘ffM(SCT*X). It is easy to
. . 72 b
check that S*"(sT*X) C ﬂée(o,%) Sff&(s(SCT*X) for any 79 > supr; in fact, differentiating
variable order symbols produces only logarithmic factors in the boundary defining function
x. Thus, we can quantize such symbols, giving rise to the space
W (X) 1= Opge (S (FTHX)) + W™ >(X) © (] Wiy 545(X).
5€(0,3)
Principal symbols of elements of W' (X) lie in (S*"/ (Nsoq S5~ " 129)(5T*X). The (vari-

able) orders are additive under operator composition; this is a consequence of the formula
for the full symbol (in local coordinates) of the composition of two ps.d.o.s.

We point out that for fixed s € R the space S*'(5¢T*X) (and thus ¥ (X)) only depends
on the restriction of r to ¢T3 X. Indeed, given r' € C*°(°T*X) with r' —r =0 at ¢T3 X,

rI

we can write r' —r = aw, w € C®°(°T*X), and therefore 27" = z~"exp(—wzlogx); by
direct differentiation, one then finds that exp(—wz log ) € S?ﬂ;é(SCT*X) for any 6 > 0. In
view of this, we can define S"(5°T*X) and g (X), given a variable order

reCe(T;X),
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to be equal to $F(*T*X) and W (X), respectively, where ¥ € C*(*T*X) is any smooth
extension of r.

2.3. Sobolev spaces. We next recall the corresponding scales of weighted Sobolev spaces.
We have some flexibility in the choice of the underlying L?-space. Thus, fix any smooth
positive b-density uo € C>°(X;PQ'X), and fix a, € R. We then set p := 2% puo and

HY(X;p) = LY(X; p) = HL(X; p) = L2(X5 1) == LA(X; ). (2.8)

These spaces are independent of the choice of 1o (but not a,), up to equivalence of norms;
the same will be true for the spaces defined in the sequel. When the density pu is fixed and
clear from the context, we drop it from the notation. Let @ = b, sc. For s > 0, we then let

Hi(X):={uec H(X): Au € H)(X)},

where A € U(X) denotes any fixed elliptic operator. For s < 0, we define HJ(X) =
(H;7*(X))* with respect to the L2(X) inner product; an equivalent definition is given by

H3(X) = {u1 + Auz: uy,us € H)(X)} where A € U, %(X) is elliptic. Weighted spaces are
defined by
s,l s S,T T IS
Hy'(X) = 2'Hy(X), HY'(X) = 2" H3,(X).
Finally, we define scattering Sobolev spaces with variable decay orders r € C*°(5¢T}; X) by
taking rg < infr and putting
H'(X) = {u € HZ*(X): Au € Hy(X)},

where A € U5 (X) is any fixed elliptic operator.

2.4. b-scattering operators and Sobolev spaces. In our application, we shall en-
counter a compact manifold X whose boundary dX has two connected components, say
Hi, Hy, both of which are embedded. We can then consider the space Vj ¢.(X) of b-
scattering vector fields (which localized to a neighborhood of Hj, resp. Hj lie in Wy, resp.
Vi), the corresponding b-scattering tangent bundle T X and its dual »*°T* X, as well as
weighted b-scattering Sobolev spaces,

HYM(X), s, leR, reC™(Ty X).

b,sc

Localized to a neighborhood of Hi, its elements lie in Hi’l, and localized to a neighborhood
of Ho, they lie in Hg.'.

Let us make this even more concrete in the setting which will arise below,
X =[0,00] xY,  Hy=2"%0), Hy;=3"(c0), (2.9)

where we write [0, 00] for the closure of [0,00) inside of R; here Y is a compact (n — 1)-
dimensional manifold without boundary. Then =Z; and (1 + #)~! are defining functions

+1
of Hy and Ha, respectively, hence Vys(X) = (1 + )W, (X). Using local coordinates
y',...,y" ! on an open subset U C Y, the collection of 1-forms

(1+2)9  (1+a)dy', -, (1+2)dy"

is a smooth frame of P*°T*X over [0,00] x U. Denoting the corresponding fiber-linear
coordinates on PS°T*X by (&b.scsMbse) € R x R™™L we can then quantize a symbol® a €

6We leave the minor, largely notational, changes to accommodate symbols with variable scattering decay
orders r to the reader.
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The space \I/f)lscr(X) of b-scattering ps.d.o.s is then the sum
UHL(X) = Opy e (8% (5T X)) 4+ Wy 2007(X).

Here, ¥, Oz’l’ (X)) = (%)_Z\IJI;SS’O’_OO(X) is defined momentarily. First define the dou-
ble space

Xige = [[0,00)2 x Y ({0} x V)% AN ({oo} x Y)?], (2.11)
where [0,00)? is the radial compactification (equivalently, the closure of [0,00)? inside of
R2), and A C [0,00)2 x Y? is the diagonal. Then the space o 072 (X) consists of all
operators whose Schwartz kernels are smooth right b- densmes on Xﬁsc which vanish to
infinite order at all boundary hypersurfaces except for the lift of ({0} x Y)2. See Figure 2.1.
Moreover, Schwartz kernels of elements of \I/i’g’cr(X ) are conormal of order s to the lifted
diagonal in Xg,sc smoothly down to the lift of ({0} x Y))2, conormal with weight —r down to
the lift of AN ({oo} x V)2, and vanish to infinite order at all other boundary hypersurfaces.

2 —0o0
w| —00 r
— 00
o
l
—00
0 & oo

FIGURE 2.1. The double space X 2 < Without the factor Y2, The dashed
line is the lifted diagonal. Ind1cated are the symbolic orders of Schwartz
kernels of elements of \I'f)’ls’g (X).

3. SEMICLASSICAL CONE CALCULUS

We revisit and generalize the algebra W ;(X) and the associated scale of weighted Sobolev
spaces from [Hin22], give a user-friendly treatment of the symbol calculus (including Poisson
brackets), and study operators and function spaces with variable (semiclassical) orders and
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their behavior upon restriction to the transition faces of the semiclassical cone single and
double spaces (recalled later in this section). Throughout this section, we denote by X a
compact n-dimensional manifold with nonempty, connected, and embedded boundary 0.X.
We denote by x € C*°(X) a boundary defining function.

3.1. Vector fields, bundles, Poisson brackets. We recall from §1.1 the semiclassical
cone single space
Xen = “07 1)h X X; {O} X 8X]7

the boundary hypersurfaces of which we denote by cf (conic face, lift of [0,1) x 0X), tf
(transition face, the front face), and sf (semiclassical face, lift of {0} x X). See Figure 3.1.

Defining functions of these boundary hypersurfaces are ﬁ, x + h, and hhﬁﬂ respectively.

On X, \ cf, it is convenient to use the local defining functions z of tf and % of sf.
h
cf

tf
sf

_
X

F1GURE 3.1. The semiclassical cone single space X.p.

Definition 3.1 (Vector fields). We define the space
VCE(XCE)

of semiclassical cone vector fields to consist of all b-vector fields V' € V(X)) which are
horizontal, i.e. tangent to the fibers of X ; — [0,1),, and whose restriction to sf vanishes.

Lemma 3.2 (Spanning set). Identifying a vector field V € W, (X) with its horizontal lift to
Xen along Xep — X, the space Vep(Xen) is spanned over C*°(Xcp) by %Vb(X). Moreover,
given VW € Vep(Xen), we have [V, W] € W}LIVCE(XC;@).

This allows us to define the graded ring
Diffen(X) = €P Difff,(X)
keNy

of differential operators in the usual manner.

Proof. Directly from the definition, we have %Vb(){ ) C Ven(Xen). Conversely, suppose

V' € Ven(Xen). Let us work in local coordinates (z,y) € [0,00) x R"~! near a point in 0X.
Near cf, we use the local coordinates (h,#,y) with & := 7. From the definition, we have

n—1
V =a(h,&,y)20; + Y _ b (h, 2,90, (3.1)

=1

with a, b € C*>®. Since £0; = 20, this expresses V in the desired form.
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Near sf on the other hand, we use (h, z,y) with h := b Since V € W, (Xen), we can write

V = a(h,z,y) (28, — hd;) + a(h, z,y)ho; + Z W (h,x,)d,.
j=1
The horizontal nature of V' means 0 = Vh = V(xﬁ) = axh, which implies @ = 0 by
continuity from (Xe;)° = {z > 0,h > 0}. The vanlshlng of V at h = 0 as a b-vector field
implies, in addition, that a = ha' and b = hb’ with o’ b’ € C*. Since the horizontal lifts

of £0;,0y; € Wo(X) to X.p, are equal to x0, — h@ s Oyi s the claim follows.
Regarding the Lie algebra structure, we compute, for VW € V,(X),

[V W] = gl (G [V W]+ V () W — W () V).

Since V,W € Vy(Xcn), we have V(th), (h+:c) € thJUCOO( Xcr). The proof is complete.
(]

There exists a vector bundle
NP X o — Xen

together with a smooth bundle map T X — PT Xp, so that the space Ven(Xen) is equal to
the space of smooth sections of “T'X.;. In local coordinates on X, a local frame of “"T' X,
is given by (the horizontal lifts to X, of)

h h h
mﬂf@x, mayl, ey h+xayn 1.

We call “"T X, the ch-tangent bundle and its dual “"T* Xy, the ch-cotangent bundle, with

local frame
+h d +h 1
T T Ih dy , .

h x>

e % dy™ 1t

A choice of local coordinates (x,y) € [0,00) x R"™! on an open set U C X induces a
trivialization of “"T™* X, over the preimage of [0,1) x U under X.;, — X, with fiber-linear
coordinates (&, Men) € R X R™ ! defined by the requirement that the canonical 1-form on
T*X° be equal to

n—1

x —i— h dz x+h
Een ELES (en); Ty (3:2)
x , h
7j=1
In X¢p \ cf, where a smooth frame of T X is given by fxax, xﬁy Y ey %8yn_1, it is

computationally simpler to use the fiber-linear coordinates (§ n) in which the canonical
1-form takes the form

x dx T
&+ Z% Sy (3.3)

We compute the form of the Hamilton vector field H, of a smooth function a € C*("T* X)
in these fiber coordinates, and using (ﬁ,x,y) with h = % as coordinates on the base. In
terms of the coordinates on PT*X used in (2.3), we have (£,7) = %(fb,nb) and thus, by
changing coordinates in the expression (2.5),

H, = ﬁ((@ga)(xax — hdy, —10y) + (8,0)d, o
~ (20 = hy, = ndy)a)dea — (9,0)0).
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3.2. Symbols, pseudodifferential operators, Sobolev spaces. A simple symbol class
for ch-operators is S*("T*X.) = A™*("T*X.), where we only regard fiber infinity
hS* X, as a boundary, i.e. we require symbols to be smooth down to hT*X.p, for @ =

cf, tf, sf. In practice, we need more general symbols: for ¢ € [0, ) and for s,l,a,b € R, we
define

7l7 ’b * _ —b »070’0 *
Sylsy (hT*Xepn) = (355) "z +h) ()" S1755 (M Xep)

to consist of all symbols which are conormal with weight —s at “*S*X_,, conormal with
weight —I at "T% X, and with weight —a at "T% X, and conormal of type 1 — J at
hT% Xcp, with weight —b. In the coordinates (3.3), the membership a € Sff)(’;ogo(ChT*Xch) is

equivalent to a = a(h, z,y, &, 1) (with h = 7) satisfying estimates

|(20,)'0y (ho;,) 080 alh, 2, y, € n)]
< Cijrap(1 + €] + |n])*~ (BH1BD =i+ +h-+al+5])d

foralli,j, k € Ngand o, 8 € Ngil; in coordinates (h, Z, y, &, 1) on the ch-cotangent bundle

over X \ sf, with £ = ¥ and with the canonical 1-form given by (2.3), a must satisfy

(£03)" 05 (hon) 08 95 a(h, &y, &, mb)| < Cijrap(L + & + [mpl)* FFED.

See Figure 3.2. As usual, we omit the subscript ‘1 — §,” when § = 0.

It is occasionally useful to restrict attention to symbols which are classical conormal
down to tf, which amounts to replacing xd,, hdy, in the above symbol estimates (which are
for symbols of order 0 at tf) by 9., d5. We denote the corresponding symbol classes with
a subscript ‘cl” as in Sfl’l’a’b(ChT*Xch).

As in §2, the main use of § > 0 is to accommodate symbols with variable orders. Here,

we only discuss the case of variable semiclassical orders. Thus, consider b € C® (T X.p),

an arbitrary extension of which to an element of C*°("T* X ;) we denote by the same letter;
we then put

_ b P p—
§oL (T X ) :Z{(h.’ix) a:ag e () SfL’é'f;s(’(ChT*Xch)}v
5€(0,1)
which is a subset of ;¢ o, 1 Ss’l’a b0 (hT* X 1) for any by > supb.
We now proceed to quantize symbols a = a(h, z,y, {cn, Nen ), thereby giving meaning to the

formal expression “Op, ;(a) = a(h,z,y, %xDx, thDy)”. Thus, fixing ¢ € C°((—1,1)),

identically 1 near 0, we define, in local coordinates (z,y) on X,

(Ope,p(a)u)(h, z,y)

= [fff (e 5w

xT
X qb(’log yl)é ly —y'Na(h, z,y, Ecny nen)u(h, &', y')
da’ dy/

(3.5)

. h h \n—1 dgchdnch
oy (m)
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FIGURE 3.2. Tllustration of ¢"T* X (showing only part of the compactified
fibers) and the symbol class S$b*P(chT* X ), indicating the orders at the
various boundary hypersurfaces of "T* X;,.

for a and u supported in the coordinate chart; for general a, u, one defines Op,, (a)u using
a partition of unity.

We interpret this in terms of the ch-double space
Xgh = [[O, 1)h X Xg; {0} X ﬁb; {0} X Ab],

where we denote by A}, C X the lift of the diagonal in X? to X?; see equation (2.4) and the
subsequent paragraph for the definition of Xg and its boundary hypersurfaces by, ff},, rby.
First, recall from” [Hin22, Definition 3.1] that lbg, rby, ffo, tfy, sfo, and dfy are the lifts of
[0,1) x1bp, [0,1) x1by, [0, 1) x ff,, {0} x ff,, {0} x XZ, and {0} x Ay, respectively; moreover,
Acp, denotes the lift of [0,1) x Ay,. See Figure 3.3.

FI1GURE 3.3. The ch-double space Xfﬁ.

"We add subscripts ‘2’ here in order to avoid confusion during the frequent changes between X., and
X2, later on.
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Then the Schwartz kernel of Op, (a) is a conormal distribution of order s — 1 at Agp,
conormal down to ffs, tfo, dfs with weights —I, —a;, —b, and vanishes identically in a neigh-

borhood of 1bg, rby, sfs.

The composition of two ch-quantizations is almost a ch-quantization itself; one merely
has to allow for additional residual terms: define the space W_>(X) of residual operators
to consist of all operators whose Schwartz kernels are conormal sections of the right b-
density bundle on X2, with weight 0 at ff> and tf2, and with infinite order vanishing at
Ibg, rby, dfy, sfs. We then put

en(X) 1= Opey (S (T Xep)) + W (X)),
where Op., = (OPc 5)ne(0,1); this gives the same space as [Hin22, Definition 3.2]. More gen-

erally, we define the quantization of symbols a € Sff’?;(ChT *Xcn) by the same formula (3.5);
the space of residual operators is now

Y oobemo (X)) = (-25) (@ + h) "W (X).

Thus, we can now define the spaces
l b l b * - )lu )
Wi s,5(X) = Ope (S7755 (PT*Xep)) + g™~ (X),
\I;z}il,a b( ) _ Opc (Ss,l,a b(chT*X h)) + \I/ oo,l,a OO(X)’

where in the second line b € C®("TX.p) is a variable order function. Their Schwartz
kernels can be characterized as being conormal distributions (of order s — % and type (1,0))
at Acy which are conormal at ffy (with weight —1), tfa (with weight —«), and conormal of
type 1 — 6 at dfy (with weight —b), and which vanish to infinite order at 1by, rbg, sfa. One
can also consider subalgebras which are classical at tf, i.e. the symbols are required to be
classical conormal at tf, and the residual operators are required to have classical conormal
Schwartz kernels at tfe; we denote these algebras by a subscript ‘cl’, such as

7l’ 7b
\I/zhf{ (X).

All such ps.d.o.s define h-dependent families of bounded® linear maps on COO(X ); com-
positions of two such ps.d.o.s give a ps.d.o. in the same class, with orders given by the sum
of the orders of the two factors. The principal symbol map is

l,a,b _ _ —-
ho_s Lab: \I}i}i,ft 55(X) N (Ss,l,a,b/Ss 1,l,a,b 1+25)(CET*XCFL)7

similarly for the variable order spaces (with 6 > 0 then arbitrary), and it is a *-homomorph-
ism. These facts follow from a minor variation of [Hin22, Proposition 3.9] (using weights
instead of index sets), with the statements about principal symbols following by continuity
from the corresponding statements for standard semiclassical operators (of type (1 —4,9))
in x > 0 and b-ps.d.o.s in h > 0; we leave the details to the reader. We moreover have, for

Aj e \I’z;n ’O;J(;b (X), j = 1,2, with principal symbols a;,
. 2,1,0,b—2+45
Ope,(i[A1, Az]) = Ope(Hayaz) € W3 T1577 (X)),

analogously for variable order operators. One can evaluate H,, as using the formula (3.4).

8though not uniformly in A unless b > 0
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Since the principal symbol captures operators to leading order at the union of boundary

hypersurfaces hS* X U CﬁT:fXCh, the latter set is also the locus of the elliptic and wave
front sets of an operator. Thus, for A € U¥"**(X), we define

ENSP(A), WELY(A) C S Xy U T X o

as follows: Elli;f’o"b(A) is the set of all ¢ so that oy, ,,(A) is elliptic in a neighborhood
of ¢, and WF’CZ;iO‘ (A) is the complement of the set of ¢ so that the full symbol of A lies in
§—oben =00 (chx X 1) when localized to a sufficiently small neighborhood of ¢. In particular,
we have WE*(A) = 0 if and only if A € U_,>*"*">°(X). We omit the orders s,1,a,b and
[, when they are clear from the context. The definitions for type (1 — d,d) and variable
order operators are analogous. See Figure 3.4.

P chS*XCh

4%‘ P —

7 -
-

c’x» e
< 4@‘:& -

- -
- s

- e

X

F1GURE 3.4. The shaded boundary hypersurfaces are the locus of the elliptic
set as well as of operator and distributional wave front sets. Cf. Figure 3.2.

Finally, we define the corresponding weighted Sobolev spaces. As in (2.8), we first fix a
weighted b-density p = 2% g, where 0 < pg € C*°(X;PQX) and a,, € R, and define

,l,a,b x l
H, (X p) == LA(X; ), HOM(Xp) = (55) (@ + h)* () "HO (X ).

These spaces depend on «,,, but are independent of g (up to equivalence of norms). When
the choice of y is clear from the context, we will omit it from the notation. For s > 0, we
then define HCS’;L’a’b(X) to consist of all u € Ho’l’a b(X) so that Au € th(X) for any (thus

all) elliptic A € \Iliffo‘ ’(X). We note for s € NO the equivalent characterization
7l7 7b O?Z’ 7b 07l7 7b
H (X)) = {ue H™(X): Vi---Viu € Hoy™'(X)
VYV, € Vch(Xch)a 0<:1<5< 8}.
For s < 0, the space Hs’l’a’b(X) can be defined either as the dual space (H_ .’ —hremb x)yx,
or as the space of all u; + Aug where uq,us € Ho’l’o‘ b(X) and A € U_*(X). Lastly, for a
variable order b € COO(ChTS*fXCh), we pick by < inf b and put
Hp*P(X) = {u € HIp™™(X): Au € HY,(X)},
psb JLob

where A € U"“°(X) is any elliptic operator; the space H, Cs’fl’a’b(X ) is independent of the
choices of by and A, up to equivalence of norms.
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We can define Sobolev wave front sets in the usual manner. Let [, € R, and suppose

that we are given a distribution v € H_ "~ (X), meaning u € H_ """ (X) for some
N € R. Let s,b € R. Then

WES (1) € MS* X U TS X o

is the complement of all a so that there exists an operator A € \Ilz;ll’a’b(X ), elliptic at a,
so that Au € H?,(X). (The a priori assumption on u is familiar from the definition of
the b-wave front ’set, see e.g. [Vasl8, Definition 6.2], and ensures that one then also has
Bu € HY,(X) for any B € U3"(X) with WF.,(B) C Ell;(A).)

Remark 3.3 (Operators on vector bundles). If E, F' — X are smooth vector bundles, one
can consider semiclassical cone ps.d.o.s acting between sections of F, I, giving rise to classes

5p(X5 E,F) and function spaces H?, (X;E) etc. More generally, one can allow E, F to
be vector bundles E, F' — X over the semiclassical single space, with Schwartz kernels of
elements of U, (X; E, F) defined by taking the tensor product of ¥, (X) over C*°(X2,) with
C>®(X2 s EXn R F*) where 7rr,, TR : X2 — X, are the stretched left and right projections.

ch’ ch
Using such ps.d.o.s, one can define Sobolev spaces H?, (X; E) etc. in this generality.

Remark 3.4 (Relationship with edge Sobolev spaces). For the propagation through cone
points in the spacetime setting, many authors [MWO04, MVWO08] have utilized Mazzeo’s
edge algebra [Maz91]. A typical example is the operator —D? + Ag, where g = g(x,y,dy) is
a conic metric on a manifold X with boundary (see (4.2)); upon multiplication by 2, this
is a second order differential operator, the principal part of which is a Lorentzian signature
quadratic form in the collection (x Dy, xD,, D,) of edge vector fields. The membership u €
HY(R; x X, |dt dg|)—meaning that u, zDyu, Dyu, Dyu € L>—can then be characterized
by taking the Fourier transform in ¢ as

a(0), z|oli(a), xDya(0), Dyi(o) € L*(Ry; L*(X;|dg])).
Introducing h = (o)1, this is equivalent to the L?(R,; L?(X)) membership of hihxﬁ, x Dy,
Dy4. Upon multiplication by %, we thus find

we HI(Ry x X, |dtdg]) <= @€ L*(Ry; Hy 2" (X5 dg))),

C,

and the respective norms of w and @ are equivalent. (One can show that similar spectral
characterizations of edge Sobolev spaces remain valid also for spaces with weights and with
variable differential orders; the details will be given elsewhere.)

3.3. Restriction to tf. Symbolic arguments for the analysis of semiclassical cone PDEs
Pu = f can at best control u microlocally at hS* X op U T % Xecn, i.e. modulo errors which
are trivial at infinite frequencies and at sf. Crucially however, such errors may well be
nontrivial at tf, and thus nontrivial (meaning in particular: not small) as h — 0. To obtain
control at tf, one needs to invert the normal operator N(P), defined in [Hin22, §3.1.2]
(denoted Nis(P) there) and recalled below. The following result, already implicit in the
definition of the normal operator in [Hin22, §3.1.2], lays the groundwork for the analysis of
N(P).

Lemma 3.5 (Restriction to tf: vector fields). The restriction map

Vb(Xch) SV = V‘tf € Vb(tf)



SEMICLASSICAL PROPAGATION THROUGH CONE POINTS 23
restricts to a surjective map
N: Vch(Xch) - Vb,SC(tf) (36)

onto the space Vy g (tf) = thvb(tf) of vector fields which are b-vector fields near tf N cf
and scattering vector fields near tf Nst. The map (3.6) induces bundle isomorphisms

N Xop =2 DSCT S, AT Xy, 22 DS, (3.7)

Proof. Near tf \ sf, we write V' € Vp(Xcp) in the coordinates (h,#,y), with & = 7, as

n—1
V =a(h,2,y)20; + Y _V(h,&,9)0,, (3.8)
j=1

cf. (3.1). The restriction to tf, in local coordinates given by h~1(0) = [0,00)z X ]RZ_I, is
the b-vector field

n—1
Vlie = a(0,2,9)20: + > 7 (0,2,9)0y:. (3.9)

j=1
Conversely, every b-vector field W on [0,00) x R"! can be written in the form W =
a(Z, )20z + 372, b (&, y)9y;, and upon taking a(h, &,y) and b/ (h, #,y) to be smooth func-
tions which restrict at h = 0 to the coefficients a(%,y) and ¥/ (Z,y) of W defines a ch-vector
field V' through (3.8) whose restriction (3.9) to tf is precisely W. We remark moreover

that (3.9) vanishes if and only if @ = ha and b = hb/ where a,b’ are smooth functions of
(h,&,y), i.e. if and only if V' vanishes at tf as a ch-vector field.

On tf \ ¢f on the other hand, and using coordinates (h,x,y) with h = b we can write
V € Ver(Xen) as

n—1
V = ha(h,z,y) (20, — hoy) + > _ bt (h,2,y)d,; (3.10)
j=1
with smooth coefficients a,b',...,b""!. Restriction to tf, which in these coordinates is

given by x = 0, produces
n—1 '
Vi = —a(h,0,9)*0, +> b (h,0,y)ho,,, (3.11)
j=1
which is a scattering vector field on [0,00); x Ry~ 1 as claimed. Conversely, every scat-
tering vector field W on [0,00) x R™1 can be written in the form W = a(h, y)h28h +
57551 b (hy)ho),,
restrict at # = 0 to the coefficients —a(h,y) and b (h,y) of W defines a ch-vector field V/
through (3.10) whose restriction (3.11) to tf is W. Note also that (3.11) vanishes if and
only if @ = z@ and b/ = 2’ for smooth @, b/, i.e. if and only if V vanishes at tf as a ch-vector
field.
The surjectivity of (3.6) follows from these two calculations via a partition of unity
subordinate to a cover X.; = UUV where U Nsf = () and V Nef = (. Our arguments above
also prove that ker N = (x + h)Ve;(Xcp). Thus, we have an isomorphism

VCE(XCE)/(HJ + h)VCﬁ(XCfZ> — Vb7sc(tf).

and upon taking a(ﬁ, x,y) and bj(ﬁ, x,y) to be smooth functions which
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This induces the first isomorphism in (3.7) abstractly as follows: if p € tf, then b’SCTp‘cf =
Wb sc(t£) /L, Vb sc (t) where Z,, C C°(tf) is the ideal of functions vanishing at p. The ideal of
elements of C*°(Xcp,)/(x+h)C*(Xcp) restricting to elements of Z,, at tf is J,/(x+h)C>(Xcn)
where J,, C C>°(X¢y) is the ideal of functions vanishing at p. Since Ve (Xcn)/TpVen(Xen) =
hT, Xcpn, we obtain (3.7). Concretely, the first isomorphism in (3.7) maps £0;, dy; in the
coordinates used in (3.8) to 203, 9,; (cf. (3.9)), and h(z:0, — B(‘)ﬁ), Bﬁyj in the coordinates
used in (3.10) to —iﬂaﬁ, iz(?yj (cf. (3.11)). O

The map (3.6) induces a surjective map

N: (G5) 7 () TDitR (X) = (327) '@ + DPDIfEf (tf),  @e= 2 (3.12)

into weighted b-scattering differential operators on tf. More generally:
Lemma 3.6 (Restriction to the transition face: ps.d.o.s). Let s,1,b € R. Restriction
to tfa C X2 induces a surjective map N: \I’i;il’gl’b(X) — \I’f)’ls’f(tf).g More generally, if

b € C®(MT5Xep), then b’ := blyngr € C°(PCTT - tf), and restriction to tfy C X2, induces
a surjective map

,[,0,b JL,b’
N: WP (X) — Wb (tf). (3.13)

Proof. This can be proved entirely on the level of Schwartz kernels, since memberships in
V. or Uy, o are characterized as conormal distributions with conormal regularity at various
boundary hypersurfaces. The point then is that tfs is naturally diffeomorphic to the double
space tf%),sc in the notation of (2.11), where we note that tf = [0, co]; x 0X is indeed of the
form (2.9). This is the route taken in [Hin22, §3.1.2].

Alternatively, we can proceed explicitly for the symbolically nontrivial part using the
quantization map (3.5), and use the Schwartz kernel perspective only to deduce the sur-
jectivity of the restriction map for residual operators, \I/;hojl’l’o’foo(X) — \Ilfoo’l’foo(tf).

b,sc
Indeed, on the level of symbols, note that with & = ¥, we have

Ss,l,O,b(WXch) :( T )—Z(L)—bss,O,O,O(WXCh)

z+h h+x
= (z27) (@ + 1)P SO0 (AT X ),

and hence Lemma 3.5 implies that restriction to "T7; X, induces a surjective map

SEPO (T X o) — SHLb(BseTxtf).,

But changing variables in the ch-quantization (3.5) to & = £, &' = %, produces precisely
the b-scattering quantization (2.10). This proves the Lemma for constant orders; the proof
in the variable order case is the same. ([

As a consequence, we can relate semiclassical cone Sobolev spaces to b-scattering Sobolev
spaces. In order to state this, we fix a collar neighborhood U = [0, z¢), x 0X of 0X, and
define the map

m:[0,1)p X [0,00)z X 0X — [0,1) x [0,00), X 0X, w(h,z,y) = (h,hz,y). (3.14)

9Recall that the subscript ‘cl’ refers to classicality at tfg, i.e. smoothness of the Schwartz kernels down
to tfz.
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Note that (h#,y) € U if and only if & < zoh~!. Now, since tf = [0, 00]; x 9X, the domain
of wis [0,1), x (tf \ sf); moreover, for any fixed & € [0, 00) and y € 0X, the point w(h,Z,y)
converges, as h N\ 0, to the point (Z,y) on the transition face of X¢;. See Figure 3.5.

h s

\

T < Ioh_l '\

=}

F1GURE 3.5. Illustration of the map 7 defined in (3.14).

With this setup, we have:

Corollary 3.7 (Restriction to tf: Sobolev spaces). Suppose x € A°([0,1),xX) has compact
support in [0,1) x U. Let 0 < pg € C®(X;PQLX) and 0 < fig € C°(tf; PQLX), let oy € R,
and put
poi=a™ po, =T fig.
(1) (Constant orders.) Let s,l,c,b € R. Then
o * 717 vb .
HXU|]HCSV,}11,Q,b(XW) ~h2 Y (Xu)HHts):é,cb—a(tf;m7 u € Hcsvha (X5 1), (3.15)
in the sense that the left hand side is bounded by a uniform constant (independent
of h and w) times the right hand side and vice versa.
(2) (Variable orders.) Let b € C®("T%Xcp) denote a variable order, and let b’ :=
blssnst- If b is invariant under the lift of the dilation action (x,y) — (Ax,y) in U,
then

Sp
ol oy ~ 2 E 2 G|

HE o (o)
For general b, and given § > 0, there exists xo(6) € (0,z0] so that for x €
C([0,20(d)) x 0X), we have
P
C™h>2 Hﬂ- (XU)HHS’i'Cbliaié(tf;ﬂ)
: o (3.16)
+H—ay),
< HXUHHCS”}ZL’“”’(X;M) <Chz "% (XU)”H;;"/*O‘H(tf;ﬂ)’
where C' does not depend on h,u.

Proof. By factoring out h~%, it suffices to consider the case @ = 0. Consider first the case of
-

constant orders. Factoring out the appropriate powers of — = xiﬂ and hfﬁx =@+,
we reduce to the case [ = b = 0. For s = 0, the equivalence of norms (3.15) then follows

from 4 &
/ / xuf? 2 < dy = / / o ()P s Sy

For s € Z, the conclusion follows from (3.12); for general s € R, use duality and interpola-
tion.
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For variable semiclassical orders b (and still with & = 0), and under the assumption of
dilation-invariance near tfy, we first pick an elliptic operator A € \I'f)lscb / (tf); we can then
extend its Schwartz kernel to a neighborhood of tfs to be constant along the orbits of
(h,x) — (Ah, A\x), and then extend it further to an elliptic operator A € \Ii‘z;il’gl’b(X). In this
manner, we obtain a right inverse (with special properties) of the restriction map (3.13).
For any fixed by < inf b, we thus have

|’XUH§{(§:;;0¢(X 0~ ||XUHZ::}1,071)0(X 0 + HA(XU)HES}L(XW)

) 5

e * A (%
~ W (I ) gy + TG D)

2
Hy Y (150)

b,sc

(17/\4
~ b7 |xull :
The lossy estimate (3.16) is a consequence of this, as the dilation-invariant extension of
b’ — 4, resp. b’ + 4 is less, resp. greater than b in a sufficiently small (depending on b and
d) neighborhood of 0.X. O

3.4. Relative semiclassical b-regularity. We now make Remark 1.5 precise and demon-
strate how to combine the notions of semiclassical cone regularity and semiclassical b- (i.e.
conormal) regularity. Recall here that a semiclassical b-vector field is a particular type of
h-dependent b-vector field on X; namely, it is a vector field on [0,1); x X which is hori-
zontal and which vanishes at h = 0. In local coordinates as in (2.1), such a vector fields
can be written as

n—1
a(h,z,y)hxdy + > _ b (h, 2,y)hd,;. (3.17)

j=1
The main insight is that the semiclassical b-algebra can be embedded into the semiclassical
cone algebra via a phase space resolution, see Lemma 3.8 below; this can alternatively be

phrased as a second microlocalization of the semiclassical b-algebra at the zero section over
0X at h =0, see Remark 3.10.

First, we explain a slightly nonstandard perspective on semiclassical (b-)phase spaces.
Let X be an n-dimensional manifold with nonempty embedded boundary 0X. Thus, par-
alleling Definition 3.1, we define

th = [0, 1) X X,
Vor(Xpn) :={V € Vp(Xpp): V is horizontal, V|,—o = 0}.
It is then easy to see that Vyu(Xpp) is spanned over C*°(Xyp;) by AV for Ve V(X)) (cf.

(3.17)), where we identify V with an h-independent horizontal vector field on Xy,;. We then
have Viu(Xpn) = C%°(Xpp; T X,p) for a rank n vector bundle

thth — th.

In local coordinates [0,00), X ]RZ_I, a smooth frame of this bundle is hx0;, hd,, ...,
hOyn—1. We can introduce fiber-linear coordinates on the dual bundle bhT* Xy by writing
the canonical 1-form as

n—1
_dzx 14
Eonh 1?4-2(%5)3‘}6 tdy’.
=1
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Thus, for example, the symbol of the semiclassical b-differential operator hazD, is &pp.'"
Denote fiber infinity of the radial compactification P*T* Xy, by P"S* Xy, Given a symbol
a € Ss’l’b(Wth) =g tp=bgs0 O(WX})E) (i.e. a is conormal with weight —s at P".S* X,
conormal with weight —I at PAT?*

Xbh, and conormal with weight —b at h = 0), we can

[0,1)xX
then define the semiclassical quantization
(Opb n(a)u)
— y—y T /
(2m)” ////GXP fbh-l-T'??thé( ?>¢(\y—y])
dr’ dy’
a(@, Y, §on, mon)u(@’, ) el h%l d&pn dnon-

If we make the change of variables

(Eons mon) = (T + h)(Echy Nen) (3.18)

cf. (3.2), this exactly matches the ch-quantization (3.5). The key point is now that this
match has a clean interpretation on the level of symbol classes on a joint resolution of the
semiclassical cone and b-phase spaces:

Lemma 3.8 (Relationship between semiclassical cone and b-phase spaces). Define the
cbh-phase space

DIT* X oy = [DT* Xop; S X - (3.19)

Denote by C := {0} <oxXbh the semiclassical b-phase space over the corner h = x = 0,

and denote by oc C C the zero section. Then the identity map on (0,1); x T*X° extends
by continuity to a diffeomorphism

DIT* X gy = [PPT* X5 C; 0c] (3.20)
We refer to the front face of (3.19) as fbf (‘finite b-frequencies’). See Figure 3.6.

Proof of Lemma 3.8. We work in polar coordinates p = x + h, 0 = ‘Ei%' in the (z,h)

variables. Thus, local coordinates near ChTt*;Xch are (p,v,0,Cer),s Cen = (&chy Men), while local
coordinates near the front face of [WXM;C], away from fiber infinity, are (p,y, 6, (on),
Coh = (&bn, Mon). Coordinates near the interior of the front face of the final blow-up in (3.20)
are then (p,y,@,%h) = (p,y,0,Ccn), see (3.18). Near the intersection of the lift of o¢
with that of C, smooth coordinates can be constructed by introducing polar coordinates

in the fiber variables, giving (chhl’y’ 0, |Conl, \CEZ\) this matches, up to a permutation, the

local coordinates on “"T* X, near the lift of “"T}% X; given by (ﬁ, y,0,|Cnl 7t

Ceh )
’ |Cch| ’
Lastly, near the lift of fiber infinity on the resolved b-phase space, we can use coordinates

(0,9,0,|Con| ™, é‘ﬁ), which matches the local coordinates near the lift of “*S* X, given by

|Cch|_1 ﬁ
(Pay;97 ) ) Kchl) D

10By contrast, the standard convention is to introduce fiber-linear coordinates (£, 7,) on *T* X as in (2.3)
and declare the principal symbol of hx D, to be £p; the translation to the present convention is accomplished
by using (the adjoint of) the bundle isomorphism T Xy, = [0,1);, x PTX induced by division by h (i.e.
induced by the map Vpr(Xpr) 2V — (h71V)h€[0,1)).
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FIGURE 3.6. On the left: the resolution ®"T™* X of the fiber-compactified
semiclassical cone phase space at fiber infinity over tf; see (3.19). (Unlike
in Figure 3.2, we show the full compactified fibers here.) On the right: the
resolution of the fiber-compactified semiclassical b-phase space at x = h =0
and at the zero section over z = h = 0; see (3.20).

The blow-up of a boundary face does not enlarge the space of conormal distributions,
but allows for more precise accounting of weights. Concretely, define for s,s’,1,a, b € R the
symbol space

SR CITED o (3.21)
where the orders refer, in this order, to fiber infinity, the front face fbf of (3.19), and the
phase space over the lifts of cf, tf and sf, see Figure 3.7. Then we have

SS’La,b(ChT*XCh) — S875+a7l7a»b(CbET*XCh)’
Ss,s’,l,a,b(WXch) c Smax(s,s’—a),l,a,b(WXch)'

Note that the second inclusion is false if we use spaces of classical symbols on both sides;
after all, blow-ups do enlarge the space of smooth functions (but preserve the space of
conormal functions). Since we worked with general conormal symbols and ps.d.o.s in §3.2,
we can immediately quantize symbols on the cbh-phase space:

(3.22)

Definition 3.9 (cbh-pseudodifferential operators). Let s,s’,1,a,b € R. Then we define

\I,iifh,l,mb(X) := Opgp (Ss,s’,l,a,b(cth*Xch)) + \I,;hoo,lﬂﬁOO(X)’

Operators with variable semiclassical orders b € “"T* X, are defined similarly.

Remark 3.10 (Second microlocalization). In view of Lemma 3.8, one can view W (X)) as
a second microlocalization of the (conormal) semiclassical b-algebra Uy, (X) at the zero
section over h = z = 0. In terms of symbol classes, we have

Ss,l,b(th*th) — Ss’l+b’l’l+b’b(Cth*Xcﬁ),

Ss,s’,l,a,b(cth*Xch) c Ss,l,max(b,s’—l,a—l) (bh’T*th)’ (323)

and analogous statements hold for ps.d.o.s. However, similarly to [Vas21b, §5] in the con-
text of b- and scattering algebras, it is analytically advantageous to resolve W.;(X) as in
Definition 3.9, as the second microlocal/resolved algebra involves global (noncommutative)
phenomena at h = x = 0 (i.e. the lift of tf, associated to which is the normal operator
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FIGURE 3.7. Tllustration of the orders of (symbols of ) cbi-pseudodifferential
operators in (3.21) and Definition 3.9.

homomorphism into a noncommutative algebra) which are directly inherited from ¥.,(X),
but which are not visible on the level of Uy,;(X).
j 5 /‘7l'7 ')b' .
For two ps.d.o.s 4; € \I/zjb;J 7% (X)), one can compute the full symbol, i.e. the symbol
modulo -
S—w,ll+12,&1+a2,—m(chT*XCh) — S—Oo,—oo,l1+12,0<1+a2,—oo(cth*XCh)’

.. max(s1,sh —a1)+max(ss,sh,—as),li+la,000 +ag,b1+b .
of the composition A; o As € \Ifcbh( s (52,55 —02) it .00 Faz.br ?(X) in local coor-

dinates using the usual symbol expansion to be the sum of products of derivatives of the

full symbols of the two factors along b-vector fields on "T* X, which vanish, as b-vector
fields, at “"S* X, (thus vanishing as b-vector fields at the lift of *S* X, as well as at the

front face of (3.19)) and at the lift of "T7% X Plugging the cbh-symbols of A, Ay into
such an expansion thus shows that, in fact,

Al oAy € \1181+82,S/1+S/2,l1+12,041+012,b1+52 (X)
cbh :

Similar arguments show that the principal symbol map
cbho, : \I]iij};,hmb(X) N (Ss,s’,l,a,b/szl,s’fl,l,oz,bfl)(Cth*Xch)

is well-defined (and a *-homomorphism as usual). One can moreover define an associated
scale of Sobolev spaces

s,s"l,a,b min(s,s’—a),l,a,b
HE N (X) = {u e Bl (x).
Aue DH(X) VA e Ui bt (x)).
The relationships (3.22) and (3.23) imply:

(3.24)

Proposition 3.11 (Relationships between Sobolev spaces). Let s,s',1,a,b € R. Define L?
using the volume density = x® g, 0 < po € C°(X;PQ'X) with ay € R. Then

HE (X0 = H 0 (X),
1,b J14b,11+bb
H{j,h (X)=H3, (X).

One can conversely embed Hf{)s;;l’a’b(X) into Hf’}l;d’b(X) and H}f’;;b(X) under suitable
inequalities (which can be read off from Proposition 3.11) between the orders. In particular,



30 PETER HINTZ

this allows us to give a direct proof of [Hin22, Proposition 3.18] on the relationship between
H.,(X) and Hy, ,(X); for instance, for s,[, o« € R (denoted s, «, 7 in the reference), we have

HI0(X) = HyE b0 () ¢ mppmm ettt (x), (3.25)

which implies (and is slightly sharper than) the first part of [Hin22, Proposition 3.18]. If
one wishes to translate estimates on cone spaces to b-spaces, the advantage of the resolved
cbh-Sobolev spaces, compared with ch-Sobolev spaces, is that one can reduce losses in
powers of h (or in regularity) in the conversion; as a simple concrete example, we have

HE 00 € mpm O,

which for s’ > —s_ gives an improved bound at h = 0, and for s’ > 0 a bound which is
independent of the differential orders s, s, unlike (3.25) which gets lossier as s decreases.

Remark 3.12 (Variable semiclassical orders). The above discussion applies, mutatis mutan-
dis, to symbols and operators with variable semiclassical orders b as well; here b is a smooth
function on the lift of *T*% X p, to PMT* Xy

4. MICROLOCAL PROPAGATION ESTIMATES AT CONE POINTS AND GENERALIZATIONS

Let n > 1. We work locally near a cone point, thus on an n-dimensional manifold
X =10,2x0), XY, x9>0, (4.1)

where Y is a closed connected (n — 1)-dimensional manifold, and where X° = (0,2z¢) x Y
is equipped with a smooth Riemannian metric g of the form

g = da® + 2%k(z,y, dy), (4.2)

where k € C*([0,z0); C®(Y, S?T*Y)) is a smooth family of smooth Riemannian metrics on
the cross section Y. Any metric which locally near 9X is of the form dz? +%k(&, y, dz, dy)
with k|px a Riemannian metric on 0X is of the form (4.2) in a suitable smooth collar
neighborhood of 90X, as shown in [MW04, §1].

While the above X is not compact, all calculations and estimates will take place in the
compact subset [0, zo] X Y of X; thus, we shall commit a slight abuse of notation and write
[[ul[ 775, (x) ete. for norms of functions u on X which will always have support in 1[0, o).

We fix the volume density

p=|dg| = 2" |dz dk| € 2"C>®(X;"QLX) (4.3)
on X, and define Sobolev spaces relative to L?(X) := L?(X; ). We moreover define
&=z, G :=di? + #2k(0, y,dy),
R ( ) (4.4)

ho=gt="1 fi:=|dg| = 2" Ydi dk(0)|.

4.1. Admissible operators. The class of operators of interest to us is the following.

Definition 4.1 (Admissible operators). We call an h-dependent differential operator P, .
on X° admissible if it is of the form

Ph:=hDg— 2+ h*a72Q1: + ha oz, (4.5)
where Q1. € Diff{ (X) and qo . € C*°(X) depend smoothly on z € C, |z — 1| < Ch.
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We shall henceforth take z = z(h) to be a smooth function of h € [0,1) with z(0) = 1.

Remark 4.2 (Vector bundles). Our analysis applies also to operators acting on sections of a
vector bundle F — X; we explain the necessary (largely notational) changes in Remark 4.11.

Using local coordinates y € R on 0.X, let us write
Ql,z = ql,z(xuya xDJJv-Dy)a 4o, = qo,z($7y)~
The normal operator of P , is

N(P) =2y —1+32¢11(0,y,2Dz, Dy) + 3 q0.1(0,y)
=D} —i(n—1)Dz + 2 >Ny — 1 (4.6)
+ i'_qu,l(()? Y, '%Div Dy) + ,fj_lqo’l((L y)

on tf = [0,00]z x 0X.!1

Lemma 4.3 (Structural properties). We have P, € (-%)72Diff%,(X) and N(P) €

N z+h
(@11)72Diﬁ%’sc(tf). Furthermore, we have

Py. — N(P) € (z +h)(3%) Diff2,(X),

x

m)_QDiﬁzh(X) for any operator whose nor-

where we abuse notation and write N(P) € (
mal operator is equal to N(P).

Proof. In local coordinates y',...,3™ ! on Y, the metric k(x,y,dy) is given by an (n—1) x

(n — 1) matrix (k;;) with determinant |k| > 0 and inverse (k%), and we have
Ay = [k[7227" D, (|k[22" 7 D,) + a2 A

n—1
=D?—i(n—1+xy)z D, + Z x_Q\k]_%Dyi (‘k‘%kiijj)’
ij=1

where v = 19, log |k| € C*. Since

hD, = £th . -0y D, € 2Hhy, (Xep),

T h+x
ha™'Dy ==t . hop e TEhy (Xep), (4.7)
ha~l=zth b e TERDIfF] (X)),
we find h%2A, € (ﬁ)_QDiﬂ?gh(X), and its normal operator is D2 — i(n — 1)&7'D; +
:i*_QAk(O) = Ay. The remaining terms in (4.5) are analyzed similarly. O

HThis can be defined more invariantly as an operator on the inward pointing normal bundle TNOX,
which is the natural place for the b-normal operators ¢1,1(0,y, 2Dz, Dy) and qo,1(0,y) to live; see [Mel93,
§4.15] and [Hin22, §3] for details.
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4.2. Characteristic set, Hamilton flow. Using the fiber-linear coordinates (¢4, 7cr) on
hT* X p, from (3.2), we can read off the principal symbol from (4.7) to be

2
p= (ﬁ) ) ChU(Pth) = &gh + ’nch‘i—l -1

(Here, we use that z = 1 + O(h), hence the principal symbol of z is 1.) This is elliptic
at fiber infinity “*S*X.;, but has a nonempty characteristic set at finite frequencies. Near
sf, it is more convenient to use the fiber coordinates (&,7) from (3.3), and h = %,:L“,y as
coordinates on the base, so that

p =&+ kY (z,y)min; — 1,

5 =p (0N TEXa = {h =0, €+ i =1} -
Using (3.4) and writing |n|? = k¥n;n;, we then compute
H:=h"'H, = 26(x0, - hdj;, — ndy) + (2|9 — 20,k nin;) O (49)
+ 2k 1;0y5 — (Oyr k" )1in;0p, -
Restricted to x = 0 as a b-vector field on WXCB, this is
Hlo—o = 26(20, — hdy, — 1dy) + 2[n[?0¢ + (2k"1:0,5 — (0 kT )nim ;). (4.10)

This vanishes as a standard vector field on h = z = 0 if and only if n = 0. The intersection
of n71(0) with ¥ N 271(0) has two components: the incoming and outgoing radial sets
7—\"'in/out C ChTs*fXCha

Rin := {(h,2,y,6,m): h =0, =0, y € 9X, £ = -1, n =0},
Rout 1= {(h,2,y,&,m): h=0, 2 =0, y € 90X, £ =+1, n=0}.
These are saddle points for the rescaled Hamilton vector field H since

e 'Hr =2, hT'Hh =22, IpHpPP=+4  at Rinjou (4.12)

(4.11)

(The top sign is for ‘in’, the bottom sign for ‘out’.) See Figure 4.1.

Rin

FIGURE 4.1. Illustration of the flow along the rescaled Hamilton vector field
H, see (4.9), through the radial sets Riy and Royt. Shown is the characteristic
set, the fibers of which over sf are spheres (here 1-spheres); one fiber is drawn
as a dotted circle. Also indicated is (in gray) the linearization of H at Ry /out
over tf.

Over ChTt*fXCﬁ, the set Riy is a radial source (though this really only makes sense infinites-
imally at tf Nsf since the chi-calculus is not symbolic over tf \ sf), and Ry is a radial sink.
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This matches precisely the familiar situation of scattering theory on the asymptotically
conic space (tf, g), see [Mel94], which we discuss in detail in §4.3.

In > 0, the flow of H is a reparameterization of the flow of h_IHp = 2z~ 'H. Integral
curves of H starting over a point in X° never reach dX in finite time. Instead, we consider

Hep := b~ Hylj_o = 26(0r — 2~ '00y) + (22~ Inl* — 8.k min;) O (4.13)
+azt (2k’j77¢0yj — (Oyk k) 1in;Op, ) -
Given yg € 0X, the curves
71790(8) = (_287y07_170)7 s € (_:1:070)7
Y0,y0 (8) = (287 Yo, 17 0)7 s € (07 xO)
are integral curves of Hy. Here, 774, strikes X at s = 0 at the incoming radial set over
point yo, whereas o 4, emanates from the outgoing radial set over yo at s = 0.

(4.14)

Lemma 4.4 (Incoming/outgoing null-bicharacteristics). Let 0 < so < xg, and suppose that
v: (0,80) = X ﬂCﬁTS*f\thCh, is an integral curve of Hge tending to X as s \ 0 in the weak
sense that liminfs\ o 2(v(s)) = 0. Then in the coordinates (x,y,&,m), v is necessarily of
the form 4(8) = Y0.4,(8) for some yo € 0X. Similarly, if v: (—s0,0) = X N af\erXch S
an integral curve of Hgp with liminfy ~g z(7y(s)) = 0, then y(s) = vr,4,(s) for some yo € 0X.

Proof. The vector field
wHyt = Hlpo = 26(20, — ndy) + (2[n|* — 20:k"1:m;)0e + (2K 10,5 — (DK )mim;Oy,)

vanishes identically at Rout. We study the behavior of xHg as a vector field on X near
Rout; We may use the coordinates x > 0, y € R*~!, and n € R*~!, in which ¢ is determined
by p = 0 as the positive square root of 1 — k¥ (x,y)nn;. The linearization of (zHyf)|s
in the normal directions at Ry, defined by mapping df to d(xHgf) where f € C*(%),
f|Rout = 0, maps
dz — 2dz, dn — —2dn,

and is thus hyperbolic; the unstable and stable subbundles of T Y% for the (zHg¢)|s-flow
are correspondingly the span of d, and J,. The unstable manifold theorem, in the form
given in [HPS77, Theorem 4.1], thus applies inside ¥ at Roy and produces an unstable
manifold whose tangent space at a point ( € Ryt is the sum of T¢(Rout) and RO,. (See
the proof of [MWO04, Theorem 1.2] for similar, albeit more general, considerations.) Since
the manifold Rout U {70,40(5): 40 € 0X, s € (0,50)} is H-invariant with the same tangent
space, it must be equal to this unstable manifold. The first part of the lemma follows from
this observation; the second part is completely analogous. O

Definition 4.5 (Generalized broken bicharacteristics). Denote by ¥ the topological space
defined as the quotient ¥/0%. Let I C R denote an open interval. We then say that a
continuous curve v: I — 3 is a generalized broken bicharacteristic (GBB) if either v(I) C
¥\ 0% and 7 is an integral curve of Hg, or there exist sp € I and y7,yo € 0X so that
Y(s0 +t) = Yoo (t) for t > 0, so+t € I and y(sg +t) = 1,4, (t) for t <0, s+t € [.12
If yo is at distance 7 from y; with respect to the metric k£(0) on 0X, we say that v is a
geometric GBB, otherwise v is a strictly diffractive GBB.

121, light of Lemma 4.4, this is equivalent to the condition that 7 is an Hg¢-integral curve outside of 9%,
but may enter and exit the characteristic set over 0X at different points.
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See Figure 4.2. We remark without proof that geometric GBB are uniform limits of
Hgs-integral curves just barely missing 0X (see also [MWO04, Lemma 1.5]).

0X

<)

FIGURE 4.2. The projection of strictly diffractive (blue) and geometric (red)
GBBs to the base X, as well as geodesics (green) just barely missing the
cone tip 0X. On the left: the geometric picture, where 0.X is collapsed to a
point. On the right: the resolved picture.

4.3. Scattering theory for the normal operator. Propagation through the ‘cone point’
0X will require global control of the normal operator, namely the absence of purely out-
going or purely incoming solutions (depending on the direction in which one wants to
propagate estimates). Let us define fiber-linear coordinates on the scattering cotangent
bundle *T*(tf \ cf) via

dh =2 dy
fscf + Z(T/sc)jf-
j=1 h
Via the identification (3.7), the radial sets Rj,/ou¢ defined in (4.11) are then equal to the
sets *“Rinjout C *“T*(tf \ cf), where

SCRin = {(i%yagsc;nsc): il = 0: RS 8X, §sc = +17 Tlsc = 0}7
SC’R/out = {(iL»y,gsmnsc): iL =0, ye 8X, gsc =1, Nec = O}-

Invariantly, Ri, = SRy, is the graph of —%df = —d(ifl) = %};‘, likewise for Rout = *Rout
but with an overall sign switch.

Definition 4.6 (Conditions on the normal operator). Let [,I’ € R, and recall (4.4).

(1) We say that N(P) is injective at weight [ on outgoing functions if the only solution
u to the equation N(P)u = 0 satisfying u € Uycr Hg?s’é’_N(tf;ﬂ) and WFq.(u) C
SCRout 1s trivial: u = 0.

(2) We say that N(P)* (the formal adjoint with respect to L?(tf; 1)) is injective at
weight I on incoming functions if the only solution v to the equation N(P)*v = 0
satisfying v € Jyep Hlff;’é,’_N(tf; ft) and WFg(v) C 5“Ryp is trivial: v = 0.

(3) If condition (1) and condition (2) with I’ = —I + 2 hold, we say that N(P) is
invertible at weight [.

The wave front set assumptions here are the microlocal formulations of outgoing/incom-
ing radiation conditions. In the special case that N(P) = A; — 1, these assumptions are
indeed equivalent to the standard Sommerfeld radiation condition. Our goal is to elevate
the qualitative conditions of Definition 4.6 to quantitative estimates, see Lemma 4.8.
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Changing variables in the expression (4.6) for N(P) to (h,y) gives
N(P) = (h*D;)? +i(n — 1)h2D; + 2 Ay —
+ h? q1,1(0,y, —hDA Dy) + hq071(0,y),
with scattering principal symbol at “T}jtf given by
et = &+ sl = 1. (4.152)
Its Hamilton vector field is
Hip i= b Hp,p = 266 (h), + 1iscOn.) — 21msel O, + h ™ Hyy (4.15b)

by (2.6), which has a source, resp. sink structure at °Rjy, resp. *Roy within the char-
acteristic set p,;fl(()). Recall then that microlocal propagation estimates near the radial
sets *“Rin/out require suitable orders—here the decay order—of weighted Sobolev spaces
to be above or below certain threshold values, see [Mel94, §9], [Vasl8, §4.7], and [DZ19,
Appendix E.4].

Definition 4.7 (Threshold quantities). Define the functions
r1 = Im(°o1(Q1.1)(— L) |e=0) € C*(0X),
ro = Im(q0,1|x:0) € COO((‘)X)

Then the threshold quantities 7y, /., € R are defined as

nnzz—%Jr%%t;?(ner), Fout i= =3 + 3 nf(r1 —ro).

We next recall that at the other end of tf, i.e. the ‘b-end’ tf N cf, the weights {,I’ in
Definition 4.6 are related to the boundary spectrum of N(P). Concretely, from the expres-
sion (4.6), we read off

#*N(P) € (#D3)* — i(n — 2)&D; + Ago) + q1,1(0,y, 2Dz, Dy)) + &Diffp,(tf \ sf).  (4.16)

Its (dilation-invariant in &) normal operator at & = 0 is given by the sum of the first four
terms, and the Mellin transformed normal operator family is defined by formally replacing
2Dj; by multiplication with A € C, giving

N(P)(\,y, Dy) i= A2 —i(n — 2)A + Aoy + q1,1(0, 5, A, Dy). (4.17)

This is a holomorphic family in A taking values in elliptic elements of Diff?(9X). The
boundary spectrum of N(P) is then

spec, (N (P)) := {A € C: N(P)(\): C®(0X) — C>(0X) is not invertible};

it is a discrete subset of C, and its intersection with |Im A| < C'is finite for any fixed value
of C' [Mel93, §5.3]. Let us now put

A:={—ImA\: X € spec,(N(P))}; (4.18)
this is a discrete subset of R.

Lemma 4.8 (Estimates for N(P)). Let s,l € R and r € C® (T tf). Suppose that r is
constant near *“Rip jout and satisfies r > 1y at °Rin, r < Tout at *“Rout. Suppose moreover

that Hyer < 0 and /—Hyr € C° on STt N {pyr = 0} in the notation of (4.15a)—(4.15b).
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(1) If N(P) is injective at weight I on outgoing functions and I — 5 ¢ A, then

< ClIN(P)ul| o221 (4.19)

H“”HS;’S’; (tF340) (tf342)
for all w for which both sides are finite.

(2) If N(P)* is injective at weight —1 42 on incoming functions and —1+2 — 5 ¢ A,
then

ol o2 -tvarieg < CIN(P) (4.20)

*
Ul st ety

for all v for which both sides are finite.
3) If N(P) is invertible at weightl andl—2 ¢ A,*> then the operator N (P) is invertible
2
as a map

{u e HYL(tf; i) N(P)u € Hy 272wt o)} — Hy 21727 (4 ).

Proof. This is a standard application of elliptic b-theory at tfNcf and radial point estimates
at tf N sf in the scattering calculus as in [Mel94] and [Vasl8, §4.8].

We first prove symbolic estimates for N(P) and N (P)* which do not use the injectivity
assumptions. In tf \ sf, the operator N(P) is an elliptic weighted b-differential operator.
Let ¢; € C(tf \ sf), j = 0,1,2,3, be identically 1 near tf Ncf, with ¢;11 = 1 on supp ¢;.
Then, only recording the b-regularity and the weight at cf, we have

o1l gt < C(I62N (PYul ge-ni-a + | daull s (4.21)

for any fixed N. Now, recalling (4.4), we have

s,l—2

H'([0,00); x 0X30) = Hy' 2 ([0,00) x 0

9L ak(0)]).
Using now that [ — 5 ¢ A, we can estimate

||¢2uHHb*NJ < C||i‘_2N(P)(.fDi,y, Dy)(¢2u)”H§N72,l72

by passing to the Mellin transform. Since N(P) — & 2N(P)(#Dy,y, D,) € &~ 'Diff},
by (4.16), this can be plugged into (4.21) and yields (putting back the scattering decay
orders, which at this point are still arbitrary due to the localizers)

1rull e < C(lldsN (P)ull yo-2i-2r1 + | $3ull =i, -). (4.22)

Turning to the scattering end, and with ¢); = 1—¢;, we claim that (now with the b-decay
orders being arbitrary)

"¢1u|’H§,{,Cr < C(||¢0N(P)UHHETC2’172‘+1 + ||’¢0UHHb—é\é,—N,—N). (4.23)

This is proved by means of the scattering calculus by a combination of elliptic estimates
(controlling ¥u away from X := pt_fl(O)), radial point estimates at **Riy /oy, and microlo-
cal real principal type estimates on Y \ (SRin U*“Rout). We only sketch the argument for
the radial points in order to explain the emergence of the threshold condition on r; details
can be found e.g. in [Vasl8, §4.7].

13This condition is automatically satisfied since for [ — 5 & A, the operator N(P) is not even Fredholm,
cf. [Mel93, §6.2].
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We work in [0,1); x 9X C tf, and consider estimates near *“Ry,. Fixing a cutoff function
X € C°([0, 3)), identically 1 near 0 and with x’ < 0 on [0, 3), we consider a commutant

a = E_Qr_lx(ﬁ/é)x(|nsc’2))(((580 - 1)2)7
4= 1(Opu(a) + Opu(a)?) € Woart,

where § > 0 controls the localization near A = 0. We compute the commutator
. N(P)—N(P)x
21m(N (P)u, Au) = ((i[N(P), A] + 2 NPV £y, o).

(This holds directly for sufficiently decaying u, and for u as in the statement of the Lemma
can be justified using a regularization argument.) The principal symbol of i[N(P),A] is
equal to hHira. When Hye falls on the cutoff in h, the result is supported in the elliptic
set of N(P), hence easily controlled. When Hy; falls on either of the second or third cutoff
functions, the result is < 0 on suppa in view of the source character of **R;, (or directly
using (4.15b)), provided § > 0 is sufficiently small; at *R;, then, the principal symbol of
i[N(P), A] + QWA has a matching definite sign, i.e. is a negative multiple of h=2",
provided that

2. (+1) - (=2r— 1) +2-% 0 (4L <0,
Q = iLQLI(anv _hD}Ala Dy) + q0,1(07y)a

at 5°Rin. But %Ry, is the graph of the 1-form %—};‘, hence SCU(Q%g) = Im*0o(Q) at **Rin
is equal to

(4.24)

Tm o (q1,1(0, y, —hDj,, Dy))(9) +Tmgox = r1 + 7o
in the notation of Definition 4.7. The condition (4.24) thus becomes —2r — 1+ (11 +r9) < 0,
which is satisfied on all of °R;, provided that r > —% + %sup(rl + 70) = 7in there. Under
this assumption, one thus obtains control on u microlocally near R;, in the space Hs.' by
N(P)u measured in Hi 2"

The analysis at °Rqyt is similar, now using the commutant

W2 () 8)x(Imsel ) x ((se + 1)7).

The derivatives of the latter two cutoffs along H¢s are now positive due to the sink character
of 5°Rout, and the principal symbol of the commutator at the radial set is a negative multiple
of h=2r (thus allowing us to propagate control from a punctured neighborhood of the radial
set into the radial set itself) provided that

2 (1) (=2r— 1) +2-%0(LL) <0 at *“Rou. (4.25)

In view of “Rqy¢ being the graph of _%}; and the calculation

Im *°0(Q)|scR,, = ImP o (q11(0,y, —hD;, D ))(;dh) +1Imgo,1 = —r1 + 7o,

the condition (4.25) reads 2r+1—171 +7r9 < 0,80 r < —5 + = 1nf(’r1 —70) = Tout-
Putting (4.22) and (4.23) together, we obtain the estimate

HUHHE:ig < C(||N(P)u||Hz;C2,l—2,r+1 + ||UHH1)_,££J_L_N) (4.26)

for any N; we choose N to satisfy —N < s and —N < minr.
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The estimate (4.26) implies that N(P), acting on H, L' has finite-dimensional kernel;

b,sc?
any element v in the kernel automatically lies in ng’cl’r/ for any variable order function r’
satisfying r' < rout at SRout. Thus, WFs(u) C Royut. Under the injectivity assumption
on N(P), we thus conclude that u = 0. A standard functional analytic argument then
allows one to drop the error term in (4.26), which gives the estimate (4.19).

The proof of part (2) is analogous; the direction of propagation in the characteristic
set is now reversed, which is precisely matched by the sign switches in the orders in the
estimate (4.20). Part (3) is an immediate consequence of the first two parts. O

Remark 4.9 (Flexibility in the choice of 1). If the assumptions of part (1~) of the Lemma
are satisfied for some value of /, then they continue to hold for all values | with [ — § ¢ A

for which either [ > I, or [ < [ but | — 5 and [ — 5 lie in the same connected component
(a,b) of R\ A. (Indeed, the claim for [ <1 follows from the fact—proved using the Mellin
transform upon localizing near tf N cf—that any element in the kernel of N(P) on Hg’é’cr
b+ 35—e 7

,SC
may increase —I +2 (or stay in the same connected component of (R\ A) + ), i.e. decrease
[. Altogether then, there typically only exists an interval of finite length (possibly empty)

of weights [ so that the invertibility condition of part (3) is satisfied.

automatically lies in Hg " for any € > 0.) A similar statement holds for part (2): we

4.4. Statement and proof of the microlocal propagation estimate. We are now
ready to state the main result of the paper:

Theorem 4.10 (Microlocal propagation through the cone point). Let P}, , denote an admis-
sible operator in the sense of Definition 4.1, and define the threshold quantities rin, Tout @S
in Definition 4.7. Let ¥ C “"T% X, denote the characteristic set of Py, , (see (4.8)). Denote
by H = £H, € V("I Xcp) the rescaled Hamilton vector field (see (4.9)). Let s,l,a € R,
b € Co(hT% Xcn). Assume that b is constant near the radial sets Riyjouy (see (4.11)) and
satisfies b — a > 1y at Rin and b — a < rout ot Rout; assume moreover that Hb < 0 and
V—Hb € C*® on X. Let x,x € C(X) be cutoffs, identically 1 near 0X, and with x =1 on
supp x. Let E € VO, (X)), with Schwartz kernel supported in [0,1), x (Y~ 1(1) x x~1(1)).

(1) (Forward propagation.) Suppose N(P) is injective at weight | on outgoing functions
(see Definition 4.6(1) ). Suppose that (the preimage in % of ) all backward GBBs (see
Definition 4.5) starting in X Nsupp x reach Elley(E) in finite time while remaining
inside X~ 1(1). Then for some small § > 0, we have

Il s ) < c(||>zph,zu||Hs;2,lfg,a,b+1 )
© © ) (4.27)
+ HEUHHCSZ}ZL,a,b(X) +h ||Xu‘|H;}le,l,a,b(X)>.

(2) (Backward propagation.) Suppose N(P)* is injective at weight —l + 2 on incoming
functions, see Definition 4.6(2). Suppose that (the preimage in ¥ of) all forward
GBBs starting in ¥ N supp x reach Ell.;(E) in finite time while remaining inside
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X1(1). Then for some small § > 0, we have

HXU”H;;Jr2fl+2,fa,7bfl(x)
< O(IXP ol yptemsix (4.28)

+ ||Eu||H;’sl+2,7l+2,fa,7bfl(X) + h5||§€u||H(:}JLV,flJera,fbfl(X)).

Since by Lemma 4.3 and the calculations in §4.2, the operator P, , € \113;12’0’0(X) is
elliptic at fiber infinity, and is of real principal type (except at the radial points) at sf, the
estimates (4.27) and (4.28) are sharp as far as the relative orders in the norms on w on the
left and P,E*Z) u on the right are concerned. Indeed, it has the well-known real principal type
loss of one order at sf and is an elliptic estimate in the ch-differentiability sense.

The improvement of the final (error) terms on the right hand sides in (4.27) and (4.28)
relative to the space on the left hand sides is accomplished at sf by microlocal symbolic
means, and at tf using global normal operator estimates. The overall improvement by a
positive power of i between error term and left hand side allows for the inversion of P, , for
small h > 0 under suitable assumptions on the global behavior of the null-bicharacteristic
flow; see §§4.5 and 5 for examples.

Remark 4.11 (Operators on vector bundles). Let E — X denote a smooth vector bundle.
Theorem 4.10 then holds (with the same proof) also for operators P}, . acting on sections
of F, provided P, , is admissible in the sense that
Py =h2 Qo+ ha g0 — 2,

Q2. € DIfff(X; E), qo. € C°(X;End(E)),
where 272Qs , (replacing the combination h2A, 4+ h2z72Q); , in Definition 4.1) has scalar
principal symbol Po(272Qs.) = Po(z724A,). That is, Po(272Q2.)(¢) = ]C\Z_l for ¢ €
PT* X, with ¢ the conic metric (4.2). The normal operator is of class

N(P) € (iil)_2Diﬁ‘%,sc(tf; 7T*E8X)7

where 7: tf = [0, 00]z X X — 0X denotes the projection map. The injectivity conditions
of Definition 4.6 are unchanged. The definition of the threshold quantities ri, o, in Def-
inition 4.7 requires a minor change; to wit, with respect to a choice of a positive definite
fiber inner product on Eyx, we set (top sign for ‘in’, bottom sign for ‘out’)

Tin/out *= _% + %Sup SCU( (429)

272Q21 — (#72Q21)" + Qo1 — QS,1>’
. da’
0X F,2

21

where the sup is defined to be the supremum of the largest eigenvalue of the scattering
symbol (which takes values in self-adjoint endomorphisms of E). One may choose different
fiber inner products in the calculation of 7y, and roys, respectively. A (near-)optimal choice
of fiber inner products, resulting in (almost) the smallest possible 73, and largest possible
Tout, is typically easy to read off in concrete situations. For example, if Q21 = 0 and go.1|ox
is block-diagonal (or more generally lower triangular) with respect to some bundle splitting
of E|sx, then the supremum in (4.29) can be made to be arbitrarily close to the supremum
of Im A where X ranges over all eigenvalues of the diagonal entries of go.1(y), y € 0X, if one
chooses the fiber inner product appropriately.
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Remark 4.12 (Technical assumptions on the variable order). One can replace the assump-
tions that b be locally constant near Ry, /oy and satisfy v/ —Hb € C°° on X by the simpler
assumption that Hb < 0 on X. This would require the use of the sharp Garding inequality
for the ch-calculus, which however we do not prove here.

Proof of Theorem 4.10. We give details for the proof of part (1); the proof of part (2) is
completely analogous. If backward GBBs starting in WF.,(B) never pass through 9% C
ch st Xch, the orders [ and a are irrelevant, and the estimate (4.27) follows from standard
elliptic regularity and real principal type propagation in the (variable order) semiclassical

calculus on X°. We shall thus work in a small neighborhood of z = 0.
e Step 1: symbolic positive commutator estimate. We first work near the incoming radial

set Rin defined in (4.11); we shall use the coordinates (iL, x,y,&,n) near ChTs*mthch defined
by (3.3) and (4.4). Fix cutoffs xg, xst, xr € C°([0,1)), identically 1 near 0 and satisfying

Xo < 0and \/—xexs € C*([0,1)). Denote a smooth extension of b to T X ; by the same
symbol. For small § > 0, fixed momentarily, we then consider a commutant

~ _l _ 7
a=h"""2" % (5)xst (F)xwr(5),  wi= VP +E+ 12 (4.30)
Thus, supp a is contained in any fixed open neighborhood of R, when ¢ > 0 is sufficiently
small. We have a € S_Oo’_oo’o"bJr%(CﬁT*Xch). Let

1
—00,—00,a,b+5
ch

Aecv (X), “to(A)=a, A= A*A.

Using the L?(X;u) inner product, we then evaluate the commutator

2Im(AP), ,u, Au) = (€u,u),

- (4.31)
€ = [Py, A] + 270 s 4 ¢ g omo0202 (X0,
The principal symbol of € is
2haHa +2 - ha(%) ha?. (4.32)

When H hits yg, we obtain a nonnegative contribution (in fact, the square e? of a smooth
function e), while differentiation of xx gives a nonpositive contribution (in fact, a negative
square —b%), consistently with the saddle point structure of H at Rj,. Differentiation of
Xst produces a symbol with semiclassical order —oo.

The main term of haHa near Ry, arises from differentiation of the weight ﬁ_b_%x*a; since

H, = hH is, modulo hazVy, given by the expression (4.10), we can compute this modulo
18709 7920:2b Ty substituting the expression (4.10) of H|,—o for H. Thus, the main term is

h=%27% (2¢(~20 + 2b + 1) + O(2)) x3xZxk-

A further contribution arises from the skew-adjoint part of P , at Ri,, which is the same
as the skew-adjoint part of N(P) at **Ri, upon making the identification (3.7); this was
already computed in the proof of Lemma 4.8. Overall then, we can write

ho(€) = * — b — eha® — f*ha?, (4.33)

where f = \/— [2(=2(b — a) — 1) + 2(ry + 79)] — € is positive (and smooth) at Riy, for small
€ > 0. Denoting ch-quantizations of the lower case symbols by the corresponding upper
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case letters, we thus have
% = E*E — BB — €||h2 Au|® — |h2 FAu|® + R,

where R € \I/C_hoo’_oo’Qa’2b_1(X) has WF.,(R) C suppa and arises as the remainder term
not controlled by the previous symbolic considerations. We will plug this into the right
hand side of (4.31); the left hand side is bounded from below by

~1l « -
> —e||h2 Au|)? — Cf_lHGPh,ZU||H7}]L\7,7N,a,b+1 — Ce Y|xul? N —Nan
C, c,h

where G € \I’SE(X) is elliptic on supp a; here N € R is arbitrary. Putting By := hiFA e
\Il;hoo’foo’a’b(X) and dropping the contribution of Bgr, we thus obtain the estimate

1Boul? < HGPh,zuHi,-év,_N,a,w + 1Bul® + [(Ru, w)] + (X0l v v (4.34)
which provides HC_}]LV b control of u microlocally near Ry, provided one has microlocal

H;}]lv’fN’fN’b—control of won WF.,.(E) C {0 <z <4, |+ 1| <}, and provided |(Ru,u)|
is finite; since G is elliptic near WF., (R), we can insert the estimate

[(Ru, w)] S NGull® sy + HXUI@—;LV,—N@,—N
c,h ©

into the right hand side of (4.34).

Concatenating this radial point estimate with the propagation of regularity from a punc-
tured neighborhood of R;, to a punctured neighborhood of Ry and then a radial point
estimate at Rou—proved by the same method, with the commutant @ again given by (4.30)
but now with w = (|n|? + [¢€ — 1|)%/? and using that 2(b — a) + 1 — 1 4+ rg < 0—and using
elliptic estimates away from Y, we obtain the propagation estimate

L (4.35)

HBluHHCS:,l;va S HGph,zu||Hi;2vl*2vavb+1 + HEUHHCS’v;N»*va + ‘|>~CUHH—N,l,a,b—§

c,h
the operators By, G, FE € \DS%Q’O’O (X)) appearing here are subject to the following conditions:
WF.,(B1) C Elley(G), furthermore G is elliptic on X N 271(0), and all backward null-
bicharacteristics from WF.,(Bj) either tend to Rou or enter Ellos(E). The orders at cf
are unconstrained at this point, but chosen for compatibility with the normal operator
argument below.

Fixing a variable order function b’ so that
B> —a>ry at Rin, (4.36)
we then have the estimate

Il g S IXPhtlgeai-moss + 1Bl oo + (K0l yiar (437
under the assumptions on E, x, x stated in the Theorem. For b > b— %, this follows directly
from (4.35) (upon replacing the microlocal cutoff G' by the less precise cutoff x). For general
b”, note that as long as (4.36) is satisfied, one can apply this estimate inductively to the
error term yu provided supp x is sufficiently close to supp x (so that the same operator
FEu satisfies the geometric control assumption for y in place of x), increasing supports of
the involved cutoff functions by an arbitrarily small but positive amount and gaining half
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a semiclassical order at each step. Thus, away from Ri,, one can ultimately take b’ to be
arbitrarily negative, while at Rj,, one always needs to have (4.36).

o Step 2: normal operator estimate. We now work on the error term yu in (4.37).

We first prove the desired estimate (4.27) under the stronger condition that b—a > rip+1
at Rin. We split Yu = x"u + (1 — x*)x@, where x” € C>°(X) is identically 1 near X and
supported in a very small neighborhood of 0.X; the part (1 — Xb)fgu is supported away from
cf U tf, hence ||(1 — Xb)XUHH—N,Z,a,bb < = Xb)f(uHHfN,fN,fN,bb for any N. To estimate

c,h c,h

x"u, we use the injectivity assumption on N(P) and the resulting estimate (4.19) together
with Corollary 3.7(2) (with a,, =n). For 0 < § < 1 with b” +2§ < b, and choosing supp X’
sufficiently small, we obtain

n_
HXbU’HHfN,l,a,bb Sh2 QHW*(Xbu) HHfN,l,bb\sfﬁtff(x+6 (4.38)
c,h b,sc

n_ b
S h2 YN (P) (7" (x u))HH7N72,172,bb\sfmtffa+6+1

b,sc

S ||N(P)(Xbu)‘|H—N—2,l—2,a,bb+1+2§‘
c,h

In the final line, we abuse notation and denote by N(P) € \I/z;?’o’o(X ) any operator whose
normal operator is equal to N(P). Put bt := b + 1 + 26. Using Lemma 4.3, which gives
N(P)— Py, € 1113;7?’_1’0(X), we further estimate

|N(P) (Xbu)HHfozl—Q,a,bﬁ
c,h

< HXbPh,zu”H—N—z,l—z,a,bﬁ + ”Xb(Ph,z - N(P))U||H—N—2,z—2,a,bﬁ
c,h

X o (4.39)
IV ATl yoaias
c,h
SN Prsttll . norsant + XUl viarst + XU vt vbt1s 4.40
S llx z ”HC}JIV 2,1-2,a,b lIx ”HCJJIV,Z, 1b 1% ||HC}JLV 1,—N,—N,bi—1 ( )

where x! =1 on supp x”. Under the present condition that b — o > 7y + 1 at Rin, we can
choose b’ as in (4.36) so that bf < b still. Plugging this into (4.37) finishes the proof of
part (1) under this condition.

In order to prove the Theorem as stated, thus only assuming b — « > 7y, at Rin, we note
that the norm on second term on the right in (4.40) is 1 order weaker at tf than the left
hand side of the desired estimate (4.27), but only bf —b = b” 4+ 1425 —b < 1 orders stronger
at sf. This suggests revisiting the estimates (4.38)—(4.40) using a more precise cutoff which
distinguishes between the regimes h < z and h > . To wit, consider ¢’ = 1/}(%), where
Y? =0on [0,1] and ¥* =1 on [2,00). This is a smooth function on [X¢p;sf N tf], and thus
conormal on X p; in fact, we have

1— 4" € A% S(Xap) = (2 + 1) () TS A (Xep) © WO (x) (4.41)

for any ¢ > 0, since on supp(1 — 9”) we have z < h, thus z + h < 2. Taking ¢ = 8, we

; ~ h+z*
can therefore estimate

- - S1i~
H(l - /liz)b)XuHHfN,l,a,bb N HXUHHfN,l,a—J,bber <h HXUHHC*}JlVlab

c,h c,h
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Next, the estimate (4.38) holds without change. (Note that Corollary 3.7 applies for merely
conormal cutoffs.) Finally, we need to estimate (4.39) more carefully. Note that

for any ¢ > 0. Taking ¢ = 1 — ¢, this gives ¢’ (P, . — N(P)) € ‘1,3}3,76,71%()()’ hence
Hwb(Ph,z - N(P)>UHH—N—2,l—2,a,bn S Hiu”HfN,l,af&bﬁflJré < hé”)N(UHH—NJ»mb-
c,h c,h c,h
For the final, commutator, term in (4.39), we note that we can replace VP by 1 — wb and
use (4.41) with ¢ = 8, so [N(P),¢"] € L0771 X) which gives

H [N(P), /liz)b]uHHfoQ,lea,bu

c,h

S ”>~<UHHfol,fN,a—a,bLHa < ha”i“HH—N—lv—Nﬂ,b-
c,h c,h
Altogether, we have shown

H)ZUHH—N,l,a,bb 5 H)ZP’Z,ZUHHfN—Z,l—Za,bﬁ + h§||>~<u||H;}]LV’l’a’b'

c,h c,h

Plugged into (4.37), we have now established the desired estimate (4.27). This finishes the
proof of the Theorem. O

We can sharpen Theorem 4.10 by working with the resolved Sobolev spaces defined
in (3.24). This is straightforward since admissible operators

2,2,0,0 2,2,2,0,0
Py, eV (X) C v (X)

are elliptic at the front face fbf of “P"T*X ;. indeed, this follows from the ellipticity at
fiber infinity <" % Xen C PT* X, and the classical nature of the principal symbol of Py, ..
Therefore:

Theorem 4.13 (Propagation estimates with relative b-regularity). In the notation of The-
orem 4.10, and for any s' € R, the forward propagation estimate (4.27) generalizes to an
estimate on cbh-Sobolev spaces,

||Xu||HCsi)f;L,l,a,b(X) S C(H)ZP"L,ZUHHslzi,s/—2,l—2,a,b+1(X)
S~
+ HEUHHCSQS,;JZ’a’b(X) + h ||XU||HC7b]}\2—N,l,a,b(X)).
The backward propagation estimate (4.28) generalizes similarly.

4.5. Global estimates with complex absorption. We upgrade the microlocal estimate
proved above into a quantitative invertibility statement for an operator which effectively lo-
calizes the interesting nonelliptic phenomena near the cone point into a small neighborhood
of 0X via complex absorption.

Let us assume first for simplicity that Y is null-cobordant; see Remark 4.16 below on
how to remove this assumption. With X = [0,2z0) x Y and ¢ as in (4.1)—(4.2), consider
then a compact n-dimensional manifold X’ D X with boundary 0X’ = 0X, equipped with
a smooth metric ¢’ which is equal to g on X := [0, 20] x Y. Given an admissible operator
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Py.on X, let Py € (xfi”_—h)_2Diffzh(X’) denote an extension of P, from [0,1) x X” to

[0,1) x X’ with principal part equal to h2A,. For ¢ € (0,1), denote
K. := X"\ ([0,cz0] X Y).

In order to implement complex absorption, let us take ¢ € (0, 3) small and fix an operator

2
Q € U;=((X)°)
whose Schwartz kernel is supported in K. x K., and so that @ is elliptic on T Ky, with
nonnegative principal symbol. We then consider

P, =Py, —iQ, (4.42)
and assume that

all backward GBBs of P, , enter Ell;(Q) in finite time. (4.43)

By construction, Pp, . is a semiclassically elliptic second order semiclassical ps.d.o. on
(X")° which is elliptic over Ks.. Moreover, due to the sign condition on the principal symbol
of @, one can propagate semiclassical regularity for solutions of P, ,u = f along forward
null-bicharacteristics of P,’L’Z, see [Vasl3, §2.5] and [DZ19, §5.6.3]. For our fixed metric g on
[0,220) x Y, the control condition (4.43) is satisfied if we choose ¢ > 0 sufficiently small.
Indeed, from the expression (4.13), one finds that if Hyax = 2§ = 0 on the characteristic
set, then |n|> = 1 and thus Hyz = 2HE > 227 p2 —Cp)P =227 —C > c 1= C >0
in z < 2c¢ when c is sufficiently small; hence the level sets of x are geodesically convex in
x < 2¢, which implies the claim.

Remark 4.14 (Relaxed conditions on (). One can more generally allow @ to be a second
order operator with real principal symbol; a concrete choice is then ) = ¥ - (thg/ +1)
where ¢ € C°(K?) is identically 1 on Ky,.

We then have:

Proposition 4.15 (Global estimates with complex absorption). Let s,l,a, b be as in the
statement of Theorem 4.10 (for the operator Py, ;). Fix the volume density on X' to be the
metric density |dg’|. Then for small h > 0, the operator Py, , defined by (4.42) is invertible

as a map HX'(X') — HE™>'7%(X"), and it satisfies the uniform estimate
||'Uz||Hj:£L,a,b(X,) < CH'Ph%u||H57;2,172,a,b+1(x,)

4.44
= Chil ||(IL’ + h)Ph7ZuHHs;2,l—2,a,b. ( )

More generally, for any s’ € R, we have

HUH < CHP}L,ZUHHsb—i,s’—Z,l—Q,a,b-Q—l~
cb,

HEy 0 (X)
Proof. By our assumptions on the complex absorbing potential ), we can apply Theo-
rem 4.10(1) with E and y supported in X'\ K.. We thus have

HXUHHs,z,a,b < C(||Ph7ZUHH5—2,Lf2,a,b+1 + ||E'LL||H5,7N,7N,b + h6||>~(u|| —N,z,a—l,bb)-
c,h c,h c,h Hep
On the other hand, we can control Bu and (1 — x)u in H*'*® (or simply hP H} if we take

E to be localized away from z = 0, as we may arrange) by P ,u in Hff’l*la’b“ using
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a combination of elliptic estimates and real principal type propagation estimates (with
complex absorption), starting either from Ell;(Q) or {x = 1}. Altogether, we obtain

HUHHS,}ZZ,&,b < C(thy,zUHHj;Q,lfza,bqtl + hJHUHH;}JIV,l,a,b). (4.45)

For hg > 0 with Ch$ < %, we can now drop the error term in (4.45) for 0 < h < ho. This
proves the injectivity of Py, . (with a quantitative estimate). Analogous arguments prove
the dual estimate
ES
||'UHH(:;+2,—Z+2,—Q,—|)—1 S C||’Ph7zv||HC—’}sl,—l,—a,—b,

which implies the surjectivity of P} ,. The proof is complete. ([

Remark 4.16 (Links Y that are not null-cobordant). When Y is not null-cobordant, we
cannot choose X’ as above. This is a technical issue, independent of the analysis near
the cone point 271(0), which we circumvent here with the following artificial device: we
set X’ := [0,4x¢] x Y, and consider h-dependent families of operators on X’ which are
semiclassical cone operators near z~1(0) and semiclassical scattering operators [VZ00] near

271 (420). We then take Py € (ﬁ)*zDiffgmsch(X’)—the second subscript referring to the

semiclassical scattering behavior near z~!(4zo)—to be equal to Py, on [0,1) x X " We
can arrange for Pl;,z to be elliptic near x7!(4zo) in the semiclassical scattering algebra,
e.g. by taking it to be equal to h2Ag/ + 1 near x = 4xo where ¢’ is a scattering metric
on (xg,4xg] x Y. We choose the complex absorbing operator ) as before, and so that
Ph. = P,’L’z — Q) is elliptic in = > %xg. Proposition 4.15 then remains valid upon using
function spaces for u which near x~1(4x¢) are semiclassical scattering Sobolev spaces with
differential order s, semiclassical order b, and arbitrary decay order r, and similarly for
Ph,.u with orders s — 2,b + 1, r; this uses elliptic estimates in the semiclassical scattering
algebra near x71(4z). (This usage of the semiclassical scattering algebra is only one of
several possibilities in which the invertibility of P}, , for small h is easy to obtain despite
the presence of a boundary.)

4.6. Propagation of Lagrangian regularity; diffractive improvement. By adapting
arguments from [MW04, MVWO08], we improve upon Theorem 4.10 by demonstrating that,
under a non-focusing condition, strong singularities can only propagate along geometric
GBBs. The key technical result concerns the propagation of Lagrangian regularity with
respect to the incoming and outgoing Lagrangian submanifolds, localized near geometric
continuations of a GBB striking the cone point. Using the coordinates (iL, x,y,&,m) and the
notation of (4.14), the incoming and outgoing Lagrangians are given by

Fo = U ]:o,ym OZI,O,
yo€0X

where
]:I,yo = 7],yo((‘330a0)) = {(O,IL‘,yO, _170): T < 2330}7

FO g0 = V0,40 ((—20,0)) = {(0,2,90,1,0): x < 2z}
(We are making the h-coordinate, which was set to 0 in (4.14), explicit here.)

(4.46)

We shall first show that one can control the Lagrangian regularity of a solution u of
Py, ,u = f, with sufficiently regular forcing f, near Fo ,, by propagating Lagrangian regu-
larity from the union of all .7-"}’4/,, with ' at distance 7 from yp, into X and then within
0X to Foy N 271(0). Localization within the radial sets R;, Jout Tequires a more careful
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choice of commutants compared to the symbolic part of the proof of Theorem 4.10, and the
extra Lagrangian regularity is captured using test modules, as introduced in [HMV08] and
used for this purpose in [MVWO08, MVW13]; see also [HV13]. (Test modules also feature
prominently in [BVW15, BVW18, GRHSZ20].) Fix zp < 1 < x2 < 3 < 229 and cutoffs

XJ S CCOO([O?:EJ)% X] = 1 on [07‘rj—1]7 j = 17273'
Mirroring [MVWO08, Definition 4.2], we then introduce:

Definition 4.17 (Test module). Let F = F; U Fo. Define the ¥, (X)-module'*

0,0,0,1
M= {A eV, (X): supp Ky C [0,1)p X (suppxg)z,
h

¢ 00(h+x |]: - 0}

Denote by M* c \Ilgho’o’k(X ) the set of finite linear combinations of up to k-fold products
of elements of M. If X is a function space on which WY, (X) acts continuously, we say that
u has Lagrangian regularity of order k relative to X if M*u C X. We say that elements of
the space MF*X satisfy the nonfocusing condition of degree k relative to X.

Since \I/g,llo’o’l (X) = (ﬁ) 71\Ilgh(X ), regularity with respect to elements of M means that

the semiclassical order improves upon differentiation along suitable elements of W9, (X). A

concrete example of an element of M in local coordinates is h%(LDyj) =D

h+zx
Lemma 4.18 (Properties of M). (Cf. [MVWO08, Lemma 4.4].) The set M is closed under
commutators. Moreover, M is finitely generated in the sense that there exist Ay,..., An €

\Ilg;lo’o’l(X) with supp K 4, € [0,1), X (supp x3)? so that with Ay := I, we have

N
M= {A e U0 (x): 3Q; € WO (X), A= ZQjAj}.
j=0

Y

h+x . chg((zih

take Aj, 1 < j < N —1, to have principal symbol h+xa], where aj € C*°("T*X.y,) vanishes
on F and has differential daj which at a point ¢ € Rin, resp. ¢ € Rout lies in the unstable,
resp. stable eigenspace of the linearization of H (as a vector field on ChTS*chﬁ) at C.

Concretely, one can take Ayn to have principal symbol )ZPh .); and one may

Proof. Let B = h%Bo, C = hih“”CO € M. Denote the principal symbols of By, Cy € \Ilgh(X)
by bo, co. We then have [B,C] € ¥ "% (X)), and

ch

di::ChUO(h+x [B,C]) = h+zl¥b(h+¢@0) h+x1¥b(h+x)60‘+‘h%co

But by (3.4), Hy|;_, is a smooth b-vector field for b € S%%%1 thus d € SO(ChT* X ).
Moreover, since F is a Lagrangian submanifold, Hy is tangent to JF; therefore, Hycy = 0 on
F since cp|r = 0, and thus d|z = 0 as well. This proves [B,C] € M.

Let us now work in local coordinates (iz, x,y,&,mn) in which the rescaled Hamilton vector
field H = B‘al of Py . takes the form (4.9). The linearization of H at Ryt in as a vector
field on “"T* X, is (top sign for ‘in’, bottom sign for ‘out’)

F2(x0, — fz@h —n0y) + 2k 1,0,

Yyl

(4.47)

Recall that K 4 denotes the Schwartz kernel of A.
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which thus has eigenvalue F2 (with eigenvector dz), +2 (with eigenspace spanned by dh
and dn;), and 0 (with eigenspace spanned by d¢ and dy’ & k%“dn;). Upon restriction to
h= 0, the same statements remain true except there is no contribution from dh anymore.
Since F is locally the joint zero set of n',...,n" "1, and p, which have linearly independent
differentials, every smooth function vanishing on F can be written as a linear combination
(with smooth coefficients) of p and 7;. Thus, we may take quantizations of fz_lnj for the
operators A; in local coordinates. The full collection of A; can be defined using a partition
of unity. O

The fact that M is a U2, (X)-module and a Lie algebra implies that

N
— { D QaA%: Qa € \Ifgh(X)}, Av =[] A, (4.48)
=1

la|<k
where o = (a1,...,ay) € N). Modulo \IJSE(X), the operator Ay is a multiple of P ,;

therefore, regularity of solutions u of P, ,u = f, with f having Lagrangian regularity of

order k, under application of an element @), Hf\;l At e MF with any > 0 is automatic
once Lagrangian regularity of order k& — 1 has been established. In order to prove regularity
of solutions of P}, ,u = f under application of 4;, 1 < j < N — 1, we need to control the
commutators of P , with the A; chosen in Lemma 4.18:

Lemma 4.19 (Commutators). (Cf. [MVWO08, Lemma 4.5].) With the A; chosen as in
Lemma 4.18, we have, for j=1,...,N —1,

i[Ph,z, A ZCjkAk:a Cjr € U0 7H(X),

and Cﬁ0’1,270’71(Cjk)b:mmfl(o) =0 f07’ k 75 0.

Proof. Denote by a; the principal symbol of iLAj forj=1,...,N—1,s0 Cha(Aj) = iflaj.
Since P, , € \112200(X)7 we have i[P), ,, Aj] € \I/i;LZQ’O’O(X), with principal symbol at sf
given by hH(h~ La;) in the notation used in (4.9). It thus suffices to prove the existence of
cjp € SHPO0(AT* X ;) such that near i = 0,

H(h ta;) th]kh ar,  CiklFre-1) =0 (k # 0); (4.49)

indeed, if Cj;, € \11(1;32’0’71(X) is a quantization of ﬁcjk times a cutoff to a neighborhood of
sf, then (4.49) implies that
N
Cjo =[Pz, Aj] = > Cipdy € T " 7H(X).
k=1
In order to verify (4.49), we note that the left hand side equals ' (hHa; —a;Hh); but since
at F Nz~1(0), the differentials da; and dh are eigenvectors of the linearization of H with

the same eigenvalue, as discussed after (4.47), this vanishes quadratically at F N z~1(0),
completing the proof. O
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We are now ready to propagate Lagrangian regularity through the radial sets. For
s,l,a,b € R and k € Ny, and using the notation (4.48), denote

H o0 (X) = {u € HIpOY(X): A% e HIPY(X) Y]al < k}.

We recall that we will only encounter distributions on X with compact support, justifying
the convenient, albeit slightly imprecise, notation here.

Proposition 4.20 (Microlocalized propagation near the radial sets). Let s,l,a,b € R. Let
B,E,G € V%, (X) denote operators with Schwartz kernels supported in [0, 1) x (supp x1)%.
Recall the quantities iy, /oy from Definition 4.7.

(1) (Propagation into Ri,.) Suppose that all backward integral curves of H starting in
Y NWFL,(B) either tend to a subset S C Rin or enter Ell,(E) in finite time while
remaining inside Ell.y(G); and suppose that for all incoming null-bicharacteristics
Viyo: (—20,0) = X with v1,,(0) € S, there exists s € (—x0,0) (depending on
Yo) such that vr,y,((s,0]) C Elley(G) and vr,y,(s) € Elles(E). Under the condition
b— a > ri,, we then have

||BuHHj,’zL,a,b;k(X) < C(||GP}LVZU‘|H2712,172,a,b+1;k(x)

(4.50)

Bl ypnasi + el vioy )

(2) (Propagation out of Rout.) Suppose that all backward integral curves of H starting
in XN WEF.,(B) either tend to a subset S C Rous or enter WFL,(E) in finite time
while remaining inside Elley(G). Suppose moreover that S C Elle(G), and that for
every integral curve y C XNz~ 1(0) \ Rout of H with limg_ oo y(s) € S, there exists
s so that y((s,0)) C Elly(G) and y(s) € Elley(E). Then the estimate (4.50) holds
under the condition b — o < rout.

Proof. We begin with the proof of part (1). By compactness of Riy /oy and since Ellep is
open, it suffices to prove microlocal estimates near a single point {y € Ri,, which in the
coordinate system (h,z,y,&,n) used in (4.46) has coordinates ¢y = (0,0, yo, —1,0).

Now, restricted to = h = 0 and writing k = k(y,n) for the dual metric function of the
metric £(0) on 0X in local coordinates, we have

H = —2n0, + 2[n|*0¢ + (9,k)0y — (Oyk)0,.

Following [MZ96, Lemma 2], introducing ||,/ = 74, one has

nl”

95y = (Onk)(y,Mnl, s = —(9yk)(y,n)Inl

along H-integral curves; reparameterizing to t = ¢(s) satisfying ¢ = 2|n|, one thus obtains
8152/ = %(8nk)(y;77)7 8tﬁ = _%(8yk)(ya ﬁ)a 8t|77| = _fa até. = "’7‘

Thus, £(t) = acos(t + ¢o) and |n(t)| = asin(t + ¢o) where a = /&2 + |n|? is constant,
and ¢ € [0, 7]. Therefore, the function T assigning to (y,&,n) near (yo, —1,0) the limiting

point along the backward H-integral curve is given by evaluation at t = —g, so

Y(y,&n) = (expy <(— arccos ﬁ)#) ,—1, O).
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In particular, T is smooth, and HY = 0 at h=z=0. Extending T to a smooth function
in a neighborhood of z = h = 0, with values in R"~! x R x R"!, we thus have HY = O(x)
at h = 0. Since z7'Hz = —2 at (o, we can choose C' so that in any sufficiently small
neighborhood V of (p,

H(Y = ¢f* = Cz) >2 > 0in V. (4.51)

Fix now cutoffs xs, xa, xst; X7, x5 € C([0,1)), identically 1 near 0, with nonpositive
derivative and with 1/ —xeX% € C*°, and consider the commutant

) N-1 i
a= ﬁ_b_%fﬂ_aXa(%)Xsf(%)Xf <5_1 Z a?) x=(5)xs (67T = ¢of* — Cu)),

J=1

where 0 > 0 controls the size of suppa. We now proceed as in the first step of the proof
of Theorem 4.10. Thus, in the symbol (4.32) of the commutator appearing in (4.31), and
specifically in the term QiLéHfl, the main contribution near (y arises from differentiation
of the weights (and then the subprincipal symbol of P}, . enters in the threshold condition
on b — « as there), giving a negative multiple of h=2bz=22 Differentiation of XF gives a
term of the same sign, namely a negative square, since » a? is a local quadratic defining
function of Ry, inside of ¥ N 271(0). In view of (4.51), differentiation of ys produces =
times the negative of a square, thus another term with sign matching that of the main
term. Derivatives falling on yg produce a nonnegative square, corresponding to the a priori
control required along 77 ,, for y near yp, at z ~ 4. Finally, differentiation of x5, produces a
term vanishing near ¥ which thus can be controlled by elliptic regularity, and differentiation
of xsf produces a semiclassically trivial (namely, vanishing near h= 0) term. We can then
proceed as in (4.33), obtaining the desired propagation estimate.

For k > 1, we argue as in the proof of [BVW15, Proposition 4.4]: rather than using
A= Op. (@) as the commutant, we use (in the notation (4.48)) the vector of ps.d.o.s
(AA®)4er where T € NYY consists of all & € N) with |a| = k and ap = ay = 0. The main
term of the commutator arises from A as before; the new contributions, from commutators
of P, with a factor A;, can be expanded as in Lemma 4.18, and those which have the
maximal number of module factors 4;, 1 <[ < N — 1, can be absorbed into this main term
due to the vanishing property of the Cj; in Lemma 4.18. Thus, one can control & module
derivatives of u in a neighborhood of (y provided one has control of k —1 module derivatives
in a slightly bigger neighborhood. Thus, one obtains the estimate (4.50) inductively.

The proof of part (2) is completely analogous; one now takes T at z = h = 0 to be the
limiting point along forward H-integral curves. O

Note that for any ( € "T*% X, \ F, there exists an element A € M which is elliptic
at (; hence microlocally near such ¢, membership in H(f’,ll’a’b;k is equivalent to membership
in HCS’;L’O"H’C.M In particular, in ¥ N 271(0) but away from the radial sets, the propaga-

tion of H(f’}ll’a’b;k regularity is equivalent to the standard (real principal type) propagation

15That is, for B, B € W%,(X) with WF.,(B) C Ellep(B) \ F, one has || Bul| s.avtk S || Bull yotcns +
c,h c,h

loll vt -
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of Hj’}lL’a’Hk regularity. One can thus concatenate the radial point estimates of Proposi-
tion 4.20 with such real principal type estimates. To state this succinctly, we introduce:

Definition 4.21 (Integral curves connecting the radial sets). (1) For a point y € 0.X,
denote by I'?(y) C CY([0,7]; ) the set of integral curves of H inside ¥ N 2~1(0),
smoothly reparameterized to uniformly continuous curves v: (0,7) — X Nz ~1(0),
which satisfy y(7) = (0,0,y,1,0) € Rous and v(0) € Rin. Denoting by II: ¥ N
271(0) — 0X the projection to the base, define the set of starting points of such
curves by

Y7 (y) = {I(v(0)): v € T (y)}-

(2) We call a continuous curve v: I — X a resolved GBB if it is either an integral curve
of h~1H, disjoint from x~1(0), or otherwise if for some y € X and yo € Y7 (y),
the curve 7 is the concatenation of 7, , an element v of I'”(y) with II(v(0)) = yo,
II(v(m)) =y, and the curve yo .

See Figure 4.3.

FiGURE 4.3. Illustration of a part of the characteristic set, with the La-
grangians F7 and Fp in red, and a resolved GBB in blue.

Corollary 4.22 (Microlocalized propagation of Lagrangian regularity). Let s,l,a € R,
b € C¥(hT%Xen) and x € CF(X) with supp x C supp x1 be as in Theorem 4.10, with
b — « satisfying the monotonicity and threshold conditions stated there. Let k € Ny. Let
B,E,G € VY, (X), with Schwartz kernels supported in [0,1)p, x (x1(1) x x71(1)). Suppose
that all backward resolved GBBs starting at a point in WF.,(B) reach Elle;(E) in finite
time while remaining in Ell.s(G). Then the estimate (4.50) holds.

A dualization argument gives the propagation of the nonfocusing condition through 0.X.
The simplest setting uses the modification of P, , via extension to an operator P,'Z’ , on
compact manifold X’ O X and the inclusion of a complex absorbing term @ € ¥, ((X’)°)
as in §4.5, resulting in the operator

Pz =P, —iQ

in (4.42). (This requires 0X to be null-cobordant; if this is not true, one can use the
modification described in Remark 4.16.) Recall that the Schwartz kernel of @ has empty
intersection with 271([0, czo]) x 271([0, czo]) where 0 < ¢ < 4. We shall use the notation
of Proposition 4.15.
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Theorem 4.23 (Diffractive improvement). Let s,l,a,b be as in the statement of Theo-
rem 4.10 (for the operator Py, ,). Let E,G € VY, (X') be such that all forward resolved GBBs
starting at a point in WFL, (E) C Elley(G) remain in Elloy(G) until they enter Ell(Q). Let
f+ € Hj;Q’Z_Q’O"bH(X'), f- € MkHlf;Q’l_z’a’bH(X’) be such that supp f+ C 7 1([0, cxo]).
Then the solution u of ’

Prou=[f:=f++Ef-

can be written in the form

uw=uy+Gu_,  uy € Hp(X), u. e MFHIMP(X)).
Note that on the scale of semiclassical cone Sobolev spaces, we have Ef_ € ij’l*la’blﬂ
with b’ = b — k, but typically Ef_ is no better than this. Thus, Theorem 4.23 (for
f+ = 0 for concreteness) implies that the strong semiclassical singularities of u resulting
from the forcing term Ef_ only propagate along geometric GBBs (resulting in the term
Gu_), whereas microlocally away from these, u has Hi’}ll’a’b—regularity.

In a simple case, a formulation of Theorem 4.23 which highlights regularity rather than
singularities reads as follows: fix yo € 0X, and define the set

K = Y0,yo0 U U 7([0771-]) U U Yy-
v€I~ (yo) y€Y 7 (yo)

Thus, the quotient K/(K N x~%(0)) contains the image of all backward geometric GBB
continuing Yo 4, and K in addition contains all curves inside of Nz ~!(0) which connect an
incoming base point y (at distance 7 from yy) with the outgoing base point yg of geometric
GBBs. Fixing any F € W0, (X') with WF.,(E)NK = 0, there then exists G € ¥9, (X’) with
WFL,(G) N K = () which satisfies the conditions of Theorem 4.23. Thus, if f satisfies the
nonfocusing condition (of some degree k) relative to Hi;zl*za’bﬂ, and with f microlocally

§—2,1—2,a,b+1
Hc,h (

near K lying in thus f in particular does not have strong singularities along

the incoming directions 7y, ), then the semiclassical wave u forced by f lies in Hj’}ll’a’b

microlocally near K (thus u in particular does not have a strong singularity along vy, )-

Proof of Theorem 4.23. As follows from Proposition 4.15 by taking adjoints (or directly
from the proof of Proposition 4.15), the adjoint P;L“’z is invertible, and

(P;I;’Z)fl: H;]j,—l,—o&,—b N H(;}f+2,—l+2,—0é,—b—1
is uniformly bounded. We now apply a backward propagation version of Corollary 4.22 to

P,f’ .+ for E*, G* the adjoints of the operators I/, G in the statement of the Theorem, and for

B* € U9, (X') so that all forward resolved GBBs starting at a point in WF/,(E*) remain
in Ellc;(G*) until they enter Ell.;(B*), we have

HE*U“H;;+2,—z+2,—a,—b—1;k
< c(HG*P,;ZUHH;;,,l,wﬁb;k 1Bl vtz sore

+ ”XUHH—N,71+2,70¢,—b7§)

2
c,h
for any k € Ny. In particular, we may take B* so that all forward null-bicharacteristics of
P, , starting in WF(, (B*) miss the cone point and enter Ell.;,(Q*) in finite time. The term
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B*u is then automatically controlled for solutions of P, v = w when G*w € Hc_i’_l’_a’_b;k
by elliptic regularity (on Ell.;(Q)) and real principal type propagation (along the backward

null-bicharacteristic flow) with complex absorption. We conclude that
(i) {we Hphoom: Gru e Hopmtmmbhy
- {U c H;Z+2,—l+2,—a,—b—1: Ev e H;2+27—l+2,—a,—b—1;k}.
Upon taking adjoints (see also [MVW13, Appendix A]), this implies that
-1 —2,0—2,a,b+1 k —2,1—2,a,b+1 J,a,b k Ja,b
P2 Hih ¢ + E(M H(ih T — Hiha +G(M Hiha )
is a bounded map. This completes the proof. O

Remark 4.24 (Second microlocalization at F). A sharper approach would be to second
microlocalize at F; and Fp, thus cleanly decoupling the semiclassical orders at F; and Fp
(subject to threshold conditions at the radial sets) and the semiclassical order away from
F; this would allow for a unified treatment of Lagrangian and nonfocusing spaces and thus
for a direct proof of Theorem 4.23. We leave such refinements for future work. We note
that second microlocalization in the semiclassical setting was studied by Sjostrand—Zworski
[SZ07] and Vasy—Wunsch [VWO09] following Bony’s work [Bon86]; a second microlocal re-
finement (at the outgoing radial set) for the scattering theory of the corresponding normal
operator was recently obtained by Vasy [Vas2l1c].

5. APPLICATIONS

We now present applications of the propagation estimates proved in §4. First, we discuss
the familiar geometric case of h2A, — 1 in §5.1, where we can moreover prove a result
sharpening both Theorem 4.10 and the propagation results of [BM22]. We discuss high
frequency scattering by inverse square potentials on Euclidean space in §5.2, and high
frequency scattering for the Dirac—Coulomb equation in §5.3.

5.1. Propagation estimates for conic Laplacians. For a conic metric g as in (4.2) on

the manifold X = [0,2xz0), X Y of dimension n = dim X > 3, we consider
Pn.=h*A,—z, |2—1| < Ch.

We fix the volume density p = |dg| on X.

Lemma 5.1 (Admissibility, thresholds, invertibility). The operator Py, , is admissible in
the sense of Definition 4.1, with threshold quantities ry, = —% and Tous = —% (see Defini-
tion 4.7). Moreover, the normal operator N(P) = Ay—1, with § given in (4.4), is invertible
at weight [ in the sense of Definition 4.6(3) for all

le(1—1214 252). (5.1)

Proof. Only the final statement is nontrivial. In the notation (4.17), and passing to a
spectral decomposition of Ay ) whose eigenvalues we denote by 0 < )\?, 7=0,1,2,..., one

finds that A € spec, (N (P)) if and only if there exists j with A2 —i(n — 2)\ + )\]2 =0, so

spec,(N(P)) = {z <n;2:|: (n;2>2+)\?> :j:O,l,Q,...}.
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Therefore, the complement of the set A defined in (4.18) contains (—n + 2,0). As noted in
Remark 4.9, the invertibility of N(P) at weight [ is independent of the choice of [ inside
the shifted interval 2 + (—n +2,0) = (1 — %52, 1 + 22).

The choice [ = 1 is particularly natural, as the space H&’Sléo (tf; 1) is the quadratic form

domain of A; (as follows from Hardy’s inequality). The invertibility of N(P) at weight
[ = 1 is then equivalent to the limiting absorption principle for the exact conic metric g,
the proof of which is a standard application of a boundary pairing argument [Mel95, §2.3]
and unique continuation at infinity. See Lemma 5.10 below for a proof is a more general
setting. ([l

As a consequence, we may apply Theorem 4.10 for [ in the range (5.1), any value of
s € R, a = 0, and variable orders b satisfying in particular b > —% at Rin, b < —% at
Rout, and we may arrange that |b — (—1)| < e for any fixed € > 0. Packaged in the form
of Proposition 4.15 using complex absorption, we thus have, using the volume density |dg|
near 0.X,

||U||Hcs:;b,0,b < CHP}L’ZUHH;;z,zfzo,bH; (5.2)

this estimate is sharp in the sense explained after the statement of Theorem 4.10. Lossy
estimates on constant order spaces are given by

_1_ _1_
o )72 ull g ~ 72Nl

_1_ 11— 1
5 h™z e”Ph,Zu||Hs—2,l—2,0,%+e ~h ! 2€H(m + h)2+E/Ph,zuHH§;2;l*270v0~

c,h

In the special case s = [, and recalling from [Hin22, Theorem 6.3] that the domain
D), = D((h*Ay +1)1?)

of the (I/2)-th power of the Friedrichs extension of the conic Laplacian h*Ay + 1 is equal
11,0,0 . . L
to H_ ;™" in present notation, this gives:

Proposition 5.2 (Constant order estimates). In the above setting and with  as in (5.1),
we have for all € > 0 the estimates

_1

[z +h) "2 ullpy < Ceh™ 7%|(z + h)%%Ph,zuHDL,z, (5.3a)
lullpy < Ceh™' =2 Ph,cull -2, (5.3b)

; : ! 1—2 5,0,0,0 5—2,1—2,0,0
as well as more general estimates with D; and D, ~ replaced by th and th .

The estimate (5.3b) is an immediate consequence of (5.3a). We recall that in the case
[ =1, the (arbitrarily small) 2e-loss in (5.3b) can be removed, as shown in the semiclassical
cone setting by Baskin—-Marzuola [BM22] following arguments by Melrose, Wunsch, and
Vasy [MWO04, MVWO08]; in the full range of weights [ considered here, a lossless estimate
was obtained by the author in [Hin22, §6.2] via reduction to the case [ = 1 via conjugation
by (14+h?A,)=1)/2 and reduction to the case I = 1. On the other hand, the estimate (5.3b),
even for € = 0, loses a full order at tf compared to the sharper estimate (5.3a).
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Remark 5.3 (Limiting absorption principle). The h~'72¢ loss in Proposition 5.2 is familiar
from (and essentially arises from) the loss of slightly more than one power of (z) in the
limiting absorption principle

(A —1440)"1: (2)"2 “LAR") — ()2 T HA(R")
on Euclidean space, which is a consequence of a sharp variable order estimate akin to (5.2),
see Lemma 4.8.

A natural question is whether one can prove an estimate which removes both the e-loss
of (5.3b) while retaining the lossless character of (5.3a) (or (5.2)) at tf. We answer this in
the affirmative:

Theorem 5.4 (Sharp propagation estimate). Consider a conic manifold (X, g) as in (4.1)-
(4.2) and with dim X > 3. Let Py, = h?A, — z, |2 — 1| < Ch. Denote the characteristic
set of Py, by ¥ C Ch’TS"‘fXCh, see (4.8). Let x,x € CX(X), with x = 1 near supp x, and
E € V_>(X). Suppose that all backward GBB from ¥ Nsupp x enter Ellep(E) in finite
time while remaining inside supp x. Then, for any s, N € R, we have an estimate

Ixcull o000 < C(IKPhull o100 5, )

L (5.4)

1| Bull ooy + 3 \|Xu|\H;g,_N,O,O(X)).

This holds more generally if one replaces the norms in the first line by HXUHHs,s’,m,O and
cb,h

H)ZPh,ZuHHs_27sz_2,_170,1, with s € R arbitrary. Taking s =1, N =0 in (5.4) gives
cb,h

_ - 1.
Ixullpy < A~ (@ + h)XPhullp-1 + [ Bull 2 + b2 [ Xull 2, (5.5)
and upon adding complex absorption as in §4.5 and equation (4.42), we have

lullog = lull gr00 < B4 + B)Phsullps = [Psullyroror. (5.6)

For comparison, the h-lossless version of (5.3b) for [ = 1 reads
—1 _ .
||u||HC1;oo S h HP’I’ZUHHC_,;IL’_I’O’O = th’zuHHc_,i’_l’l’l’ (5.7)
which is weaker than Theorem 5.4 in that the required control on Pj, . at tf is one order
stronger than in the Theorem.

As discussed after Theorem 4.10, the estimate (5.4) is sharp in the sense that the relative
orders on u on the left and P, ;u on the right cannot be improved; but here the semiclassical
order remains fixed upon propagation through the cone point.

The proof of Theorem 5.4 uses the global positivity (as an operator) of a commutator
on tf, reminiscent of proofs of similar lossless results in N-body scattering [Vas00, Vas01],
as well as a splitting of u, using the functional calculus for h?A, into a part localized near
the characteristic set and a part where hQAg — 1 is elliptic and can be inverted by spectral
theory. The following technical result is proved at the end of this section.

Lemma 5.5 (Functional calculus). Let ¢ € C°(R). Then for all € > 0,
BI2D,) € AEn-n 002 (X300 h), (58)

where the orders of the conormal space refer to 1bs, ffo, rbo, tfs, dfs, sfo C Xczh in this order.
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Remark 5.6 (Dimension). We only study the case dim X > 3 here. The methods used in
[MVWO08, BM22|, which are based on quadratic forms, and also the methods in [MW04],
work in the case dim X = 2 as well. However, the identification of the quadratic form do-
main with a semiclassical cone Sobolev space fails in this case (see [MW04, Equation (3.11)]
for h = 1), which is why we do not consider it here.

Proof of Theorem 5.4. We present the proof in the case that P}, , agrees with its normal
operator, equivalently P, , = h?A, — 1 with g = dz? + 2%k(y,dy) an exact conic metric.
In the general case, the error terms arising from P, , — N(P) € ‘113%—2,—1,0()( ) are handled
easily; we leave the details to the reader. (In particular, since we shall use a global com-
mutator argument which controls u at sf and tf in one fell swoop, there is no need for a
delicate argument for the combination of the symbolic estimate at sf and a normal operator
estimate at tf as in the end of the proof of Theorem 4.10.) We write P = P, , for brevity.

e Positive commutator argument. Define the operator

A= %(:L‘Dx + (xDm)*) —1=hzD, — % -1, a = Cha(A) =xf—1, (5.9)

where we use the coordinates (3.3). This will be the main piece of the commutant in a
positive commutator calculation, and it is in essence the key term both in the commutator
argument of [Vas08] as well as in the Mourre commutant in classical scattering theory
[Mou81]. Let x = x(x) be identically 1 near 0X = z~!(0), with support in any pre-
specified neighborhood of 90X, and so that ¥’ < 0, v/—xX’ € C*, and so that a < 0 has a
constant (negative) sign on ¥ N supp y; arranging the latter property is what the constant
term in (5.9) is for. We then consider the operator

A= xAx,
and estimate in two different ways the expression

2h = Im(Pu, Au) = (£[P, Alu, u). (5.10)

Consider first the commutator term. Since h2Ag is homogeneous of degree —2, we have
+[P, A] = —[28,, P] = 2h*/A4, which is the crucial global positive commutator. Therefore,

LIP,xAX] = 2xh*Agx + £ (xA[P, ] + [P, x]AX)-
The contribution of the first term to the right hand side of (5.10) is
2[[hV 4 (xu) 1%,

where we write || - || = || - || 2. The second term on the other hand consists of operators with
coefficients supported strictly away from x = 0. It suffices to merely capture its principal
symbol, which by (4.9) is 2yah ™ Hpx = az 'H(x?) = 4aéxX’; near incoming directions,
where £ < 0, this is negative, whereas near outgoing directions, where £ > 0, this is positive
and thus has a sign matching that of the above main commutator term. For a suitable
microlocal cutoff E € WY (X) which is elliptic on ¥ in the region ¢ < € for some fixed small
e € (0,1), we thus conclude from (5.10) that

2|[hVy(xu)||* < 2Im {(hDy — 25 (yu), k™ ax Pu)

5.11
— 2h  Im(xu, xPu) + || Eul)?. (5-11)
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Hardy’s inequality gives H% xul| < Cu||hDgz(xu)||, hence the first term on the right is
bounded from above by
elRDa(xu)||2 + Collh wx Pul?
For the second term in (5.11), we rewrite
(xu, xPu) = =|[xull* + (hVy (x*u), hV gu)
= —llxull? + [xhV gull* + (R(Vgx*)u, AV gu);
taking the imaginary part annihilates the first two terms, while for the final term we have
<h(VgX2)Ua hVgu) — (hV qu, h(ng2)u>
= (h*V4((Vox*)u) — h2(Vgx?) - Vgu, u)

= (WA, (x*)u, u), (5.12)
with no derivatives falling on u anymore. Altogether, we obtain from (5.11) the estimate
(2 = C)|AV,(xu)l” < Cellh™ axPul|* + Chllxul® + || Bul)?, (5.13)
where ¥ = 1 on supp x, used to bound the contribution of (5.12).
1,1,0,0

e Control of xu in H_} . Since the principal symbol of

WV, € OO0 (X C, T X o)
(mapping complex-valued functions into sections of “"T* X, cf. Remark 3.3) is not injective
at the zero section over sf, the estimate (5.13) does not yet give full control of xyu in Hcli 0.0,

an estimate of ||xul|3, is lacking at this point. (Note that the control of %Xu via Hardy’s
inequality degenerates precisely at sf, i.e. the lift of h = 0.) The key observation is that the
characteristic set of P and the set where the principal symbol of AV fails to be injective
are disjoint. Thus, for some A; € \Ilc_hl’_l’O’O(X;CﬁT*Xch,C) and Ay € \I/C_hz’_ZO’O(X), we
have

I=A10hVy+AP+R,  ReU_ (X)),

this implies
Il < CINT g0t ly-1-1000x) + PO g2z ) + IRO) e (5.14)

Using [P, x] € U17°7°71(X), we can estimate the second term by
POl 2 -200 < IxPull 2. -200 + (|12 X]ull 2200

c,h c,h

< IhYaxPull -2 no1 + ] gs-wovcs

for any N € R. The remainder term in (5.14) is simply estimated by

h h
1ROz < Cllpzxull 2 < Ol 2xul] -
Applying Hardy’s inequality to this term, the estimate (5.14) then implies, a fortiori,
Ixull 2 < C"(IhVg(xu)ll 22 + [|h~ ex Pull 2 + Al Xul|2).-
We can now add 7 times this, with nC’ < 3, to the estimate (5.13) (in which we fix
e < C~1), in order to obtain

Ixullpy = Ixul? + 12V, O 1 < 1A ex Pull* + | Bul® + k| xul*. (5.15)
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As far as weights in h and z are concerned, this is already the desired estimate. However,
the differential order is forced to be 1 here, and in addition the order of differentiability
required on Pu in (5.15) is too strong (0 instead of —1) even in this special case.

e Sharp improvement at tf. The basic idea is to apply the estimate (5.15) to ¢(h?A,)u,
where ¢ € C°(R) is equal to 1 on [—4,4]; on the remaining piece (1 — ¢(h?Ay))u, the
operator hQAg — 1 can be inverted directly using the functional calculus. In order to define
hQAg as a self-adjoint operator, we need to pass from X to a compact manifold X’. If
Y = 90X is null-cobordant, we may choose X’ so that 9X’ = 90X, and we then extend g to
a Riemannian metric on X’ which we continue to denote by g. The operator qzb(thg) does
depend on the choice of extension, but its structural properties, as used in the following
argument, do not. If Y is not null-cobordant, we may set X’ = [0,6x0], x Y and define
a smooth metric on X’ which is equal to g on [0,2z() x Y and equal to the pullback of g
along the map (z,y) — (6zo —x,y) on (4x, 629] X Y; we denote this metric g again. Thus,
we have two identical cone points at x = 0 and at 6xg — x = 0.

Concretely then, ® := ¢(h?A,) is given by Lemma 5.5, the notation of which we shall
use here. Now, in order to remain localized near 90X, we apply the estimate (5.15) to

uy = xPxu.
Using [P, ®] = 0 and x[P, x] = 0, we estimate the first term on the right in (5.15) by
|h~ zx PX®Xu|
< ||Ex@ 722 (W (z + h)XPu) || + [|h 2x®[P, X]ul. (5.16)
Denoting the lift of x to the left, resp. right factor of X c2ﬁ by x, resp. 2/, we note that

z _h 1,1,0,0,0,0 2 .z h 1—e,n+1—e,n—e,0,0,00 2
ho+h € A (Xep) = VU= EX¢I/+h cA (X5)-

Passing to a b-density 0 < uo € C®°(X;PQ!X), we claim that ¥ is continuous as a map
- 7_17070 . — 700’717277270 .
He o (X |dgl) = H " 20 27 (X o)
00,5, 3,0 0,0,0 3. .
= H_, 2 27 (X5 p0) = Hoy ™ (X |dgl);

but since ¥ is smoothing in the sense of ch-differentiability, it suffices to show the bound-
edness on L%(X; ug) of

BW(a) 7 () € ATFITen e TIe00 (X ), (5.17)

Since this kernel is bounded section of PQz (all indices being > 0), this is a consequence of
Schur’s lemma.

The operator acting on u in the second term on the right in (5.16) has Schwartz kernel
supported in 2’ > ¢ > 0 and |z — 2'| > ¢ > 0 (since supp x Nsuppdx = (), hence lies in
Al=600,00,00,00,00( X2 ) therefore, the second term in (5.16) can be bounded by h™||x*ul| for
any N, where ! =1 on supp x. Altogether, forgetting the cutoff ¥ and renaming %* as ¥,
we have proved

< pt vP N E CNN.—
Il 00 S H7HI@ + RXPul yooro0 + [ Bull --v.-no

1 (5.18)
+ h2 H)ZUHH—N,U,O,O
c,h

for any s, N € R.
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It remains to control xug, where
ug 1= u —u; =u— xPyu.
Let ¢* € C°((—3,3)) be identically 1 on [~2,2], and let ®* = ¢’(h2A,). Then yus is
localized near high frequencies, in the sense that its localization to low frequencies
O (xus) = O (xu) + ©"[®, X|{u — " PxRu = (@, x]{u (5.19)
(using ®*® = ®” and yx = x) is O(h>) (due to the presence of [®, x]) near z = 0 and
vanishes to an order A more than u near supp dy C X°. Moreover, yus satisfies the equation
P(xus) = (x — x®0) Pu+ ([P, xJu — [P, X|®xu — X®[P, {]u), (5.20)
Altogether, if we put
Pf =P 420,
then we have
PH(xus) = fo := (x — x®X)Pu + [P, x]u
— ([PX]®xu + X P[P, {Ju — 20°[@, x| Xu).
We moreover have P* = p#(h2A,), where pf(c) := (o0 — 1) + 2¢° > (o +1) for o > 0;
hence we can invert P using the functional calculus for A, by (P)~' = ¢#(h?A) where

¢*(o) = % is equal to (o0 —1)~! for large 0. One can then show, by a combination of the
arguments leading to Lemma 5.5 and [Hin22, Theorem 5.2], that

(PH™V e (555) 0 2(X) + U8 (X)

(5.21)

where the collection £ of index sets is equal to £(—1) in the notation of [Hin22, Theo-
X

rem 6.1]. Therefore, using (5.21), the mapping properties of elements of (m)Q\I/C_EQ(X),

and estimating the smoothing contribution in the space \I!C_hoo‘S (X) to (P*)~! by means of
Schur’s lemma, we have

Ixtz| yoa00 = [|(PH) 7! ol gsr.00
ot ) oh R . (5.22)
N \IXPUIIHEH»O,O + ||IX[P, X]UHHZL?’*LOYO + hIIXUHH;;Lv’fN,o,o-

Here, the first term on the right comes from the first term in (5.21) and the boundedness
of x — x®x* (with x* = 1 on supp¥) on Hf;Z’_l’O’O; this boundedness follows from the

boundedness of the Schwartz kernel of

/

3 ﬁq)(:rz’ih) -1 (l,/)—g c A%—l—Q—e,n—l—l—e,%—l—e,O,O,oo(XCQH; b3 )

similarly to the discussion of ¥ in (5.17). The final term in (5.22) comes from the big paren-

thesis in (5.21), every term of which involves the localizer ® to low frequencies as well as a
1,—o0,—00,—1

commutator with a cutoff x or x. But [P, x] € ¥, (X), hence the second term on
the right is bounded from above by ||xul| ;s—1,-~,-n-1 for any N. By elliptic regularity at
c,h
infinite semiclassical cone frequencies, this can be bounded by C/(||X* Pul| -8-N-2-N-1 +
c,h
”XﬁU”H—N,—N,—N,—l). Combining the resulting estimate with (5.18) proves the Theorem
c,h
for Hp-spaces. The proof of the more general statement for H, ,-spaces requires only
notational changes which are left to the reader. ([l

To complete the proof, it remains to prove Lemma 5.5.
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Proof of Lemma 5.5. This can be proved using the Helffer—Sjostrand formula [HS89] simi-
larly to [Vas00, Lemma 10.1 and Proposition ~10.2]. ChoosingNa compactly supported almost
analytic extension ¢ € C°(C) of ¢ (that is, ¢|r = ¢ and |9:¢| = O(|Im z|V) for all N), we
have

1 -
BIPDg) = o / 0-0(2)(h2A, — =)~V dz A d. (5.23)
T
For z ¢ R, [Hin22, Theorem 3.10 and §6.1] gives
(R2Ag — 2)7 e (35) 202 (X) + U F (X) (5.24)

where £ = (&b, &, Ep, ) with Rez > 0 for (z,k) € &p; Rez > n for (2,k) € Ew;
Rez > 2 for (z,k) € &; and Rez > 0 for (z,k) € &y¢. Using that the principal symbol
of h2A, is real-valued and its normal operator Ay is self-adjoint, we claim that any fixed
seminorm (5.24) is moreover bounded by | Im z|~* for some k (depending on the seminorm).

To justify this claim, it is instructive to first consider the corresponding statement for
(A—2)"1 € U2 2 € C\R, where A is the Laplacian on a closed Riemannian manifold: for
any N, the construction of a symbolic parametrix of A — z of order N gives Qn., Q) , €

U2, with seminorms bounded by |Im z|~¢ for some C' depending on N and the seminorm,
so that (A — 2)Qn. = I — Ry, and Q’NJ(A —z)=1- RE\,’Z, where RN,Z,RQVJ e g
obey such bounds as well. But then (A — 2)~! = Qn,. + Q;V,ZRsz + Rﬁv,z(A —2)7 'Ry,
where the first two summands as pseudodifferential operators and the third summand (the
‘remainder operator’) Ry (A — 2)"'Ry . as a map H~ N — HY obey such bounds; this
uses that ||(A — 2)7!|| = |Imz|~! as an operator on L2. But any seminorm on ¥~2 is
continuous on the space of bounded operators H=~ — HY for sufficiently large N. This
implies that any ¥~2-seminorm of (A — z)~! is bounded by |Im 2|~ for some k. (In this
simple example, the claim follows also directly from Beals’ Theorem [Bea77].)

Analogous arguments can be used to control the inverse of the normal operator Ay — 2:
in addition to carrying out N steps of the symbolic parametrix construction, one uses the
inverse of the b-normal operator (which is independent of z) to solve away to order N at the
left /right boundary (for the left/right parametrix) and the b-front face of tf%,sd by virtue of
taking only finitely many steps, one ensures the validity of | Im z|~* bounds on seminorms.
The true inverse (A;—z)~! then obeys such bounds as well since any seminorm on the space
of large b-scattering ps.d.o.s in which (A; — 2)~! lies (see [Hin22, Equation (3.28)] for a
general statement) is continuous on the space of remainder operators Hk: é\cf’ll’_N — Hé\j S’?’N
(for appropriate orders [, ly, with Iy = —N, resp. l; = —N in the case of the left, resp.
right parametrix construction) for sufficiently large N.

The | Im z|~* bounds for seminorms of (5.24) can then be proved by completely analogous
means, namely by constructing a parametrix which is accurate to some finite order, and
observing that any fixed seminorm on the space (5.24) is continuous on the relevant space
of remainder operators.

Plugging these into (5.23), we conclude that ¢(h?A,) is of the same class as the resolvent.
To improve the orders, let m € N and write ¢(0) = (04 C) "¢, (0) with C' > — inf supp ¢,
then

¢(h2Ag) - (h2Ag + C)_m¢m(h2Ag)-
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Applying the previous discussion to ¢, and using [Hin22, Theorem 6.3(3)] (with w = —m)
to control (h2A, + C)~™ implies, upon letting m — oo, that ¢(h2A,) € W™ ~>"(X) 4
A-en—en—eloo00( X2 This gives (5.8). O

5.2. Scattering by potentials with inverse square singularities. Complex absorption
is a somewhat drastic method for gaining microlocal control along incoming directions. As
a more natural setting, let us thus consider scattering by potentials on R™, n > 2, which are
singular at the origin 0 € R™, as in Theorem 1.1. (Working on more general conic manifolds
requires only minor modifications.) That is, the underlying spatial manifold is

X = [R%{0}] 2 [0,00), x S}, g=da? =dr? + r?ggn-1. (5.25)
We write A = Ay = Y~ D?; for the (nonnegative) Laplacian. Let N € N, and denote by A
the Laplacian acting component-wise on CV-valued functions. We consider scattering by
matrix-valued potentials

V(z) = |z 2Vo(z), Vo e CX(X;CNN),

The assumption of compact support of V' can of course be relaxed considerably, but since
our interest lies in understanding the effect of the singularity at » = 0, we shall not concern
ourselves with more general conditions on V' at infinity here.

We are interested in high energy estimates for the resolvent of A + V; concretely, we
shall consider A +V — o2, where Im o > 0 is bounded and | Re | > 1. Upon introducing

h=lo|™t, z=(ho)>=1+0(h), (5.26)

we define
Py :=h*(A+V —0%) = h*A — z + W22V}, (5.27)
This is admissible in the sense of Definition 4.1, with Q1. = Vy and ¢o. = 0. Since Q1
has differential order 0, the threshold quantities in Definition 4.7 are 1y, = rout = —%. The

normal operator of Py . is computed by passing to 7 = ; and setting h = 0:

N(P) = Ay — 1472V,
G = dr? + #2gga-1, Vy:=Vylox € C®°(0X;CN*N).
(Thus Va(w) = V5(0,w) in the coordinates (r,w) € [0,00) x S? on X.)

(5.28)

Theorem 5.7 (Potential scattering). Assume that the operator N(P) defined in (5.28) is
invertible at weight I € R in the sense of Definition 4.6(3). Let C > 0, and let xo € C°(X)
be identically 1 near r = 0. Then there exists C' > 0 so that for 0 < Imo < C and
|Rea| > C', the operator A +V — o2 is invertible as a map
A+V —o?: {uec HE (X°): xou € r'HE(X), (1 —x0)u € H*(R™)}

= {f e LE(X°): xof €' ?L*(X), (1—x0)f € L*(R™)}.
Moreover, in the notation (5.26)—(5.27), the following uniform estimate holds for all €,5 >
0, a suitable constant Ce5 >0, and all 0 <Imo < C, |Reo| > C':

(5.29)

Ioul i gaco + 10 = x0)ull .y,
c,h sc,h

< Cogh™ 7 (I0Phstll o aion o + 10 = X0 Bzl oy )

c,h sc,h

(5.30)
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here, Hy' = Hs'(R™) = (r)y Y F~1((hD)~*L*(R")) is the semiclassical scattering Sobolev
space. In particular, for Iy < min(l,% +e€), lo > max(l — 2,—% —¢€), and for any fized
X € C°(X) we have

IX(A +V =o)Xl 12 < Celo ™2 fllis 2 (5.31)

We recall that for V(z) = |z|72Vp(z), with real-valued V; satisfying Vp(0) > —(%52)?
(and indeed under relaxed regularity requirements on Vj, and allowing for the presence
of several such inverse square singularities), Duyckaerts [Duy06] obtained cutoff resolvent
estimates of the form (5.31) without the 2e-loss. It is an interesting question—which we
do not address here—whether in this setting, or perhaps even in the general setting of
Theorem 5.7, one can prove a lossless estimate using a global commutator argument similar

to the one used in §5.1.

Remark 5.8 (Meromorphic continuation). For V' with compact support as above, the re-
solvent (A +V — 02?)~! can be meromorphically continued to the complex plane when
n is odd, and the logarithmic cover of C* when n is even; the estimate (5.31) holds in
strips of bounded Im o for large | Reo|. The construction of this continuation can be ac-
complished along the lines of black box scattering [SZ91] (see also [DZ19, §4]), with those
estimates in the references in Im o > 1 relying on self-adjointness replaced by estimates on
the off-spectrum resolvent that follow from [Hin22, Theorem 3.10]. For applications of such
estimates to expansions of scattered waves for n odd, we refer the reader to [DZ19, §3.2.2].

Remark 5.9 (Vector bundles). One may more generally consider potentials valued in endo-
morphisms of a vector bundle £ — X, with A denoting an operator acting on sections of
FE with scalar principal symbol given by the dual metric function. The main difference to
the case of a trivial bundle is that the threshold quantities ri,, rout depend on subprincipal
terms of A (and their calculation requires the choice of a fiber inner product on E, cf.
Remark 4.11). In the special case of tensor bundles F, and with A denoting the tensor
Laplacian, the fiber inner product on F induced by g does give riy = rout = —%.

Proof of Theorem 5.7. Semiclassical propagation estimates near infinity of R” are standard,
see e.g. [VZ00, Theorem 1] (following [Mel94]) in a general geometric setting, and can
be combined with the propagation estimates through the singularity at » = 0 given in
Theorem 4.10 (where we shall take o = % + €, b = 2¢ near Ry, and b = 0 near Royt)-
Altogether, upon simplifying to constant orders, we obtain, for any § > 0, and for 0 < h <
ho with hg > 0 sufficiently small,

e [ O

S; ”XOPh,zU”Hsz,zfQ,%+e,1+2e + hili%”(l - XO)Ph,Zu”H572,%+67
c,h sc,h
which is the estimate (5.30). (The loss of h~2¢ in the second term on the right is due to the
fact that the propagation through r = 0 comes with this loss, which then gets propagated
out to infinity.) This estimate also entails the injectivity of P, , for small A > 0 and
|z — 1| < Ch, with surjectivity following from the analogous estimate for the adjoint; this

proves the first part of the Theorem, albeit on function spaces with weights (r>i(%+5) at
infinity. But for any fixed o with 02 ¢ [0,00), A+ V — o2 is an elliptic scattering operator
near infinity, hence these weights can be removed. (It is only in the high energy limit
|Reo| — oo with |[Imo/Reo| — 0 that one loses uniform (in o) ellipticity.)
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The simplified estimate (5.31) follows by setting s = 2 in
h_1_2€||XPh zu” s—2,1—-2,—1 €0 < hl_QEHX(A +V - UQ)UH 5—2,l,12,0,
7 Hc,h ’ s 7 Hc’h
HXu”Hi,}ll,%Jre,o < HXUHHCS:’ZLNLO' (]

We describe a few scenarios in which the invertibility assumption on N (P) can be verified:

(1) The operator N(P) is invertible for an open set of V3 € C>®(S"1;CN*VN). In
particular, it holds whenn > 3,1 € (1—%72, 1+"T*2), and V5 = 0 by Lemma 5.1, and
therefore also when || Vj||¢x is sufficiently small (depending on ) for some sufficiently

large k.
(2) Consider Vy which depends holomorphically on a parameter w € €, where Q C C
is open and contains 0. (For example, this is the case when Vy(w) = wVpy.)

Let us write N(P,) for the w-dependent normal operator, and assume that N (F)
is invertible at weight lp; assume moreover that there is a continuous function
[: Q@ — R with [(0) = Iy so that I(w) ¢ —Imspecy(N(Py)). Then there exists a
discrete set D C Q so that N(P,) is invertible at weight {(w) for w € Q \ D. This
follows from analytic Fredholm theory in w; we leave the details to the reader.

A very concrete third scenario is the following:

Lemma 5.10 (Scalar inverse square potentials). Letn > 2, consider the scalar case N =1,
and suppose Vo = Z € C\ (—oo, —(%52)?] is a constant (so V(z) = ﬁ + O(|z|™Y)). Then

N(P) is invertible at weight | iff |l — 1| < Re \/(%52)% + Z.

Proof of Lemma 5.10. The boundary spectrum of N(P) can be computed, via expansion
into spherical harmonics, as

specy (N(P)) = {z’(n;Qi\/<n;2+€>2+2>:£eNo}.

The condition on Z ensures that Re y/(252)2 + Z > 0, and thus for [ as in the statement of
the Lemma, one has [ — § ¢ —Imspec, (N (P)).

Expanding an outgoing solution u of N(P)u = 0 at weight [ into spherical harmonics,
u(f,w) = Z|m|§£ e (7) Yo (w), the coefficient wug,, satisfies a Bessel ODE

n—1 l4+n—-2)+7Z
_u/flm_TuIEm+ ( 72 ) uZm_uZm:()y

n—2 n—2
and hence is a linear combination of f_THS)(f) and f‘THﬁf)(f’) where we set vy =

1/("7_2 +10)2+Z. The outgoing condition can only be satisfied if wug, is a multiple of

n—2

72 ngl})(f) But for 0 < 7 < 1, one has

n n—2__

-2 n—2
P HID(F)| 2 e RO > gpp e T Rew

with ¢, > 0, which lies in #' L2(#"~1dr) iff I’ < 1 — Re v, which is violated for I’ = I. Hence
necessarily ug,, = 0. This proves that N(P) is injective at weight [ on outgoing functions;
the injectivity of N(P)* at weight — + 2 on incoming functions is proved similarly. U
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Theorem 1.1 follows from Theorem 5.7 and Lemma 5.10 upon taking o = v/A and [ = 2,
which allows for the choice I; = lo = 0. Note that for [ = 2, the target space in (5.29) in
L*(X) = L*(R"), and the domain is H3(R" \ {0}) for n > 5 by Hardy’s inequality.

Remark 5.11 (Multiple scatterers). By exploiting the diffractive improvement obtained
in §4.6 as in the work of Baskin-Wunsch [BW13], it is conceivable that one can generalize
(up to e-losses) Duyckaerts’ high energy resolvent estimates [Duy06] for scattering by a
finite number of real-valued inverse square potentials and analyze the complex-valued case
Z; € C\ (=00, —(™52)?] (or more generally the case of finitely many matrix-valued inverse
square potentials). However, the study of this problem exceeds the scope of this paper.

Remark 5.12 (Operators with inverse square singularities arising in the study of wave equa-
tions). Following [BM22], consider a static metric g = —dt? + dr? + r2k, where k is a
Riemannian metric on a closed manifold Z; e.g. (Z,k) = (S*~!, ggn—1), in which case g is
the Minkowski metric. In the region t > 1, 7 < %, we introduce T = %, R = 7 (in the
notation of the reference: p,x) and compute
2 2, p i(n—1)
t°0y = —(T'Dr + RDR)* +i(T'Dr + RDR) + D, — 5

Restricting the coefficients to 7' = 0 (as a b-operator) and formally passing to the Mellin
transform by replacing T'Dr with multiplication by o € C gives

P, =Ag—(RDp+0)?+i(RDp+0)=Ag—0*+Q, G:=dR*+ R%,

where Q = io — (20 —i)RDg. When |Im o] is bounded and | Reo| — oo, we let h = |o|~!;
then the rescaling

Dgp + R2A,.

Py, =h?P,1, = h*Ag — 22 + h?Q (5.32)
is an admissible operator on [0, %) R X Z in the sense of Definition 4.1. — More generally,
consider the coupling of O, with a potential V' = V(r, z) which asymptotes to an inverse
square potential as 7 — 0o, i.e. V(r,z) = r~2V(2) + O(r~27%) with Vp € C>®(Z). Then we
have t2(0, + V) = t20, + R~2Vj(2) + O(T° R~27?), and therefore the rescaling (5.32) has
an additional h2R~2V} term, as studied in the present section; that is, a stationary asymp-
totically inverse square potential on [0,00), X Z gives rise to an inverse square singularity
of P, at R = 0.1 (If V' = r72Vj(2) is an exact inverse square potential, then Py, , has the
same additional term.) Operators of this type, acting on sections of vector bundles without
natural positive definite fiber inner products (and correspondingly without symmetry con-
ditions on Vj), appear in the study of the equations of linearized gravity on stationary and
asymptotically flat spacetimes in certain gauges, and indeed this was the author’s original
motivation for the investigations in the present paper; the details will appear elsewhere.

5.3. Scattering for the Dirac—Coulomb equation. Motivated by recent work of Baskin
and Wunsch [BW23], we consider the stationary scattering theory for the Dirac—Coulomb
equation on Minkowski space at high energies. As discussed in §1, our framework allows us
to deal directly with the associated matrix-valued Klein—Gordon operator—which has non-
symmetric leading order terms at the Coulomb singularity—albeit with an arbitrarily small
loss upon propagation through the singularity. Moreover, our results include a larger range
of Coulomb charges Z € R than [BW23] (which requires |Z| < & for technical reasons); we

16 A fter the original version of the present paper appeared, this has been worked out in detail by the
author in the preprint [Hin23].
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can even allow for Z which |Z| > é, in which case the Dirac-Coulomb Hamiltonian is not

essentially self-adjoint.

The underlying spatial manifold is again given by (5.25), now with n = 3. We recall
relevant notation from [BW23]. Denote the Pauli matrices by

(0 1 (0 —i (1 0
1=\10) 27\ o) 7 \o -1/

Put further

The equation governing a massive Dirac field (with mass m € R) minimally coupled to an
electromagnetic potential A = (Ag, A1, Aa, A3) is

(ida —m) =0, Ia =0, +iA,),

where 9 takes values in C*. We now take
VA
AOZ;-FV, VECOO(X), Aj ECOO(X), (533)

with Z € R the charge of the Coulomb field. As shown in [BW23, §4.3], the operator
—(ida +m)(i@a — m) is then of the form

Z\2 z
p= —(Dt + ;) +A+m’ +iGa +r7 'R, ReDiff(x;C). (5.34)

Let us pass to a fixed temporal frequency o € C, thus replacing D; in (5.34) by —o,
resulting in the operator family P (o). Introducing h = |o|~! and z = (ho)? and multiplying
P(o) = P(h~'/z) by h? gives

hZ\2 = h? h?
Py, = h?A — (\f - —) + = ('ZaT + r2m2> + R (5.35)
r T r
=h*A — 24+ B*r2Q1: + hrlqo .z,
Q1. = ~72 +iZay, +r*m? +rR, Qo2 = 2V/2Z.

When Im ¢ is bounded while | Re o| — oo, one has z = 1+ O(h); thus, P, , is an admissible
operator in the sense of Definition 4.1. The threshold quantities in Definition 4.7 take the

values
1

Tin = Tout = —35
since qp1 is real and the principal symbol of Q; . (as a first order b-differential operator)
vanishes at r = 0.

The normal operator of P, . is obtained by passing to 7 = ; and restricting to h = 0,

giving in polar coordinates (7,w) € [0, 00] x S?
21 Z\2
N(P) =D = ZD; = (1= 2) +772(A +iZay (). (5.36)
7 P
For Z = 0, the operator N(P) is equal to (Aj; — 1) ® Idca where § = d? + #2gg2, hence
is invertible at weight [ € (%, %) by Lemma 5.1. For fixed [, this will remain true for Z in
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a small neighborhood of 0. The determination of the largest set of Z for which N(P) is
invertible at some weight requires explicit calculations:

Lemma 5.13 (Invertibility of N(P)). Let Z € R be such that |Z| # \/k* — 1 for all k € N.
Then the operator N(P) is invertible at weight | = 1.

The conclusion of the Lemma in particular holds in the range |Z| < @; this is related

to the essential self-adjointness of Dirac operators, see [Wei71, Les97] and [BW23, §4.1].

Proof of Lemma 5.13. We begin by separating into spinor spherical harmonics following
[BW23, §2.1]: for
k € Z\ {0}, ye{—\m|+%,...,|m|—%},
define the C2-valued function on S?
+1-py1/2
- SgD(H) (H2n2+1#) / YE,,U,—% (w)
Qmaﬂ(w) = n+%+“ 1/2
(21) Y1 (W)

Thus AQ,,, = k(k + 1)Qy ,. Moreover,

a GQH’# . _bQH,,LL/
" bQ*Ii’/‘L/ B _CI/Q_H’“ '
as follows from [BW23, Equations (3), (4), (9)] or [Szm07, Equation (3.1.3)]. Thus, the
action of the spherical operator A 4 iZa, € Diff?(S*;C*) appearing in (5.36) on the 2-
dimensional space with basis (£ ,,0) and (0,Q_, ,) is given by the matrix

</<;(/i;; 1) H(,j_z1)> . (5.37)

This can be diagonalized when |Z| # ||, and it has eigenvalue A = k2 +v/k2 — Z2 on the
eigenspace spanned by

: l=|k+3|— 3

+ o 12 (w) . 1 1
Vi = (g g ) wELI bl — 3
Thus, the action of N(P) on separated functions of the form u(f’)y,fu(w) is given by the
action on u of the differential operator
2 Z\2
NE=DZ-2Ds - (1-5) +i 3
7 7

The Mellin-transformed normal operator of #2NF at # = 0 is the polynomial
M —id-Z2+ 25, Neg
for its roots, we have

—(Im)\)+%e{1—(%i K2—272), 1+ (L ;@2—22)}

Now if Z2 > k2, then these two roots have real parts % and %, whereas if Z2 < k2, they are
disjoint from an open interval (1—4, 1+J) around 1 due to the assumption that x2—Z? # %.

An outgoing solution of N(P) at weight [ = 1, expanded into the spherical eigenfunctions
y;fu, is an outgoing solution of NX: one easily finds u = ux?~'~Ze” 4 O(#72) as # — oo,
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where us, € C, and the O(#72) term is conormal at # = 0; near # = 0 on the other hand,
we have u = AféH([O, 1)7). A boundary pairing argument, i.e. the evaluation of

1/e -
0 = lim (NEu)a — uNZFu) 7% d7 = 20 lim Im (#2ud/|1/€) = —2i|uco|?,
e—=0 J e—0
gives us = 0, and thus u = 0 by standard ODE analysis near 7 = oo. This shows that
N(P) is injective at weight I = 1 on outgoing solutions. Since (NX)* = N with respect to
the L2(#2 d7) inner product, the injectivity of N(P)* at weight —/+42 on incoming functions
is proved similarly. This completes the proof when Z is not a nonzero integer.

When Z € Z\ {0} and & satisfies |Z| = |k|, then the action of A + iZa, on the span of
(Q4,4,0) and (0,9, /) is not diagonalizable anymore. By inspection of (5.37), it still has
the eigenvalue k2 with eigenspace spanned by y;ﬁ# = Ve Let )NJ,.W = (Q%,,0), then an
outgoing solution u = uly;i ut ugjf,.g,# of N(P) satisfies a lower triangular ODE system,
with a decoupled equation for u; which implies u; = 0 by the previous arguments, whence
u9 is now an outgoing solution to the same equation as u; and must therefore also vanish.
The proof is complete. U

If we cut A off via multiplication by a cutoff x € Cg°(X), the operator P, , is equal to
h?A — z near infinity and can thus be analyzed as in §5.2. In this setting, we thus obtain
invertibility and quantitative estimates for Py, .:

Theorem 5.14 (High energy estimates for the Dirac-Coulomb equation). Suppose A =

(Ao, A1, Aa, A3) as in (5.33) has compact support. Let Z € R be such that |Z| # /K2 — %

for all k € N. Then for 1 =1 (and indeed for | sufficiently close to 1), 0 < Imz < Ch, and
for all sufficiently small h > 0, the operator Py , = h2P(h~1z) defined in (5.34)~(5.35) is
invertible as a map between the spaces (5.29) and satisfies the uniform bound (5.30) as well
as the bound (5.31) (with A, +V — o2 replaced by P(c), where o = h™'2) for I} =l = 0.

Remark 5.15 (Complex charges). One can also analyze the case of non-real Z € C, in which
case Ty = —% +ImZ and roy = —% — Im 7. The difference rout — rin = —2Im Z results
in an additional 2Im Z loss of powers of the semiclassical parameter h when propagating
through the singularity at 7 = 0. Nonetheless, the invertibility of N(P) automatically holds

for values of Z close to those allowed in Theorem 5.14, as discussed prior to Lemma 5.10.

APPENDIX A. A CLASS OF EXAMPLES WITH SHARP SEMICLASSICAL LOSS

Note that the semiclassical order b in Theorem 4.10 must decrease from Ry, to Rout by
more than

D = max(rin — Tout, 0); (A.1)

thus, the estimate (4.27) controls u in L?, say, microlocally near the flow-out of Rout by
h~P=¢ (for any € > 0) times the L?-norm of the microlocalization of u near the flow-in of
Rin. While in many natural settings, such as those discussed in §5, one has D = 0, it is
easy to construct examples where D > 0. The following example (placed into a general
context at the end of this appendix) shows that a loss of h~P typically does occur, whence
our estimates are sharp up to an e-loss. This e-loss may be avoidable, though we are not
able to prove or disprove this here.
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Consider X = [0,2),, p = |dr|, and
P.=h* (=0} —20,) —z+2q,  z=1+0(h),

where ¢ € C is a parameter. (The term in parentheses is the radial part of the Laplacian
on R? in polar coordinates.) The normal operator is

N(P)=—-02—20; — 1+ 4q.

For ¢ = 0, the kernel of N(P) is spanned by 7~ 'e®"; since #~! barely fails to lie in
f_%LZ([O, 1)s, |d7]), it is easy to see that N(P) is invertible at weight [ in the sense of
Definition 4.6 for | € (—%, %), this persists for small values of ¢ € C. (The boundary
spectrum of N(P) at # = 0 is independent of ¢.) In the notation of Definition 4.7, we have

Tin = % +Req, 7rout = % — Reg, (AQ)

so D = max(2Req,0). The quantities (A.2) correspond precisely to the L?-decay rates of
incoming and outgoing solutions iy, teyt € ker N(P), which have the asymptotic behavior

G ~ PITREGe= g~ p IR P — o0. (A.3)

(We omit the explicit expressions involving confluent hypergeometric functions.)

We can now construct an element @ € ker N(P) which lies in #'L2, [ € (—%, %), near
7 = 0 and which is uniquely specified by requiring its incoming data at 7 = oo to be given

by ;n. Indeed, 4 is necessarily of the form
ﬂ(f) = Ui + Caouta
where ¢ € C is the ‘scattering matrix’; necessarily ¢ # 0 (since @, fails to lie in #'L? near
7 =0). But then
Phaun(r) =0, un(r) :=a(r/h).
(This exact formula uses the invariance of P ; under dilations in (h,r).) Considering a
neighborhood of = 1 then, the asymptotics (A.3) for

Ue (1) = ue(T/h), e = in, out,
imply
Up = Uin,h + CUout,h;
Uig p ~ WIFRe e/ oy~ piRedeir/h (near r = 1).

This demonstrates the loss of h~2R¢? between the amplitudes h!*Re? resp. h1=Re? of the
incoming, resp. outgoing pieces of up. (The fact that there is in fact a gain when Req < 0
is a peculiar feature of the 1-dimensional situation considered here: the characteristic set
of P}, has two connected components, with the incoming and outgoing radial sets lying in
different components, and the monotonicity requirement in Theorem 4.10 does not relate
the two components.)

The same idea can applied to produce many more examples with sharp loss D. Indeed,
when N (P) is invertible at weight [, then the solution @ = 4(7,y) (with y denoting points on
0X) of N(P)i = 0, where 4 has prescribed incoming data and lies in #'L? near 7 = 0, gives
rise to a solution uy (7, y) = 4(r/h,y) of Py up(r,y) = 0 where Py ; = N(P) (upon changing
coordinates 7 = r/h). The relative decay rates of incoming/outgoing solutions of N(P) are
then directly reflected in the relative semiclassical orders of uj near the flow-in/flow-out
of the cone point. (Since the characteristic set of P is connected when dim X > 2, the
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loss is at least 0, cf. (A.1); after all, even away from the cone point, semiclassical regularity
cannot improve under real principal type propagation.)

APPENDIX B. SOBOLEV SPACES AND PSEUDODIFFERENTIAL CALCULI

This section consists entirely of figures which illustrate the orders of weighted Sobolev
spaces as well as of spaces of pseudodifferential operators, with references to the original
definitions. Concretely, labeling a boundary hypersurface H by ‘I’ means that the order [ of
some weighted Sobolev space H... b pefers to le decay at H of its elements, where py is a
defining function of H, or [ orders of regularity when H is a boundary hypersurface at fiber
infinity of some compactified phase space. For spaces of pseudodifferential operators on the
other hand, the same label ‘I’ refers to a p;Il bound of the full symbol of the operator, or
of its Schwartz kernel at the hypersurface of the double space corresponding to H.

See Figure B.1 for b- and scattering Sobolev spaces (or operators), Figure B.2 for b, sc-
Sobolev spaces, Figure B.3 for semiclassical cone Sobolev spaces, and Figure B.4 for cbh-
Sobolev spaces.

bS*X sC g Y
S S
PTr X | HIY(X) “TocX|r He'(X)

F1GURE B.1. X is a manifold with boundary 0X. On the left: the orders
of Hﬁ’l(X); see §2.1. On the right: the orders of Hg' (X); see §2.2.

b’SCS*X
S

Hs,l,’r(X) r b,SCT};QX

b,sc

o~

b,sc*
T; X

FIGURE B.2. X is a manifold with two connected and embedded boundary
hypersurfaces 0X = H; Ll Hy. Indicated are the orders for HS’I’T(X).
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