GLUING SMALL BLACK HOLES INTO INITIAL DATA SETS

PETER HINTZ

ABSTRACT. We prove a strong localized gluing result for the general relativistic constraint
equations (with or without cosmological constant) in n > 3 spatial dimensions. We glue
an e-rescaling of an asymptotically flat data set (¥, l%) into the neighborhood of a point
p € X inside of another initial data set (X,~, k), under a local genericity condition (non-
existence of KIDs) near p. As the scaling parameter € tends to 0, the rescalings £ of normal
coordinates z on X around p become asymptotically flat coordinates on the asymptotically
flat data set; outside of any neighborhood of p on the other hand, the glued initial data
converge back to (v, k). The initial data we construct enjoy polyhomogeneous regularity
jointly in € and the (rescaled) spatial coordinates.

Applying our construction to unit mass black hole data sets (X, ~, k) and appropriate
boosted Kerr initial data sets (9, lz:) produces initial data which conjecturally evolve into
the extreme mass ratio inspiral of a unit mass and a mass e black hole.

The proof combines a variant of the gluing method introduced by Corvino and Schoen
with geometric singular analysis techniques originating in Melrose’s work. On a technical
level, we present a fully geometric microlocal treatment of the solvability theory for the
linearized constraints map.

1. INTRODUCTION

Let n > 3. For a smooth Riemannian n-manifold (X,~) and a symmetric 2-tensor k on
X, the constraint equations for ~, k are

Ry, — k|2 + (tr, k)2 = 24,

1.1
dyk +d(try k) = 0. (1.1)

Here, R, is the scalar curvature of v, d, is the negative divergence, and A € R is the
cosmological constant. We say that (X,~, k) is an initial data set if (1.1) holds. Given a
Lorentzian manifold (M, g) of dimension (n + 1) and signature (—, +,...,+), and given an
embedded spacelike hypersurface X C M, the first and second fundamental form ~ and k
of X satisfy (1.1) provided g satisfies the Einstein vacuum equations

1
Ein(g) + Ag =0, Ein(g) := Ric(g) — iRgg. (1.2)

The fundamental theorems of Choquet-Bruhat and Geroch [CB52, CBG69] show, con-
versely, that given (X,~,k) satisfying (1.1), there exists a maximal globally hyperbolic
spacetime (M, g), unique up to isometries, which solves the Einstein vacuum equations and
into which X embeds with first and second fundamental form given by v and k, respectively.

We consider the problem of gluing the initial data of a small asymptotically flat black
hole (such as a Schwarzschild or Kerr black hole with small mass), or more generally of
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a rescaled asymptotically flat initial data set (R™ \ K°, 4, l%) with cosmological constant
0, into a neighborhood of a point p € X in a given generic (near p) smooth initial data
set (X,7,k) with arbitrary cosmological constant A € R. Here K C R™ is compact (and
possibly empty); and the asymptotic flatness condition, in standard coordinates & € R™,
means that 4(0zi,0;5) — d;; and k(83i,051) — 0 as |#| — oo, with appropriate rates of
convergence. (See Definition 4.4 for the precise definition used in this paper.)

Theorem 1.1 (Main result, rough version). Assume that X is generic in a connected
neighborhood U° of p (in the sense that it does not admit any KIDs in U°, see Defini-
tion 4.13). Then there exist ¢4 > 0 and a family (X, Ve, ke), € € (0,€4), of initial data sets
with cosmological constant A with the following properties.

(1) On X \U° C X., we have (Ye, ke) = (7, k).

(2) In geodesic normal coordinates x = (z*,...,2") € R™ around p € X, the manifold
X, is equal to B(0,1) \ eK°, and we have smooth convergence (ve,ke) — (7, k) as
e\ 0 in |z| > 6 for any § > 0. (That is, the matriz coefficients (Ve)ij = Ye(Opi, Opi)
and ke(0,i,0,5) converge to those of v and k.)

(3) The tensors Yeles = (Yelez(Opis 0pi))ijj=1,...n and ek¢|ez converge, smoothly and lo-

i = (92(0zi,04)) and k

cally uniformly in @ € R*\ K°, to 4
€\ 0.

To explain part (3), we first note that €2(%,k) is a rescaled asymptotically flat data
set: asymptotically flat coordinates for it are ez, which as € N\, 0 become local coordinates
xr on X near p. Note that the ADM mass of €2(4,k) is € times that of (¥,k). Since in

x

the coordinates & = % we have 0;i = €0,:, part (3) states that (v, eke) ~ (5, k) in -
coordinates when |z| < e.! See Figure 1.1. In the region € < |z| < 1, the family (v, k)

&, respectively, as

transitions from the e-rescaling €2(%,k) to the original data set (7, k) in an appropriate
manner; we describe this more precisely in §1.2 below.

~

A natural choice for (9, k) for n = 3 is the initial data set of a (boosted) Schwarzschild or
Kerr black hole [Sch16, Ker63]; see §6.2. To illustrate Theorem 1.1 in this case, consider the

initial data (¥, k) of an unboosted mass m > 0 Schwarzschild black hole in polar coordinates
& =fw, weS?,

= (1= 2)ai? + 7%, k=0,
7
on R3\ K° where K is a bounded closed ball of radius > max(0, 2th). Then
24 = (1 - T)dfr? +rlgse, T =eR
r

is the metric of a mass em Schwarzschild black hole. The initial data set (7, k) thus
describes a mass em black hole glued into the given data set (X, 7, k).

We do not concern ourselves here with the construction of appropriate initial data sets
(X,7,k). We recall that Beig—Chrusciel-Schoen [BCS05] demonstrated the genericity of

IThe ¢ '-scaling of the second fundamental form in (ve,k.) ~ (62’3/767162];) arises from the scaling
properties of (1.1), see Lemma 4.19; heuristically, it follows from the fact that the future unit normal for
the embedding of (X,~, k) into the spacetime M = R; x X is, near p, scaled by ¢! relative to the future
unit normal of the embedding of (X, 4, l}), X = R%, into R; x )2; that is, the time scale ¢ of the small black

hole is related to the time scale ¢ of the ambient spacetime M by & = L
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FIGURE 1.1. Hlustration of Theorem 1.1. The data set (v, k) is unchanged
outside of U°, and in U° \ {p} it converges smoothly and locally uniformly
to (7, k) as € \, 0. Near p on the other hand, the glued initial data are close
to the e-rescaling €2(9, k) of the asymptotically flat data set (¥, k).

the assumption on the absence of KIDs in a large number of settings; moreover, Moncrief
[Mon75] showed that the absence of KIDs is equivalent to the absence of Killing vector
fields in the evolving spacetime. KIDs on (X,,k) near p are nonzero elements, defined
in a neighborhood of p, of the cokernel of the linearization of the constraint equations
around (v, k). While this cokernel is necessarily finite-dimensional, it may be non-trivial.
However, a non-trivial cokernel is typically an obstruction for localized gluing constructions
or deformations of initial data sets; for instance, the rigidity part of the Positive Mass
Theorem [SY79] in the time-symmetric setting (kK = 0, and v is scalar-flat) implies that
one cannot compactly perturb the Euclidean metric to a non-isometric scalar-flat metric.
(See however the work by Czimek—Rodnianski [CR22] on how to overcome the presence of a
cokernel in characteristic gluing problems by taking advantage of the nonlinear nature of the
constraint equations.) In this paper, we impose the local genericity condition on (X,~, k)
in order to obtain a local gluing result in Theorem 1.1 via an appropriate solvability theory
for the linearized constraints map.

The initial data of a subextremal Kerr (or Kerr—de Sitter or Kerr—anti de Sitter) black
hole do not satisfy the genericity condition required in Theorem 1.1. Nonetheless, we
show in §6.2 how to prove Theorem 1.1 also in this case, provided U° intersects the black
hole interior; see Theorem 6.2. (The main idea in the proof is to eliminate the cokernel by
allowing for a violation of the constraint equations deep inside the black hole.) In particular,
we are thus able to glue a small black hole into a unit mass black hole initial data set.

1.1. Context. Starting with the construction by Majumdar—Papapetrou [Maj47, Pap45]
of electrovacuum spacetimes via the superposition of extremally charged black holes (with
Kastor—Traschen [KT93] performing a similar construction in A > 0), several constructions
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of initial data sets containing several black hole regions have been proposed. By solving
the constraint equations using explicit ansatzes mainly involving superpositions of scalings
and translations of the harmonic function |x|~!, Brill-Lindquist [BL63] constructed initial
data for the Einstein-Maxwell equations with any finite number N of charged wormholes
(Einstein-Rosen bridges) at arbitrary points in R? with arbitrary masses; the resulting data
have N + 1 asymptotically flat regions. Misner’s time-symmetric ‘matched throat’ vacuum
initial data [Mis63] identify all but 2 asymptotically flat ends; see Lindquist [Lin63] for
the Einstein—-Maxwell case. There also exist hybrid approaches, such as the one developed
by Brandt-Bruegmann [BB97] which involves an explicit prescription for the conformal
class of k (with v conformally Euclidean) together with a numerical scheme for finding the
conformal factor.

The key mathematical technique allowing for flexible and localized gluing constructions
for solutions of the constraint equations was introduced by Corvino [Cor00] with Schoen
[CS06]; see also [CDO03] and §1.2 below. It is based on the observation that the adjoint
of the linearized constraint equations is overdetermined and permits coercive estimates on
function spaces with very strong weights at the boundary of the gluing region. Concretely,
Corvino—Schoen prove that an asymptotically flat data set can be perturbed near infinity
to an exact Kerr data set for a suitable choice of Kerr parameters (mass and angular
momentum). The relevant linear operator in this setting (namely, the linearization of the
constraints map around the trivial Minkowski data) has a nontrivial cokernel, which is
accounted for by appropriately choosing the parameters of the Kerr data set.

This technique was generalized and used by Chrusciel-Delay [CDO03, §8.9] to construct
initial data containing many Kerr black holes. (See [CD02] for the time-symmetric case of
data containing several Schwarzschild black holes.) The initial data of [CD03] are symmetric
under the parity map = — —z; given pairwise disjoint balls B(xz;,4r;), the data are equal
to Kerr data (with arbitrary parameters, subject to the parity condition) in each of the
B(z;,2r;), and also in R?\ | J B(z;, 47;). The gluing procedure succeeds when all black hole
masses are sufficiently small relative to the radii r; and the pairwise distances of the z;. We
also recall that Isenberg—Mazzeo—Pollack [IMP02, §9] constructed many-black-hole initial
data by connecting Euclidean spaces to the neighborhood of any finite number of points
on a given asymptotically flat maximal (i.e. try & = 0) data set via wormholes. Chrusciel~
Mazzeo [CMO3] proved the presence of multiple black holes in the spacetime development
of the data produced in [CD02, CD03, IMP02] under suitable smallness conditions. See the
hypotheses in [CMO03, §3] for details; in particular, the first fundamental form must globally
be sufficiently close to the Euclidean metric.

Another construction of many-black-hole initial data was given by Chrusciel-Corvino—
Isenberg [CCI11]. Phrasing their main result in a manner which relates more directly to the
present work, [CCI11] glues sufficiently small rescalings of large compact subsets of N given
asymptotically flat initial data sets (modified to be exact Kerr data near their respective
asymptotically flat ends) into N disjoint balls in R3; the glued data are exact Kerr data,
with carefully chosen small parameters, also near infinity in R3.
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The many-black-hole initial data sets obtained by (repeatedQ) application of Theorem 1.1
combine features of those of [IMP02] (in that the background geometry is arbitrary) with
those of [CD03, CCI11] (in that one glues in rescaled asymptotically flat data sets into
neighborhoods of points in a background data set). We stress, however, that the background
data (X, ~, k) and the asymptotically flat data (¥, 12:) in Theorem 1.1 are unrestricted except
for the genericity assumption on X (which can be relaxed in some circumstances, cf. §6.2).
Moreover, and importantly for intended future applications (see §1.4), our construction
gives detailed control on the e-dependence of the glued initial data; see §1.2. (Moreover,
this control cannot be obtained by a naive application of Corvino-type gluing methods; see
Remark 1.4.)

In the presence of a positive cosmological constant A > 0, the author showed how to glue
Schwarzschild— or Kerr—de Sitter black holes into neighborhoods of points on the future
conformal boundary of de Sitter space [Hin2la], thus producing examples of spacetimes
solving (1.2) with precisely controlled structure at future timelike infinity and the future
conformal boundary. A fortiori, this gives initial data sets on S® (or its punctured version
R3) containing any finite number of (large) regions with exact Kerr—de Sitter data, while
away from these regions the data are close to de Sitter data. Apart from [Hin2la, CMO03],
there do not appear to be any results (beyond simple domain-of-dependence type consid-
erations) on the structure of the future evolution of the many-black-hole initial data sets
obtained by any of the aforementioned methods. The author conjectures that a subclass of
initial data of the type constructed by Theorem 1.1 allows for such results; see §1.4.

Further results on initial data gluing which are not directly tied to many-black-hole set-
tings include Cortier’s gluing into Kerr—de Sitter data sets [Cor13], and the Carlotto—Schoen
gluing in asymptotic cones [CS16] which produces asymptotically flat initial data contain-
ing any finite number of non-trivial conic regions which do not interact for any desired
amount of time. We also mention the problem of filling in a given asymptotically flat data
set in a controlled singularity-free manner, as studied in [BC17, §5]. In more recent work,
Aretakis—Czimek—Rodnianski [ACR21a, ACR21b, ACR21c| developed a gluing procedure
for the characteristic initial value problem, in which case the constraint equations become
a coupled system of transport equations along the null generators of the incoming and out-
going null cones emanating from a spacelike 2-sphere, see e.g. [Lukl1, §2.3]. Applications
include a sharp (as far as decay is concerned) improvement of the Carlotto-Schoen result as
well as an alternative proof of the Corvino—Schoen gluing results. For non-vacuum initial
data sets, there are further types of gluing problems one may consider; we mention in par-
ticular the results by Corvino-Huang [CH20] on promoting the dominant energy condition
to a strict inequality (again under suitable genericity conditions).

Besides the problem of gluing given or known initial data sets, one may wish to construct
initial data sets ab initio. This is typically done via variants of the conformal method [Lic44,
Y J73] in which v, k are expressed in terms of suitable seed data and a conformal factor which
satisfies a semilinear elliptic PDE. We refer the reader to Carlotto’s comprehensive review
article [Car21] for a detailed discussion and further references.

20ne can extend Theorem 1.1 to simultaneously glue any finite number of asymptotically flat data sets
into neighborhoods of a matching number of distinct points in X, under a local genericity condition near
each of these points. One may also apply Theorem 1.1 to a data set (X, e, ke), for some fixed small € > 0,
in place of (X,~, k), or more generally iterate a combination of these two procedures finitely many times.
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1.2. Gluing and asymptotic expansions. We proceed to set up a more precise version
of Theorem 1.1. To begin, we say that a function u on R" is conormal with weight o € R
if

[((r) V) ulz)] < (r)~
for all j € Ny, where 7 = |z|.> (In other words, every derivative in = gains a power of (r)~1.)
Polyhomogeneity of u is the stronger requirement that in |z| > 1, we can write

Zr (logr) kfw(é,), (1.3)

where z, € C, ky € Ng, uy € C*°(S" 1), with Re zy — 00; the symbol ‘~’ means that for any
N, the difference of u and the truncation of the sum to all £ with Rezy < N is conormal
with weight N. Thus, polyhomogeneous functions have generalized Taylor expansions at
the boundary at infinity* 7! = 0 of R".

We then call a pair (9,k) of smooth symmetric 2-tensors on R” \ K° (with K € R")
§-asymptotically flat if the following holds: writing coordinates on R™ as & = (&!,...,2"),
the coefficients 'Aygj. = 5(0;i,0;5) and k:;j are polyhomogeneous conormal at infinity, with
%j — 0;; conormal with weight® 6 > 0 and k conormal with weight 1 + §.

Following a standard procedure in geometric singular analysis (see e.g. [MM90]), we
construct the glued metrics (., k¢) for all sufﬁciently small € > 0 in one fell swoop by
working on an appropriate total space X \ K° , of dimension n + 1, which is a manifold
with corners; here X is a resolution of [0, er) x X at {0} x {p}, and K = | [{e} x eK in
geodesic normal coordinates on X around p. See §3 for details. We only note here that the
space X is equipped with a map down to [0,€;) which is a fibration over (0,¢;), and the
fibers of X \ K° — (0, ey) are the manifolds X, in Theorem 1.1. The fibers become singular
as € \, 0 however, and the fiber over ¢ = 0 is the disjoint union of two manifolds: one is
the compactification at infinity of R™\ K° which carries the asymptotically flat data set
(4, k), and the other is a compactification of X \ {p} (namely, the real blow-up of X at {p})
which carries the original data set (v, k). Local coordinates on this space are illustrated in
Figure 1.2. In particular, the transitional region € < || < 1 omitted in the statement of
Theorem 1.1 is simply a neighborhood of the codimension 2 corner of X.

FiGURE 1.2. Illustration of the total space X and of three local coordinate

systems on this manifold with corners. Also shown is a fiber X, of X over
e >0 (with K = 0).

3Later on, we use the notation A% (R") for the space of such functions.

4We make this more precise using the radial compactification R" of R™ in §2.1.

5That is, the exponents z¢ in the expansion (1.3) for 4;; satisfy Rez¢ > ¢ (with strict inequality if k, > 1),
except for a single term (zo, ko) = (0,0) with coefficient ug = d;;. The definition used in the main part of
the paper records the set {(z¢, k¢)}, see Definition 4.4.
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We may now state a more precise version of Theorem 1.1, in which we construct a single
pair (3, k) of sections of the bundle S?T*X which is defined as the pullback of the second
symmetric power of the cotangent bundle of X to X:

Theorem 1.2 (Main result, more precise version). Let ¥ and k be §-asymptotically flat
on R"\ K° for some § > 0. Suppose that the initial data set (X,~,k) does not admit any
KIDs in a smoothly bounded connected open neighborhood U° C X of p € X. Denote by

r € R" geodesic normal coordinates around p € X, and write & = 7. Then there erist

polyhomogeneous sections ?,% of S2T*X with the following properties.

(1) the restriction (Ve ke) of (3,k) to each fiber Xe of X \ K° — (0, €y) satisfies the
constraint equations (1.1) with the same cosmological constant as (v, k).

(2) On [0,€) x (X \U°), we have (F, k) = (v, k).

(3) The leading order terms of (?,E) at the X \ {p} component of the singular fiber
over € = 0 are given by (v, k); the leading order terms of (5, GEij) at the R™\ Ke°
component are (*Ay;;, I%w) Near the codimension 2 corner of )Z', and writing w = ﬁ,
this means the following: the tensors

v = %’(L’U\v ﬁ’w)dxi da?, k= ky (!93|,

which are jointly polyhomogeneous in |x| € [0,1) and & € [0,1), have the following

||

ﬁ,w) dat da?,
x

leading order behavior at 5 = 0, resp. |z| = 0:

i (|], 0,w) = 7ij (|z[w), Vij (0, H,w) =¥ (12]w),

8

- ~ 1 .
Fig(lel, 0,) = Rig(fale). iy (0, r.0) = R (ko)

See Theorem 5.2 for the full statement. We stress that the glued initial data (7, k) have

~

exactly two singular limits, namely the two given data sets (9, k) and (v, k); we do not need
to introduce any sort of intermediate gluing region.

Remark 1.3 (Limited regularity). One can construct the families (7, k), and thus the glued

data (7, k), under weaker assumptions on regularity and asymptotics. Note first that for
€

p = (€2 + |x|?)/2, the rescaling pk;; can be restricted to Tl

:E|:

0 and |z| = 0, with leading

order terms |z|k;; and (:i‘)l%gjs, respectively. When (¥, k) is merely conormal, then one can

construct a conormal solution (7, E) of the gluing problem so that (7, [)E) has boundary
data as in (1.4). Less restrictively still, it suffices to assume that 4 and k have weighted
Holder regularity of degree (s,a) with Ng 2 s > 2, a € (0, 1), with weights § and 1+ ¢ as
above (see also [CD03, Appendix A)); the solution (5, k), with boundary data (1.4), given
by our methods then has matching regularity on an appropriate scale of weighted Holder
spaces. Omne can similarly weaken the regularity requirements on ~,k. We shall omit a

detailed treatment of such finite regularity versions of our main results in this paper.

The construction of (7, k) proceeds in three steps.

(1) The first step is to define sections (%,%0) on the total space which have the de-
sired boundary data as in (1.4); such sections already solve the constraint equations
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(with cosmological constant A) to leading order at both components of the singular
fiber at € = 0. We note here that at the R™\ K° component, the appropriately
rescaled cosmological constant vanishes to leading order (see Lemma 4.19 and Pro-
position 4.22(1)).

(2) In a second step,® one corrects the lower order terms of (")70,%0) in turns at the
R"\ K°, resp. the X \ {p} components of the singular fiber (denoted X \ K°, resp.
X, in the bulk of the paper); this requires right-inverting the linearized constraints
maps on the asymptotically flat space (R™\ K ° 9, fc), resp. on the punctured space
(X \ {p},~, k) with suitable control of the solution at infinity, resp. at p. This
is accomplished in §§4.1 and 4.2. The genericity condition on (X,~,k) is used to
effect the right inversion on the punctured space with control on supports; this
uses that on appropriate function spaces on the punctured space the triviality of
the cokernel of the linearized constraints map can be inferred from the triviality
on the original space X. We do not require any genericity for (R™\ K °A, /;:), as
the relevant cokernel is trivial if we permit the solution of the linearized constraints
map to have less decay than |#|~"2. (See Proposition 4.10.)

Using an asymptotic summation argument, we can then construct a formal so-
lution (3, k’) of the gluing problem: it satisfies the constraints modulo rapidly
vanishing errors as € N\, 0. Steps (1) and (2) are completed in §5.1 (the formal

solution being denoted (7, k) there).

(3) Finally, we correct the formal solution to a true solution (3, %) by solving the non-
linear constraint equations with rapidly vanishing (as € N\, 0) right hand side. This
is done using a standard contraction mapping argument on a nonstandard scale of
Sobolev spaces with e-dependent norms. The correction term vanishes to infinite

order at € = 0 as well. See §5.2 (the true solution being denoted (3, k') there).

Remark 1.4 (Difficulties of a bare interpolation approach). We contrast the above construc-
tion with a more traditional approach as used e.g. in [Cor00, CD03]. For brevity, we only
consider the time-symmetric case, so k=0and k= 0. We use geodesic normal coordinates
x € R™ on X near p. For small parameters ¢, 7 > 0, we define a bare interpolation of 4 and

v by
a7 = x () () + (1= x(5) o). (15)

where the non-negative function y € €2°([0,2)) is identically 1 on [0,1]. The metric ~(&™
violates the (time-symmetric) constraint equations only in the gluing region U, = {n <
|z| < 2n}. Taking 1 small and then e < 7 ensures that 4(¢?) is Riemannian (and includes a
large piece of the asymptotically flat metric 4); moreover, in U,, we have ’y%j(%), vij(x) = 6;j

and thus also 71-(977) (z) ~ 0;;. However, the violation of the constraint equations in U,

is typically of size O(1 + n_l(%)1+5),7 and therefore is not small; hence, it is not clear
how one can re-impose the constraints in U, with perturbative methods, regardless of the
smallness of € < 1 < 1. This discussion serves to indicate that the deformation of (€™

61f one is satisfied with less than full polyhomogeneity of (7, E), one skip all, or part, of this step.

"Indeed, the scalar curvature of v is schematically of the form 25:1 8j(x(|‘7]1‘))82_j('y(x) - (%)),
and thus—using that 0% (vi;(z) — 6i;) = O(|z|*~*) and 9*(5:;(£) — 6i;) < |§|_5_k for k = 0,1, 2—of size
Z?Zl n~I(n?~ 9 4 (2)75’(2’7‘)) ~ 1+ €' 997279 for || ~ 1 indeed.
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is a delicate task.® But even if one can correct 4(¢ in Us to a solution of the constraint
equations in some way, the glued data set would transition from ~ to the rescaling of 4
in the region |z| ~ n, with e < n < 1. Thus, one would produce an intermediate gluing
region {€ < |z| < 1}, which asymptotes to the codimension 2 corner of X. — By contrast
to (1.5), the interpolation 7y of 4 and ~ which is the starting point of our construction (see
Step (1) above) can be defined as

o )is = 5 () = b + 43 (%) (1.6)
on the elevel set of X near = 0 (while globally on X, one may take > x(lz]) -
(1.6) dz’ da’ + (1 —x(|x]))7y). Thus, there is only a single gluing region, which is of the rough
form e < |z| < 1; in particular, the lower gluing radius shrinks to 0. Moreover, carefully
note that the modification of 7y to a solution of the constraint equations uses deformations
which are global in a fixed punctured neighborhood of p in X \ {p} (i.e. all the way down
to p) and global on R? near |&| = oo (i.e. all the way up to infinity).

Remark 1.5 (Approximate solutions). The construction of (7, k) in (generalized) Taylor
series at the two boundary hypersurfaces at € = 0 in Step (2) produces increasingly accurate
approximate solutions (7, k¢) for small €; thus, one may be able to use part of the above
procedure to produce rather accurate initial data for use in numerical evolutions.

The right inversion of the linear operators in Steps (2) and (3) is accomplished much as
in the original works [Cor00, CS06, CD03] using exponential weights at the boundary of the
gluing region. Our discussion of the coercivity of the adjoint of the linearized constraints
map in the asymptotically flat setting takes inspiration from [Dell2] in that we combine
standard elliptic theory with a prolongation argument (Lemma 4.3), cf. the ‘Kernel Re-
striction Condition” and Lemma 8.2 in [Del12].

We briefly comment on the choice of function spaces. In the asymptotically flat setting,
one measures regularity with respect to the weighted operator (£>@ (differentiation in the
#-coordinates); this is also called b-regularity on R™ in the language of [Mel93]. Similarly,
near the puncture of X at p, one needs to measure regularity with respect to the weighted
operator |z|V (which is the same as b-regularity on the blow-up [X;{p}]). Indeed, this is
the notion of regularity which is compatible with polynomial weights or polyhomogeneous
expansions at |x| = 0; moreover, it arises naturally by computing the form of <§:)@ near the

asymptotically flat end in #-coordinates in the local coordinates x; see (1.7) below. On the

total space X, these two notions can be merged into the notion of g-reqularity, introduced
by the author in a geometrically related context in [Hin21b]: this amounts to measuring
regularity with respect to

PV = (E eV = (3 eV = (@)Y (p=(@+ B a=T). (1)

(and regarding 7;;(nZ) and ;3 (ne'Z) as the coefficients of a

z
n
metric in the frame di?, ..., d%™) does not eliminate this issue. The violation of the constraints in the gluing

region U = {1 < |&| < 2} is now of size O(n? + (%)5), which is small for e < n < 1. However, the metric

*y(e’")(r]i:) converges to the Euclidean metric in U as n — 0, and hence one faces an approximate cokernel
of the linearized constraints map when attempting to deform (" to a solution of the constraints (cf.
[Cor00]). If one relaxed the localization requirements of the deformation and attempted to take advantage
of the local genericity of X in a fixed neighborhood of p, one would have to work on a domain with diameter
~n~! — 0o in #-coordinates, which would lead to different analytic subtleties.

8Passing to the rescaled coordinates & =
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The corresponding g-Sobolev spaces are standard Sobolev spaces on X, as sets, but their
norms depend on e. The contraction mapping argument takes place on tensors on X
measured in such ¢-Sobolev spaces”’ (and thus the corrections to the formal solution are
constructed for all small € > 0 simultaneously).

Melrose and Singer, in unpublished work [MS11], have developed a singular-geometric
and analytic point of view for the problem of gluing constant scalar curvature Kahler (cscK)
metrics into neighborhoods of points of a given compact cscK manifold which is closely
related to the point of view adopted in the present paper. The gluing constructions for
magnetic monopoles by Kottke—Singer [KS22] and for gravitational instantons by Schroers—
Singer [SS21] are also closely related, though either the total space or the relevant rescaled
tangent bundles differ from (and are in fact more delicate than) those used in the present
work.

1.3. Exponential weights and geometric singular analysis. We briefly comment on
a novel technical aspect of our analysis, which is due to Mazzeo [Maz]. Our discussion here
shall take place in the half space [0,00), X Rg_l C R, ). If one wishes to construct a
smooth solution u of some underdetermined PDE Pu = f (with > 0 on supp f) with
support in z > 0, one can use coercivity estimates for the overdetermined operator P* on
spaces with exponential weights ePlr B3>0 (as done in all of the aforementioned gluing
papers), or equivalently for e B/* p*eB/T on unweighted spaces. Consider, for example, the
case P = 0, the (negative) divergence on 1-forms. Then P* = d = (04, 0y1,...,0,n-1) in
the basis dz,dy!,...,dy"!; this is left elliptic (and indeed overdetermined). Conjugating
P* by e=#/* produces singular terms of size O(z~2). We thus consider the rescaling z2P*
as a left elliptic operator built from the 00-vector fields (‘double O-vector fields’) x20, and
x26yj; conjugation of such a 00-differential operator by /% merely produces smooth lower
order terms.

A 00-differential operator has a principal symbol which is an extension of the usual
principal symbol map down to = = 0; this symbol takes the x2-degeneration into account
by passing to an appropriate rescaling of the cotangent bundle. That is, the principal
symbol is a fiberwise polynomial in the momentum variables &, 77 defined by writing 1-forms
as €92 1 nd—g.

x2 T

The crucial observation is that 00-differential operators have yet another commuta-
tive symbol which captures their leading order behavior at any boundary point (0,y) €
[0,00) x R"~! for example, the boundary principal symbol of e BlrpreB/r — (220, —
B,0y1,...,0m-1) is (i€ — B,in), and this is well-defined for all (£,7) € R x R 1. The
existence of this second commutative symbol is structurally due to the fact that 00-vector
fields commute to leading order at x = 0.

The left ellipticity of both symbols then suffices to prove a semi-Fredholm estimate for
e B/rp*eB/T on a scale of 00-Sobolev spaces. Complemented with a direct analysis of the
kernel, one obtains the solvability of Pu = f on 00-Sobolev spaces, with w having the
rapidly decaying weight e #/% near z = 0. The extension of u by 0 to z < 0 furnishes a
solution with the desired support property. See §§2.2 and 2.4 for a detailed discussion, and
Examples 2.2 and 2.8 for the case of the exterior derivative mentioned here.

9Holder spaces would work just as well; we use Sobolev spaces for convenience only.
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In §2.4, we explain the relationship of the part of 00-analysis which only uses the standard
principal symbol to bounded geometry analysis as discussed in [Shu92]; this is also related
to the scaling property of [CD03, Appendix B|. The existence and importance of the second,
boundary, principal symbol on the other hand appears to be noted here for the first time.

1.4. Outlook: evolution of glued initial data. We make the conjecture in §1.1 about
the evolution of glued initial data more precise:

Conjecture. Let (§,k) denote boosted subextremal Kerr black hole initial data with pa-
rameters m (mass) and a (specific angular momentum). If (M,g) is a compact globally
hyperbolic subset of the mazimal globally hyperbolic development of (X,~, k), then the maz-
imal globally hyperbolic development of (Xe, Ve, ke), for a ‘suitable’ family (e, k) of initial
data with boundary data (v,k) and ('Ay,fc), contains a region (Me, ge) with the following
properties:

(1) M, is obtained from M by excising a size e-neighborhood of the geodesic C C M
whose initial conditions at X C M are determined by the point p € X and the boost
parameter of the Kerr data set;

(2) ge tends to g away from C, while in an O(e)-neighborhood of C, the rescaling e 2g.
tends to a family (depending on the point in C) of Kerr black hole metrics with
parameters (M, a);

(3) the total family € — ge is polyhomogeneous on a total space obtained by resolving

[0,1) x M at {0} x C.

In particular, when (M, g) is a unit mass Kerr—de Sitter black hole, and the gluing data
are chosen so that C starts in the exterior region but crosses the event horizon in finite
proper time, then (M, ge) describes the merger of a mass € black hole with a unit mass
black hole. (Moreover, once the black holes have merged, one may restrict to a suitable
neighborhood of the Kerr—de Sitter exterior region and apply [HV18] to conclude that the
merged black hole settles down to a Kerr—de Sitter black hole.) We hope to address this
conjecture in future work. At this point, we merely remark that the conjecture in the stated
form cannot hold without restricting to ‘suitable’ initial data; roughly speaking, the initial
data must be such that the evolving spacetime metric is adiabatic, i.e. does not vary much
on the fast time scale £ of the small black hole.

Outline of the paper. In §2, we recall the notions of geometric singular analysis which
are relevant for the present paper, namely b-vector fields and operators (and their normal
operators), scattering vector fields, and real blow-ups; we further discuss 00-geometry and
the associated scales of Sobolev spaces, and develop elliptic theory in this context. In §3, we
define the manifold with corners X on which the gluing procedure will take place, and we
describe the class of g-differential operators on X which will precisely capture the behavior
of the (linearized) constraints map.

In §4, we study the (linearized) constraints map in detail. Estimates and solvability
results for the (linearized) constraints map on asymptotically flat and punctured manifolds

are combined into a uniform solvability theory on X. In §5, we apply these results to
construct the glued initial data set first on the level of (generalized) Taylor series; we then
correct this formal solution to a true solution using a suitable contraction mapping principle.

Applications and variants of the main result are discussed in §6.
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2. GEOMETRIC AND ANALYTIC BACKGROUND

2.1. b- and scattering structures; blow-ups. For manifolds with boundary or with
corners, we demand that all boundary hypersurfaces be embedded. A defining function of
a boundary hypersurface H C X of a manifold with corners is a function p € C*°(X) for
which H = p~1(0), further p > 0 on X \ H, and finally dp # 0 along H. In the case that
X is a manifold with boundary H = 90X, we called such a function p simply a boundary
defining function.

The radial compactification
R7 = (R” L ([0, 00), x sg—l))/ ~,

where we identify 0 # z = rw € R" with (p,w) = (r~!,w), is a manifold with boundary ‘at
infinity’ given by OR™ = S"~!; the interior is R”. Invertible linear maps on R™ extend by
continuity to diffeomorphisms of R”; thus, the radial compactification of a finite-dimensional
real vector space is well-defined.

On a manifold with corners X, we write V(X) for the Lie algebra of all smooth vector
fields (sections of TX — X), and V,(X) C V(X) for the Lie algebra of b-vector fields
[Mel93], i.e. vector fields which are tangent to dX. In local coordinates z!,... 2% > 0,
zF+1 . 2™ € R, near a codimension k corner of X, the space V(X)) is spanned over C*°(X)
by the vector fields 2'0,: (i = 1,...,k), 0, (j = k+1,...,n), and therefore these vector
fields are a frame of the b-tangent bundle PTX — X. When X is a manifold with boundary
and boundary defining function p € C*°(X), then Vs.(X) := pV,(X) is the Lie algebra of
scattering vector fields [Mel94]; in local coordinates x > 0, y = (y',...,y" ') € R*!, this
space is spanned over C>°(X) by the vector fields 220, and 20y (j =1,...,n — 1), which
are a frame of the scattering tangent bundle *TX — X. The dual bundles PT*X — X
and °T*X — X have frames ‘;{-Z (i =1,....,k), d2? (j = k+1,...,n) and %, dy?

- x
(j = 1,...,n — 1), respectively. In the special case X = R”, a change of coordinates

calculation shows that C*°(R") = SY(R") consists of classical symbols on R” (i.e. smooth

functions which are in addition smooth in (r~!,w)), and Vs.(R") is spanned over C*°(R™)
by the (translation-invariant) coordinate vector fields d,: (i = 1,...,n). In particular, the
Euclidean metric on R™ is a smooth Riemannian scattering metric, i.e. a positive definite
section of S?SCT*R".

When X is a manifold with corners, we write

Difff (X)
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for the space of all k-th order b-differential operators, i.e. locally finite sums of up to k-fold
compositions of elements of V},(X). If Hy,..., Hy is a list of the boundary hypersurfaces
of X, and if p; € C*°(X) denotes a defining function of H; for j = 1,..., N, then we
furthermore write

Pyt pPNYDIES(X) = {pf -+ oV P P € Diffj(X)}
for the space of weighted b-differential operators; here o; € R, j = 1,...,N. We note
that conjugation by p?j preserves the space Diffﬁ(X ) and its weighted analogues. These
spaces are C*°(X)-modules; spaces Difff(X; E, F) of operators acting between sections of

vector bundles E, F — X can thus be defined in the usual manner, likewise for weighted
operators.

The b-principal symbol of A € Difff/(X) is an element Po*(A) € PF  (PT*X), the space
of smooth functions on PT*X which are fiberwise homogeneous polynomials of degree k;
it is multiplicative, given via pullback along the base projection for £ = 0, and given by
bol(V)(2,¢) = i¢(V],) for V € Vy(X). We make this explicit in the case that X is a
manifold with boundary: in local coordinates z > 0, y € R""! as above, and writing
b-covectors as £ %’” + ndy,

PoF(A)(,y &) A= D aja(z,y)(@DL) Dy = Y ajalz,y)En”.
J+lal<k Jj+|al=k

The principal symbol captures A € Diﬁ"f)(X ) to leading order in the differential order sense,
in that "o*(A) = 0 implies A € Diff]’;_l(X). In order to capture A to leading order at 0.X,
one fixes a collar neighborhood [0, zg), x 0X of X, and defines, in local coordinates as
above, the b-normal operator of A by

N(A) == Y aja(0,y)(D,) DY € Difff([0,00)s x X).
J+lal<k

This operator is dilation-invariant in z, and it differs from A on [0, z¢) x 0X by an element
of xDiff’g. Formally conjugating N(A) by the Mellin transform in x (see also §2.3) gives
the Mellin transformed normal operator family

N(AN) = > a;ja(0,y)M Dy € Dift*(9X). (2.1)
J+lal<k

We next recall the notion of (real) blow-up; see [Mel96] for a detailed account. We are
given a manifold with corners X and a p-submanifold S C X, i.e. a submanifold so that
near all p € S there exist local coordinates z!, ..., 2% >0, zF*t1, ... 2" € R on X so that S
is given by the vanishing of a subset of these coordinates. (If this subset always contains at
least one of the x!,..., 2% we call S a boundary p-submanifold.) The blow-up of X along
S is defined as

[X;S] = (X\S)USNTS,
where SNTS = (NtS'\ 0)/R* is the spherical inward pointing normal bundle of S; here,
we set N*S = T4 X/TS, with T,f X C T,X consisting of all (non-strictly) inward point-
ing tangent vectors on X at p. The space [X;S] is equipped with a blow-down map
B:[X;S] — X, which is the identity on X \ S and the base projection on the front face
SNTS. The space [X;S] can be given the structure of a smooth manifold by declaring
polar coordinates around S to be smooth down to the origin. To make this concrete,
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say S is given by 2! = ... = 2P = 0, 2" = ... = 2Ft9 = 0 for some 0 < p < k
and 0 < ¢ < n —k with (p,q) # (0,0); setting R = (}F_, (2)* + Z?ig+1($j)2)1/2 and
Q= R Yat, ... aP 2k . 2kte) ¢ Sgﬂ_l (the unit sphere in RP™? intersected with
[0,00)? x RY), the map (z',...,2") — (R,Q,aPT! ... 2F aFtetl  2") extends from

X \ S to a diffeomorphism from a neighborhood of the front face of [X;S] to [0,00) X
SEFIt  R(=P)H(r=k=4)  The blow-down map is the product of the map (R, ) — RQ and
the identity map in the remaining coordinates. Finally, if T C X is another p-submanifold
so that for each point in S N 7T there exist local coordinates in which both S and T are
of the above product form, then the lift of 7' to [X;S] is defined by B*T := B~1(T) when
T CS,and B*T := cl(B~H(T\ S)) otherwise (where ‘cl’ denotes the closure in [X; S]). One
can then define the iterated blow-up [X;S;T] := [[X;S]; *T]. (This construction can be
iterated.)

When using index notation, we use the summation convention; that is, indices appearing
twice are summed over (unless otherwise noted).

2.2. 00-structures. Mazzeo [Maz| defines spaces of 00-(pseudo)differential operators and
studies their symbolic properties and parametrices; in the present paper, we restrict our-
selves to the case of 00-differential operators, and pursue a hands-on approach to their
analysis. Such operators are tailored to the analysis of overdetermined operators on spaces
which feature exponential weights at hypersurfaces. Thus, on a manifold X with boundary
0X, denote by p € C*°(X) a boundary defining function and recall from [MM87] the Lie
algebra Vy(X) of O-vector fields consisting of all V' € V(X)) which vanish at 9X. We then
set
Voo(X) = pVo(X).

In local coordinates = > 0, y € R"™!, near a boundary point of X, elements of Vyo(X) are
of the form a(z,y)x?0, + b/ (x,y)x?9,, for smooth a,b. Using that Vo(X) is a Lie algebra
(or by direct computation), one finds that commutators of 00-vector fields gain a factor of
the boundary defining function,

[Voo(X), Voo(X)] C pVoo(X).
Moreover, since Vyo(X) C pVp(X), we also have p=*V (p®) € pC>®(X) for o € R. For the
corresponding spaces Difff,(X) and p~“Difff,(X) of (weighted) 00-differential operators,
this implies

Aj € pDIffd(X), j=1,2 = [Ay, Ay] € p~ -2+ IDifphithe—1 x)

i.e. composition of 00-operators is commutative to leading order in the differential order
sense as usual, and also to leading order at d.X. We can use more singular weights as well:
for 3 € R, we have e #/PV (ef/P) € C*°(X), as is easily checked in local coordinates, and
therefore conjugation by /P preserves the space p‘aDiﬁlgo(X )

The space Vgo(X) is the space of smooth sections of the 00-tangent bundle °TX — X
with local frame z20,, x2(‘3yj (j =1,...,n—1); the dual bundle is the 00-cotangent bundle
07*X — X. Letting P*(°°T*X) denote the space of smooth functions on °°7*X which
are fiberwise polynomials of degree k, we can define a surjective (full'’) principal symbol
map

0gk: Difff,(X) — (P*/pP* 1 ("T* X) (2.2)

10This map combines the two symbols alluded to in §1.3 into a single object.
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with kernel pDiff’SO_ L(x) as follows: in local coordinates z > 0, y € R"~!, and writing
00-covectors as 53—% + nj%] (so ¢ €R, n € R"1), we assign

WOk A= Z ajo(2,y)(2* Dy ) (22 Dy)™ Z ajo(z,y)En. (2.3)

J+lel<k Jtlel<k
(The map %c%: p=oDiffk, — p~P*/p=o+1 Ph=1ig defined analogously.) Thus, 0c*(A) is
the usual principal symbol over X° (where °°T* X and T*X are equal) and can be identified

there with a homogeneous polynomial, whereas over z = 0, the 00-principal symbol captures
the full operator A modulo 00-operators with decaying coefficients.

Lemma 2.1 (Well-definedness of the principal symbol). The map °c*, defined by (2.3),
is well-defined as a map (2.2), i.e. it is independent of the choice of local coordinates. It is
multiplicative in the sense that 0c*1+k2(A10 Ag) = POck1(A;)- D0 2(Ay) for A; € Diffg{) (X),
j =1,2, and it maps adjoints to adjoints (complex conjugates).

Proof. We can write coordinates Z > 0, § € R" ! near (0,0) as ¥ = 2b(z,y) and § = ®(z,y)
with 0 < b and ®(z, —) a local diffecomorphism for small z. Then

2 ~2 ~2 2 ~2 ~2
°Dy = a112° Dz + a122° Dy, 2°Dy = a217” Dz + agex” Dy;

where ay; = b=2(b+ b)), a1 = b 2@, as = :I:bfzb;, and a9 = b*2<I>; are smooth. We
likewise have & 4 4 q

€§+n;g :fﬁJF???ZQ/a
with & = ané—i—algﬁ and n = a215~+a22ﬁ. (Thus, the putative principal symbols of x?D, and
22D, are indeed well-defined.) Expanding (z2D,)’ = > ptlBI<) fos(%,9)(#2Dz)P (% Dy)P,
all terms with p + |8] < j involve at least one derivative 22Dz or #2Dj falling onto a
coefficient a11,a12, or #2Djz falling onto 72 any such term thus comes with at least one
additional power of Z. Therefore, modulo ZDiff},, 1, only the terms with p+ |5| = j survive,
and the putative principal symbols of the two sides are thus & and (a;11€ + a127)7, which
are equal. The same argument applies more generally to (x2D,)(22D,)®.

The multiplicativity of the 00-principal symbol follows similarly: upon writing
a"7%(a,y)(z* D) (z° Dy)* 0 azp(x,y) (@® Da)* (z° Dy)°

in the form (2.3) by commuting (z2D,)? (x?D,)® through as ks, and further commuting

(z2Dy)* through (22D,)*, each commutator drops one derivative and gains one power of
x. ]

The setting in which 00-operators arise in the present paper takes the following general
form: let X° be an open manifold which is separated into two connected components X
and X_ by a hypersurface H; let p € C°°(X°) be a defining function of H inside X ;. Let
L € Diff"(X°); then

L. = p*™L € Diffgy(X4).
Indeed, in local coordinates x € R, y € R”~! in which X is given by = > 0, the operator
L is a linear combination (with C* coefficients) of D%D;‘, J + o] < m, and therefore

meDgD; = xQ(m_j_w")(acsz%(xsz)“ — [x2jD%,x2|°“]x_2|°‘|(x2Dy)°‘) e Diff(
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indeed. This calculation also implies ®°6™(Ly) = M*0™(L), where 0™ (L) € P (T*X°)
denotes the standard (homogeneous) principal symbol of L, and M: °T*X, — T)"‘(+X N
is the bundle isomorphism given by multiplication by p?. In particular, the boundary
principal symbol %¢™ (L+)|00T;1 X, 1s a homogeneous polynomial, and correspondingly L.
cannot have an injective principal symbol (except in the case m = 0). A conjugation by an
exponential weight can change this, since

_ _dp ) .
O (=8P L, P1P)(2,¢) = °Oom<L+>(<+w§) = o™(L)(p*C +ifdp), (e OTIX,.
(2.4)
(This follows in local coordinates by multiplicativity from the easy cases Li = pQDp—with
e PlPp2D,yeflP = p?D, +if—and Ly = p*D,.) Note that the right hand side of (2.4) is
not homogeneous in ¢ anymore (unless m = 0 and 5 = 0).

Ezample 2.2 (Exterior derivative). Consider X° = R", with coordinates (x,y) € R x R"~ 1,
and H = {z =0}, X4 ={£2 >0}, and p = z; let L = d: C*°(R") — C>*(R"; T*R"), with
principal symbol o!(L)(z,¢) = i¢. Then L} = 2*d = (220,,2%9,), and its conjugation

e PIrL ePl" = 2% d — Bdw € Difffy(X 4R, Tk, R"),

has principal symbol “T*X | > (¢,7) + (iz2¢ — B,ix?n). This is injective for 3 # 0; note
that z2: 97X — T;(+R” is an isomorphism.

2.3. Function spaces. Let X be a manifold with corners and boundary hypersurfaces
Hy,...,Hy, and denote a boundary defining function of H; by p;. We write C®(X) C
C*(X) for the space of smooth functions which vanish to infinite order at each H;. For
a;jeR(j=1,...,N), set w= H;V:1 p?j; we then define the space of conormal functions

ACT0N (X) = {u € C°(X°): Lu € wL,(X) VL € Diffy(X)}.

We refer to a; as the weight at the j-th boundary hypersurface of X. Polyhomogeneous
spaces refine the mere boundedness to generalized Taylor expansions. Index sets capture
the exponents in the Taylor expansion; recall here that an index set is a subset £ C C x Ny
so that (z,k) € € implies (z + 1,k) € £, and also (z,k — 1) € £ when k£ > 1, and so that
Re zj = oo whenever (z;, k;j) € € tends to infinity. (Thus, the subset of elements (z,k) € £
with Rez < C is finite for any choice of C' € R.) Frequently occurring index sets are
denoted somewhat imprecisely as

No (for the index set Ng x {0}),
No + z or simply z (for the index set {(z+ 7,0): j € Ng}),
(z,k) (for the index set {(z + j,1): j € Nog, 0 <1< k).

We write minRe& = min{Rez: (z,k) € £}; for a« € R, and we write Re£ > a as an
abbreviation for minRe& > a. If now & = (&1,...,&n), & C C x Ny, is a collection of
index sets, and Re &; > a;, then

AZLEN (X)) = AG, (X) € AT (X)

consists of all conormal functions u so that for all j = 1,..., N, the following holds in a
collar neighborhood [0,¢),, x H; of H; C X: letting a) = (aq,...,qj 1,011, .., aN),
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there exist a, ) € .AO‘(J)(HJ-) for (2, k) € & so that

w(pgow) = 3 pillog o Vrag () € A1 Carian (X)

(Zak)GSj
Re z<C

for all C' € R. Necessarily, then, the a(. ;) are themselves polyhomogeneous on Hj, with
index set &; at the boundary hypersurface H; N H; of H; for those ¢ for which H; N H; #
(. See [Mel96, Chapter 4] for a detailed treatment of polyhomogeneous distributions. If
u € Af)hg(X) and v € .Alfhg(X), then u+v € Agﬁg(X) and u-v € Agﬁrg}-(X), where we set
E+F ={(z1+ 22, k1 + ko2): (z1,k1) € E, (22,k2) € F}. For k € N, we also write

kE=E+ ...+ & (k summands);

thus v € Agig(X) when u € Aghg(X). We say that an index set £ is nonlinearly closed

if & = UjGN j€. The nonlinear closure of an index set & with Re& > 0 is defined by

F=U enJ€; it is the smallest index set with the property that uk e .Alfhg(X ) for all

k € Ng and for all u € Af)hg(X). We finally recall the extended union of index sets
gG.Fing.FU{(Z,kl + ko + 1): (Z,k‘l) eé, (Z,k‘g) S ./—"}

We next recall weighted b-Sobolev spaces on a compact manifold X with boundary 90X #
(). Fix a smooth positive b-density on X, i.e. a positive section of the density bundle
POX — X associated to PTX — X in local coordinates z > 0, y € R !, such a b-density
takes the form a(z,y)| %m dy| where 0 < a € C*. Then L?(X) denotes the corresponding L?-
space on X°. For s € Ny, we define more generally the b-Sobolev space H(X) to consist of
all u € L*(X) = HY(X) so that Lu € HY(X) for all L € Diff§ (X). If {Vi,...,Vn} C Wp(X)
is a collection of b-vector fields which spans V(X ), then ||u|]§{§(X) = |Viy .- VimuH%Q(X),
with the sum taken over all m < s and 1 <'y,...,%, < N, gives HZ(X) the structure of a
Hilbert space. Weighted b-Sobolev spaces are denoted

H™(X) = p"Hi(X) = {p®u: u € H{(X)},

with p € C*°(X) denoting a boundary defining function; this is a Hilbert space with norm
lullgsexy = lp~ullmg(x)- For s € R, one can define Hy*(X) via interpolation and

duality. Since conjugation by p® preserves the space Diﬂ?ﬁ(X ), an operator A € p—# Diff'g (X)

defines a bounded linear map H;*(X) — Hg_k’a_ﬁ(X) for all s,a € R. In a completely

analogous fashion, one can define 00-Sobolev spaces H{y(X) (relative to a positive 00-

dzdy' dy 11
xz2 x2 T

e_ﬂ/ppaHSO(X)>

with (weighted) 00-operators giving bounded maps between such spaces with appropriately
shifted orders. When one order, say s, takes the value 400 (resp. —o0), the corresponding
function space is defined as the intersection (resp. union) over all s € R, so e.g. Hi5(X) =
Nser Ho(X); likewise in the cases o = oo and 3 = oo.

density, in local coordinates a(z,y)] "—|) and their weighted analogues

Returning to b-Sobolev spaces, we recall their interaction with the Mellin-transform from
[Vas13, §3.1] (though we opt to use large parameter spaces here instead of semiclassical
ones). To wit, we work on [0,00); x 0X, with X a compact manifold without boundary;
this is the model for a manifold with boundary near its boundary. The Mellin transform of

Hhe sign convention is such that increasing any one of «, 3, s gives a smaller space.
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a function u = u(x,y) with compact support in x71((0,c)) is then the Fourier transform
in logarithmic coordinates,

* dz
M) = [Tt S
The range can be characterized using the Paley—Wiener theorem; the inverse Mellin trans-
form is (M3'a)(z,y) = [, \—_, #**0(A, y) dX for any o € R. The Mellin transform diago-
nalizes dilation-invariant operators: if N(A) € Difff(]0, 0c0) x 8X) is the (dilation-invariant)
b-normal operator of a b-differential operator A, then M(N(A)u)(A) = N(A, X)(Mu)(N).

Equipping 0X with a volume density, and taking its product with \d?x\ to define a b-
density on [0,00) x 0X, Plancherel’s Theorem gives an isomorphism

M: 2H2([0,00) x 0X) = L2({Im X = —a}; L2(0X)).

Upon defining higher order b-Sobolev spaces via testing with dilation-invariant vector fields,
i.e. with zd, and z-independent vector fields on 0X, this extends to an isomorphism

M: 2 H{([0,00) x X) = L*({ImA = —a}; H}y, (9X)) (2.5)

for s € Ny, where we introduced the large parameter Sobolev space Hf»(@X). As a set, the
space Hp\, (0X) is equal to H?*(0X), but its norm depends on A: if Vi,...,Vy € V(0X) is
a collection of vector fields on X which spans V(0X), we set

[l o= 32 VR, Vies )l o

aENéV'H
lof<s

Via interpolation and duality, one can extend the isomorphism (2.5) to s € R.

We also recall the action of the Mellin-transform on conormal or polyhomogeneous dis-
tributions; see [Maz91, §2A] for an overview, and [Mel96, §4] for a detailed account. To
wit, if u € A%([0,00), x H) is supported in z < gy € (0,00), then (Mu)()) is holomorphic
in Im A > —a, and for any € > 0 we have the Paley—Wiener type bound

[(Mu)(Nllen gy < CNyexém)KRe AN, NeN, ImA> —a+e.

Conversely, if Mu satisfies these bounds, then u is supported in z < zg, and u € A%~ € for
all € > 0.

When € is an index set and u € Aghg([(), o0), x H), with z < x on supp u, then (Mu)(\)
is meromorphic in A € C with values in C*°(H), with poles of order < k41 at A = —iz for
(z,k) € &; and the above Paley—~Wiener type bound holds for any Im A > —C for sufficiently
large |Re A| (depending on £ and C). Conversely, if Mu satisfies these conditions, then
u € .Af)hg (together with the support property).

2.4. Estimates for b- and 00-differential operators. In this paper, we only work
with differential operators L that have injective, surjective, or invertible (elliptic) principal
symbols o(L) in the appropriate sense; note that if o(L) is injective, resp. surjective, then
L*L, resp. LL* is elliptic, and therefore (approximate) left, resp. right inverses of L can
be constructed from (approximate) inverses of an appropriate elliptic operator. In the b-
setting, the (large) calculus of b-pseudodifferential operators [Mel93] is a very precise tool for
this purpose; one can similarly construct an equally useful algebra of 00-pseudodifferential
operators (which is rather similar to the scattering ps.d.o. algebra) for the (approximate)
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inversion of elliptic 00-differential operators. Here, in order to keep the paper more easily
accessible, we opt for a direct approach based on a bounded geometry perspective, cf.
[Shu92], and (for the 00-boundary symbol) on direct Fourier inversion.

We begin with the b-setting, and indeed work in a local coordinate chart X = [0,00); X
RZ‘l which we equip with the b-density |‘% dy|; we moreover define b-Sobolev spaces
via testing with the vector fields 0, and d,. For p € Z" ! and j € Z, we define the
diffeomorphism

®,;: D= (-2,2), x B(0,2), = D, := (27772,277%2) x B(p,2) C X,
D, i(w,2) = (2777% p+ 2).

Note that ®; ;((log2)x0;) = =0, and @3 ;(9y) = 0., so D, ; is a unit size cell for b-vector
fields. See Figure 2.1.

(2.6)

k

Dp,k q)p: w
O]
]

Y
FIGURE 2.1. Tllustration of the unit cells in the b-setting; see (2.6).

Fix a nonnegative function x € C°(D) so that x = 1 on [—1,1] x {|z| < 1}, and put
Xp.j = (®p.;)X; then the sum of all x,;, p € Z"1, j € Z, is locally finite and everywhere
positive, and there exists some number J € N so that the intersection of supp X, ; for more
than J pairwise distinct pairs (p, j) € Z"~! x Z is empty.

Lemma 2.3 (b-Sobolev norms). Let s,a € R. Then we have an equivalence of norms

2 25 2
lulFpeo ey~ D 27095 5 (pg ) 1 sy
pEZ"_l
JEZL

in the sense that there exists a constant C > 1 only depending on s, so that the left hand
side is bounded by C' times the right hand side and vice versa.
Proof. Since z/277 € [%,4] on Dy ;, we only need to consider the case o = 0. By in-
terpolation and duality, it moreover suffices to show, for s € Ny, the boundedness of the
maps

[1]

P HE(X) — (2" x Z; H5(R™)), w = (5 5 (XpW) (p.g)ezn—1 %2

I X ZLHARY) - HY(X),  (vpg) = Y (Rp ) (Xpy)-
(p,j)EZ"1XZ

(1]

(For s = 0, the map Z' is the adjoint of Z.) The boundedness of Z is equivalent to the

estimate ) ||Xp’ju||%ng S ||u”%1g; this is clear for s = 0, and follows for s € N by induction,

noting that the pullbacks of [20,, xp ;] and [0y, X;,;] along @, ; are uniformly bounded in
C>°(R™). The boundedness of =’ follows for s = 0 from the Cauchy—Schwarz inequality,
using the finite intersection property of supp((®p,;)«X) = supp xp,j; for s € N, one uses
induction. O
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Corollary 2.4 (b-Sobolev embedding). On an n-dimensional compact manifold X with
boundary, equipped with a smooth positive b-density, we have Hy*(X) < p*L>®(X) for
s > &, where p € C>°(X) is a boundary defining function. More generally, Hy“(X) —
p*CE(X) for s > 2 + k, where CE(X) denotes the space of C*-functions on X° all of whose
b-derivatives of order up to k are bounded. Finally, H =% (X) — A%(X).

Proof. This follows from Lemma 2.3 and Sobolev embedding on R". (]

As a consequence of elliptic regularity on bounded subsets of R™, we obtain:

Lemma 2.5 (Elliptic b-estimate). Let L € p~PDifff(X). Let x1, x2 € C(X), with xo = 1
near supp x1, and with p°L having an elliptic principal symbol near supp x2. Then for all
s, 80 € R, there exists a constant C' so that

Ixaaull e x) < C<||X2LUHH§%WB(X) + HX2U||H§0’°‘(X)>- (2.7)

This holds in the strong sense that if the right hand side is finite, then so is the left hand
side and the estimate holds.

Via a partition of unity argument, we also obtain the estimate (2.7) for elliptic b-
differential operators on manifolds.

Proof of Lemma 2.5. We can reduce to the case « = 5 = 0. Then, for x € C>°(D) identically
1 near supp x, the pullback x®; ;L € Diff*(D) is uniformly bounded and uniformly elliptic

on ¥ (1). Thus, for sp < s — 1, we have a uniform bound

*

HCI);,]'(XPJXlu)HHS(]R“) = HX‘I’p,j(Xlu)HHS(Rn)
< C(I%®) 5 (Lxaw) ey + 8@, 0c1) oo ey )
< C (1K@}, 00 L) sy + 185, 0020 -1y )

which gives (2.7) for sp = s — 1. Iterating this estimate on the error term (upon enlarging
the supports of the cutoffs) finitely many times gives (2.7) in general. O

Consider now the case L € Diﬁ'ﬁ(X ). Even when X is compact and one takes x1 = x2 = 1
in (2.7), the error term is not relatively compact (i.e. the inclusion Hy“(X) — H;”*(X)
fails to be a compact map); in fact, the Fredholm property of elliptic b-operators requires
the invertibility of its normal operator [Mel93, §5.17]. Note then that when L € Difff(X) is
elliptic, the Mellin-transformed normal operator family N (L, \) € Diff*(9X), regarded as
an operator with large parameter Re ), is elliptic when |Im A| is bounded by an arbitrary
but fixed constant C7, as follows from the explicit expression (2.1) and the fact that the
contributions from Im A (when writing A = Re A 4+ iIm \) are subprincipal. A parametrix
Q(A) for N(L, ) can then be constructed within the class of pseudodifferential operators
with large parameter [Shu87], and as such, Q(A) has order —k; it has the property that
Q(A) o N(L,\) = I + R(\) where R()) is residual, in the sense that the Schwartz kernel
of R()) is smooth and rapidly vanishing as |Re A\| = oo, [Im A| < C;. Thus, I + R(\) is
invertible for large | Re A|, with inverse on L?(0X) given by a convergent Neumann series
whose limit is again of the form I + R(\) where R()) is residual; therefore, N(L,\)~! =
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(I+R(\)Q(N) is, for large | Re A| (depending on the bound |Im A| < C}) a large parameter
ps.d.o. of order —k. As such, it is uniformly bounded as a map

N(L, A~ Hy (0X) — Hfsk@X)

between large parameter Sobolev spaces (see §2.3). The Fredholm property of an elliptic
operator L as a map L: Hy“(X) — Hi_k’a(X) is equivalent to the invertibility of N(L, \)
for all A € C with Im A\ = —a. See [Vasl8, §6] for details. (A particular instance of this is
given in the proof of Lemma 4.9 below.)

We now turn to the 00-setting on X = [0,00), x R}~'. The unit cells being of size

~ 22 in the z- and y-directions at a point (z,y) € X°, we now define, for p € Z"! and
3 < j €N, the diffeomorphism'?

o 1 1 p 2
B D= (2,20 x B0.2): 5 Do = (55.75), % B33 7).

J
by0) = (. 252) -
D,J ) - ]+wa j2 )

where D = (—2,2),, x B(0,2), as before. See Figure 2.2 for an illustration. The inverse
map is (z,y) — (% — j,j%y — p); thus, the 00-vector fields 229, and z28, pull back to the
uniformly bounded vector fields —0,, and (j%w)%?z on D. Fixing x € C°(D), with x =1
on [—1,1] x {|z| < 1}, the pushforwards x, ; = (®p;)«x have similar properties as above:
their sum is locally finite and everywhere positive for x < %, and the intersections of more
than a suitable fixed number J € N of supports are empty.

X

Q:V

FIGURE 2.2. Illustration of the unit cells in the 00-setting, cf. (2.8).

The restriction to z < % above is due to the fact that the scaling of the ‘natural’ 00-
vector fields 220, and 229, is artificial for > 1. For technical convenience, we thus fix
X0 € C°([0, 3)) to be identically 1 on [0, 1], and we fix p = p(z) so that p(z) = z for < 3,
p is increasing, and p(z) = 1 for = > 1; we then set

2 2 2
ol 15 0 = X027+ 1L = Xl
The analogue of Lemma 2.3 is then for s, a, 5 € R the norm equivalence
2 2 285 -2 * BTN
570 por g, ~ (L = Xo)tull s (e + Zl e 57N P 5 (Xp.iXow) s ey - (2.9)
pejZZS
The proof is analogous to that of Lemma 2.3. (Only supp(1 — xp) intersects more than J

of the supp x,,; nontrivially, which still allows for an application of the Cauchy-Schwarz
inequality in the proof of the boundedness of the analogue of the map denoted Z’ there.)

12ve repurpose the notation previously used in the b-setting.



22 PETER HINTZ

Corollary 2.6 (00-Sobolev embedding). On an n-dimensional compact manifold X with

boundary, equipped with a positive 00-density, we have Hgy(X) — L*(X) for s > 3.
Moreover, if B> 0, then e P/PHSS(X) < C®(X).

Proof. (Cf. the discussion before [Cor00, Theorem 4], and also [Del12, Corollary 4.3].) We
only prove the last statement. Note that Hg(X) < Cfy(X) for s > 2 + k, where Cf(X)
consists of all elements of C¥(X°) which are uniformly bounded upon application of up
to k 00-derivatives. Let u = e #/Pyugy with ug € Hgo(X). Suppose first that s > 5; then
u € e BPCH (X)) s e /PO (X) for all B < B. If s > 5 +1,and if V € V(X), then

Vu=p 2p*Ve Plryy = p=2ePlr (p2Vuo + %PV, eiﬁ/p]uo).

The terms in parentheses lie in Hg, ' (X), and thus Vu € p~2e /73, (X) — e P'/rCO(X).
Continuing in this manner, we conclude that e =%/ Hg, (X)) < e=#'/PC*(X) for 5 > 5 +k and
B < 3. This implies the Corollary upon letting s,k * oo, since e #'/PC®(X) — C>®(X)
for g/ > 0. O

The characterization (2.9) can be used to prove an analogue of Lemma 2.5 for 00-
differential operators I € Diff5,(X) which only need to be assumed to be elliptic in
the differential order sense, meaning that the image of “°0™(L) in the quotient space
(pm /P07 X) = P (OT*X) is elliptic. Thus,

Il 15,000 < C (XL =0 gt 0y + IX20l 10 3 )

Improving the error term—concretely, weakening the polynomial weight p® to po‘/ with
o/ < a—requires the ellipticity of the boundary principal symbol of L:

Proposition 2.7 (Elliptic 00-estimate near the boundary). Let X = [0,00) x R*! and
L € Difff (X). Let R > 0, and suppose that £ = c*(L) is elliptic at (0,y) € X when |y| <
R (i.e. £(0,y) € Pm(OOT(By)X) is elliptic and non-vanishing). Let x1,x2 € C([0, §)s X
B(0, R)), with xo2 =1 near supp x1. Then for all s, € R there exists a constant C so that

vl 0 < € (X0t ) + X203y ) ) (2.10)

This holds in the strong semse that if the right hand side is finite, then so is the left hand
side and the estimate holds.

Note that conjugation of L by an exponential weight may destroy ellipticity of the bound-
ary principal symbol; this is the reason for only using polynomially weighted spaces.
Proof of Proposition 2.7. Upon conjugating L by ™%
dition, it suffices to consider the case o = 0.

Let § € (0,5) and Ry < Ri < Ry < R. It suffices to prove (2.10) in the case that
Xj(z,y) = ¥j(z)w;(y), j = 1,2, where ¢; € C([0, j6)) is identically 1 on [0, (j — 3)d], and
w; € CP(B(0, Ry)) is identically 1 on B(0,R;_1). Fix moreover 3 of the same product
form, which is in between y1 and y2 in the sense that x3 = 1 near supp x1, and y2 = 1

near supp xs-.

, which preserves the ellipticity con-
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Writing 00-covectors as 5%2‘ + ni—g, the ellipticity of ¢(0,y;&,n) implies an estimate
1600, y;€,m)| > c(1 + |€] + |n|)* for some ¢ > 0. Set

q(z, y;:6,m) = x2(z, )0, y;:&,m) 7,

which is thus a symbol of order —k in (&,7). Let ¢ € C°((—1,1)) be identically 1 near 0.
We then define the oscillatory integral operator

(QF) (@) = (27)" //// ei[(m—x/)£+(y—y’)ﬁ]¢<x ;/x/>¢(|y ;/y’)
x q(a,y; 226, 2°0) (2, y) d€ dyda’ dy
e fff e o) ()

do’  dy
. / /
xq(@,y;8m)f (2, y) dEdn —5 —5e 5y

(2.11)

A few technical comments about this definition are in order. Firstly, the two cutoffs involv-
ing ¢ ensure that the Schwartz kernel of @, given by the inverse Fourier transform of ¢ (i.e.
dropping f and the (2’,y')-integration), is supported in 5 ~ 1 and |y — 3| < z,2’ (and
thus will be shown to preserve whatever weight the input f has on the scale of weighted 00-
Sobolev spaces). Carefully note moreover that the cutoffs do not localize (z,y) and (2, ")
in the same unit cells for 00-geometry, but rather in the same unit cells for 0-geometry:
they cut the Schwartz kernel off in the region where the Fourier transform of ¢ already
vanishes to infinite order in the limit = + 2/ \, 0.!3

We shall prove:

1QOc2 N, < Clixa Sl gazrs (2.12)
QL(x1uw) = xau+ Rxau, |[Rxaullmg, < Cllaxaullmg, = Clixaullz-1ag,-  (2.13)

Granted these estimates, we have yju = QL(x1u) — Rx1u = Q(x2Lx1u) — Rx1u; but since
X2Lx1u = x2Lu — x2[L, x1]u, with || x2[L, XﬂuHHgO_k < CHX?“”x—nggl? this gives (2.10).

In order to prove (2.12), consider a unit cell D), ; (see (2.8)) with nonempty intersection
with supp x2, and consider points (z,y) € Dp;. If (x,2’,y,y’) lies in the support of the

integrand of (2.11), then |%| € (3,2) and |y’ —y| € B(0, 42’), and therefore (z/,y') € Dy ;v
where

. . . .
ol = i"<Cuy, ' —pl <Gy (2.14)

13The definition (2.11), for a general symbol ¢ = q(z,y; 22, z?#) (with compact support in (z,y)) of
order k, is a quantization map Opg,(q) for 00-pseudodifferential operators of order k; adding to the space
of all such quantizations the space of residual operators—those having smooth Schwartz kernels on X x X
which vanish to infinite order at X x X and X x 0X —gives the full space ¥, (X). Starting from the
perspective of [MMS87], Schwartz kernels of elements of W§,(X) are conormal distributions on the ‘00-double
space’ X§y = [X§;0diag,], where X5 = [X?;0diagy] is the 0-double space, with diagy C X? the diagonal,
and diag, C X2 is the lift of diagy. These conormal distributions are required to vanish to infinite order
at all boundary hypersurfaces of X&, except the front face of X&,. From this perspective, the necessity of
localizing in the weak manner provided by the factors of ¢ is easily seen: the supports of the differentials
of these cutoffs are disjoint from the 00-front face (and indeed instead intersect the O-front face away from
the 00-front face and the left and right boundaries).
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for some constant C'; > 1 independent of p, j. Choosing the localization constant § > 0 in
the definition of xo small enough, we have j > 10C; and thus 7/ > 10. We shall now prove
the following estimate for the ‘matrix elements’ of Q:

@}, (Xp,jQ(fcp',j'f Wi SONAF =51+ =)@ 5o O g Nl sr - (2:15)

Here, X, j» = J where S = ) xp j» is positive on supp x2; the pullbacks @, .S, @;J-S_l,
and thus also <I>pJXp/,]/ are uniformly bounded in C*°(D), and Zp’,j’ Xp',j» = 1 on supp xa.

Once (2.15) is proved, summing over p’, j’ subject to (2.14) gives a square-integrable se-
quence in (p,j) provided || @7, ;/(Xp j/f)| s—+ is square-integrable; indeed, note that the
sum of (2.15) over p', j is of convolution type, and (1+ || +[p|) =" is summable for N > n.
(That is, we use the fact that ¢1 x fo C f2.) In view of (2.9), this establishes (2.12) upon
using xof instead of f in (2.15).

For the proof of (2.15) then, consider first the case (p/,j') = (p,j). Inserting (z,y) =
P, j(w, z) and (2',y") = @, j/(w, 2) in (2.11), the operator x, jQX, ;7 becomes an operator
on R™ with Schwartz kernel

en [ e (G =+ G et )

dw’ dz’
x x(w, 2)q(®, i (w, 2); €, Xpj) (W', 2')déd - - )
(w, 2)q(Pp,;( ); §m(®, D.Jj P 77‘ (G +w)/(G—w)2 (/G + w))2—D
where ¢ is the product of the two ¢ factors in (2.11). Changing variables to m and

m gives a pseudodifferential operator on R™ which obeys uniform (in p,j) bounds

as a map Hs_k(]R?w,’Z,)) — HS(R?W Z))

Consider next the case that the supports of Xp j and Xp',j are disjoint; in this case, we
Xr— fE

can integrate by parts in (2.11) using that |(*~, ¥ )| 2(2=gf y_y/) -V (¢,n) preserves the

x2 0 2

exponential, and using that V(¢ ) reduces the symbolic order of ¢ by 1. The operator

Xp.j@Xp ;7 thus has a smooth Schwartz kernel which is rapidly decaying as |(*3~, Y )| —
00, which upon passing to (w, z, w’, 2")-coordinates as above implies the bound (2.15) (where
one can in fact replace the Sobolev orders on both sides by arbitrary but fixed numbers).

Finally, for those (p/, j') for which x, ; and x,s j have intersecting supports—recall that
the number of such (p/, j') is bounded independently of (p, j)—we can split X, j in (2.15)

into Xp’,jlxgj + Xpr (1 — ng), where Xfm’ = @;Jxﬁ with x* € C°(D) identically 1 near
supp X. In the first summand, we pass to ®, j-coordinates for both z,y and 2/, y, obtaining
a ps.d.o. on R™ as before; the second summand gives a smoothing operator using the
above integration by parts argument, and (2.15) holds (with |j — j/| and |p — p’| bounded
independently of (p, j) for the values of (p',j') we are currently considering). This finishes

the proof of (2.15), and thus of (2.12).

We next turn to the proof of (2.13). Plugging f = L(xiu) into (2.11), with L (in primed
coordinates) a sum of terms a(2’,y') (22D, ) (2/2Dy)%, we integrate by parts in (z/,y/).
When —D, 2’2 = ix'20, + 2ix’ falls on the exponentlal we obtain a factor of

/\ 2 o/

() € +2ia’ = ¢ - - (a+ )6 +2ia'.

We regard the first term as the main term; it has the same symbol as z2D,. Note that the
third summand has a factor of z’; and in the second summand, we can rewrite 3~ as the
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D¢-derivative of the exponential followed by integration by parts in &, with the {-derivative
of ¢ dropping one symbolic order. Another possibility is that —z'2D,, falls on one of the
cutoffs ¢ in (2.11), resulting in a term with an extra factor of 2’ and a differentiated cutoff

e — . . . .
=, Iyxly |) = 0. Derivatives along —Dy/x’2 are rewritten in

which is thus equal to 0 near (
a similar manner.

Altogether then, QL(xju) is the sum of three types of terms: one term which is a
quantization as in (2.11) with symbol q(z,y; &, n)l(x,y; €, 1) = x2(z,y) +ar(x, y; £, n) where
r is a symbol of order 0; secondly, terms with undifferentiated cutoffs ¢, with symbolic order
0, but with extra factors of x or 2’; and thirdly, terms in which at least one of the cutoffs
¢ is differentiated at least once. It then suffices to note that the quantization of xr as
well as terms of the second type are bounded from x_ngo — Hfy (as follows from the
mapping properties we showed above for ()—which did not rely on the specific form of
Q). Moreover, terms of the third type, due to the localization away from the diagonal, are
bounded between any two polynomially weighted 00-Sobolev spaces; for present purposes,
it suffices to note the weaker statement that upon performing one integration by parts in
the momentum variables, one obtains an operator which is a 00-quantization (with slightly

enlarged cutoffs ¢) whose symbol gains a power of |(z;§/, 3”;22”,)|*1 = x\(‘”_Tz/, y_Tyl)Fl, and

thus a power of z since \(’”—Tx/, y%y)] is bounded from below by a positive constant on
supp d(¢(255) (1), .

Ezample 2.8 (Exterior derivative). Slightly modifying Example 2.2, let Q& C R" be a

bounded domain with smooth boundary, and let p € C*°(€2) be a boundary defining func-
tion. For 8 € R, we consider

L= e Plrp2deble e Diffl (O R, T*R™),

with principal symbol ®ct(L)(z,¢) = ip?¢ — Bdp: R — TIR"™ where ¢ € °T*Q; recall
also that p?: 907T*Q — T%R" is an isomorphism). For 8 # 0, this is injective. Taking
adjoints with respect to the standard volume density and fiber inner products on R", we
have L* = B/, p2e=P/P where 6, is the (negative) divergence on 1-forms. The operator
L*L € Diff2,(Q) has an elliptic principal symbol (both at fiber infinity and at 8Q). The
elliptic estimates proved above therefore give

el gy @y < € (1L Lull o @y + Nl @) ) (2.16)

Note then that the inclusion Hgo(Q) — 2~ Hi; ' (Q) is compact; and any u € Hg, with
L*Lu = 0 automatically lies in p> HS5(€2), and therefore (via pairing with u and integrating
by parts) satisfies Lu = 0, so u = ceP/P for some constant ¢ € C. For 8 > 0, we have
e~A/r € HE, indeed, and we conclude that L*L: Hg,(Q) — Hiy () has closed range with 1-
dimensional kernel and cokernel spanned by e /7. Let now f € C2°(Q) with [ f(z)dz = 0;
then /P f € ran L*L, so there exists u € HSS(Q) with L*(Lu) = €%/? f, or equivalently

dew = f, w = pPe PP p2 d(ePPu) € e PP HES (Q) € C(Q),

where we used Corollary 2.6. Thus, we have solved the divergence equation with control
on the support w.



26 PETER HINTZ
3. GEOMETRY AND ANALYSIS ON THE TOTAL GLUING SPACE

We now turn to the gluing problem in earnest. Fix an n-dimensional manifold X (without
boundary) and a point p € X; here n > 3. We then consider a fibration

X-X' —10,1)
together with a choice of identification of the fiber over 0 with X. For the purpose of doing

analysis, it is convenient to immediately fix an identification of the other fibers with X as
well; that is, we fix a trivialization

X' '=10,1) x X.
We denote the coordinate in the first factor by e.

Definition 3.1 (Total gluing space; tangent bundle). In the above notation, we define

X o= [X3{0} x {p}]

as the real blow-up of X’ at the point p € X in the fiber over ¢ = 0; we write E: XX
for the blow-down map. We write

X=p{0,p}, Xo=p"c"(0)
for the front face and the side face (the lift of the original boundary), respectively; the
restriction of  to X, is denoted Bo: Xo — X. For € € (0,1) we define the level set

Xezz{e}xXC)N(,

which we also regard as a submanifold of X’. We moreover denote by TX' — X' the
vertical tangent bundle, i.e. the bundle of tangent vectors which are tangent to the fibers,
and by TX — X the pullback of TX"’ along . We write V(X) :=C®(X;TX).

We denote by p and p, € C°°()~( ) defining functions of X and Xo, respectively; when
working in subsets of X, we use the same notation for local defining functions (i.e. defining
functions of X and X, inside the submanifold).

Concretely, in local coordinates z = (z!,...,2") € R" on X, valid for |z| < r¢ and with
p given by x = 0, a neighborhood of X C X is covered by the two coordinate charts
(e, 2), po=r for e >0, |&) <1,
€
€

(D5 po,w), p = x|, po:= ﬂ? W::%Egn_l for p>0,0<ps S 1.
x x
We shall see in Lemma 3.2(2) below that Z is a linear coordinate on the interior X° 2 T,X
of X. See Figure 3.1.

For any € € (0,1), we have X, = X via (¢,p) — p, and T)? X = T)? X' =TX.Ine>0
then, elements V € V(X) are smooth families (in €) of smooth vector fields V| %, on X=X
which become singular in a specific fashion as € ™, 0: in local coordinates x on X, they are
linear combinations of d,: (i = 1,...,n) with coefficients which are smooth functions on X,

i.e. smooth functions of (€, ), resp. (p, po,w). (Away from X, the notions of smoothness
on X and X' agree since X \ X = X'\ {(0,p)}.)
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FIGURE 3.1. Illustration of X and local coordinates (e, #) near X° and
(po, pyw) near X N X, (with w not shown for artistic reasons).

Lemma 3.2 (Basic properties of X). (1) We have Tx,X = BX(TX). For all g € X,
we have qu( =T,X.
(2) We have X TPX, with the isomorphism given by continuous extension of T, X >
V = limgo(s,7(s)) where v is a curve in X with v(0) = p and v'(0) = V. In
particular, Xo o T, X is a vector space.
(3) Let ¢ € X°. Then the map assigning to V & :Fq)i‘ the restriction (dN/)|q, where

V € V(X) satisfies V(q) =V, defines an isomorphism fq)? =N TqX which extends
to an isomorphism TX)NC =y s X,
(4) We have V(X) < p~ 'V (X).

Proof. The first part follows directly from the definitions. For the second part, write V =
V9, in local coordinates centered at p; then v(s) = (sV1,...,sV™) +O(s?), and therefore
s+ (8,7(s)) in (e, #)-coordinates is given by s > (e,2) = (s,(V1,..., V™) + O(s)). This
establishes an isomorphism 7, X = Xe. Passing to inverse polar coordinates (pp,wr) :=
(VY V™), (VYL V™) and (pe, w), po = | &Y, near T, X and 8X, respectively,
this map is given by (pr,wr) — (po,w) = (pr,wr) and thus extends to a diffeomorphism
as claimed.

In part (3), one assigns to V!0, = ¢ 1V?0;: the tangent vector V:0;:. It then remains
to note that 0;: is a frame of scTX. Part (4) finally follows from the above away from the
corner X, N X of X; near the corner on the other hand, note that V = |z]0,: = p0,: is
a smooth b-vector field on X,, thus its lift to X is a linear combination of PO, PoOpys Ou
with C*°([0,1); x Sl !)-coefficients. Therefore, 9,: = p~'V € /W (X), as claimed. [

Definition 3.3 (Scaling). For p, ¢ € Ny, we write s: Tvp’qf( — fp’q)N( for multiplication by
€97P. By an abuse of notation, we denote the direct sum of several such maps (for various
values of (p,q)) by s as well. We write §: S°TP4X — T X for the restriction of s to X

The map § is well-defined and indeed a bundle isomorphism by Lemma 3.2(3). For
example, s is division by € on tangent vectors (mapping 0z +— O in the above local
coordinates), and multiplication by €? on symmetric 2-tensors (mapping dz* dz/ + dz’ dz?).

When relating objects (such as functions or differential operators) on X to their re-

strictions to X or X,, the following geometric result will be useful; we work with local

coordinates # € R" on X near p, and with & = £.
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Lemma 3.4 (Relationships between parameterized spaces). The identity map on X/ lifts
to a diffeomorphism

(X510, 1) x {p}] = [0, 1) x Xo: {0} x 0X],
and also, near {0} x {p}, to a diffeomorphism
X N {jz| <ro} = [[0,1) x X;{0} x dX] N {e|#] < ro}. (3.1)

Proof. This can be checked directly by covering the spaces on both sides with coordinate
charts and writing down the identity map on X’ with respect to those; see Figure 3.2 for the
diffeomorphism (3.1). Alternatively, the first diffecomorphism arises from the commutation
result [Mel96, Proposition 5.8] for iterated blow-ups, which gives

[X5[0,1) x {p}] = [[0,1) x X;{0} x {p};[0,1) x {p}]
= [[0,1) x X;10,1) x {p}; {0} x {p}]
[[0,1) x [X; {p}]; {0} x 0Xo],

where we used in the last line that the lift of {0} x {p} to [0,1) x [X;{p}] =[0,1) x X, is
{0} x 9Xo. O

a8

5m{|z|<7ﬁ;

1

|z| = 7o

F1GURE 3.2. The diffeomorphism (3.1) in local coordinates. Matching co-
ordinates are indicated with matching colors.

Let now B

X Xo € C(X) (3-2)
be identically 1 near, and supported in, a small collar neighborhood of X and X, re-
spectively. Then via Lemma 3.4, we can extend any given function f € C*>°(X,) to an
e-independent function on [0,1) x X,, lift it to the resolution, and upon localizing with
Xo finally define x.f as a smooth function on X (given that supp . is disjoint from the
lift of x = 0), with support near X,; similarly for the extension of functions from X. In
the same manner, a differential operator such as a(x)Dg on X, resp. a(z)D§ on X, lifts
upon localization to a differential operator yoa(x)D?, resp. Ya(z/€)(eDy)® on X (using
coordinates € > 0 and = € R").

3.1. Analysis on the total gluing space. As we shall see in §4.3, the degeneration
of the linearized constraints maps associated with a metric and second fundamental form
which are (weighted) sections of S?7*X can be captured precisely using the terminology
of g-analysis, which was introduced in [Hin21b, §2.1] as a close relative of the analytic
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surgery calculus of McDonald [McD90] and Mazzeo—Melrose [MM95]. Using the notation
of Definition 3.1, we recall the Lie algebra of g-vector fields

Vo(X) = {V € Vo (X): Ve =0},

and the associated space Diffgl()? ) of m-th order g-differential operators; thus, elements

of Vy(X) are families of vector fields on X which depend smoothly on e € (0,1) and
degenerate in a specific manner as € \, 0. The restriction of g-vector fields to the boundary
hypersurfaces of X induces surjective normal operator maps

Ng:Vo(X) = W(X),  Nx,: Vo(X) = W(Xo), (3.3)

with kernels ﬁVq()N( ) and pqu()N( ), respectively. These extend multiplicatively to normal
operator homomorphisms

Ny : Diffy(X; E) — Diffy,(X; E|¢),  Nx,: Diffq(X; E) — Diffy,(Xo; E|x,),

when E — X is a vector bundle. We remark that if E = TP9X and A € Diﬂ'q()N(; E), then
§71oNg(A)os, resp. Nx,(A) is an element of Diffy (X ;5P X), resp. Diffy, (Xo; Bsz’q)f);
cf. Lemma 3.2(1), (3). We furthermore note that Lemma 3.2(4) gives B*V(X) < p~1Vq(X),
where on the left we regard vector fields on X as e-independent vector fields on X'

In local coordinates z € R" on X, with z = 0 at p, we can take p = (2 + |z[)V/? = e(&)
where 2 = %, and the space V(X X) is then spanned over C*°(X) by the vector fields

P05 = ()04 (J=1,...,n), (3.4)

whose X-, resp. X,-normal operators are given by (£)d;; (cf. Lemma 3.2(3)), resp. |x|8,,.
(This can be used to prove the stated properties of the maps (3.3).) The vector fields (3.4)
form a frame of the g-tangent bundle aTX — X the smooth sections of which are exactly
the g-vector fields. The principal symbol of A € leflq"’( ) is then an element

0¥ (A) € Bl (“T*X),
defined analogously to the b-principal symbol in §2.1.
Turning to function spaces, suppose that X is compact without boundary, and X =
[[0,1) x X;{0} x {p}] as usual. Fix a smooth positive g-density p on X, which in local

coordinates as above is thus a smooth positive multiple of (2 + |z|2)~™/2|dz| = (&)~"|d|.
For e € (0,1), we then define H] (X) as the L*-space on X with respect to the smooth

density p|g on X, = X. Fixing moreover a collection {Vi,...,Vy} C vq()? ) of g-vector
fields which spans vq()?) over C°(X), we define for s € Ny and € € (0,1)

lull 7z (x = > Vi Ww)® ullfo x)- (3.5)

aENéV
la|<s

This is equivalent to the norm on H*(X) for any fixed ¢ > 0, but not uniformly equivalent
when € N\, 0. Thus, we define Hj (X) = H*(X) with the norm (3.5). Via interpolation
and duality, we can define HJ (X) as a Hilbert space for s € R; we shall also consider
weighted versions jp2 Hi (X ), where o, 3 € R. Any fixed element A € Diff (X X) defines
a uniformly (in €) bounded linear map Hg (X) — Hg ™ (X), similarly for weighted spaces.
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In a collar neighborhood of X , resp. X,, we can relate g-Sobolev spaces to b-Sobolev
spaces (defined with respect to positive smooth b-densities on X and X,); to wit, in terms
of the maps

(e, &) := (e, €2), ieX°=R",
Po(€,2) := (€, 2), z € (Xo)” =X\ {p},

and recalling the cutoffs x, xo from (3.2), we have uniform (in € € (0, 1)) norm equivalences

(3.6)

||>2u||ﬁap§H§€(X) ~ e_aHgb*()A(u)pr*aHg(X)a
’ —B| A* (3~7)
onuHﬁanggye(X) ~ € "¢0(X0u)”ﬁa—ﬁH§(Xo)7

i.e. the left hand side is bounded by a constant (independent of € and u) times the right hand
side, and vice versa. See [Hin21b, Proposition 2.13] for a pseudodifferential proof (though
using differently weighted densities); alternatively, for s € Ny, the equivalences (3.7) follow
from the fact that lifts of b-vector fields on X, resp. Xo, span the space of g-vector fields
near supp X, resp. supp Xo, cf. the local coordinate descriptions above. For general s one
then uses interpolation and duality. We can combine the two equivalences in (3.7) to the
equivalence

HuHﬁaPEHé,e(X) ~ 670&”‘&(2“)”,;5‘“1{@(}3) + 676H¢§((1 - X)U)Hﬁa—ﬁHg(Xo) (3'8)

upon (as we may) choosing x, xo such that x, = 1 on supp(1—x). (In the second term, the
power of p is arbitrary since 1 — x = 0 near p = 0. One has an analogous norm equivalence
upon replacing x, 1 — X by 1 — xo, Xo, respectively; in this case the power of p, in the
first term is arbitrary.) To each of the two summands, the analysis of §2.4 applies; thus
we obtain a bounded geometry perspective on g-analysis. This immediately gives (elliptic)
estimates for g-differential operators using the arguments in §2.4.

4. THE CONSTRAINTS MAP AND ITS LINEARIZATION

Let A € R. We fix an n-dimensional manifold X, n > 3, and define, for a C?> Riemannian
metric v and a C! symmetric 2-tensor k on X, the tensor

P(y,k;A) == (Pu(y, k; A), Py(y,k))
= (Ry — [kI2 + (try k)? — 2A, 6,k + d(try k) € CO(X; R T*X),

where R = X x R — X is the trivial bundle. The operator P is called the constraints map,
and the constraint equations (1.1) read P(vy,k;A) = 0.

(4.1)

Lemma 4.1 (Linearized constraints map). The linearization of P around (v,k), defined
by
d
L’y,k(hﬂ Q) = D(’y,k)P(hv q; A) = &P(’Y + Sh7 k + 54, A)’8:07
takes the block form

I, = ( A tr, +5767+<—1Ric(7)+2k o k—2(tr, kzk -) —2(k, —)+2(try k) tm)
v (VEk, =)23—(Vk, =)12—5(k, V(=))12—(k, (05 +5d try) ()1 Oy+d try
(4.2)
where we write Ao B (for A, B sections of T*X @ T*X ) for the section of T*X @ T*X given
by (Ao B)ij = AyB*;; moreover, for tensors T € (T*X)P and S € (T*X)? with p < q, and
for1<iy <...<iy, <q, wewrite (T, S)i..i, = (S, T)i,..;, € (T*X)9P for the contraction
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of the (i1, ...,ip)-components of S with T'. All inner products and covariant derivatives are
with respect to v, and we write (Vk)ijo = kijo. Finally, Ay = —tr, V2. The adjoint is
I, = <7A7+5:d+(—Ric(7)+2k: o k—2(tr, k)k)
v —2k+2y(try k)
0340y
Proof. For the formula for L. i, see [FM73] (which uses the momentum tensor = = (tr k)y—
k instead of k), or [CD03, Equation (2.2)] (where the opposite sign convention for the

Laplacian is used). The expression for the adjoint follows from a short calculation. ([

As observed in [CDO03], L, j is a Douglis-Nirenberg system of operators [DN55], with

(Lyx)ij € DIff5 ™% 4y =0, b =0, s1=2, s2=1, (4.3)
and thus (L7 ;)i; € Diff¥i*%; and indeed
Diff> Diff" Diff? Diff? . Diff? Diff!
Loy € <Diff1 Diﬁ1> < <Diffl pi! ) D€ pigo pigt ) (44

At £ € T; X, the principal symbol of L. j, which is a map SPTIXeTiX - ReT;X in
the Douglis—Nirenberg sense, is

_ (851 try = gt 0
G(L%k)(x,é)—< K [..7.] —ibgu—l—z’gtm)’

where ¢¢; is the contraction with & = ~71(¢, ), and we do not write out the off-diagonal
term explicitly. The principal symbol of the adjoint is

* Ne2 s — @ ¢ -]
o ,y,kxx,&):( 0 zf@s(—)—z‘w)'

An important feature of the order convention (4.3) (specifically, the fact that all ¢; are
equal) is that the Douglis—Nirenberg principal symbol of

. Diff* Diff? .
Lokl r € <Diff3 Diff2> = (Diff* ) jo1 2, (4.6)

(4.5)

i.e. the matrix of principal symbols, is equal to the product O‘(L%k)O'(Li’ i) The following
result thus shows that (4.6) is elliptic:

Lemma 4.2 (Left ellipticity of the adjoint). For & € T X \ o, the linear map
o(L: 1 )(2,8): RO T;X - S*TiX o Th X
18 injective.
Proof. This is proved in [CD03, Lemma 2.3]: if (f*,7%) € R @ T} X lies in the kernel of
G(L;k)(x,g), then £ ®4 7 — (£, 7*) = 0, so upon taking traces (1 —n)(£, 7*) = 0; this then

gives £ ®, j* = 0, and therefore j* = 0. Moreover, the fact that 'y|§],2y_1 —£E®& # 0 for

¢ # 0 (this being the difference of a rank n and a rank 1 operator, which thus has rank
>n—1>0) forces f*=0. O
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Lemma 4.3 (Prolongation of L ;). Fiz a Riemannian metric v € C3(X;S*T*X) and
a symmetric 2-tensor k € CY(X;T*X). Let a:[0,1] — X be a C? path. Then there
exists a C° bundle endomorphism F on (RO T*X) @ (T*X & (T*X @ T*X)) @ (S*’T*X @
(S*T*X & (T*X ® S*T*X))) )la(o,1)) with the following property: for all f* € C*(X) and
j* € C3(X;T*X), and writing (h*,q*) = L (f*,5%) € COX; S?°T*X )@ CO(X; S*T*X), the
tensor Z(t) := (f*,Vf*, 55, Vj*)|aw satisfies the ODE

DZ ok
In particular, if Z(0) = 0 and if h*, q*, Vq* vanish on «([0,1]), then Z(t) =0 fort € [0, 1].
_ Similarly, increasing the regularity requirements on vy, k,a by one order, the tensor
Z(t) == (f*,Vf*,VQf*,j*,Vj*)]a satisfies an ODE of the form

D2 B2 9k 4 )

Proof. This is an extension of analogous results for the adjoint of the linearization of the
scalar curvature operator (see [Cor00, Proposition 2.3 and Corollary 2.4], following [FMT75,
Proof of Theorem 1], i.e. the special case k = 0, j* = 0, to the adjoint of the full lin-
earize@ constraints map. We give an ad hoc argument, inspired by the setup of [Dell2];
see [BCEGOG6] for a systematic approach for general systems of overdetermined (semi)linear
equations.

Let us write the (i,j) entry of L , as Lj;. First, note that yAy 4+ 63d = (1 — ytr,) V2 =
(1 — 225 try)"'V2 The equation Lj; f* = h* — Lj,j* thus implies, upon applying (1 —
—I+ try) to both sides and putting the terms arising from (—Ric(y) 4 2k o k — 2(tr, k)k) f*
(the coefficient of f* lying in C°) on the right hand side, an equation

VA= R(f 57, V5 R,
where Fj is linear and only depends on <, k; note here that LJ, is a first order operator
(with C° coefficients) acting on j*.

Consider next the equation L3,j* = ¢* — L3, f*, and note that L3, is an operator of order
zero (i.e. a bundle map) and of class C!. Since L3, = 05 + 76y = (1 — ytry)dy, this can be
written in the form

263" =2(1- —

1 tI‘7> (q* - slf*) = FZ(f*vq*)a

with F of class C'. We now claim that we can express V2j* in terms of j*, f*, ¢* (through
Ey(f*,q*)), and Vf* Vg*. To this end, let t € [0,1] and take V,W,Y to be coordinate
vector fields in normal coordinates on X centered at «(t); thus, V,W,Y are C'. We then
compute at «(t):

(VvVwi*Y) = V(VW >
=V(2(857 — (W, Vyj"))
V(Fy( f q) )) —(VyVyj", W)
—(VyVyjs* 7W> (Vy, Vv]i* W) + V(B (f*, ¢")(W,Y)).

The second and third terms are lower order terms in the following sense: the second sum-
mand on the right can be written in terms of the Riemann curvature tensor of v and is
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thus tensorial in j*; the third term only involves up to first derivatives of f* ¢*. We can
then repeat the same procedure for the first term, which is thus equal to (VyVyj*, V)
modulo lower order terms, and this in turn is equal to —(Vy V7%, Y) modulo lower or-
der terms. Rearranging the resulting equation (VyVyj*,Y) = —(Vy Vi j*,Y) + (Lo.t)
expresses ((V25*)(V,W),Y) in terms of j*, f*, ¢*, Vf*, Vq¢*, as claimed.

In summary, we now have a closed system

Vi =R 55 VR, VR = RV 05 V), (4.7)

so a fortiori (V2f*,V2j*) = F(f*,Vf*,j* Vj* h*,¢*,Vq*), with F only depending on
7, 07,0%y,k, 0k (and «). Since

&(f J ) = (Vf ’V] )(a/(t))’ a(vf ,VJ ) :F(f ,Vf ) ,VJ 7h’ ) 7vq )(a,(t))u
this implies the first part of the Lemma.

The final statement follows by taking the covariant derivative of the first equation in (4.7);
this expresses V3 f* in terms of f*, Vf*, j*, Vj*, V25*, Vh*, with ~V2j’" itself expressable via
the second equation in (4.7). This implies the desired ODE for Z(t). O

In preparation for the analysis of P on the total gluing space X , we develop some
preliminary material on the (linearized) constraint equations on the two model spaces X
and X, in §4.1 and §4.2, respectively. In §4.3, we study P, its linearization, and its model
operators on X.

4.1. Asymptotically flat initial data. Let'* K C R™ be compact (possibly empty),
smoothly bounded, and having connected complement; set

X :=R"\ K°.
All tensors and coefficients below will be required to be smooth down to oK c X; polyho-
mogeneity, or b- or scattering behavior, always refer to behavior at 9R™ C X. For example,
we write *T'X = *T¢R". We write T = (#',...,2") for the standard coordinates on R",

and let # = |#]. Let po € C>°(X) denote a function which equals po =771 for # > 1.

Definition 4.4 (Asymptotic flatness). Let £ C C x Ny be a nonlinearly closed index set
with Re £ > 0. We then call a pair (%, k) of symmetric 2-tensors on R\ K° £-asymptotically
at if
ﬂ A ~ E % -0, Q2 scr* v 7 E+1/ v -0, Q2 scrk v
F =€ A (X \ K% 857%™ X), ke Ajpe (X \ K% S T X),
where ¢ = Z?Zl(d.fcj )? is the Euclidean metric.

In particular, 4 = é+O(#7¢) and k = O(7717¢) for any € < Re & as # — oo. Since nothing
is required of the index set £ except for Re £ > 0, the data (¥, I%), apart from having strong
regularity near infinity, may have rather weak decay. A more common notion of asymptotic
flatness requires O(#79) decay for 4 —¢ (and up to 2 b-derivatives thereof), O(#791) decay
for k (and its first b-derivative), and O(77%) decay for the mass and current densities
P1(4, k;0) and Py(%, k), where ¢ > %‘2 and ¢ > n, cf. [Car21, Definition B.7]; this ensures
the finiteness of the ADM mass and momentum. See also Remark 5.3.

1 The somewhat cumbersome notation involving hats and circles is used here for the sake of consistency
with later sections.
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We furthermore remark that whether or not (¥, 12:) satisfies the constraint equations is

immaterial for the results in this section. (By Lemma 4.6(1) below, (¥,k) can satisfy the
constraint equations only for A = 0.)

Definition 4.5 (Weights). We define
-2 R N N
W= <p5 p(_)1> € C™ (X% End(S**T*X & S*5T* X)),

and similarly @ = diag(p; 2, p5') on [0, 00)p, X S"7 L=R"\ {0}.

O

Lemma 4.6 (Constraints map in the asymptotically flat case). Let (%, k) be &-asymptoti-
cally flat. Let (f,7) = P(4,k;0). Then:

(1) We have (f,]) € A;T;(X \ KR @*T*X).

(2) The operator L, jw is an element of

phg

A, DHEL (X \ K% 82T X, *T"X)  (C+.AL

(Co+AL DI (X \ K°; 525T* X, R) AE
)Diff} (X \ K°; §25¢T* X, 5T X

(X \ K°; Hom(S2*T*X,R)) >
phg

The normal operator of LQY W at 0X is L where L := L, i.e.
. L, 0 . .
L= 0 i.)’ Ly := Agtr 4+ 0:0;, Lo := 6; + dtrg, (4.8)
Lo

in the sense that L,Y fCuA) — XoLlI) S .Alfthiffb when xo € COO(X) is equal to 1 in a
collar neighborhood of 0X and has support in any larger neighborhood.

Since L& W, being an unweighted b-operator, naturally acts on pairs of conormal sections

of §25¢T* X which have the same weight at X, the weight @ encodes the relative weighting
of linearized metrics h and linearized second fundamental forms ¢, namely ¢ decays faster
than h by one order.'?

Proof of Lemma 4.6. We have 471 —¢71 = > e (= iy —¢e) e Ag ()A(;S2 seTX) since

—¢
£ D j&€ for all j € N, and therefore 47! € ANoue' The Chr1stoﬂ'el symbols of 4, in the
coordinate system 2 = (&',...,2"), therefore satlsfy
T(9)uj = %(3{%1 + 0% — Oiy) € ASLNX), T =4MT(H); € ASL(X),
where we use that d; € pV,(X). Therefore,
Ric(9)j1 = 0T ()5 — ;T (A + TE)RI (A5 — TR (B € A2 (X),
and thus also Ry = 4/'Ric(%);; € A5F2(X).

phg
We furthermore have \/A@ﬁ = 44’435 kz]k”/, (trg k)2 = 41'4di k‘“/k‘]j/ € Agﬁr;. Thus,
fe AS}T;(X). Similarly, 05k is of the schematic form 7_1(8143 +T'(5)k) and thus lies in

15The fact that L, ;w is unweighted can be re-interpreted as the statement that L, ; is a Douglis—
Nirenberg system of weighted b-differential operators not only in the differential order sense, but also in the

sense of weights, in that the (i, 7)-block has weight po “ where a1 =2, aa =1, by =0, b = 0. We opt for
the explicit weight @ for clarity here, however.



GLUING SMALL BLACK HOLES INTO INITIAL DATA SETS 35

Aif{;()z ;5T*X); and also d(trs k) (schematically: 9(5'k)) lies in Af;f{;. This proves
part (1).
For part (2), note that the only terms of L, ;, which are of leading order at dX (in the

sense that they contribute to the normal operator) are those in which k does not appear; for
example, the (Vk, —)o3 term of L, j, has the schematic form 4715719k +T'(4)k) and is thus
polyhomogeneous with index set £ + 2. In the terms of LW% then in which only 4 appears,
only the leading part ¢ of 4 contributes to the normal operator. This gives (4.8). O

We proceed to study the solvability properties of L;/ i~ Using a geometric singular analysis

point of view, rather than more frequently used direct coercivity estimates (as for example
in [Cor00, §3] or [CS16, §4] in related contexts), we provide a technically novel perspective
on this. We begin by studying the symbolic properties of the adjoint of L@ -

Lemma 4.7 (Injective b-principal symbol). In the notation of Lemma 4.6(2), the operator

£ ) E il

DL e ((Coo + Aghg)lefb OOAphg?ﬁb ‘ 1>

k 'Aphg (C + Aphg)Dlﬁb

has an injective principal symbol as a b-differential operator (in the sense of Douglis—
Nirenberg).

Proof. This was verified in Lemma 4.2 in X \ OR"; near OR™, the same argument applies
upon noting that the principal symbol of p; 19,; is a nonvanishing linear form on PT*Rn» \
0. [l

We next turn to the normal operator of the adjoint L; : (with respect to the volume
density and bundle inner products induced by 4), which is the diagonal operator

=2

i.c. the formal adjoint of L with respect to ¢ the operator L*{, resp. L; maps real-valued
functions, resp. sections of S°T*R" to sections of S?¢T*R*. We work in polar coordinates
7 >0, w € S" ! onR"\ {0}. By trivializing S“T*R" by means of the standard coordinate
differentials, we can extend sections of S*T*R™ (and its tensor powers) over S*~! = 9R" to
sections over R\ {0} by degree 0 homogeneity with respect to dilations (po,w) + (8po,w),
s > 0. Consider then the Mellin-transformed normal operator B B

e oy —ineix ix  (Diff?(OR™; R, S2 5T R™) 0
N(@L™A) = po " dL7ps" € ( 0 Diff' (9R™; °T*R", §2 *°T*Rw) ) °

Lemma 4.8 (Kernel and boundary spectrum of L*). (See also [CS06, Lemma 2.5].) For
any connected open subset Q C R™, the kernel of L* on 2'(Q;R @ T*RY) is

ker L* = span{1,#' (i=1,...,n)}
@span{di’ (i=1,...,n), 2'd#’ —#7di' 1<i<j<n)}
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In particular, the operator N(LDL*,)\) is injective for X € C\ {0,:}. For any compact set
A C C\{0,i}, and for any s,s’ € R, there exists a constant C' so that, for X € A,

1(f*77) ||Hs(aR7)@HS’ (OR™;seT*R™) (4.9)

S CHN(@L*’ A)(f*7j*)||Hs—2(3@;Sz scT*RT)@H.S/—l(aW;SQ SCT*Rﬁ).

Proof. By taking the trace of Lff* = 0, we obtain (n — 1)Agf* = 0; this then implies
0= L’{f* = 5§df* = (a‘fia‘%j‘f*)i’j:l“”,n, so f* is linear. Conversely, for linear f* we do
have Lt f* = 0.

We similarly note that taking the trace of LE}* = 0 gives (n — 1)6;* = 0 and thus
5;‘5* = 0. Conversely, if 5;‘5* = 0, then by taking the trace we have —8;;* = 0, and
therefore L3j* = 0. Therefore, ker Lj = ker 07 consists of all Killing 1-forms on Euclidean
space; these are the 1-forms dual to translations and rotations.

The estimate in (4.9) is the sum of two estimates, one for f* (with j* = 0) and one for j*
(with f* = 0). The estimate for f* follows from the ellipticity of N (p5 2L}, \)* N (p5 2L}, \) €
Diff*(0R") (which gives the desired estimate except for an additional, relatively compact,
error term CHf*”H—N(BR7) on the right hand side) and the triviality of ker N(QJ2L{,)\)
(which allows one to drop this relatively compact term, upon increasing the constant C, by

a standard functional analytic argument). The proof of the estimate for J* is completely
analogous. O

Lemma 4.9 (Cokernel of L, i) Let (4, k) be E-asymptotically flat. Let o* > 0, and
suppose'® (f*,7*) € Hb_oo’a*(@;RGB S2sCT*R1) satisfies L:k(f*,j*) = 0 in a connected
open subset @ C R"\ K which contains a neighborhood of OR™. Then (f*,7*) =0 on Q.

Proof. By elliptic regularity for Lffy : (cf. Lemma 4.7), we automatically have (f*,j*) €

Hgo’a* on . We first show that (f*,7*) = 0 for large #. To this end,'” we work with inverse
polar coordinates p,,w near OR™ and consider the scaling map s.: (po,w) > (€po,w). Using
the weight w of Definition 4.5, we consider

£l =si@L )

for € € (0, pg) as a b-differential operator on [0, 1] x S*~!, where py € (0, 1] is fixed so that
p51([0,p0)) € Q and # = p5* < py ! on K. As such, we have
PNy (4.10)
in the space
Difff + A%, Diff} AL, Diff} ‘
¢ Diff}, + A, Diff} )’

phg phg

16Recall that we are using b-densities throughout. With respect to the Euclidean volume density, the
2t with 2 4ot > 2

17Us.ing the information about the boundary spectrum of L*, one could improve the conormality of
(f*,77) at infinity to rapid vanishing of (f*,7*), whence the vanishing of f*, ;" near infinity would follow
from a unique continuation result; this is the path taken in [CS06, Proposition 3.1]. We present a different
argument here which directly exploits elliptic estimates and the overdetermined nature of L:fY i

assumption would read (f*,j*) €H,
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note indeed that the pullback of the polyhomogeneous terms with index set £ vanish in
the limit € \, 0, since, recalling that Re & > 0, we have s*(pZ(log p;1)*) = €% - pZ(log p5 ' +
loge™1)* — 0 when Rez > 0.

We now use the uniform b-ellipticity of (£¥)*L* € (Diﬁ'zj+si)i7j:172 in € € (0,pp), with
51 =2, s5 =1 (see (4.6)). This gives the uniform elliptic estimate!®

IG5 3 oz gz oy o1 (0, 2)
S C(”(E:)*EZ(f*"7*)H(HS’Z‘X*@]*{E*LD‘*)(po_l([(],l])) + ||(Xf*7 Xj*)HHiO‘FZa @H50+1 o )
< C'(IL2F 3 e (22 oy + 10" X5 oo g o)
1

for any sy < s, where we fix x € C°([0,1),, x S*™™!) to be 1 near p; ([0, 3]). We claim
that we can replace the norm on (xf*, xj*) by the ﬂgo’a*_a( 51([0,1]))-norm on (f*,j*),
where § > 0 is such that Re& > J; we accomplish this via a standard b-normal operator
argument [Vasl8, §6]. To wit, passing to the Mellin-transform in p, and using the material
of §2.3, we have an equivalence of norms

s Sk (12 P “x 2
* * N )\ s s — d)\-
||(Xf » XJ )||H§0+2,a @H§0+l’a /Im)\—a* ||M((Xf » XJ ))( )H( <§\)>+2€BH<O>+1)(8R")

Using a parametrix for the Mellin-transformed normal operator of (£})*L?, which thus has
an error term which tends to zero in operator norm on H f/‘\);L ‘oH f/‘\);L Las |Re \| = oo along
the contour Im A = —a*, we can estimate

MO XDy 0 ot < CIM@L* (S X)Wl zo sno, (4.11)

for In A = —a* when |Re\| > Cp (independently of €). For |Re | < Cj on the other
hand, the large parameter norms are equivalent to standard Sobolev norms, and we can
then appeal to (4.9) to conclude the estimate (4.11) for all A with Im A = —a*. We have
thus proved

O™ XM ggaos2.00 g ot < CIL O™ XD Eoﬂ*'

We then commute £ through x, producing an error term 1(x . so Where

)HHSO‘H@H
X’ € C((0, 1)p, x S"71), with supp x> D suppdy, is disjoint from AR”. We can further
write XL5(F*,7%) = xL5(F*,7%) — x (L5 — L£E)(f*,7*) and estimate the error using the fact
that , .
Le—Loed (Diﬁg Diff!
is uniformly bounded in €. Altogether, we obtain the uniform estimate
fx Dk
IG5 M 2o o g oy o o, 210

- o (4.12)
< C(||£E(f T g oy 1T goorsan s poorian—s, ;1([0’1]))).

18Here, the b-Sobolev norm on p; ([0, p1]), for p1 > 0, is defined via differentiation along pod,, and
spherical vector fields; that is, we test with all smooth vector fields near the ‘artificial boundary’ at po = p1.
The usage of the notation H,, instead of H}, stresses this extendible character of the function space in the
terminology of Hérmander [Hor07, Appendix BJ.
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By the final part of Lemma 4.3, we can express (f*, 7%, Vf*, V7*, V2f*)(po,w) for p, €
[%,1] in terms of the values of the tensors f*,j*, Vf* Vj* at the point (po,w) and of
E:(f*,ﬁ*),V(E:(f*,j*)) at all points (p1,w), p1 € [po, po], where py € [4, 5] is arbitrary, as
the solution of an ODE whose coefficients depend only on pg, w, €, v, and k. Therefore,
upon integrating over the (n — 1)-sphere and averaging over py,

[[FARYARS A ¥ A i [ ZES I Y

1

2 rx o ~ ~
< C([ H( .7 f ] 2f*)(p07_)H%2(Sn71) dpo

2
/ / dw dpo),
Sn 1

Applying the Cauchy—Schwarz inequality in the last integral, performing the integral over
po, and subsequently integrating over p, € [3, 1] gives

/ (L2557 VLSS T 1.y | dn

1 My as.m < € (1Mt as, o + 12 Mgy )

Estimating the first term on the right here by means of (4.12) with s = 0 and sop = —1,
and adding the resulting estimate to (4.12), we finally deduce the uniform semi-Fredholm
estimate

P39 e o ety ot
(Hy @, ") (5™ ([0,1]) (4.13)

™

<C<||['*(f .7 )H 1'1 (p31(0,1])) +||( 3] )H la* 5@H0a* p ;1([071]))>

for all € € [0,1]. Now the error term is relatively compact, in that the inclusion (flﬁ’a* &
Hy* ) (ps ([0, 1])) = (Hy* ™" & Hy® ") (pg ' ([0,1])) is compact.

We now make use of the limiting behavior (4.10). Note that the distributional kernel
of L] is given by (f*,j*) where f* € ker L} and 7* € ker L3 are described in Lemma 4.8;
but elements of the kernel of £} on (Hg’a* ® H&’a*)(po_l([(), 1])) lie in Hgo’o‘*(po_l([O, 1))
by elliptic regularity, and thus decay (as scattering tensors, i.e. with respect to the frame
da!,...,dz") to zero as |z| — oo, and hence they must be zero. A standard functional
analytic argument allows one to drop the relatively compact error term in (4.13) for € = 0,
and then also for all sufficiently small € > 0. Translated back to L ,, this means that for
sufficiently small € > 0, we have

< O|IL: L (f*

1F, 5| (2" ") (o5 (0.0) )HHOO‘ +2(,=1([0,]))"

Thus, if L;’;(f*,j'*) vanishes in p, < €, then so does (f*,j*). By Lemma 4.3, this then
implies the vanishing of ( f*,j*) in €2, completing the proof. O

Prop051t10n 4.10 (Solvabﬂlty of the linearized constramts) Let ('?, l;:) be €-asymptotically
flat. Let Ry > 0 be such that K € B(0, Ry), and put py = Ro — 771 and @y = diag(p3, p3);
recall also w = diag(p; 2, p5!) from Definition 4.5. Let Q= po L([o, Ro_l]), and define b-
00-Sobolev spaces on Q0 (with b-character at p5*(0) and 00-character at 7~ (Ry)) using a
positive b-00-density on Q. Fir o < n—2.
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(1) (Basic solvability.) Fiz 8> 0 and ag € R. Put

& A b ~ n
L= Py p s Ly pbplp3%e PP = o —n 24 o (4.14)

)

Define adjoints with respect to the volume density and fiber inner products induced
by 4. Then for all s € R, the operator £4Y kﬁi‘;k 1s invertible as a map

Lo 35 e p3 HEG(Q) @ p Hy by (T3 X) — pé Hi 5o () © pd Hyy g0 (T3X).  (4.15)

'3/
(2) (Polyhomogeneity.) There exists'® an index set S C C x Ny only depending on &
and oo and satisfying ReS > oo so that the following holds. If G C C x Ny is

an index set with ReG > ao, and if (f,j) S Agﬂ;(X R SCT*)A() vanishes in a

neighborhood of + < Ry, then there exists

(}AL’ (j) EAI_C';}LIJ;(X 52 serp* )@Api;JS)—H(X SQSCT* )

so that Lw%(ﬁ,cj) = (f.), and so that (h,q) vanishes in a neighborhood of # < Ry.

Remark 4.11 (Right inverse on b-00-Sobolev spaces). Part (1) is formulated in the form
needed later on. For the orientation of the reader, we note here that this produces a right
inverse S& i of L. oy which is bounded as a map

S, 48 2 e BB @ g2t S HE (@ < T )

s e g PIP 0 (05 82T X) b pe L pgee PP Y (€ ST T X);
such a right inverse is given by S ; = e —Blp2 552 O‘wﬁ* ([,ﬁ ,;Df ]%)_112)2/);5%2_0‘265//32.

Remark 4.12 (Weights and KIDs). The assumption on «, eliminates the cokernel of L., ; oy
as we demonstrate in the proof below. Note that for Kerr data sets (9, k:) the kernel of L*
is indeed non-trivial [Mon75]. If however ker L ;i trivial, then Proposition 4.10 holds for

all o, € R.

7

Proof of Proposition 4.10. Using Lemma 4.6(2), and as in §2.2, we have
’ (C°°+Aphg)D1fEb 00(2; % s“T*X,R) AL (Q; Hom(S?5°T* X, R))

5.k AL DI} 0 (Q; ST X, T X)) (C+.AL )Diff} (€ S25T* X, T X) |’
— ¢ B/p2 P32 Ole w2p p2a2 B/p2

c <(Coo+Aphg)Dlﬂ‘b700 Apthlﬂ‘prl > '
AS (Co+AZ,,)Diffy o

phg
phg

*
E&,fv

phg
Away from the boundary ,65 (0), the operator E* has an injective b-principal symbol by
Lemma 4.7; near po = 0 on the other hand, the Doughs Nirenberg 00-principal symbol at

90ne can in principle compute the set S produced in the proof explicitly (the main ingredient being the
computation of the set of poles of the operator A (ao, )" in (4.17) below), though we shall not present
the details here as the result depends on a, in a rather complicated manner. We leave open the interesting
problem of finding the smallest possible S; we conjecture that one can ensure Sc —i(Ng +n —2) x Nyg. See
also Remark 4.18.
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a point (&, &) € T*Q in p > 0 is w times
(L% 1) (&, p3€o0 + iB dp2)
by (2.4), where we use the notation (4.5) and the normalization (4.3). By the same argu-

ments as in the proof of Lemma 4.2 upon setting £ = p3¢no, this is injective, including for
0o = 0, since p2&oo +1i6 dpa # 0 for all (real) 00-covectors &yo. Therefore, the b-00-operator

crd .
Lot e <(COO ‘;Aghg)?l?lﬁb,oo AghggDIﬁ:%,oo ) )

is elliptic in the Douglis—Nirenberg sense (including at p2 = 0 as a 00-operator), the (i, 7)-

entry having differential order s; + s; where s; = 2, so = 1; see also the comments

following (4.6). Given sg,s € R with sg < s, the elliptic estimates of Lemma 2.5 and
Proposition 2.7 thus give

[CArviollie 3
’ ‘pz Hyo®pd H‘?’%}l o (4.16)
<C(l1L; 5L (0 M resop et TN T 3 et e

While this estimate is valid for any weight, the significance of % is that it translates between
b-densities (used in the function spaces) and asymptotically Euclidean densities (used in
the definition of the adjoint), in that p2 H(R") = L*(R™; |dy|) (with equivalent norms).

As in the proof of Lemma 4.9, we can weaken the second, error, term in (4.16) further
provided that the Mellin-transformed b-normal operator of Eﬁ,l%ﬁi;jg is invertible for all
Mellin-dual parameters A € C with Im A = —%. But the invertibility of

N(L L5 A) = N(Ls j, AN(LE N B2 o HY —» H 2 o H

Ak Ak Ak
is equivalent to that of its constant multiple
N(ao, ) := N(Li, A — i&)N(DL*, X + i) (4.17)

Note now that N(sz),,u) = N(@L*,ﬂ —in)*; this follows from the fact that the adjoint
of po e L@gi" with respect to a dilation-invariant b-density on [0,00),, x dX —which is
thus pg times the Euclidean density—is given by po" po Hap L giﬁ po. For p = X+ ia with
Im\ = —3, thus A = A+ in, we have ji — in = X\ — i&, and thus we can write

N(o, \) = N(@L*, A +ia)*N(@L*, A +id), Im\= —g.

But since Im(A + i@) = ao —n + 2 < 0, Lemma 4.8 implies the invertibility of A (o, A) for
Im A = —%. We may thus improve (4.16) to

fx o Tk
”(f yJ )HPO%HET(L)?JEBPO%HSB%)

* Px Tk Px Ok
< O(023085 1 M oy 1T 30, -

where 0 < § < Re&; the error term is now relatively compact.

We next argue that the error term can be dropped altogether, which follows if we prove
that ﬁ&,fcﬁzﬁ(f*aj*) = 0 for (f*,j*) € PEH&JB% @ p?HﬁBé implies (f*,7*) = 0. First,
elliptic regularity implies that (f *,3*) has infinite b-00-regularity and vanishes to infinite
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order at p, Lo ) But by the comment following (4. 17) we may then integrate by parts and

deduce 0 = ( ( 7 (7N e = HE:(f* J* )HLQ, therefore, L* (f*,j*) =0 for
(F*\7%) o= a5 eﬁ/’”(f

,7*). But since (f*,j7*) € A2([0, Ry ) X 8X) by Corol-
lary 2.4, we have (f*,j*) € A%_&([O Ry x aX) = A (@42 TLemma 4.9 gives
(f*,7%) = 0, and therefore (f*,7*) =

The dual space of p2 Hﬁ OO(Q) with respect to the L?-inner product with volume density

|d¥| (which we stress was also used in the definition of £* . ) is pé H]D OO(Q) i.e. the weight
Y.k
remains unchanged. Thus, £7 LY

i has trivial cokernel too, and we deduce the invertibility
of (4.15). This proves part (1).

For part (2), we claim that (fl, q) = e_B/ﬁQﬁg‘ng‘wE; ];(h’, q') is the desired polyhomoge-

neous solution, where
LopLr i (Wd) = (f5) o= baps “pp 2672 (f]) € AT (X),  G'=G+2-a.

Note that ( f’ ,7') vanishes near r < RO, and note that ReG’ > %. The extension by 0 of &/, ¢/
to # < Ry satisfies (W, ¢') € p2 H*(X) € A2 (X). In view of Lemma 4.6(2), it thus suffices
to show that (h/,¢’) is polyhomogeneous with index set G’ U &', where &’ C C x Ny with
Re&’ > § depends only on 4, l;: and a,. This is a standard result for elliptic b-differential
operators such as £ := E £ j see e.g. [Mel93, Proposition 5.61] in the case that £
has smooth (rather than smooth plus decaying polyhomogeneous) coefficients. Briefly, one
rewrites £(h',q') = (f',5') in terms of its b-normal operator N (L) at dX as

N(L)(W ') = (f',§") = (L= N(L)(W.q) (4.18)
and extracts the polyhomogeneous expansion of (W,q') at OR" iteratively, noting that the
coefficients of £L — N (L) are of class Aphg (and thus decay). Indeed, having obtained an
expansion up to conormal errors with decay rate N > &, the Mellin-transform of (W,q') is
meromorphic in Im A > —N (see the end of §2.3). One then passes to the Mellin transform
and inverts N(L£,\), or equivalently the operator N(ao, A) in (4.17); the set of poles of
N (ao, A)~! is finite in any strip of bounded Im A (cf. (4.11)). This demonstrates that the
Mellin-transform of (', ¢') is meromorphic, with finitely many poles, in the larger half space
ImA > —N — 6 (where 0 < § < Re€), since this is true for the right hand side of (4.18).
This shows the polyhomogeneity of (h’,¢") modulo conormal errors with the faster rate
N + ¢. This finishes the proof except (h ¢) vanishes only in 7 < RO, to get the Vamshmg
in a neighborhood of # < Ro, one applies the above arguments with Ry replaced by Ro+ n
for 0 < n < 1. O

4.2. Manifolds with punctures. We now turn to the analysis of the linearized constraints
map on a manifold X, = [X;{p}] arising via the blow-up of a smooth n-dimensional
manifold X (without boundary) at a point; here n > 3.

First, however, let v, k € C>°(X; S?T*X), with v Riemannian; they do not need to satisfy
the constraint equations (though in our application they do).

Definition 4.13 (No KIDs). (See [Mon75].) Denote by L. the linearization of the con-
straints map P(—, —; A) (see Lemma 4.1) at (v, k), and let 4° C X be a smoothly bounded
precompact connected open set containing p. We then say that (X,v,k) has no KIDs
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(‘Killing Initial Data’) in ¢° if the kernel of L? ; on C*(U;R @ T™X) is trivial, where
U=ue.

Beig—Chrusciel-Schoen showed in [BCS05, Theorem 1.3] that the subset of initial data
sets without KIDs is generic (open and dense) for a variety of classes of initial data sets.

Remark 4.14 (Shrinking U). If U2 C U° is the subset consisting of all points which have
distance > e away from OU, then (X,~,k) has no KIDs in U2 when € € (0,€ep] where
€p > 0 is small enough. Indeed, U’ is smoothly bounded, connected, and precompact
for all sufficiently small ¢ > 0. Moreover, if there existed a nonzero element (fX,j’) €
C¥UR @ T*X) with Lr  (f&58) = 0 for a sequence of e tending to 0, then we could
rescale a subsequence of (f, j¥) so that (fF, V fZ, 5, Vj}) converged to a nonzero tensor at
some point in U ; and then Lemma 4.3 would imply that this rescaled subsequence would
converge to a (nonzero) element of C>°(U°; R @ T X) which, again by Lemma 4.3 extends
smoothly to U, in contradiction to the absence of KIDs in I/°.

Write now B,: Xo — X for the blow-down map. Denote by p € C>®(X,) a defining
function of X,. In geodesic normal coordinates z = (z!,...,2"), |z| < ro, around p € X,
we can locally take p = r := |z| (Euclidean norm). Setting w = é—| € S"1, we identify
a collar neighborhood of X, with [0,79), x S%~!; we furthermore fix an identification
R3T*X =Ty X in this collar neighborhood which is the identity over 0.X,. Put

) 2
_(pt 0 _(r* 0
Wo = <0 ﬁ) , Wo = <0 r) , (4.19)

where w, is an operator on [0,00), x S~! acting on pairs of sections of the pullback of
S’sz*X along (r,w) — p.

Lemma 4.15 (Linearized constraints map). Denote the lift of L to® X, by Lo k. Then

Diff2 (X,; B S*T* X, R) pC>® (X o; Hom(B:S2T* X, R)))

Logpitto € <ﬁDifE%)(Xo;B§S2T*X, BET*X) Diffl(Xo; BEST*X, BT X) (4.20)

Letting ¢ = Z?Zl (dz7)? in geodesic mormal coordinates, the mormal operator of Lo xwo
at 0X, is given by Low,, where Lo = diag(Lo 1, Lo2) with Lo1 = A tre +06.0, and Lo o =
de +dtre (cf. (4.8)).

The weight w, at r = 0 now encodes the opposite relative weighting of the linearized
metric and the linearized second fundamental form as compared to the situation at infinity
in Lemma 4.6: the latter is one order more singular (less decaying) than the former.?!

Proof of Lemma 4.15. Note that L.y is a smooth coefficient operator on X; and since in
local coordinates on X near p, the lift of 70, to X, is a smooth b-vector field, we have
Oyi € 7 1VL(X,). In view of (4.4), this gives (4.20). Moreover, the only terms contributing
to the normal operators of the (1,1) and (2,2) components of L, rw, are those with the
maximal number of derivatives—so A, tr, 40,6, and 6, + dtr,—and we may moreover

20This lift is the differential operator on X, given by the original operator L., ; acting on smooth com-
pactly supported sections of B5(S*T*X @ S?>T*X) over the interior (X,)° of X,.

21 This sign switch arises naturally from the total gluing space perspective, where it is an instance of the
typical relationship between small ends of cones (90X, from the perspective of X,) which emanate from the
large end of a cone (9X from the perspective of X).
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freeze the metric v at the point p (since the difference of v and ~(p) vanishes at r = 0).
This gives Low,, as claimed. |

Note now that the Mellin-transformed normal operator family of w,L} at r = 0 satisfies
N(wOLz7 )‘) = N(@L*’ _)‘)7

where the right hand side was studied in Lemma 4.8. Thus, N(w.L}, \) is injective for
A € C\ {—1,0}, and the estimate (4.9) holds for the operator w,L for A € A € C\ {—4,0}.

Proposition 4.16 (Solvability of the linearized constraints). In the notation of Defini-
tion 4.13, suppose that (X,v,k) has no KIDs in U°. Let U, = B (U) (where U = U°),
and denote by py € C°(Us) a defining function of OU; put we := diag(p3, p3). Define b-00-
Sobolev spaces on U, (with b-character at 90X, = p 1( ) and 00-character at OU) using a
positive b-00-density on U,. Let & € R, & # —n+2,—n + 1.

(1) (Basic solvability.) Let aa € R and 8 > 0. Put
EO:’Y:k = eﬁ/pQ a2pA aw2L 77,kw0p p e 5//)27 d = & + n— 2 - g' (4'21)
Define adjoints with respect to the volume density and fiber inner products induced
by v. Then for all s € R, the operator L, %kﬁ;,%k is invertible as a map?>

Con e i3 HER3W) o~ 8 H by U BT X)
— pT2Hy o0(Uo) ® poeH 00Uy BITX).
(2) (Polyhomogeneity.) There exists an index set So C C x Ny, only depending on &
and satisfying Re S > & so that the following holds. If G C C x Ny is an index set

with ReG > &, and if (f,7) € Agth(Xo,REB BiT*X) vanishes in a neighborhood of
OU, then there exists

(h,q) € AT (Xoi BES*T"X) & A (Xos BESPT7X)

with Lo 1 (h,q) = (f,7), and so that (h,q) vanishes in a neighborhood of X, \ Us.

(4.22)

Proof. The proof of part (1) is very close to that of Proposition 4.10(1), except for the
analysis of the cokernel. The operator L, i, is a smooth coefficient b-00-differential operator
on U,, and the principal symbol of L} ~.k 18 injective. For the Douglis—Nirenberg-elliptic
operator L -, wLonk, We thus have the estimate (4.16) where we replace p, and 5 by p

and —%, respectively. Improving the error term requires the invertibility of the Melhn—
transformed normal operator on the line Im A\ = g, i.e. the invertibility of N(woL%, A\ +

ia@)*N(woL%, A+ i&), which holds because of Im(A +ia) = & +n—2 ¢ {0,—1}. This gives
the estimate

(ICasvipllP pTEHI e HE] = C<H£ ok Lo k(73] )Hﬁ‘%HiBgéBﬁ‘%HiBé

’ ’ (4.23)

+ ||(f aj )Hﬁ**’ 1H90+2€Bp g1 —1Hs0+1>

b,00

22Paralleling Remark 4.11, this gives a right inverse of L -, which is bounded as a map
ﬁa 2p32 4 *5/92H5 2(1/{0) @ﬁa 2/);2 2¢ B/PzHg Oé(uo; B*le )
— pp32e VP HE oo (Uos BES® T X) @ p° " p52e™ /72 HY o0 (Uo; B3 ST X).
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Once we prove the triviality of the kernel of L7 s One can drop the relatively compact
error term on the right. But if £5_ , (f*,j*) =0, then (f*,7%) enjoys infinite b-00-regularity

and infinite decay at p, '(0), and in particular it is smooth in (Us)° \ 90X, and conormal
at 0X,. Moreover, (f*,j*) = wgﬁ_&pgo‘zeﬁ/m(f*,j*) satisfies L:Vk,(f*,}*) = 0. By
Lemma 4.3, ( f ) 3*) is necessarily smooth down to 0. Near 0 X, on the other hand, where
(f*,7*) € A=27% = A~(@+7-2) i5 polyhomogeneous (as follows from the same argument,
mutatis mutandis, that we already used in the proof of Proposition 4.10(2)), we write

LE(f*,5%) = =(LE g = L 57)

and use the injectivity of N(woL3, A) for A # —i,0 to conclude that> (f*,j*) € A for all
e > 0. Thus, (f*,*) is the pullback of a distribution (f*,j*) on I which is smooth away
from p and satisfies |[D2(f%, j%)| < |z|~¢~1¢! near p for all a. Therefore, (f%,5%) € H2 ().
But Lfﬁk(fﬁ,jﬁ) € H2727¢(U) vanishes on U \ {p} and is therefore a distribution with
support in {p}; since § — 2 > —3, this forces L7 k(fﬁ,jﬁ) = 0. Again applying Lemma 4.3,
this implies that (f*, %) is smooth on . Using the absence of KIDs, this finally implies
(f%,5%) = 0 and thus (f*, %) = 0.

We have now shown the invertibility of (4.22), completing the proof of part (1). The

proof of part (2) is the same as that of Proposition 4.10(2); to arrange for the vanishing of
(h,q) in a neighborhood of X, \ U, we work in a slight shrinking of U, cf. Remark 4.14. O

Remark 4.17 (Weights and KIDs). When —(d +n—2) > 1, ie & < —n + 1, then ele-
ments of ker L7 _ , give rise to elements (f%, 4% of the dlstrlbutlonal nullspace of L%, with

|Da(f%, 59 < ]x\HE ol for || = 0, 1; one can then directly apply Lemma 4.3 (i.e. unique
continuation at z = 0) to conclude that (f%,j*) = 0. When & > —n + 1 however, the a
priori bounds for ( f*,j*) in the above proof do not enforce the vanishing, together with all
first derivatives, of ( f * 7*) at & = 0; and indeed when ~ is the Euclidean metric and k = 0,

then ker L7 _ ; is not trivial for such & since it contains e‘ﬁ/prO‘Zpaw ! times (0, j*) where

7* (regarded as a vector field) is a spatial rotation vector field (which is a Killing vector field
vanishing at x = 0). By contrast, in the proof of Proposition 4.10, the triviality of ker Efy i

was proved using the assumed fast order of decay as |Z| — oo and unique continuation at
|Z| = oo; see also Remark 4.12.

Remark 4.18 (Explicit index set of (h,q)). An alternative argument for Proposition 4.16(2)
proceeds as follows. One first solves the equation L - 1 (h,q) = (f,j) formally, i.e. modulo
smooth errors vanishing to infinite order at 0X,, using the fact that N (w. Lo, ) is surjective
for all A except for A = i(n — 1),in. (The presence of a cokernel for A = i(n — 1), in neces-
sitates the introduction of logarithmic terms.) To solve away the remaining error, which
is the lift of a smooth tensor on U, one can blow down 9X,, i.e. work on U; the resulting
correction to the formal solution is smooth on U, and thus lifts to be polyhomogeneous
with index set Ny on X,. We leave the details to the interested reader.

4.3. Constraints map on the total gluing space. We use the notation of §3; near
p € X, we work with geodesic normal coordinates x = (z!,...,2"), and we recall the local
coordinate charts (e,2) = (¢, ¥) near X° and (p, po,w) = (|z|, ITEI’ I%\) near X N X,. We first

note:

231f —(@4mn —2) > 1, we could even conclude that (f*,j*) vanishes to infinite order.
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Lemma 4.19 (Scaling). For A > 0, we have P(A\%y, \k; A72A) = diag(A=2, A1) P(, k; A).

Proof. Since Ric(A?y) = Ric(7), we have Ry2, = A"2R,. Replacing in k|2 = 7" 497 k;;ky j
the term ~ by A~2~%" and ki; by Ak;;, one similarly picks up an overall factor of A2, For
the second component of P(A%y, \k; A™2A), we note that d(tryz, Ak) = ALdtr, k, similarly
Oz (M) = AL6, k. O

In a collar neighborhood of X and recalling the scaling map s from Definition 3.3, we
deduce, for A = ¢!, that

EPF, ks A) = s(P(s717, 571 (ek); 2A); (4.24)

note here that the right hand side is diag(1,¢)P(e~27, 6*1%; €2\). Conversely, for A = e,
we find that P(4, k;0) = 0 implies P(s¥, ¢ sk;0) = 0; notice the e~ ! scaling of the second
fundamental form.

Definition 4.20 (Total families). Let £,E C C x Ny be nonlinearly closed index sets with
Reé > 0 and Re€ > 0. Let K € X° be a compact (possibly empty) subset, smoothly
bounded and with connected complement, and set K :={(e,2): # € K} C X. Then a pair
(7, k) of sections of S2T*X — X \ K° is called an (&, &)-smooth total family if
¥=Bv+7"Y,
R Bh RO,

where, with the index sets referring to X and X, (in this order),

N EC®(X; 2T X), AW e A§gga€(.>? \ K°; S2T*X),

* (NoU&)— v\ Lo T
ke C®(X;S°T*X), ) e Aphg LE(X\ K°; S°T*X),
with ~, k regarded as e-independent elements of COO()~(’; SQT*)Z"), and where 7| and ~y

(and thus 5|yo = B%7y) are positive definite. The boundary data of (7,k) are (¥,k) and
(7, k), where

(’AYa ]%) = (gil(al)z%gil(e%)‘}?)? B:(77 k) - (%7 %)’Xo' (425)

See Figure 4.1.

FIGURE 4.1. Tllustration of a total family (3, k) on X \ K°, with its boundary
data (v,k) and (%,k) on X \ K°.

Recalling from Lemma 3.2(2) that X° is a vector space, denote by

¢ € C(X; 2T X)
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the constant (i.e. translation-invariant) metric given by é—l(ﬁ*%) (p)) where § is given in
Definition 3.3. Since ¥(g)(p) = Z?Zl(dxj)Q, we have ¢ = Z;L:l(d:fcj)Q, so (X°,¢) is isometric
to R™ with the Euclidean metric. The boundary data of (7, k) at X then satisfy

(= &, k) € A5 (X \ K% 87 °°T*X) @ A5 (X \ K 25T X).

Thus, (7, /%) is E-asymptotically flat in the sense of Definition 4.4. The pair (v,k) on X
immediately fits into the setup of §4.2.

The goal of this paper is to construct a total family (?,E), with prescribed boundary
data (%,k) and (v,k), which satisfies the constraint equations®* P(¥, k; A) = 0 for small
€ > 0. Note here that ¥ is automatically positive definite for all sufficiently small € > 0; in
the sequel, when we write P(7,k; A), we shall implicitly always restrict to the parameter
range € < ey where ¢y > 0 is so small that 74 is Riemannian. Our first task is to analyze the
constraints map on total families, and the structure and normal operators of its linearization
at a total family.

Definition 4.21 (Total weight). With j € C*°(X) denoting a defining function of X, we
set

A2
~ p 0 [e'e} o, * *
W = (0 p> € C*(X°; End(S*T" X @ S’T*X)).

This matches w, in (4.19) at X,. Since p = ep; ! for a defining function p, € COO()?) of
X, we have w = diag(€2p52, ep; 1) = diag(e?, €)w, which at X thus combines the weight in
Definition 4.5 with the scaling from Lemma 4.19 (with A = e~ 1).

Proposition 4.22 (Constraints map on the total gluing space). Let (7,k) be a (€,€)-
smooth total family, and define (¥, k) and (v, k) by (4.25).

(1) (Nonlinear constraints.) We have P(3,k; A) = B*p+p), where, in the notation of
Definition 4.20,

= P(1,k:A) € C(X;RaTX), p® e At 28 ¥\ R T X).

phg
Moreover,
(P k: M) = (€pM)] ¢ = $(P(. k:0)). (4.26)
(2) (Linearization as a g-differential operator.) The linearization L.y of P(—,—;A) at

(7, E) satisfies

L5 € (BC(X)+AL (X \ K9))

Diff2(X \ K°;$°T*X,R) (X \ K°; Hom(5°T*X,R)) (4.27)
D1ﬂ-'1(X\K° S?T*X,T*X) DiffL{(X \ K% $*T*X, T*X) |

Using the notation of §3.1 and Lemma 4.15, we have

a—1 ) Nx(L%E’&;) 9} § = Lw;ﬁ;, NXO (L%E’&)/) = Lo,%kwo- (428)

24T e tensor P(3,k; A) on X \ K° is equal to P(ﬁ|§f\§o,g|ge\go;A) on X\ K°.
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Moreover, omitting the bundles and differential orders,

Lo —Xso L, pos™ € AROHY VENUE Dy (X \ K°), w29
L 70 — XoLoy ko € Aljggg EDiff (X \ K°).

Here, )A(Lw; and XoLo ~  are regarded as differential operators on X via Lemma 3.4.

Proof. The arguments for part (1) are similar to those in the proof of Lemma 4.6. Near Xe,
we work in the coordinates (e,2). Since 7;; € ANoug([ 1)e x X°), we have 74 e ANoYE,

~ phg p}}g
Since 9pYi; € ASEEU(S)_I this gives I'(y ) € Apligug) ', We moreover have k” € Apﬁgug)_l
7 N Ug 2 . . N Ug 2 .
and thus dpk;; € Aphg )= ; this gives R(7), |try k|2, \k:|%, ngij € Aphg )= (where V is

given by V9% on XE). Therefore, P(7, ) € Aggus

of 4, k, and their derivatives at e = 0, one finds that the restriction of €2P; (7, k; A), resp.

. Tracking the leading order terms

2Py(7,k); to € = 0 is given by Pi(4,k;A), resp. Pa(7, %)Z indeed, where we write ¢ for
indices in the Z-variables; this uses that 0; = 6*18;. More conceptually, Lemma 4.19 gives,
in a collar neighborhood of X,
EPH, k;A) = diag(1, e)P(e %7, e 'k; €2A)

= diag(1, €)P(s7'7, s (ck); €2A) (4.30)

=s(P(s'7, s (ek):; A))
as sections of R & TV)*()N(  restriction to X gives (4.26).

Near (X,)°, note that ¢ — (?\XE,E])@), composed with X, = X, is a equal to an e

independent smooth symmetric 2-tensor on X \ {p} plus a polyhomogeneous family (with
index set &) of such tensors, and the conclusion follows via arguments much as in the

previous paragraph. Near the corner X, NnX finally, we have a combination of both settings.
Indeed,

~ N N ~(1) /A 7 ~ ~
i3 (B, oy w) = Vi (Aw) + 33 (B pos @), kij(py po,w) = kij(pw) + ki (B, po, w),

where v;;, ki; are smooth in the blown-down coordinates x = pw € R", while %(j € AE}?E &k

and k(l) € .A Noug )7L Thus, 71 e C®RY) + Agﬁgé’g(f) in this chart. Recall from
Lemma 3.2(4) that 9; € V(X) < p~Vy(X); therefore, Oyij € CP(RY) + A NOUS)—I,S()?)

phg
and dpk;; € C(R?) + Aplizug “2%(X). This gives

T(7)f; € C°(RY) +Ap§§U5)—L5(§), Viekij € CO(RE) + AL 24X, (4.31)

We conclude that P(3,k; A) € C>(R?) + Apligug “2£(X), as claimed.

For part (2), we use the expression for L given in (4.2), in conjunction with (4.31)
and 0, € ﬁ—lvq()?). The normal operators of L% ZW at X and X, can be computed by
evaluating the limit of L 7w at the interiors X° and (X,)°, respectively. Since near (X,)°,

(v, E) is a polyhomogeneous (with index set Ng U &) family of symmetric 2-tensors (see also
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Lemma 3.4) with leading term (v, k), we immediately obtain the second equation in (4.28).
For the first equation, we use the scaling relation (4.30) and p = ep;!; thus,

~ d T
Ly 5 (p°h, p) = €2 @ P(F 4t *hy b+ teps ' A)‘
d . - ~ ~ ~ ~
= d—E(SP(S_l’}/ +1p,%s th,s H(ek) + 105 s TG EQA)) ‘{:0
~re—17 —1
=5(Ls v (005 s ™'D) ).

where in the second line we introduced f = te2. Since near X° the pair (s~ 7,5 “L(ek)) is a
polyhomogeneous (with index set Ny ué ) family of symmetric 2-tensors on X° with leading

t=0

term (4, k), we obtain the first equation in (4.28).

Since B*C®(X) + Agﬁgug £(X) c ASﬁgE’NOUE (X), we immediately obtain the first mem-
bership in (4.29). For the second membership, we note that the e-independent extension of
)A(Lo,ykwo to an operator on X \ z(0) has coefficients in {B*C>(X,), and it is equal to
Lﬁ 7w at € = 0; therefore, its deviation from XL~ ~w is given by the polyhomogeneous term

n (4.27). O

This result will suffice for the construction of a formal solution of the gluing problem. In
order to correct a formal solution to a true solution of the nonlinear constraint equations,
we need a solvability theory for L~ on spaces of tensors with finite regularity:

Proposition 4.23 (Uniform estimates for the linearized constraints map). Let (3, k) be a
(€,€)-smooth total family on X \ K°. Let Ry > 0 be such that K C B(0, Ry), and denote by
P2 € COO()?) a function which vanishes simply at #~'(Rp) and is positive for © > Ry (e.qg.
one can take py = 71 ﬁéa near X ). Denote by py € C°(X ) a functzon which vanishes
simply at [0,1) x OU and is positive on [0,1) x U°; put p2 = p2p2. Put wy := dlag(pz,pQ)
and recall @ = diag(p?, p). Define ¢-00-Sobolev spaces on €2 := {py > 0, p2 = 0} C X\ K°
(with 00-behavior at 7 = Ro and OU ) using a positive q-00-density; write Q =Qn X Let

ag € R and > 0, and fir d € (—oo,n — 2). Then there exist g > 0 so that for all s € R
and &, a, € R satisfying oo — & = d, and setting

Ly = eﬁ/ﬁQﬁgazﬁ_&p;%@glw ZWpe prpSte” Blp2, a:=a&+n—2-— (4.32)

the map
Csfllgs 2 HLG (Q0) @ p~ 2 H G (O TX) = p7 3 Higf (Q0) @ o2 Higp (O T X)
(4.33)

is invertible and has a uniformly bounded inverse for € < €1 for all e < €y.2> Here, adjoints
are defined with respect to the volume density and fiber inner products induced by 7.

25This implies the existence of a right inverse of L ; which is uniformly bounded as a map
PO Rpe s e PP HE 8 Q) @ p P pse pst T Re PP HY 0, (s TTX)
— popepaze PP HE o (0 ST X)) @ po ' p2ops2e PP HE 4o (Q; SPT™ X).
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The definition (4.32) combines the conjugations and re-weightings (4.14) and (4.21) per-
formed in the analysis of the two normal operators.

Proof of Proposition 4.23. Since €/p, is a defining function of X, we may arrange that
pPpo = €. Since L~ commutes with multiplication by functions of € = pp,, we may therefore
replace (&, ao) by (& — ¢, — ¢) for any ¢; for ¢ = a,, we may thus reduce to the case
o, = 0, which we assume henceforth. In particular, & = —d > —n + 2 and thus also
& #-—-n+2,—n+ 1.

e Symbolic estimate. Note that £§ is a g-00-operator with coefficients in AN}?ES’NOUS ()N( ),

and the g-00-principal symbol of £7~ is injective in the Douglis—Nirenberg sense: this

follows either by inspection of the form of ws L. kw or for small € > 0 from the injectivity
of the b-00-principal symbols of the normal operators of L’v . Note that the X,-normal
operator is

L R
NXo (ﬁﬁﬁ) =C, © £O,’Y,/€ ©Co,

where ¢&, resp. ¢f is a smooth bundle isomorphism on R @ B*T*X, resp. B:S?T*X @
R:S2T*X; here Lo~ is given by (4.21), and the presence of COL/R arises from the fact
that pa|x, is not necessarily equal to, but certainly a smooth positive multiple of, pa|x,.

Similarly, writing p = eps! in (4.32), one finds using (4.28) that the X-normal operator
satisfies

a1 Neoe_al o AR
s oNX(E%k)os—c oL, poc,

)

with é&, resp. ¢ a smooth bundle isomorphism of R & seT* X | resp. S25°T *X @ S2seT* X,
and where EA/ ; is defined by (4.14), with a, there equal to —d& and thus & there equal to
—a in present notation.

Elliptic estimates for the Douglis—Nirenberg elliptic operator

o Noué Noue [ Diff ,00 Diff?),oo
[’Rkﬁﬁ,k € Aphg <D1ff§ o Diff%,oo (4.34)

give uniform (in €) estimates

A A . s
< (s 2L (73 T Wl (€t o) ;%_mm)

for any fixed sgp < s. (The weights here can be chosen arbitrarily, but with foresight we
choose them to match those in (4.23).) One could weaken the error term by estimating it
in spaces with weight p, 1(0) (due to the 00-ellipticity of E;y Eﬁgg there), but we shall not

need this improvement here.

e Normal operator argument at X. In the second, error, term on the right hand side
of (4.35), we insert a partition of unity 1 = x + (1 — x) and apply the triangle inequality;

in the term involving 1 — x, the weight at X can then be changed arbitrarily since p > 0 on
supp(1l — x). In the term involving ¥, the first norm equivalence in (3.7) gives the uniform
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estimate

~ Fx ATk
NCS™ Mo 5 e @0 8 o @7 %)

< Ces||(sH %), s T ) || 1 3 )
= I I3 oty m08 (e
Observe now that

§o NX([:%Eﬁ;,E) og 1 — AL,CW;éR(éR)*ﬁ;’E(@L)*

is invertible as a map (4.15). We can thus estimate the right hand side of (4.36) by an
e-independent constant times
€25 N g (L5 5L2 D) (RS X

n o — _ ~ ~ .
|3 o2 e 00 HEN (kT X)

Using (3.8) to pass back to q-00-Sobolev spaces on X , we may replace the normal operator
here by the operator £§ Eﬁf% itself, and as a consequence of Proposition 4.22(2) pick up

KT,
an error term whose weight at X is reduced by an amount 0 < 7 < min(1, minRe&). This
gives

l(xf*,x7") H[)_%H:?O-gi(ﬁe)@ﬁ_%H;O“ (Qe;T*X)

,00,¢e
< O(ILg s s F 30,

—n -2
fH;?OO’e(Q VP~ S H qOOE(Qe,T* X)

+ I )

We now drop the cutoff in the second term on the right; note that multiplication by x
is uniformly bounded on every q-00-Sobolev space. Since the coefficients [Eq Ecgp x| are

P2 TTHIGE (G >@ﬁ*””H§°£1(Qe;T*2)> ‘

supported away from X , we can omit the cutoff x in the first term as well since the
contribution from the commutator is controlled by a constant times the second term (with
X dropped).

As a consequence, we can now strengthen the estimate (4.35) by replacing the norm of
the error term by a weaker norm at X:

I1(f*,J )Hﬁ—% 2 (@ )@ﬁ‘fHétée(ﬁ)
<|]£~ L (f 5

A—sz 2 @P 2HSO()€ (437)

LI >H_f_ano 2 6 ap T (6.5

e Normal operator argument at X,. We improve the estimate (4.37) further by using the
Xo-normal operator. To wit, inserting a partition of unity 1 = x, + (1 — x,) in the second
term on the right and applying the triangle inequality, the weight at X, of the term with
1—x, can be changed arbitrarily; for the term with x, on the other hand, we use the second
norm equivalence in (3.7) to get an upper bound by an e-independent constant times

(4.38)

||(Xof , Xod ™) A***WHQO'*'Q(XO)@[)*T’WHQO'H(XO,[S T+X)'

We now use that, analogously to (4.22), the normal operator

Nxo(ﬁﬁ,gﬁg,k) Lﬁo'ykc ( ) E*;y, ( )*
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is invertible as a map

A @ B I

if n > 0 is sufficiently small. (Note that (4.22) gives this for n = 0; furtherrnore, the
requirements on the p-weight —% used in the proof of (4.22) are open in the weight, and
therefore are satisfied for —% — n as well when n > 0 is small enough.) We can thus

estimate (4.38) by an e-independent constant times

1N, (L5 5£5 (xS, X0J")

P TH P (X BT X)@p B T HO (XoipTHX)”

Passing back to g-00-Sobolev spaces on X via (3.7) and replacing the normal operator by
£~ L~ .- produces an error with reduced weight at X,.

The grand total is the uniform estimate
I3, 1 670555 0
< (185 L2 (7T
+II(F*,77)

for some 1 > 0. But the second term on the right is bounded by Ce" times the left hand
side and thus can be absorbed for sufficiently small ¢ > 0. This gives a uniform coercive
estimate for £§ %ﬁiﬁ' The same estimate applies on the dual function spaces as well, and

s

we conclude the uniformly invertibility of (4.32) for € < ¢y when ¢y > 0 is sufficiently small
(depending only on the choice of s, sp). Fixing €y for the choice s = 0, s = —1, say, the
uniform invertibility follows for any other choice of s € R by elliptic regularity (when s > 0)
and duality (when s < 0). O

=1 5—2 A s—1
P 7Hq,oo,s@P qu 00,¢

n

P +2 +1 ~ =
p WHSOOOE( @2 nPoanoooe(QeéT*X))

We shall need to understand the regularity properties in € of the inverse of (4.33). Here,
regularity is meant in the following sense:

Definition 4.24 (Regularity of families of elements of q—OO Sobolev spaces). Define the
domain Q as in Proposition 4.23; let Q = {py > 0} C X and Q, = {p2 > 0} C X, as
in Propositions 4.10 and 4.16. Fix cutoffs ¥, yo € C®(X) as in (3.2) with the additional

property that po > 0 on supp xo, and p2 > 0 on supp x. Recall the maps QAS, ¢o from (3.6).
Let ¢g > 0 and s € R.

(1) (Continuity.) The space
CO([O>€0)7H3,00,6(56))

consists of all families (u¢)ce(o,¢,) Such that |lucl| ;. (@,) is uniformly bounded for
’ q,00,€e €

€ € (0,¢) for all € < €, and so that ¢*(Yuc) € Hﬁ’oo(fl) and ¢3(Xoue) € Hy ()
depend continuously on e. N
(2) (Conormal regularity.) For m € Ny, define A, ([0, €p), goo (€)) to consist of all

u € CO([0, eo),H§170076(Q )) so that (ede)d*(xue) € Hf) Of)(Q) and (e0.) g% (xoue) €

HgBé(Qo) are continuous and uniformly bounded for all 7 < m and € € (0,¢),
€1 < €g. (In the first expression, J, is the coordinate derivative in (e, &)-coordinates;
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in the second expression, it is defined as the derivative along the first factor of
[0,1) x X.)

Spaces of families of elements of weighted g-00-Sobolev spaces are defined analogously (cf.
the relationship (3.8)).

Thus, Ay = C. We also note that the derivatives in part (2) are well-defined as distri-
butional derivatives due to the a priori assumption that u € C°. The regularity condition
in part (2) can be rewritten as follows. Let R € V(X)) denote a vector field whose push-

forward to [0, 1), is given by €0, and which is tangent to 9. One possible choice for R, in
(€, x)-coordinates, is €de + Yx0y; indeed, this equals €0 — (1 — X)20; in (€, 2)-coordinates.

Then u € C°([0, €), H{ g () lies in Ay, iff R7u € C°([0, o), Hy b (%)) for j =1,...,m.

Lemma 4.25 (Regularity of the inverse). Let m € Ng. In the notation of Proposition 4.23,
the inverse of the map (4.33) is bounded as a map

(ﬁmzﬁgﬁ)_l : Am([(), 60), ﬁ_gHg,_O(%,e(ﬁE)) ey _Am([(], 50), ﬁ_%HCsl,B(l),e(ﬁe; j:'*)?))
= A ([0,€0), p™ 2 Hyb3 (2)) © A ([0, c0), 52 Hiphy (2 T°X).

Proof. Suppose that [’? %E; U= f with f € Ag = C°. To prove the continuity of u = u(e)
at some value € = €5, € (0,€p), note that the weak compactness of the unit ball in the
Hy, po-spaces on ) and €), implies that for any given sequence €¢; — €+, we can pass to a
subsequence so that €2 ¢*(xu(e;)) and ¢ (xou(e;)) converge weakly to some
i€ pl HER2(Q) @ pd Hiph (6T X),  wo € p=3 HIF2(Q0) @ 5 F HE)(Q0: 0277 X)),

Moreover, €2 ¢, (1) = (¢o)«(uo) on ¥ 1(1) N x5 (1). Thus, there exists us € (Hil? @
HiihH(QN X)) with €2 ¢* (Yoo ) = @ and ¢* (Xoliao) = Uo. Since the coefficients of L EE; z
on Q° N {e > 0} depend smoothly on €, we find, upon taking the limit ¢ — oo, that
,C:Y E‘C; Floo = f(€so). The invertibility of £¥ 755;;5 implies that us = u(€ex), as desired.

When f € A, and m = 1, we note that

The first term lies in Ag; furthermore, the operator acting on w in the second term is a
g-00-operator of class (4.34), and thus the second term lies in 4 as well. Inverting Eﬁ,’léﬁff;j;
therefore implies Ru € Ag. The case of m > 2 follows by induction. O
Remark 4.26 (Relaxing the regularity of ?,f/;; in €). Later, we shall use slight extension of
Proposition 4.22, in which we work with §+ﬁ, E+§Where h, g are continuous families (in €) of
fiberwise smooth tensors on X which decay rapidly as € N\ 0. Lemma 4.25 similarly remains
valid for m = 0. Note indeed that in the proof of Proposition 4.22, the regularity of =, hin e
is not used except when arguing that EWEE;E differs from its two normal operators by error
terms which decay, as q-00-differential operators, at the respective boundary hypersurface
of X. This decay is still guaranteed due to the rapid decay of ﬁ, q as € \ 0.

Since in the gluing problem the boundary data (4.25) will be given, and satisfy the con-
straint equations, our task (in view of Proposition 4.22(1)) is to find subleading corrections
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so as produce a solution of the constraint equations. At the subleading level, the nonlinear
constraints map is well approximated by its linearization:

Lemma 4.27 (Accuracy of the linearization). Let (3,k) be a (€,&)-smooth total family.
Put

Q@ k;h,q) == PG+ h,k+G A) — P(, ks A) — L (. 9) (4.39)
for all~ﬁ~,ff for which the right hand side is defined for e < €y with some ¢y > 0 (depending
on :\747 ka h> a)

(1) (Polyhomogeneous version.) Suppose & C € and & C g are index sets. Put
Fl =28+ (NgUE) and F' = 2" + (NgUE). Let (h,q) € Aphg (X \ K° S2T*X) @

Aﬁh; (X \ K°; S2T*X). Then

QG ks h,) € A2 (X \ K% R T°X). (4.40)

(2) (g-00-Sobolev version.) In the notation of Proposition 4.23, suppose that ag, & > 0
and s > 5 +2. Let oy € R. Then we have a uniform estimate

HQ(?va’}VLl?al) - Q(’%k h27Q2)H

—2 2‘10ﬁ22 75/,321_15 2 ®p2a 2p2a°,522e B/széoéE

< C”(hlaal) (h27QQ)||p pao ~ag 76/52[{5 00 669;5‘3‘— Ozop~042 75//32]{ (441)

X nl?‘XH( J,q])Hp 820 G52 ePIP2 S o0 @pA—1p 5% ePIP2HE o0

g —

for all (~j, Gj), j = 1,2, whose norm in the function space p®p2°p3>e B/mﬂéf’ooﬁ <)
P 1p°‘°p e 5/”2’117015’007€ 18 suﬁczently~small depending on so > 5 + 2, as € R,
B >0, and ao — & (as well as on ,k). In particular, using the same norms as
n (4.41),

1QE, k; b, @) < Cll(h, @)1

In part (1), note that Lep=Lszwow ~1 maps (h,q) into
&2, E'+(NoUE 2,&'+(NoUE) / T\ 770 T 3
L (A5 > Aphg( 0UE)=2EHMLE) X\ Ko R @ T X). (4.42)
Thus, (4.40) shows that P(Y+h, k+q: A)— P(¥, k; A) is given by L%E(ﬁ, q) modulo quadrat-
ically small error terms; similarly for part (2).

Proof of Lemma 4.27. Consider the schematic form of P(¥,k;A) in (4.1). In local coordi-
nates on X, lifted to (singular) coordinates on X , the Christoffel symbols of 7 are of the
form I'(¥) ~ ¥~ 'D¥ where D is a coordinate derivative, and where 7,57~! denote com-
ponents of the (inverse) metric in these coordinates. The scalar curvature is thus of the
form
R; ~ DF'DY) + (7' D7)’ ~ 371 D*7 +77%(DF)*,

Now, in the neighborhood of any point on X and for sufficiently small |h| (maximum norm
of the components of k), we have (5 + k)~ = co(=1) 3~Y(h71)9; therefore, for twice

26For all sufficiently small € > 0, the sum 7 +hisa positive definite section of SQT*)Z', and therefore the
left hand side is well-defined.
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continuously differentiable A with small |k|, we can expand Re 5~ (7 +h)"LD%(F + h) +
(7 + h)"2(D + Dh)? into a convergent (in C°) power series around h = 0, giving

Rﬁﬁ»h R +DR( )+Q1(77 )7
QuF:h) ~ 3 (D (D*H)* + h(D*h) + (DF)°R + (DF)h(DR) + (Dh)?).
320

NoUE,NoUE . ~ NoUE, NoUE 9
phe since 7 € A, In a similar vein, since (try k)2~

(771k)2, the expression (tlr:Y e (k +q))? is equal to the sum of the nonlinear leading term

Here, we have ¢;(7) € A

(try k)2, its linearization in (3, k) evaluated at (h,§), and a nonlinear error term

Q27 ks h, @) ~ > ;)W (K*h? + khg + 3°);
7>0

the term |E|% ~ (77'k)? has a completely analogous description.

For the second component of P(ﬁ,%; A), the terms 5;74:/ and dtr;% have the schematic
forms = 1(Dk + (3~ 1D’y)k) and D (57 tk), respectively, which are both schematically equal
toy 'Dk+75~ v 2(D7)k. ThEs, the %uadratic anthigher order~(in~(h, q)) terms of 6§+ﬁ(k+®
iz:md dtrs 5 (k+q) ~ (Y + h)"'D(k+q) + (Y + h)"2(D(5 + h))(k + q) are of the schematic
orm

Q3(7, k7, @) ~ > ¢;(F)B ((Dk)R? + h(DG) + (DF)kh? + (DF)gh + k(Dh)h + (Dh)g).
>0

Using

and the fact that D € pA_lvq()Nf), we can now prove the Lemma.

For part (1), consider the first term of Qy, which is hJ(D23)h2 € Aggug ~BNoUE

Aéi;j)gl’(Qﬂ)g/; since & C &, we have (Ng U &) + {2 + HE c (Ng U &) + 2&', similarly
for the un-hatted index sets. Thus, h’/(D?¥)h? € A7 =27 indeed. Structurally, note that

phg
this term, and indeed all terms comprising ()1 and ()2, contain a total of exactly 2 fac-

tors involving D,E,(] Each of these factors reduces the index set at X by 1 compared

to 5,?@; therefore, Q1,Q2 € AT =27 The terms comprising (03 have the same structure

(for instance, h?*J(Dk) involves D and k, while h/(Dh)q involves D and §), and thus also
Q3 € Aﬁig_z’]:/.

Turning to part (2) and considering the case (ﬁg, g2) = 0 first, we use the multiplicative
properties of g-00-Sobolev spaces (defined relative to a positive q-00-density), which for
unweighted spaces are the same as those of standard Sobolev spaces on R" (as follows from
the bounded geometry perspective), while for weighted spaces the weights are additive. In
particular, H o . is an algebra under pointwise multiplication for s > 5, and there exists

an e-independent constant C'so that [[uv| a3, < Cllullms o V]l #: Thus, for example,

,00,e — q,00,€ qOOe
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using the membership D?5 € A~2°, we have

T 2N T2 2+5 || j || 2T
th (D 'Y)h Hﬁ(2+j)&72p((32+]')0<oﬁ<22+j)a26—(2+j)[3//32H(sLOO’E < C JHhH 5& pgro ~D<2 7B/p2H.s

Since for § > 0 multiplication by e#/f2 p5 is uniformly bounded on any fixed weighted
q-00-Sobolev space for any «, we can replace the weight p(2ﬂ)o‘2 —(2+9)8/p2 on the left

hand sides by C’%p2 e~B/P2 with Cy > 0. Turning to the term c;(¥ YRITY(D2h) in Q1 (7, h),
observe that D, relative to a q-00-derivative, loses two powers of po in addition to one power
of p; we thus have

th-&-] D2 ) <C2+jW~lH2+j

H p2+ia=2y, (2+J)ao ~(2+J)a2 4 —(2+J)ﬁ/p2Hs e ﬁangﬁ;‘%fﬁ/ﬁzHg,oo,e

Arguing as before, the po-weight on the left can be replaced by ﬁa, e B/P2 ypon suitably
enlarging the constant C. The analysis of the remaining terms comprising Q1,Q2,Q3 is
analogous. In order to estimate the difference Q(’y,k hl,ql) - Q('y,k hg,(]g) one uses
identities such as h] — b} = (hy — hg)% where ¥ := "0 %R} 7" and the norm of X is

bounded by Cj times the (j — 1)-st power of the maximum of the norms of hi and hy. O

For the construction of a formal solution to the gluing problem, we only need:
Corollary 4.28 (Accuracy of the normal operators). Let (3,k) be a (£,&)-smooth total
family with boundary data (¥, k) and (’y, k); let further & C € and &' C £ be index sets, and
let (h,q) € A‘€ (X\K° S2T*X )EBAg ~LE (X \ K° S2T*X). Using the notation of §3.1,

we then have

PG+ R+ A) = P EA) — e 2xs(Ly 1 (57 h,s7H(eq)) ) € AG (oo,

phg
(4.43a)
P +hk+GA) = P,k A) = XoLoy k() € AL EDmRERE,
(4.43b)

Proof. This follows from Lemma 4.27 upon using (4.29). Indeed, acting with

(No-+1)UE NoUE [y (X %)

L phg

afgw—xsoL%Ewos cA

on @_1@,2[) IS Aith £ gives an element of the space in (4.43a); note also that acting on
the pair (ﬁ, q) of symmetric 2-tensors, we have

ws ot = diag(ps %, po 1)s T diag(p?, o) = %5 diag(1, €).

Moreover, the quadratic error term (4.40) lies in the space (4.43a) as well, since in the
notation of Lemma 4.27 we have 7/ C &' + & and F' C & + £. The argument for (4.43b)
is completely analogous, now using that w,w=! = Id. O

5. GLUING CONSTRUCTION

The data for our gluing problem are as follows.
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Definition 5.1 (Gluing data). Let X be an n-dimensional smooth manifold, n > 3; let
A € R. Let £ C Cx Ny be an index set with Re & > 0; let K C R" be compact with smooth
boundary and connected complement. Then £-gluing data (with cosmological constant A)
consist of a point p € X and two pairs (7, l%), (v, k) with the following properties: (7, l%) is
E-asymptotically flat on R™ \ Ke° (see Definition 4.4); ~, k are smooth symmetric 2-tensors
on X, with v Riemannian; and both pairs satisfy the nonlinear constraint equations

P(;Y’]%O):O’ P(y,k; A) = 0.

Given X, we recall from Definition 3.1 the notation X for the total gluing space and
X ~R” and X, = [X;{p}] for the boundary hypersurfaces of X.

Theorem 5.2 (Main result, detailed version). Let p € X and (3, k), (7, k) be &-gluing data
(with cosmological constant A) as in Definition 5.1. Suppose U° C X is a smoothly bounded

connected open set containing p with compact closure U = U°, and suppose that (X,7, k)
has no KIDs in U° (see Definition 4.13). Let 0 < 6 < min(Re&,n — 2). Then there exist

mdex sets Sﬁ,Sﬁ C Cx No with Re Sﬁ >0 and Re& > 6, and a (Eﬁ,c‘}ﬁ) -smooth total family
(7, k) (defined on X \ K°, with K° given in Definition 4.20) with the following properties:

(1) the boundary data of (7,k) are equal to (3, k) and (v, k);

(2) we have (3,k) = (v, k) near X \ ([0,1) x U°), and (s~ ~, (ek:)) (4, k) near
# < Ry where Ry > 0 is any ﬁxed constant such that B(0, Ro) S K;

(3) there exists ¢ > 0 so that (7, k) solves the constraint equations in € < €, i.e
P(?,%;A) =0 on every e-level set of X \ K° for € < €.

Remark 5.3 (£ and the Positive Mass Theorem). If Re€ > n — 2, then the ADM en-
ergy £ and ADM linear momentum P = (Py, Py, P3) of the data set (,k) are equal
to 0 (which implies that the ADM mass vanishes); see e.g. [EHLS15, §2] for the def-
initions. This conjecturally implies that (Xﬁ,ff) can be isometrically embedded as a
spacelike hypersurface in (n + 1)-dimensional Minkowski space. This is known for n < 7
[Eic13, HL20], following earlier work in the case of spin manifolds [Wit81, BC96, CMO06].
See also [SY79, EHLS15, SY17, Loh16, HZ22]. We also remark that while we assume strong

regularity of 4, k at infinity, the decay may be too weak to allow for a definition of the ADM
energy and linear momentum.

5.1. Formal solution. By appropriately alternating the solution operators for the lin-
earized constraints map of the two given initial data sets, we shall now prove:

Proposition 5.4 (Polyhomogeneous formal solution of the gluing problem). Under the
assumptions of Theorem 5.2 and using its notation, there exists a (&,&;)-smooth total
family (7, k) satisfying properties (1), (2), but only:

(3)) (7, k) is a formal solution of the constraint equations, i.e. P(F,k;A) € C(X \
K°;R & T*X) vanishes to infinite order at X and X..

Proof of Proposition 5.4. Recall that p and p, € COO()NC ) are boundary defining functions
of X and X,, respectively; for convenience, we choose them so that pp, = €. Moreover, by
replacing £ with £ U (Ng + n — 2), we may assume that min Re& < n — 2; and we replace
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& by its nonlinear closure [ J jen j&. Lastly, we choose the localizer x € C* ()Z' ) to a collar
neighborhood of X so that supp ¥ C ﬂ[g*l([(), 1) x U°).

e Naive gluing. Fix geodesic normal coordinates x € R™, |z| < ro, around p with respect
to the metric v, and set ¢ = Zi:1(d$j)2§ thus, v = e at p. We regard Z = ¢ as a map from
a neighborhood of X C X to R™. Writing then

§ = A;(2) da' da?,
we regard s(¥) = 4;3(2) dz? dz? (in the notation of Definition 3.3) as a section of S2T*X —
X in a collar neighborhood of X ; since ’Ay;ij. — 0;j is polyhomogeneous, with index set £, in
the defining function |#|=! of X,, we have

~ N No,E/ v\ 77o. T*
X(s(9) —¢) € AP (X \ K% ST X),
where K = {(¢,2): & € K} as in Definition 4.20, and where ¥ € C*°(X) is 1 near X and is
supported in |z| < r¢. Similarly,

e xs(k) € AN VE(X\ K° ST X).
Therefore, the naive gluing

(0, ko) := (B*y + X(s(3) — ¢), B*k + ¢ 'ys(k)) (5.1)

of the two pairs of initial data is an (&, &)-smooth total family in the sense of Defini-
tion 4.20, where we set (&,&) = (No + 1,&); its boundary data are (%, k) and (v, k). By
Proposition 4.22(1), we have

P(o, ko A) € A2 TOXN\ KSR TX),  Fpi=No+1, Fy:=¢.

The absence of the O(p~2) leading order term of the error P(3p, ko; A) at X and the strong
vanishing at X, are due to the fact that (%,%) and (v, k) satisfy the constraint equations.
This is the starting point for an iterative construction of a formal solution to the gluing

problem. We record here that
min Re 7y — min Re 7y = minRe& — 1> 4§ — 1.

e Solving away to leading order at X. Fix any 0 < n < min(1,d). Suppose (%,%g) (for

some £ € Ny, starting with £ = 0) is an (£, &)-smooth total family, with boundary data

~

equal to (¥, k) and (v, k), and so that
P(e ki A) € AL 2TH X\ K% Ro T°X),
where the index sets satisfy
Reég>1—n, ﬁg—i—(NgU&)CﬁgCég,
Re& > —n, Foe+ (NoU &) C Fp C &, (5.2)
minRe 7, — minRe 7y > § — 1.

Moreover, we assume that (3¢, k¢) = (v, k) in a neighborhood of [0,1) x (X, \ U), and
(s 34,5 ' (eks)) = (4, k) in a neighborhood of # < Ry.
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Consider (z,m) € F; so that (z,m +1) ¢ F; and Rez = min Re ;. Then there exists

(f,7) € Agﬁéf‘ (X \ K°R & T*X), vanishing near # < Ry, so that

o~ e Fi-2,F . .
P, kg A) = p7 2 (log p)™(f.5) mod AL F = Fo\ {(z,m)}.
Our present aim is to correct (3¢, k¢) so as to remove the term p*2(log p)™(f,j) from
P(Je, ke; A). To this end, we write p = ep5 ' and thus
Az— M F T o (m iz m—i _—2 —(z— iF T
2o )" (F.3) = 3 () (<10 o)™ e %7 og ) ()
=0
Consider the i-th summand; we have
(fiji) =5 (0o " P log po) (F.T)g) € AGLA(X \ KR & *T"X)
where G; = Fy — z + (0,7). By (5.2), we have ReG; > 0 — 1. We can thus apply Propo-

sition 4.10(2) (with oo := d — 1 < n — 2 indeed) to produce (h;,d;) € Agﬁzs @ Ap%gus L
vanishing near 7 < Ry, with
L. i(hi Gi) = —(fi; 32);
the index set S here only depends on § and satisfies ReS > § — 1. Put then
7~ ~ S m iz m—i 7 — ~
) =Y (7 ) (1 og ™ (s, 1s(4)
i=0
z,m), .7-' 27 z,m)—1 ]—' 24 %
EAphg (XSTX)EBAphg (XST )
where X
Fi=((Fo—2)US8) + (z,m). (5.3)

Note that ]-"3 D Fy and min Re F¥ = min(min Re Fy, min Re 7y + min ReS‘). Therefore,
minRe]—";j —minReF; > 6 — 1, and Re]—"éi >min(d —n,(1—n)+ (0 —1)) =5 —n; we
may thus replace & by the nonlinear closure of & U (.7-";j + (Nog U &)), and replace Fy by
.7:5 + (No U &), without affecting the validity of (5.2).

Having adjusted the index sets in this fashion, we now apply Corollary 4.28 (concretely,
the membership (4.43a)), with (€,&) = (&, &) and (€', &) = ((2,m), Fy). This gives

e~ o~ e F)—2,F
P+ ke + @A) = P(Fp, ke; A) — 572 (log p)™(f, J)modAphg g

.7:'2 = (z,m) + ((NO +1uU Sg).
Note here that F} C 7, and min Re ) > min Re F7 4 (1 — 7).

Proceeding in this manner for all (z,m) € Fy with the property that min Re Fy<Rez<
min Re 5+ (1 —n) (and adjusting & and Fy as above) produces (h, ) € Apf}‘;ge @Afﬁ;’ﬁ
so that for the (&, &)-smooth total family

(3 k) = e, ko) + (B, @),
we have

PHESA) € Af 2FUX\K%RST*X), ReF'>minReF+(1-7n). (5.4)
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Thus, the remaining error has improved decay at X by more than 1 —7 orders as compared
to P(g, ke; A), while the adjustments of £ and F; were mild enough so as to preserve (5.2).
If min Re F; — min Re F¢ > § — 1 still, we may repeat this procedure (with F! in place of
F;), thus producing a further correction (with yet stronger decay at X) to (3¢, k%) whose
remaining error has yet another 1 — n orders of vanishing at X; and so on. Upon repeating
this procedure the maximal number of tirN]rles,27 and by a minor abuse of notatlon again
calling the final approximate solution (7¢, k%), we thus still have (5.4) and (7* ké) (v, k)
near [0,1) x (X, \ U), and furthermore
Reég>1—77, ﬁé-l-(NoUgg)CﬁKng,
Re& > 6 —n, Fr+ NoU&) C Fy C &, (5.5)
min Re F; — minRe ¢ € (6 — 2+ 1,6 — 1].

e Solving away to leading order at X,. The arguments near X, are very similar to (and

somewhat simpler, due to the absence of scaling considerations, than) those near X. We
thus consider (z,m) € F; with (2,m + 1) ¢ F, and Rez = minReFy, and (f,j) €

Aphg 2o (X \ Ko R® T*X ) with the property that

PGS A) = o (log po)™(F.7) mod A 277 B i= F\ {(2,m)}.

In the expansion

z mer - m iz m—i a—z T
piltogp) (7.3 = X (7 ) (-1 og ™ 5~ (log ) (7.3,
i=0
we consider the i-th summand. Note that

(fl)jl) = p/\iz(logp) (f j)|X0 € Aphg (XO’B@ BZT*X)’ gl = ﬁf —z+ (O)Z)a

and (fi,j;) has support in 5 (U°); moreover, minReG; > —d + 1 by (5.5). Proposi-
tion 4.16(2) (with & = —§ +1 — n > —n + 2) then produces
o 1 SO _1 .
(hisq;) € Agﬁgs @ pigu L Lo~ k(hisqi) = —(fi, Ji),

with supp h;, supp ¢; C U°, and where the index set S, only depends on §,n and satisfies
ReSo > —6 +1 —n. We then put

m

(h,(}') = Xo Z < . )(—l)zez(log E)m Z(hi, qi)
im0 \ !

e (X ST X) @ AL THEM (R 82T X,

eA

phg

where R )
Fh = ((]-'Z —2)US) + (2,m).

We have F% > F¢ and minRe F% = min(min Re F!, minRe F; + minRe S, ). Therefore,

min Re F;—min Re F* < §— 1+n, and Re F% > min(1—n, (6— 24m)+(2—n)+(=0+1-n)) =

1—n. Thus, we can replace &; by the nonlinear closure of £ U (F% + (NgU&)), and replace
Fl by F 4 (Ng U &), without affecting the validity of the first two lines of (5.5).

27Since Fy # (0, cf. (5.3), this maximal number is finite for any fixed .
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Corollary 4.28 (concretely, the membership (4.43b)), with (€, &) = (&, &) and (£,&') =
(F¢, (2,m)) gives
PG+ R K + G A) = PLESA) - p2(log po)™(F,7) mod AL T8 Fi = (2,m) + &
Thus, Re 7} > min Re 7, + (6 — ). In this fashion, we solve away all terms of P(7* KCA)

at X, corresponding to (z,m) € Fy with minRe 7y < Rez < minRe Fy + (6 — 1) at once.
If subsequently we still have minRe F; — min Re Ft e (6 —2+mn,6 — 1], we repeat this

procedure. We thus produce (h,§) € A;gf[ ® Aphg L7

Fests ko) = LK)+ (h, §) is a (Eps1, E1)-smooth total family (with Exp 1, Erq denoting
the adjustments of the index sets &, & performed in the course of the argument) for which

with a new index set f:'g) so that

~ 7 For1—-2,Fe41
P(Fye-f'l? kf‘i‘l’ ) € Aphg )

where Re Fyy1 > minRe Fy + (1 — 1) and Re Fyy; > minRe Fy + (§ — 1), and (5.2) holds
for £+ 1 in place of £. This completes the inductive step.

o Asymptotic summation. We now have a sequence (%,Eg), ¢ =0,1,2,..., with the

property that P(%,Eg;l\) is polyhomogeneous on X with the index sets at X and X,
having minimal real parts tending to +oo, and so that (Eg, qe) == (%H,%gﬂ) - (%,Eg) is
polyhomogeneous with index sets having real parts larger than any desired constant C' for
all £ > ¢o(C). The latter property enables us to take (?,%) to be an asymptotic sum

(3, k) ~ Fo, ko) + > _ (he. )
=0

which is an (c‘fﬁ,é’ﬁ)—smooth family for some index sets é’ﬁ,gﬁ which satisfy Re (‘:’ﬁ >1-—n
and Re& > 6 — (from (5.2)). The former property implies, in view of Lemma 4. 27(1)
and (4.42), that P(’y, k; i A) is polyhomogeneous on X with index sets which have arbitrarily

large minimal real parts; thus, P(¥, k; A) € (X \ K°), as desired. The proof is complete.
U

Remark 5.5 (Better regularity at X ). In 1 Proposition 5.4, one can arrange, for any desired
value N € N, that Re Eﬁ > N; thus, (7, ek:) is of class CN down to X. Indeed, starting with
the naive gluing (3o, ko) in (5.1), one solves away the error P(o, ko; A) to leading order at
X (where it has index set (N + 1) — 2); arguing iteratively, once the error P(, kg; A) has
index set (Ng+¢+41)—2 at X, and an index set & at X, with Re& > Re& — 7, one solves
away the leading term at X using Proposition 4.10(2) with o, = (Re& — 1) — (£+1) (which
satisfies the bound o, < n — 2 by an increasingly wide margin as ¢ increases). Stopping
this procedure at step £ > N, one then solves away the error term to a high order at X,
by means of Proposition 4.16(2) with large values of & (so that the corrections vanish to
high order at X). Once one has thus constructed a (&,,&,)-smooth total family (3, k),
with Reé, > N, and with P(%,k:b,A) vanishing to order > N at X and X, one can
correct (7, kb) to a formal solution by solving away the error in turns at X and X, as in
the proof of Proposition 5.4; an inspection of the proof shows that these corrections are
polyhomogeneous and vanish to order > N at X and X..
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5.2. True solution. In this section, we prove Theorem 5.2. We start with the formal
solution (¥, k) from Proposition 5.4. Theorem 5.2 is then a consequence of the following
result:

Proposition 5.6 (Correction of a formal solution). With (7, %) as in Proposition 5.4, there
exists (h,q) € C¥(X \ K°; S?T*X @ S?T*X) with the following properties:

(1) we have (h,§) =0 near X \ ([0,1) x U°) and near {(e,2): ex € B(0, Ry)} C X ;

(2) for (', k') = (¥ + h,k+q), we have P(y',k';A) =0 in € < ¢ for some e > 0.
Proof. We choose p and p, so that ppo = €. Fix as € R, 8 > 0, and &, a, > 0 with
oo — & < n —2. Recall w and wy from Proposition 4.23. Set a =& +n — 2 — % and write

wy, = €72 5502 58 pro sy, wr = Wple pRpyze PP,

f(ir the weights appearing in the definition (4.32) of [’W; =w LL%EU) r. We shall construct
(h,q) of the form

(h,q) = wiL: zwi(f,)) = wrll(f,)),
where (]?, }) solves the equation

wrP((3,k) +wrll(f.9) = 0. (5.6)

Recalling the notation Q(7, k;h, q) for the quadratic error (4.39), this equation is equivalent
to

L(f,5) = —wLPH,k;A) —wrQ(7, k; U)R»C~ (h 7)),
where L := [,:Y %L;/ Z is an elliptic unweighted q-00-operator (see (4.34)) which is uniformly

invertible as a map (4.33). This lends itself to a fixed point formulation using the map
T (F.7) = £7 (~w PR A) = wiQ(F s wrls L(F.1) ) (5.7)
as we proceed to demonstrate.

e Eristence of a solution with fived regularity. Fix s > 5 +2; let N > 0 be arbitrary. We
claim that there exist ¢g > 0 and & > 0 so that 7" is a uniform contraction on the d-ball in
the space

XN = NHE (Q0) @ VH 5 (2 TX)
for € < €y, where OcX is the domain defined in Proposition 4.23. To show this, note first
that the norm of wr, P(7, k; A) in the space

Vo = N H G Qo) @ N Higg [(Q6 T7X)
is bounded by Cye since P(¥,k;A) lies in C>°(X) and vanishes near j, = 0. (Here, C)

depends on s, N, and tacitly of course on the fixed constants as, 3, o, & and on the tensors

,k.) Next, when ||(f,j)”Xs ~ < 0 and thus

||1UR£* (f ])Hp P po2e” ﬁ/PQHSOO ®pE1p5° po2e ﬁ/szS < Céé,
an application of Lemma 4.27(2) gives, a fortiori,

lwrQ(F, ks wr L £ (F,)) [l yer < Call(F. D) 3pen < Ca8”.
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Here, Cy and C are constants depending only on s, N. Finally, write C3 for an upper
bound on the (N-independent) operator norm of £~!: VN 5 x5 for € < g, where ¢ is
given by Proposition 4.23. Fix 6y > 0 so that C3C562 < %0; for all § < §g, there then exists
€1 € (0,¢0) so that C3(Cre+ Cq6%) < 6 for € < €;. The map T thus maps the d-ball in xsN
into itself.

Next, consider the difference
T(ﬁa}l) - T(ﬁ?}?) = [’71 (U)LQ(§7 %, wR[’;jC'(fQ73/2)) - wLQ(?7 fl;;v wRﬁ:*;’E(.}?h;l))) (58)

for (hj,q;) € X5 of norm less than &. Using the estimate (4.41), the X" -norm of (5.8)
is bounded by C5C6||(f1, 1) — (f2,72)||Xs,N. If we choose § so that C3C§ < 5 (and then €

as above), we conclude that T' is a contraction on the d-ball of XES’N, uniformly for € < €.

We therefore obtain a solution (f,j) of the equation (5.6) in € < €1 = €1(s, N) which is
uniformly bounded in the space x5 Moreover, the solution produced by the contraction
mapping principle is independent of the choices of N and s (though the constant €; given
by the above arguments may depend on these choices); this follows from the fact that the
tensors T%(0,0) := T(T(---(T(0,0))---)) (k compositions) are independent of s, N (since
s, N do not enter in the definition of 7"), and hence so is their limit. But note that whether
or not a family of tensors is uniformly bounded in xsN depends on N only in an arbitrarily
small neighborhood of € = 0; therefore, we can take €1 = €1(s) to be independent of N.
Furthermore, since the construction of (J?J) is independent of s, we automatically have

(F, ) eXxs>N,  e<ef(s), NEeR. (5.9)

e Higher g-00-reqularity. We proceed to show that, in fact, (.]?,3) e x5 foralls, N € R
for e < €1(sg) where we fix so > 5 + 2 (e.g. so = § + 3). For any fixed s, we only
need to prove this for € € [€1(s),€1(s0)) in view of (5.9), but we give an argument which
directly works in the full range € < €(so). To wit, consider the localization of (f,7) to
a q-00-unit _cell on Q, or equivalently, in the notation of (3 2) and (3.6), the localization
of ¢* (Xf,Xj) to a b-00-unit cell on {7 > Ro} C X or of gbo(xof Xo]) to a b-00-unit cell
on B;Y(U) C X,. Identifying such a unit cell with the unit ball in R™ via coordinate
charts of the bounded geometry perspective, this localization has C*® @ C*®-norms (with

€ (0, s— 2 —2)) uniformly bounded by Cne" for all N; we use this bound for N = 1. The
elhpt1c1ty of L as an unweighted g-00-operator, and this Cje-bound of the localizations of
( 7 ) implies that for sufficiently small € (independently of s) the PDE (5.6) in such charts
is a quasilinear Douglis—Nirenberg elliptic system (with uniform dependence on the unit
cell); such systems are discussed in Appendix A. By Proposition A.1, this implies O(¢V)
bounds in Ck+2@ g CE+Le on the localizations of (f, ) for all k, as claimed.

e Conormality in €. Recalling Definition 4.24, we may run the above contraction mapping

argument on the space CO([0, €1(s0)), X2°) using Lemma 4.25 and deduce that (f, ;) is
in fact continuous with values in X" (for all N); continuity in X&" for all s > so
follows from a parameter-dependent variant of Proposition A.1 (the proof of which requires
choosing the small parameter § and the elliptic parametrix @) there in a continuous fashion).
We conclude that

(E@ = wRﬁ;;;(J?a j) € ENPQPQOP € ﬁ/ﬁzHg,oo,e()? \ ko? SQT*)?)
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N ~6—1 a0 ~a2 —B/p s v 0. Q2% v
@ e pY T poepyie *B/pQHq,Ooye(X\K ; S°T*X)

for all s, N, with continuous dependence on € € (0, ¢);
We can improve this further: for some e¢; < €(sg) depending only on sy, we have
(f,7) € Al([o,eﬁ),Xeso’N). Indeed, we may run the contraction mapping argument on

the space A; ([0, ), X™) by using Lemma 4.25 and direct differentiation of the argument
of £71 in (5.7) along the testing operator R (see the paragraph preceding Lemma 4.25).
Proposition A.1, with added C! dependence on the parameter ¢, improves this to

(f,7) € A([0, &), X>N) Vs, N eR. (5.10)

We claim that (f,7) € Ag([0, eﬁ),Xf’N) for all k € N, with ¢ fixed. Using the test-

ing operator R € V},(X) again, this follows most easily by direct differentiation of (5.6).
We explain this schematically, for simplicity of notation. The PDE (5.6) is of the form
Pe,u(e); A) = 0, so differentiating once along €0, (which is justified in view of (5.10)), a
stand-in for R, gives L, (o) (€0cu) = —(€0:P)(€,u(e)) where L, is the linearization of
P in the second argument. Differentiating this once more gives an equation of the form
Leu(e)((€0c)*u) = f where f depends only on €, u(e), eu(e) and in particular depends con-
tinuously on e. While a priori (€d,)?u is defined only as a distribution in € with values in
x5V the invertibility of £ (which in our concrete setting is the operator [’W R +6£;+E,E+q~)
implies that (ed.)>u € CY after all. (See Remark 4.26.) This can be iterated, giving the
desired conormal regularity of (f, 3)

By Sobolev embedding (Corollary 2.6), we can now conclude that (h,q) € Ve (X \
K°;S?T*X @ S?T*X) (for all N) vanishes in # < Ry and outside of [0,1) x ¢. The proof
is complete. [l

6. APPLICATIONS

As an immediate application of Theorem 5.2, we explain in §6.1 how to glue exact Kerr
initial data into a given generic initial data set. On the other hand, all known explicit
initial data sets are contained in spacetimes with symmetries, and thus the initial data do
admit KIDs; we thus demonstrate in §6.2 how to extend our methods so as to glue any
asymptotically flat data set into the initial data of an exact Kerr—de Sitter (or Kerr, or
Kerr—anti de Sitter) black hole. Combining these two applications, we can thus produce
initial data sets by gluing small Kerr black holes into Kerr (or Kerr—de Sitter, or Kerr—
anti de Sitter) initial data. For brevity, we only discuss the Kerr and Kerr—de Sitter cases
here, leaving the (purely notational) changes required to treat the Kerr—anti de Sitter case
(A < 0) to the interested reader.

For A > 0 and parameters m € R, a € R, the Kerr (for A = 0) or Kerr—de Sitter (for A >
0) metric ga m o describes a rotating black hole with mass m and specific angular momentum
a; in the case a = 0, the metric ga m o reduces to the Schwarzschild or Schwarzschild—(anti)
de Sitter metric [Sch16, Ker63, Car68]. In Boyer—Lindquist coordinates, and using the
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notation from [Hin21b, §1], we have

an o ,UA,m,u("”)

m.a c—

b?\,m,agg\,m,a(r’ 0)
cAm,a(0) sin? 6

bR 0% mal(7:0)

(dt — a sin? 0.d6)? + 0 o7, 6) ( +

dr? d6? )
MA,m,a(T) CA,m,a(e)

((r® + a®)d¢ — adt)®,

A 2
NA,m,a(T) = (7"2 + a2) (1 - %) — 2mr,
Aa? Aa?
bAma =1+ =5 cAmal(f) =1+ = 05’0, 0 ma(r,0) :=1"+ a*cos’ 0.

We call the parameters (A, m, a) subextremal if jip m o has two (when A = 0) or four (when
A > 0) distinct real roots. The metrics ga m o are stationary and axisymmetric: the vector
fields 0; and 9, are Killing vector fields. When a = 0, the metric is spherically symmetric.
We shall henceforth write K(dS) for Kerr and Kerr—de Sitter (depending on A).

For a discussion of the geometry of K(dS) spacetimes, we refer the reader to [DROS,
Vas13]. We mention here only that the above metric of a subextremal K(dS) black hole
can be extended analytically past the larger two roots 0 < rivm’a < rf\ma of pp ma(r), with
the level set r = T} m,q containing the future event horizon.

6.1. Gluing Kerr initial data into a given data set. Fix the parameters m,a € R of
a Kerr black hole (not necessarily subextremal). Fix r¢ > 0 large enough so that the Kerr
metric, in Boyer—Lindquist coordinates, is defined on the manifold

M =Ry x [r¢,00) X Sg’(z),

We may take r¢ to be any number larger than m-++/m? — a? in the subextremal case |a| < m.
We introduce the usual Cartesian spatial coordinates x = (z!, 2%, 23) on [r¢, 0o) x Sg} ¢ Fix
now the generators B; € s0(1,3) C R¥*4, j =1,2,3, of Lorentz boosts in the three spatial
coordinate directions x!, 22, 23 to be (B;)py = d0pdjq + doq0;p; thus, for example, exp(w; By)
is a Lorentz boost in the z!-direction with rapidity wi. Let B = (Bi, Ba, B3); given a
rapidity vector w € R3, we then write ty, = exp(—w - B)*t and zy = exp(—w - B)*z for
the time and spatial coordinates of an observer that is boosted with rapidity w. Note that
since exp(—w - B) € SO(1, 3), the pullback of the Minkowski metric —d¢? + dz? is equal to
—dt2, + da?,.

Lemma 6.1 (Boosted Kerr initial data). Let X C M denote a spacelike hypersurface which
is a graph over [r¢, 00) x S?, and which for large r is equal to a level set of ty. Let KcCR3
denote the closed ball of radius r¢, and identify ¥ = R3\ K° via a diffeomorphism which
s given by T, Tesp. Tw near K, resp. for large r. Then the initial data at ¥ of the metric
go,m,a on M are E-asymptotically flat on R3\ Ko, where € = Ng + 1.

See also the closely related discussion in [CD03, Appendices E and F].

Proof of Lemma 6.1. For A = 0, the coefficients by mq and cpmq in (6.1) are equal to 1.
Let p = =1 One can then check that goma = —dt? + dz? + ¢’ where ¢’ € pC>®(R3 \
K°; 52 SCT*R*) is independent of ¢; that is, the coefficients of ¢’ with respect to 9, 9,1, 0,2,
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0,3 are smooth functions of r~! and w = é—‘ and vanish at 7—! = 0. A fortiori, 90,m,a is thus
for large r of the form

—dt? +da? + ¢, g € pC%. (6.2)
where we write pCoy; for the space of smooth symmetric 2-tensors whose coefficients, for
large r and for |1| < 1, are smooth functions of £, r~!, and w. The Lemma now follows

from the following two claims:

(1) the initial data of any metric g of the form (6.2) at t = 0 are £-asymptotically flat
for large r;

(2) the class of metrics of the form (6.2) is preserved under pullback along a Lorentz
boost.

Regarding claim (1), note that the metric induced by g on ¢t~1(0) satisfies

v € da? 4+ pC>®(R3\ B(0, R); S?°T*R3)
for some large R indeed. The future unit normal vector field n at t=1(0) is n = 9, + n’,
n' € pC®(R3\ B(0, R);**TR?) (i.e. a linear combination of d;, 9,1, 0,2, 0, with coefficients
of class pC>). But the Christoffel symbols of g (in the coordinates t, ) lie in pCS%, (the
space of smooth functions of %, r~1, win 7 > 1 which vanish quadratically at »~! = 0),
since 0y, 0,5 : pC — p?CSS,.. Therefore, the coefficients of the second fundamental form
satisfy k;; = g(V;0;,n) € p>C>®°(R3 \ B(0, R)).

Regarding claim (2), note that ¢ := exp(—w - B) is an invertible linear map on R*, and
thus extends by continuity to a diffeomorphism of R (cf. [Mel96, Lemma 5.1.1]) preserving
the boundary at infinity. As a consequence, push-forward along ¢ or ¢~!' maps Vb(@)
into itself, and also maps functions of class pCoy; into itself, and therefore ¢* preserves
symmetric 2-tensors of class pCSS. Furthermore, as already noted, we have ¢*(—dt?+dz?) =
—dt? + dz?. This completes the proof that the pullback of (6.2) under ¢* is again of the
form (6.2). O

Therefore, we may apply Theorem 5.2 to glue a Kerr black hole (whether subextremal
or not) into the neighborhood of a point p in any given initial data set (X,~,k) (with or
without cosmological constant), provided X does not have KIDs in a neighborhood of p.

6.2. Gluing a given data set into subextremal Kerr and Kerr—(anti) de Sitter
initial data. Fix A > 0 and the parameters m,a € R of a subextremal K(dS) black hole.
We write r¢ = 3 , , for the radius of the event horizon. For sufficiently small > 0, the
K(dS) metric can then be analytically extended to the manifold

M :=R¢ x [r® — 2n,00) X Sg#,,
where t = ¢ — T'(r) and ¢ = ¢ — ®(r) for suitable functions T, ®; see e.g. [Hin21b, Equa-
tion (1.5)] in the Kerr—de Sitter case. We require that the level sets of t are spacelike and
transversal to the future event horizon. For § € (0, 27], let
Xs=t10)n{r>r° -8} cM,

and denote by

v,k € C®(Xs; S?5T*X)
the initial data on X; induced by gamq. Suppose we are given an £-asymptotically flat
initial data set (¥, k) on R3\K ° as in Definition 4.4, which satisfies the constraint equations,.
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Since (M, gam,a) has global Killing vector fields, the data set (Xs,v,k) does have KIDs,
Le. the kernel of L7 , is nontrivial on any nonempty open subset of X [Mon75]. Therefore,

Theorem 5.2 is not dlrectly apphcable Note however that in the spacetime evolving from a
putative gluing (7, k) of (¥, k) into a neighborhood of a point p € X, the exterior domain
is independent of the glued data in r < ¢ — 7, provided € > 0 is small enough, in view of
finite speed of propagation for solutions of the Einstein field equations. Thus, we shall relax
the gluing requirements by tolerating violations of the constraint equations in r < r¢ —n:

Theorem 6.2 (Gluing into K(dS)). Let (9,k) be E-asymptotically flat data on R*\ K° with
P(4,k;0) =0, and let (y,k) be K(dS) data on Xa, as above. Let p € Xo, and let U° C Xoy,

be a smoothly bounded connected open set containing p with compact closure U = U° disjoint
from {r =r¢—2n}, and so that U° N (X2, \ X)) # 0. Then the conclusions of Theorem 5.2

hold for n =3 and X = X,,.

See Figure 6.1.

FIGURE 6.1. Illustration of Theorem 6.2 and its proof; shown is a part of
Xo,. We permit violations of the constraint equations in r» < ¢ —n; in
the gluing procedure, which modifies the data (v, k) in U, we add suitable
error terms (which we may take to be supported in the red region) to the
constraints into Xy, \ Xj,.

Remark 6.3 (Mass). If we start with Kerr data (v, k), then the glued initial data (7, k), for
all € > 0 (in the notation of Theorem 5.2), agree with (v, k) for large radii, and therefore
their ADM mass is always equal to m. Note however that (7, k) differs from (7, k) near
the Kerr event horizon, and thus Bartnik-type notions of (quasilocal) mass (see e.g. [Bar89,
Bar97, AJ19]) which depend on properties of minimal surfaces or MOTS depend on e.
Heuristically, the proof below thus takes mass away from (v, k) and uses it to glue in the

data set (%, k).

Remark 6.4 (Other gluing procedures). Another possible avenue for accounting for the
cokernel of L} is to modulate the parameters of the K(dS) black hole in the gluing pro-
cedure, as has been done in related contexts for A = 0 in [Cor00, CS06], and for A > 0 in
[CP08, Corl3]; we shall not pursue this possibility in this paper. Conjecturally, in such a
gluing procedure in the case A = 0, in which one moreover leaves (7, k) unchanged near the
event horizon, the ADM mass of the glued data set is m 4 em + o(e) where m is the ADM

mass of (5, k).

Proof of Theorem 6.2. The main task is to find a suitable replacement for Proposition 4.16.
Let Us = B5(U) where U = U°. Let N < oo denote the dimension of the kernel K* of L ,
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on C>(U°). We claim that we may select (f ,]Z) eCPUN\NXyReT*Xy,),i=1,...,N,
so that

Ey: p S HYRAU) © p 5 HY b (Uot BY T Xay) 3 (7, 5%) o ((F7,57), (£, 5)ica,.v € RY

restricts to a linear isomorphism K* = RN where K* is the kernel of E:,% ;. on the domain
of the map (4.22). To prove this, note first that elements of K* are rescaled versions of
restrictions of pullbacks of elements of K* to U, along 3,. But by Lemma 4.3, elements of
K* are uniquely determined by their restriction to any non-empty open subset of I/°; thus,
if (fF,77),1=1,...,N, is a basis of ¥, then the restrictions of (f,j;) to U°\ X,, are
linearly independent—a fortiori also as distributions on ¢/°\ X,,. This implies the existence
of (f£,57) € CW\ Xy) with (f7.7). (f£.4})) = dix for 1 < ik < N.

Define now Ep: RN — C®U° \ X,;R @ T*Xy,) by (¢;)ic1..n — o ci(f ﬁ,jl) Since
ran Fq spans the cokernel of ﬁoy%kﬁoq,kﬁ we conclude that the map

Lo~ Ll E o'} n U,
< Ng " 01>:( SHY G @ p 2 Hihy) @RY — (572 HY o0 @ p 2 Hy og) ®RY
2 7 )

is invertible. Regarding part (2) of Proposition 4.16, we may now uniquely solve, for any
given polyhomogeneous (f, j), the system?®

Loyw(h,a) = (f, ) + Ex(c),  Ea(h,q) =0,
for ¢ € RY and polyhomogeneous (h,q). Since supp Ej(c) C U° \ X,, this implies that
Lo s(hg) = (f,) on X,

We similarly modify Prop081t10n 4.23: we may take the same ( f , jz) regarded as e-
independent tensors on X' , and consider the map

ci,%ﬁaﬁ E (6.3)
Es 0

between the direct sums of the spaces in (4.33) with RY. This can be shown to be invertible
with uniformly bounded inverse for all sufficiently small ¢ > 0 by following the proof of
Proposition 4.23: for the normal operator argument at X»,, one works only with [’ﬁ Eﬁfg

’ Y

and obtains an improvement of the weight at Xgn, while the normal operator argument
at (Xoy,)o provides the estimate for the RY-summand, and gives the improvement of the
weight at (X2,)o as before. Lemma, 4.25 remains valid, mutatis mutandis, for the map (6.3).

The arguments of §5 now apply with minor modifications; for instance, instead of (5.6),
one solves the system

wp P((F. k) + wrllp(F.D) + E1(@ =0, Ex((3.k) +wrlip(f.7) =0
where ¢ = ¢(e). We leave the details to the reader. O
If we take (%,k) to be (boosted) Kerr initial data, then Theorem 6.2 produces initial
data sets in which a small mass Kerr black hole is glued into a given K(dS) initial data set.

These are natural initial data sets which (depending on the choice of location and boost
parameter of the small black hole, which determine the geodesic along which the small

28The choice 0 € RN of the right hand side of the equation involving Fs is arbitrary.
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Kerr black hole moves) conjecturally evolve into spacetimes describing extreme mass ratio
inspirals; see §1.4.

APPENDIX A. QUASILINEAR ELLIPTIC DOUGLIS-NIRENBERG SYSTEMS

We work on R™, n > 1, with points in R denoted by z. Let N € N. Consider u(x) =
(uk(x))k=1,.. N, with uy valued in R%*. Letty,...,tN,s1,...,5n € Ng. We consider a system
(Pj(u))j=1,..~ = 0 of N nonlinear partial differential equations for u which is quasilinear
in the following Douglis—Nirenberg sense: writing

D<" := (u, Du, ..., D™ 1)

for the vector of all (mixed) z-derivatives of u up to order m — 1, we have

N
Pi(w,u) =Y > Ljgalz, (D uy(x))e=1,.. ) Dup()
k=1 |a|=tk+s;

+ Pj(z, (D 5uy(2)) o1, N) s

where Ljj o and ]5]- are smooth functions of their arguments. We furthermore assume that
P is elliptic at u in the sense that the linear operator
to+s; o tots; otpts;
L(x, (D< e+sﬂu£), D) := ( |Z ij@(x’ (D< £+SJUZ))Da)j7k:L“_7N c (lef k+8])j,k:1,,._,N
« =tk+5j

is elliptic in the Douglis—Nirenberg sense.

Proposition A.1 (Bootstrap). Let § = maxs;. Suppose that u € @gzl Clrtse(R?; R,
a € (0,1), is a solution of P(x,u) =0. Then u € C™®.

Proof. This is a standard scaling and linear approximation argument, but we give a proof
here for completeness. Since the claim is local, it suffices to work near x = 0. Assume that
uy € CH 5T with m € Ny. For § > 0 to be determined later, consider the rescaled coor-
dinate & = %, and write D = 671D for its coordinate derivatives. Setting @ = diag(d~*)u,
the rescaling (6% Pj(z,u))j=1,..,.n~ = 0 then reads

L(3%, (D<'495uy(52)), D) = £(8) = — (6% By(02, (D= 510 (5))))
Working in [Z] < 2, we have f(8) € @, C™'*+57% (with norm depending on §). Moreover,

since the norm of D<t¢+8iy,(52)— D<tetsiy,(0) € C™HF575:9 i3 of size O(6), we can rewrite
this further as

j=1,.,N"

L+ La= f(6),
where £ = L(0, (D<**%iu,(0)), D) is Douglis-Nirenberg elliptic, and where the remainder
term £ € (Diff% %), ,_; y has coefficients of size O(§) in |&| < 2. Let x € C>°(B(0,2))
be identically 1 on B(0,1); then

L(xi)+ L(xa) = £(8),  f(0) =xf(0)+[L+ L x]aePcmtitisie,
J

Let Q € (U~7%), .y N denote a parametrix of £ near supp x, with Schwartz kernel
compactly supported in B(0,2) x B(0,2), and so that QL = I + R where Roy € ¥~1. We
then have

Qf(0) = (QL+ QL) (xt) = (I + QL)(xt) + R(x).
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But Qf(9), R(x@) € @), C™ 15+t while the operator norm of QL on @, C™H1+5+tke
is of size O(9) uniformly for n € [0,1]. (We use here the boundedness of ps.d.o.s on Hélder
spaces, see e.g. [Tayll, §13.8].) Thus, for sufficiently small §, we can invert I + QL (with
the choice n = 0) via a Neumann series, giving

xt = (I+QL)(QF() — R(xa)).

But the right hand side is now also defined for the choice n = 1 (upon shrinking ¢ further if
necessary). This improves the regularity of xt, and thus of x(z/d)u(x), by 1 order relative
to the inductive hypothesis. The proof is complete. [l
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