THE LINEARIZED EINSTEIN EQUATIONS WITH SOURCES

PETER HINTZ

ABSTRACT. On vacuum spacetimes of general dimension, we study the linearized Einstein
vacuum equations with a spatially compactly supported and (necessarily) divergence-free
source. We prove that the vanishing of appropriate charges of the source, defined in terms
of Killing vector fields on the spacetime, is necessary and sufficient for solvability within the
class of spatially compactly supported metric perturbations. The proof combines classical
results by Moncrief with the solvability theory of the linearized constraint equations with
control on supports developed by Corvino—Schoen and Chrusciel-Delay.

1. INTRODUCTION

Let (M, g) be a smooth connected globally hyperbolic spacetime, of dimension n + 1
where n > 2, which solves the Einstein vacuum equations

Ein(g) =0, Ein(g) := Ric(g) — %Rgg. (1.1)

Here Ric(g) and R, denote the Ricci and scalar curvature, respectively. Let ¥ C M denote
a smooth spacelike Cauchy hypersurface; denote its unit normal by vs; and the surface
measure by do. We study linearized perturbations of g sourced by smooth linearized stress-
energy-momentum tensors f € C°(M;S?T*M) which are spatially compactly supported
(hence the subscript ‘sc’): this means that there exists a compact subset K C X so that
supp f C U, JF(K), with J5(K) C M denoting the causal future (‘+), resp. past (‘—’),
of K.! That is, we shall study the equation

DyEin(h) = %Ein(g + sh) . f- (1.2)

8=
Recall the second Bianchi identity, which states d4Ein(g) = 0 for all metrics g (where dg is
the negative divergence operator, i.e. (04h), = —hy,*"); linearizing this in g and using (1.1)
gives

d4(DyEin(h)) =0 Vh € C®(M;S*T*M). (1.3)
Therefore, a necessary condition for the solvability of (1.2) is d,f = 0. The main result of
this note precisely determines the extent to which this condition is also sufficient. To state
it, denote by # (M,g) C V(M) = C*(M;TM) the (finite-dimensional) space of Killing
vector fields on (M, g).

Theorem 1.1 (Main theorem, smooth version). The map

€2 (M: S2T* M) 5 fr—>/f(ug,X) do, X ex(Mg), (1.4)
>
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1The space Cs (M) is well-defined independently of the choice of Cauchy hypersurface.
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induces a linear isomorphism
{feCX(M;S*T*M): 6,f =0} / {DyEin(h): h € C(M; S*T*M)} — A (M, g)*. (1.5)

Here # (M, g)* = L(# (M, g),R) is the dual space. This isomorphism is moreover inde-
pendent of the choice of Cauchy hypersurface 3.

In other words, DyEin(h) = f € C¥ Nkerd, has a solution h € C5 if and only if all
‘charges’ (1.4) vanish. (In particular, when J# (M, g) = {0}, then d,f = 0 is sufficient for
the solvability of (1.2).) The proof of solvability utilizes the Cauchy problem for a gauge-
fixed version of this equation. The Cauchy data must be chosen to satisfy the linearized
constraint equations on ¥ with source ) = f(vg,-) while being compactly supported; by
results of Corvino—Schoen [CS06] and Chrusciel-Delay [CDO03], this is possible if and only
if ¢ is Lg—orthogonal to the kernel of the formal Lf]-adjoint of the linearized constraints
map, which can be canonically identified with J# (M, g) by a result of Moncrief [Mon75].
We recall Moncrief’s result in Proposition 2.1 and give a new perspective on its proof. For
a finite regularity version of Theorem 1.1, see Theorem 3.3.

In Theorem 3.4, we show that if 3 is noncompact and one drops the support assumptions
on h, there are no obstructions to solvability beyond d,f = 0, the reason being that the
aforementioned cokernel on the dual space &’(X) of C*°(X) is trivial. When M and ¥ have
more structure, e.g. if they are asymptotically flat, one can make more precise statements
regarding the weights at infinity of f and h depending on which (some of) the additional
obstructions given by (1.4) disappear; we shall not discuss this here.

Remark 1.2 (Cosmological constant). Our arguments go through with purely notational
modifications if Ein(g) — Ag = 0 where A € R is the cosmological constant. In this case,
Theorem 1.1 becomes a characterization of those f € Cg Nker o, for which DyEin(h)—Ah =
f has a solution h € C.

Our motivation for solving DyEin(h) = f with nontrivial f, and understanding the
obstructions to solvability, comes from perturbation theory. To give a concrete example,
suppose (M, g) is a vacuum spacetime, and we wish to modify it near a timelike geodesic
7, in local Fermi normal coordinates (t,z) given by v = {(¢,0): ¢ € R}, by gluing in
a small black hole; in 3 + 1 dimensions this could be a Schwarzschild black hole with
mass € > 0, given by the metric —dt? + dz? + 2¢(dt? + dr?) + O(e?r~2) where r = |z].
The naive ansatz g. = g + x(r)2(dt? + dr?) for the modified spacetime metric leads to
Ein(g.) = Ein(g) + ef + O(¢?) where f = O(1) near the gluing region suppx’ C {r > 0}
(ignoring the singularity of f at r = 0, which one must deal with separately), and d4f = 0
by the second Bianchi identity for g. = g + O(€). One then wishes to eliminate the error
f by replacing ge by ge + €h where h solves DyEin(h) = —f (while being more regular at
r =0 than 2(d¢? 4+ dr?)). For the details of such a gluing procedure, see [Hin23].

Prior work on solutions of the linearized Einstein equations has largely focused on so-
lutions of the homogeneous equation DyEin(h) = 0. Control of solutions modulo pure
gauge solutions (i.e. symmetric gradients djw of 1-forms w on M, which always satisfy
this equation) is one important problem, especially in the context of stability problems
[RW57]. More pertinent to this work is the problem of linearization stability as introduced
by Fischer-Marsden [FM75, FM73|, namely whether such an infinitesimal deformation h
can be integrated to a nonlinear solution, i.e. whether there exists a family gs of met-
rics with Ein(gs) = 0 and h = <Lg,|,—9. This is the original context of [Mon75], which
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shows that linearization stability at (M, g) holds for the Einstein equations if and only if
H (M, g) = {0}. The necessary conditions for the existence of g5 whose linearization is h
in the presence of nontrivial Killing vector fields were found in [Mon76, AMMS&2, FMMS0).

In this context, Theorem 1.1 gives a necessary and sufficient condition on f € Cgy Nkerd,
so that there exist spacetime metrics gs, s € (—1,1), with Ein(gs) = sf + O(s?). (Absent
a general natural physical prescription of further lower order terms beyond sf, we do not
study the problem of determining when a metric § near g with, say, Ein(g) = sf, s small,
exists.) The problem of prescribing the nonlinear Ricci curvature tensor of a Lorentzian
metric on a given smooth manifold has been studied by DeTurck [DeT83]; the question
of the solvability of the analogue of the constraint equations with source, see [DeT83,
Equations (3.1)—(3.2)], is however not discussed there.

2. KILLING VECTOR FIELDS AND THE LINEARIZED CONSTRAINT EQUATIONS

We recall classical results by Moncrief [Mon75] and Fischer-Marsden-Moncrief [FMMS0].
For any Lorentzian metric g for which Y is spacelike, the 1-form

Ein(g)(vs, ) € C (X T M)

depends only on the first and second fundamental forms v(X,Y) = ¢(X,Y), k(X,Y) =
(Vxvs,Y), X, Y € T, of ¥; this gives rise to the constraints map

Py, k) = Bin(g)(vs, ) = (%(RV R (i k), 0k — k). (2)

We write D, ;P for the linearization of P at (v,k); thus D, P € Diff*(3; S?°T*Y @
S2T*%; T$:M),i.e. D, ;P is a second order differential operator mapping sections of S2T*S@
S2T*Y — 3 to sections of TEM — X. (Here we identify TxM = R @ T'Y using the or-
thogonal projections onto Rus; and 7%, and likewise for the cotangent bundles.) Suppose
that Ein(g) = 0. If h € C®°(M;S%T*M), and 4,k € C®(Z;S2T*Y) denote the induced
linearized initial data at 3 (i.e. the derivatives at s = 0 of the initial data of g + sh), then
linearizing (2.1) implies

DyEin(h)(vs, ) = Dy p P(7, k). (2.2)
Proposition 2.1 (Killing vector fields and the linearized constraints map). (See [MonT75]
and also [FMM80, Lemma 2.2].) Let (M, g) be globally hyperbolic with Ein(g) = 0. Then
the map V(M) 3 X — g(X|x,) € C®(X; T3 M) induces a linear isomorphism

H (M, g) — ker(Dy . P)*. (2.3)

Our proof of the surjectivity of (2.3) is based on a distributional characterization of
ker(D., ;. P)* which seems to not have been noted before; see (2.7)-(2.8). Before starting
the proof in earnest, we observe that .Z (M, g) 3 X — X|x € C*°(X;TxM) is injective, in
view of the following result:

Lemma 2.2 (Unique determination of Killing vector fields). (Cf. [Mon75, Lemma 4.1].)
Let (M, g) be a smooth connected N-dimensional pseudo-Riemannian manifold. Then the
dimension of the space (M) of Killing vector fields on (M, g) satisfies dim 2 (M) <

w. Moreover, if X € J¢ (M) vanishes along a hypersurface ¥ C M, then X = 0 on
M.



4 PETER HINTZ

Proof. This follows from the well-known fact that X is uniquely determined by X (p) € T, M
and VX(p) € TyM ® T,M. (Since the Killing equation imposes IN(N + 1) linearly
independent constraints on X (p), VX (p), the space of Killing vector fields has dimension
<N+ N?—IN(N+1)=LN(N +1).) We recall a prolongation argument for the proof
of this statement. The Killing equation

(Vv X, W)+ (Vi X, V) =0, V,W e VM), (2.4)

implies for Z € V(M) the following identity, where we write ‘=" for equality modulo terms
involving only X and VX but no higher derivatives:

VAVX)V,W) = (VzVy X, W) = Z(Vy X, W) — (Vv X, VW) = —Z(ViX,V)
= —<VszX, V> = —<vazX, V> = —Vw(VX)(Z, V).

Cyclically permuting the vector fields (Z,V, W) twice more, we obtain Vz(VX)(V,W) =
—Vz(VX)(V, W), and thus Vz(VX)(V,W) is an (explicit) expression involving only X
and VX. Therefore, if a: [0,1] — M is a smooth curve, then there exists a smooth
bundle endomorphism F' on the restriction of TM & (T*M @ TM) to «([0,1]) so that
Z(t) = (X, VX)l|q() satisfies the ODE
DZ
i F(Z).
In particular, if Z(0) = 0, then Z = 0 on «([0,1]), and thus Z = 0 on M since M is
connected.

To prove the final claim, note that if V,W are vector fields on M, then (2.4) gives
V(X, W) + W(X,V) =0 at ¥ (where X = 0). Fix V to be transversal to ¥ at a point
p € X. For all W which are tangent to 3, we have W(X,V) = W(0) = 0 and thus
V(X,W) = 0, while for W = V we obtain V(X,V) = 0. Therefore, VX = 0 at p, from
where X = 0 follows from the first part of the proof. O

Proof of Proposition 2.1. e Well-definedness; injectivity. Let X € J# (M,g). Given h €
CX(M; S?2T*M), write ik e CX(%; S2T*Y) for the linearized initial data at . Since
dg(DgEin(h)) = 0, the fact that X is Killing implies that also DgEin(h)(-, X) is divergence-
free. Therefore, if ¥y, t € [—1,1], is a smooth family of spacelike hypersurfaces, with unit
normal vy, and surface measure doy, so that ¥; equals ¥ outside a large compact set, then

I(t) := DyEin(h)(vs,, X) doy
p3M

is independent of ¢ and thus equals
10) = [ DyEin(h) s, X)do = [ (D,P().X)do = [ (5,5, (DyP) (X)) do
b b b

Since we can choose (¥, k) € C(2; S2T*%) @ C°(%; S2T*%) to be arbitrary at ¥ and 0 at
%1, we deduce that I(0) = 0 for all 4,k, and therefore (D., ;P)*(X) = 0. Together with
Lemma 2.2, we conclude that the map (2.3) is well-defined and injective. (This argument
is taken from [FMMS80, Lemma 1.5 and Corollary 1.9].)

e Surjectivity. Suppose that wyy € C*°(X; Ty, M) satisfies
(D3 P)* (o)) = 0. (2.5)



THE LINEARIZED EINSTEIN EQUATIONS WITH SOURCES 5

Write ¢, for the symmetric gradient on 1-forms; this is related to the Lie derivative via
dgw = %qu g, where we use the musical isomorphism for g. The task is thus to show that
there exists a solution w € C*°(M;T*M) of the Killing equation djw = 0 which satisfies
Wz = w(y). At X, the requirements w = w(g) and 0 = 2(d;w)(vs, V) = Vygw(V) +Vyw(vs)
for V= vy and V' € T'Y uniquely determine the 1-jet w(y) of w at ¥. Write G, = I — %g try;
then we may extend w(q) to a 1-form on M by solving the wave equation

0gGgoyw =0
on M, with the Cauchy data of w matching w(;), by means of [BGP07, Theorem 3.2.11];
here we use that d,G4d; equals %Dg plus lower order terms. Let now
T = Gyw;

thus 7|y, = 0 € C®(3; S?TEM) and §,G,m = 0 globally. Our aim is to show m = 0. Note
that since Ein(g) = 0 and DyEin = G4 o DyRic, we have

1 1

0 = DyEin(5w) = GyDyRic(r) = Gg(§mg — 030, Gy + Ay )T = 564(0y +2%,)m,

see [GLI1, Equation (2.4)], where %, is a 0-th order operator involving the curvature of g.
In view of this hyperbolic equation for 7w, we only need to show that

the 1-jet of m vanishes at X (2.6)

to conclude the proof. This is where the equation satisfied by w(g) will enter.

To wit, (2.5) is equivalent to the following statement: for all h € CS(M; S?*T*M), and
its induced initial data %, k € C2°(%; S2T*X) at 3,

0= / (3. k), (Dy i P) ) do = / (D kP (3. k), wio) do

_ / D,Ein(h)(vs, (o)) do = / (DyEin(h), 13 @, w(o)) do
b by
= (DyEin(h), (1% @5 w(o))d(X)).

Here we use the distributional pairing on M in the final expression; and 0(X) is the dis-
tribution which integrates a test function over ¥ with the volume density do (and hence
(1%, ®s w(0))d(X) is an STy M-valued distribution). With (DyEin)* = DyEin denoting the
formal Lf}—adjoint, this is further equivalent to

0 = (DyEin)* (1% ®s w(o))d(X)) = DyEin(dH @ w(g)) (2.7)
where H € L (M) is 1, resp. 0 in the causal past J~(3), resp. future of X. The relevant

loc

distributional identity here is dH = l/bzd (3); this is proved by computing, for a compactly
supported test vector field X € C°(M;TM),

(dH, X) = (H, —div X) = —/ div X dg = / (X,v5)do = (X,125(2)),
J= (%) )
2We recall, see e.g. [Hin23, Remark 4.1], that for all Ak e C>®(%; S*T*Y) there exists h €
C>(M;S*T*M) which induced the data 7,k. The construction in the reference also implies that one
can take h to be spatially compactly supported when 4, k are compactly supported.
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using the divergence theorem in the third equality. Finally, we record the distributional
identity
dH ®swg) = dH ®sw = d,(Hw) — Hé,w,

where the first equality follows from the fact that the product of §(X) with the 1-form
w — w(g), which vanishes at ¥, is 0 as a distribution on M. Together with the identity
DyEin(d;w) = 0 (valid for all w), we conclude from (2.7) that (2.5) is equivalent to the dis-
tributional equation 0 = DyEin(Hd;w) = [DyEin, H|(d;w), or equivalently (upon applying
G, ! to [DyEin, H](5;w) = 0)

[DgRic, H]m = 0, T = dyw. (2.8)
Expanding this equation (using 2D Ric = Uy — 20;6,G, + 2%,) and using 7|y = 0 gives
0= [Hg, Hm — 2[5;59Gga Hlm =[Oy, H]m — 2[527 H](34Gy) — 25;([59G97 H]ﬂ')7

with the final term on the right being zero since [0,Gy, H|m = —(Ggy7)(VH,-) = 0 (this
being the product of a d-distribution at ¥ with a tensor vanishing at ). In abstract index
notation, we thus have

—g'uV(H;/WTFH)\ + HWTI',@/\;V + H;uﬂ'm)\;u) - H;K((;gGgﬂ'))\ - H;)\((;gGgﬂ'),{ =0.

Since H,,m,) = 0, the first two terms in parentheses cancel. Using d,Gym = 47+ %d trgm =
%d try m yields the equation —H,, .y " — % (H;HWM“;)\ +H;)\7TM“;H) = 0. Choosing coordinates

20,...,2" so that ¥ = {2 = 0} and dz° is a unit covector, this gives

1
0= kA0 — 5 (5057711#;)\ + 50)\71—;1#;&) = Tkx0 T 50H50A(7FOO;O - 7Tmm;0)

at X, where m runs from 1 to n; here we use that m and therefore also its spatial covariant
derivatives vanish at ¥. For k =7 > 1, A > 0, this gives m;y.,0 = 0. For K = A = 0 then, we
get moo.0 = 0. This shows (2.6) and finishes the proof. O

3. PROOF OF THE MAIN RESULT; VARIANTS

The independence of the map (1.4) of the choice of Cauchy hypersurface ¥ in (1.4)
follows from the divergence theorem, since d,f = 0 and X € # (M, g) implies that f(X, )
is divergence-free. The vanishing of [y f(vs, X)do for f = DgEin(h) was shown in the first
step of the proof of Proposition 2.1. Thus, (1.5) is well-defined.

For the proof of Theorem 1.1, we require the following result:

Theorem 3.1 (Solvability of the linearized constraints). Let (3,7) be a smooth connected
Riemannian manifold, and let k € C*(%; S?T*Y).
(1) (Smooth version.) Suppose 1 € C°(X;R @ T*X) satisfies (¢, f*) = 0 for all f* €
ker(D. P)* C C®(Z;R @ T*X). Then there exist ¥,k € C°(X; S*T*Y) so that
Dy P(%,k) = 1. (3.1)

(2) (Finite regularity version.) Let s > 0. If ¢ € HI(E;R @ T7X) is L?-orthogonal
to ker(D, xP)*, then one can find ¥ € HET2(X; S*T*Y) and k € HETH(X; S?°T*Y)
solving (3.1).
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Proof. The existence of regular solutions with controlled support is due to Corvino—Schoen
[CS06], with the existence of smooth solutions proved by Chrusciel-Delay [CDO3]; see
[Dell12] for general results of this flavor. The key point is that (D, ;P)* is an overde-
termined (Douglis—Nirenberg) elliptic partial differential operator for which a priori esti-
mates hold on spaces of tensors defined on a smoothly bounded open precompact subset
U C %, containing supp ¢, which allow for exponential growth at dU. By duality, this gives
the solvability of D, 1 P(%, k) = 1) provided 1) is Lg—orthogonal to the cokernel, with 4, k
exponentially decaying at ol; their extension by 0 to ¥ \ U furnishes the desired solution.

The finite regularity statement proved in [CS06, §4.3], or [Hin22, Proposition 4.15(1),
Footnote 23] (where for present purposes we work away from p = 0 and thus may take
p =1, w, = 1 in the notation of the reference) produces for v € H: 1(X) @ H:(Z; T*Y)
a solution (¥, k) € H5TY(S; T*%) @ H5HL(S; T*%) of (3.1): in the notation of [Hin22], one
takes U to contain supp ¢, and then [Hin22, Footnote 23] (with 5 > 0) produces a solution
(4, k) € e Bl HE (U) where pa € C®(U) is positive in U and vanishes simply at OU;
and the extension of (¥, k) by 0 is of class HS+'(X). (This follows for s € N by direct
differentiation, and for general s > 0 by complex interpolation.)

The regularity orders in this statement are not quite sufficient for later purposes,® and
therefore we indicate the changes required to obtain the presently required result. Namely,
analogously to [Hin22] we set

E%k = eﬂ/pQ (e] wgD%kP 9} €_ﬁ/p2 S (Dlﬁ'gjo—i_sz (a))iﬂ':lg, S1 = 2, SS9 = 1, tl = t2 = O,
where wy = diag(p%, p3). But now we consider the operator
L= L, DLY, € Diffgy(U), D :=diag(1, p3(V*V + 1)p3).
Denote the (7,7) component of L. ;, by L;;. Using that Ly is, in fact, of order 0, not 2 (see
[Hin22, Equation (4.4)]), one finds that the off-diagonal terms of £, ;DL , are of order 3,
while the diagonal terms are the elliptic operators £11L7;, La2p3(V*V + 1)p3 L5, € Diffy,.
By elliptic regularity in the 00-setting as in the reference,
L: HiT U, R®T*S) — Hig(U; R @ THY)

is therefore Fredholm (in fact, for all s € R). We can characterize its cokernel: for ¢* €
ker Hys L*, we have ¢* € HS§ by elliptic regularity, and thus we can integrate by parts to

find (Lq*,q*) 2 = (DL % L q*)p2 = 0. Writing L7 1 ¢" = (a,b), this means llal|® +
IV p3b]|2, +|p3b]|2, = 0 and thus a = b = 0; this means that e?/#2wq* € ker(D. xP)*, and
we conclude that .

ker ;- L = e BlP2;  ier (D, x P)*. (3.2)
Let now 1 € H¢ be given, with 1 orthogonal to ker(D, ,P)*. Fix U containing supp 1, and
set i) = eB/P2qe) € Hgo(U); we can then find a solution G € H&J{A‘(U) of L§ = 1) since 9 is
L?-orthogonal to (3.2) by assumption on 1. But then

(4, k) .— o= B/P2pe=bB/p2 (D%kp)*wQeﬁ/qu c 6—5//)2[_[88-2 ® e—»@/PzHg[-)i-l

solves D P (7, l{:) =1 on U. As before, the extensions by 0 of ¥, k are the desired solutions
on Y. U

3See the proof of Theorem 3.3: it would cause a partial loss of regularity in that ho, h1 there would both
be of class H:T! only, ultimately leading to the solution A there to only be of class HZ., assuming s > 1.
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Proof of Theorem 1.1. e Injectivity of (1.5). Suppose f € CS(M; S*T* M) satisfies d,f = 0
and [y, f(vs,X)do =0 for all X € (M, g). By Proposition 2.1, f(vs,-) € C(3; ToM)
is orthogonal to kercee (5.1 1) (D i P)*.

Choose 7,k € C(%; S?T*Y) according to Theorem 3.1 with ¢ = f(vs,-). Pick then
ho,h1 € C(%; S?TEM) so that ¥, k are the linearized initial data corresponding to any
metric perturbation h € C(M;S*T*M) with Cauchy data hg = h|s, h1 = V,gh. Let
0 € C(M;T*M) be any extension of 6g) := d,Gghls € C°(25;T5;M). We then solve the
initial value problem for the gauge-fixed linearized Einstein vacuum equation

DyRic(h) + 6;(3,Ggh — 0) = G, ' f, (h|s, Vieh) = (ho, h1) (3.3)

using [BGP07, Theorem 3.2.11]; the solution h satisfies h € C°(M; S>T* M) by finite speed
of propagation. If we set 1 := d,Gg4h — 0, then we have
nls = (6,Ggh —6)]s; = 0 (3.4)
by definition of §. Moreover, applying G, to (3.3) and recalling (2.2), we obtain
(Ggdgn)(vs,-) = f(vs,:) — DgEin(h)(vs, ) = 0.
Together with (3.4), this implies V,,n = 0. Finally, applying 6,G4 to (3.3) and using the
linearized second Bianchi identity together with d,f = 0 gives the hyperbolic equation

6gGgdyn =0
for n, whence n = 0 on M and thus DyRic(h) = G;lf. Therefore, f = DyEin(h) projects
to 0 in the quotient space (1.5).

o Surjectivity of (1.5). Given A € # (M, g)*, there exists a 1-form ¢ € C°(X; T, M) with
(1, X|s) = AM(X) for all X € (M, g). Indeed, it suffices to arrange this for X in a basis of
(M, g), in which case it follows from the linear independence of the restrictions of the basis
clements to ¥ (a consequence of Lemma 2.2). Pick then any f(o) € C°(3; S*T%. M) with
fo)(vs,+) =1, and let fe C®(M; S*T*M) denote any compactly supported symmetric 2-
tensor with f = f(0) at 2. We claim that there exists w € C7 (M; T* M) with (w[x, Viygw) =
0 so that

fi=F+ Gydyw € ker d,.
Indeed, we simply solve the initial value problem
34Gy0iw = —0,f € C°(M; S*T*M),  (wls, Vigw) = (0,0),
using [BGP07, Theorem 3.2.11]. Since G46,w vanishes at ¥ for such w, we have

/Efw,X)da=/Ef<o><vE,X>da=/E<w,X>da=A<X)

for all X € J# (M, g) still, and the surjectivity of (1.5) follows. This completes the proof of
Theorem 1.1. O

Remark 3.2 (Equivalence to solving the linearized constraints). Not only did Theorem 3.1
play a key role in the argument; one can conversely deduce Theorem 3.1 from Theorem 1.1.
Indeed, given 1) satisfying the assumptions of Theorem 3.1, one constructs f € kerd, N
C(M; S*T*M) with f(vs,+) = 1 as in the last part of the above proof. Theorem 1.1
produces h € CX(M;S?*T*M) with DyEin(h) = f; evaluating this on ¥ at (vg,-) gives
D, xP(%, k) = 1 where 4, k € C2°(X; S?T*Y) are the linearized initial data induced by h.
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Theorem 3.3 (Finite regularity). Let s > 0. Suppose that f € HS.(M;S?*T*M) (i.e.
[ lies in H{ (M; S2T*M) and has spatially compact support) satisfies 64f = 0, and
Js f(ve,X)do =0 for all X € (M,g).* Then there exists h € Hi ™ (M; S*T*M) with
D,Ein(h) = f.

Together with the surjectivity of (1.5), this shows that (1.4) induces an isomorphism
{f € H:: 6,f =0}/{D,Ein(h): h € Ht with DyEin(h) € HE} — # (M, g)*.

C
Proof of Theorem 3.3. Foliating a neighborhood of ¥ by level sets ¥, := t~!(7) (which
we identify with ¥), 7 € (—1,1), of a time function t € C*(M), we have, a fortiori,
fe L ((—1,1), H (Z; S*TEM)), whence f|i—r € H¢ for almost all 7. (This uses s > 0.)
Fix such a 7 € (—1,1). Using the finite regularity version of Theorem 3.1, one can then
find 4 € H2(X; 82T*Y), k € HZH(X; S?T*Y), so that D, P(3,k) = f(vs.,-) at ¥,
and thus Cauchy data hg € H:T2 hy € HST! inducing +, k. We can then compute
00 € Hg“(Z;T;M) as in the proof of Theorem 1.1, extend it to be constant in ¢ fol-
lowed by cutting it off to a neighborhood of ¢ = 7 to obtain § € C°((—1,1); H5*1). The
equation (3.3) we then solve for h has spatially compactly supported forcing in L H$ and
thus a spatially compactly supported solution of class CY HST'NC'H?. The arguments lead-
ing to DyEin(h) = f then go through without changes since n = d,Ggh—6 and Gydyn(vs,, )
vanish at 3. Finally, h € H5F! follows by standard hyperbolic theory [Hor07, §23.2]. O

Theorem 3.4 (Solvability without support conditions). Suppose the Cauchy hypersurface
Y inside the globally hyperbolic spacetime (M, g) with Ein(g) = 0 is noncompact. Let

f € C(M;S*T*M), 5qf = 0.
Then there exists h € C*°(M; S?*T*M) with D,Ein(h) = f.

Thus, there are no obstructions to solvability if we drop the support assumptions on
h, and one can even drop the support assumptions on the source term f. (Even for f €
C2(M; S?T*M), the solution h produced below is typically large at infinity.)

Proof of Theorem 3.4. We need to prove the existence of %,k € C>®(%; S2T*Y) so that

D%kP(ﬁ,l%:) = f(vs,-). Once this is done, the arguments using the gauge-fixed equa-

tion (3.3) apply verbatim to produce a solution of D,Ein(h) = f. The existence of (¥, k)
follows from [Tre67, Theorem 37.2] once we show that the adjoint operator

(D, xP)*: E'(SROTYE) — &'(%; SP°T*E @ S*T*Y)

has trivial kernel and weak* closed range. The injectivity follows from the fact that an ele-
ment of the kernel vanishes outside some compact set and is thus identically zero by unique
continuation, as follows from the relationship of ker(D, ,P)* with Killing vector fields on
(M, g) and Lemma 2.2 (or directly on the level of (D, ,P)* via [Hin22, Lemma 4.3]). The
weak™ closed range property follows, via the characterization [Tre67, Theorem 37.1], from
the fact that (D, ,P)* is overdetermined (Douglis-Nirenberg) elliptic, which indeed implies
that for all s € R and compact K C ¥, the operator (D, xP)*: H**2(K)@H** Y (K; T %) —

4In coordinates (2°,...,2") in which dz° is a unit conormal at ¥ = {2° = 0}, we have fou0 = fin’-

s

_1
Therefore f(vs, ) € He 2(3;TsM) is well-defined for s > —1.
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H*(K; S?°TEY @ S*T;Y) has closed range. (Here H*(K) denotes the subspace of Hf (%)
consisting of distributions with support in K.) O
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