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The problem

Effective approximation of a continuous convolution

t

/ f(t—7)g(r)dr

0

at discrete time steps t = h,2h,..., Nh=T.
Effective = fast and memory-saving.

Input data:
o the Laplace transform F(s) rather than f(t) is known analytically;
e g(t) (given explicitly or implicitly).
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Introduction

General assumptions

We assume a sectorial Laplace transform F(s) = Lf(t):

o F(s) is analytic in a sector |arg(s — o)] < m — ¢ with 0 < ¢ < 37
@ in this sector |F(s)| < M|s|~" for some M >0 and v > 0

The inverse Laplace transform is then given by

f(t) = 21m_/e“F(/\)d/\, t > 0.
r

The function f(t) is thus analytic in t > 0, satisfies |f(t)| < Ct" le* and
is therefore locally integrable.
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Convolution quadrature

Implementation of a quadrature formula with a fixed step size h > 0

t

/f(t —7)g(r)dr ~ ) wo_jg(jh), n=1,..,N.

0 J=0

The convolution weights are the coefficients of the power series
(obtained from linear multistep methods):

Z wp(" = F((S(hg))
n=0
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Complexity of different algorithms

Direct computation of convolution quadrature:
e O(N?) multiplications;
@ O(N) evaluations of Laplace transform F(s) for computing the
weights;

@ O(N) active memory used.

Oblivious convolution quadrature:
e O(Nlog N) multiplications;
@ O(log ) evaluations of Laplace transform F(s);

@ O(log V) active memory used.
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Fast and oblivious convolution Approximation of contour integrals

Approximation of inverse Laplace transform

Apply trapezoidal rule to a parametrization of the contour integral:

1
f(t):zm/ e F(A) d) ~ Z Wi F()j)e™

r j==K

Idea: use local approximation on fast growing time intervals /;
covering [At, T]:

I = [B'71At, (2B —1)At],

with base B > 1 and | - integer numbers.

Use different contours I, for different numbers /.
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Aprrenein of e fisgel:
Choice of the contour (I)

Talbot contour:
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Fast and oblivious convolution Approximation of contour integrals

Choice of the contour (I1)

Weights and quadrature points on Talbot contour:

DI ey Dy g — I7

A trapezoidal rule with 2K + 1 nodes is used in the parameter domain.

Error estimates: exponential convergence

() — ()] _

) O(exp(—ctVK))
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Fast and oblivious convolution Reduction to ODEs

Reduction to ordinary differential equations (1)

For general boundary points a < b:

/bf(t—T)g(T)dT:/b;Ti/F(A)e(t—r)Ad)\g(T)dT:

T

2i / elt=o) / (b= g(r)drdA.
/
b

The integral y(b,a,)\) = [ e(b~ 7)d7 is the solution at time b for the
a

initial value problem

y=M+g, y(a=0.
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Fast and oblivious convolution Reduction to ODEs

Reduction to ordinary differential equations (I1)

If [t — b,t — a] C || = integral over the Talbot contour ' =T} =
trapezoidal approximation:

b

bk
/ F(t - re(r)dr ~ / 3 wFOy)eCg(r)dr

a a2 J=K

K
= Z V‘/jF()‘j)e(t_b)AJY(a 4, )‘j)
j=—K

For all y(b, a, \j) we get 2K + 1 differential equations.
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Fast and oblivious convolution Reduction to ODEs

Approximate solution for obtained ODEs

@ Piecewise linear approximation of g(t).

@ After this solving exactly

Set g, = g(a+ nAt) = recursively obtain y, ~ y(a + nAt):

1
Yny1 = eAt/\y" +h / e(l_e)m)\(egnﬂ +(1—-0)ga)do
0
At
e -1 8n+1 — &n 8n+1 — 8&n
—y & A Atg, + A _ At .
Yot —xpn (BtAye+ Atgn + A==10=) Ah
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Fast and oblivious convolution Convolution algorithm
Basic ideas

General approximation of the convolution:

5 K
/f(t—T)g(T) dra 3 ()t (b, 2, ))

a j==K

We have:

@ Algorithm to compute approximate inversion of Laplace transform by
trapezoidal rule on a Talbot contour I'; for the intervals
I = [B'7tAt, (2B — 1)At];

o Algorithm to compute y()(b, a, Aj) at the same intervals.
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Fast and oblivious convolution Convolution algorithm

Step 1

Compute the convolution integral at t = At by approximating g(7)

linearly:

At At At A O
t) —

/ f(At-)g(r)dr ~ / F(At-)g(0) dr+ / rat-r)rarEEI 80

0 0 0

Approximate the integrals as the inverse Laplace transforms of F(s)/s and
F(s)/s?:

At K

b1 :/f(At—T)de Z wiF(\)/ et
0 J==
At K

$2 :/f(At—T)TdTN > wiF(N)/ AT
0 j==K
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Cemelindion el
Step 1 (remarks)

By linear change of variable 7 — 7 + kAt we get:

(k+1)At At
/ f(kAt—T)dT:/f(At—T)dT:qbl
kAt 0
(k+1)At At
/ f(kAt—T)TdT:/f(At—T)TdT:qbg
kAt 0

¢1 and ¢, can be precomputed with high accuracy.

The first step - "Near Past".
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Fast and oblivious convolution Convolution algorithm

Convolution integral at t = 2At = splitting integrals in the integrals over
[0, At] and [At,2At]:

2At
2At) — g(At
/ f(2At — 7)g(7)dr =~ p18(At) + ¢2g( )At g(At)
At
At K "
1
/ At —1)g(r)dr~ Y wFOM)eAN y(At,0,4)
0 j==K

(for Talbot contour 'y corresponding to 1 = [At, 3At], solutions of
2K + 1 ODEs required).
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Fast and oblivious convolution Convolution algorithm

Convolution integral at t = 3At = splitting integrals in the integrals over
[0,2At] and [2At, 3At]:

3At

/ FBAE — r)g(r) dr ~ d1g(2A1) + ¢o& (3At)A_tg (241)
2At
2At
/f(3At—7' 7)dr ~ Z wFOM)e AP IN T )
0 J=IX

(advancing the solutions of ODEs for I'; from At to 2At required).
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Fast and oblivious convolution Convolution algorithm

Step 4 (1)

Convolution integral at t = 4At = attempt to split integrals :

4At

/ f(4At — 7)g(7)dr = p18(3At) + ¢2
3At

g(4At) — g(3At)
At

Approximating the integral over [0,3At] = we can’t use the contour I';
for the whole integral as t — 7 € [At,4At] ¢ .

Idea: split the integral over [0,3At] in two integrals over [0,2At] and
[2At, 3At].
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Fast and oblivious convolution Convolution algorithm

Step 4 (I1)

The integral over [2At,3At] with t — 7 € /:

3At K
/f(4At—T)g(T)d7% S wHFO®)AN y(3a8 248 AD)
2At j==K

(approximated on I'7).

The integral over [0,2At] with t — 7 € [2At,4At] C h = [2At, TAt):

2At K
/ fant—ng(rydr~ 3 w?FO@)2N A, 0,0%)
0 j==K

(approximated on I, solutions of another 2K + 1 ODEs required).
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Cemelindion el
Decomposition for the base B = 2

t
t—7 < At t—r€cl3

Andrey Petukhov (ETH Zurich) Oblivious Convolution Quadrature December 7, 2009 20 / 25



Cemelindion el
Organization of the algorithm

@ All the ODEs for all contours I'; are advanced by one time step in
every step t — t + At of algorithm.

@ Past values of g(t) need NOT be kept in memory.

@ Only present values of g(t) and possibly one past value of y(t,0, )\J(.I))
for all j and all / must be stored.
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Gl e asmem
Complexity of the algorithm

The number of operations is proportional to NLK:
@ N - the number of time steps;
@ 2K + 1 - the number of quadrature points on each contour;

e L <log, N - the number of different contours.

Memory required is approximately 5LN:

@ storing quadrature points /\J(.I);
@ storing exponentials exp At)\J(.l);

@ storing the weighted functions WJ.(I)F()\J(./)).

The algorithm is highly parallelizable.
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Fast and oblivious convolution Complexity and accuracy

|deas on error estimates

Recall the main approximation formula:

b K

/f(t—T)g(T) dr~ > wiF(A)el™PNy(b, a, \})

a j=—K
We totally approximate:

b

/ f(t—7)g(r)dr ~ /b f(t—)g(r)dr

a

Two sources of error:

@ approximation on inverse Laplace transform (exponential convergence);
o linear approximation of g(7):
18(7) — g(7)|| < gh® maxs, ,<e<e, 18" (t)]
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Fast and oblivious convolution Complexity and accuracy

ldeas on improvements

Improvements in solving ODEs:

@ approximation of g(7) with higher-order interpolants;

@ applying numerical methods with high order of accuracy for solving
ODEs (Runge-Kutta methods).

Ideas on contour integrals:

@ hyperbolas can be used instead of Talbot contours
(higher accuracy = larger intervals can be chosen—> complexity is
reduced).
Nevertheless Talbout contours are less sensitive to the choice of the
parameters and the Laplace transform of the functions.
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