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Preliminaries

Preliminaries

@ autonomous differential
equation

y=£), x(t)=yo,

@ its exact flow ¢,, and
@ numerical method @y, i.e.
y1 = ®u(yo) -




Preliminaries

Preliminaries

@ autonomous differential @ vu(y)=y+ O(h)
equation @ p : order of @,

y=10), ¥y(t)=yo, e := ®;(y) — pn(y) error

= C(HYWT! + O T2
@ its exact flow ¢,, and ¢ () (RPT9)

@ numerical method @y, i.e.
y1 = ®u(yo) -




The Adjoint of a Method
[ ]

Definition of the Adjoint Method

The adjoint of &, is

P =0, .
It is defined implicitly by
yi=@5(v0) iff yo=2_n(n1).

d, is symmetric, if &F = Py,




The Adjoint of a Method
[ Je]

Properties of the Adjoint Method

@ Note that »~! = ¢,, but in
general &7 = &, # @y,

@ The adjoint method
satisfies (®;)* = ¢, and
(q)h (¢] \I/h)* = \I/Z (¢] @Z




The Adjoint of a Method
[ Je]

Properties of the Adjoint Method

@ Note that »~! = ¢,, but in
general &7 = &, # @y,

@ The adjoint method
satisfies (®;)* = ¢, and
(q)h (¢] \I/h)* = \I/Z (¢] @Z

v

@ (explicit Euler)*
= implicit Euler

@ (implicit midpoint)*
= implicit midpoint

N




The Adjoint of a Method
oe

Order of the Adjoint Method

@ /f®;, has order p and satisfies
®a(y0) = n(y0) = Co) A" + O(W*),
then ®; also has order p and satisfies

@5 (v0) — ¢n(y0) = (~1)’Clro) W+ + O(W*?) .

©Q In particular, if ®;, is symmetric, its order is even.




Composition Methods
o

Definition of Composition Methods

Definition
Let @},...,®; be one step
P7:n (Y0 methods. Composition
U, = q)fyxho...oq)#lh,
where v1,...,v € R.
Q9 =...=0=09,

Q o¥ =9, and o7 ! = ;

v




Composition Methods
@00

Order Increase

of General Composition Methods

Let W), := @ , 0...0®! , with &} of order p and

D4(y) — on(y) = Ck)R T + OHF?) .

If
NM+...+7%=1,

then U, has order p + 1 if and only if

'y{’“Cl(y) + ... +¥TC(y) =0.




Composition Methods
oeo

Order Increase

of Compositions of a Single Method

Corollary

If v, = q)%h 0...0 (I)'ylh: then
the conditions are

MmM+...+7% = 1
ATt = 0,

v

A solution only exists if p is
even.

A\




Composition Methods

oeo

Order Increase

of Compositions of a Single Method

Corollary

If v, = (I)%,h 0...0 (I)'ylh: then

the conditions are
MmM+...+7% = 1
ATt = 0,

v

A solution only exists if p is
even.

A

Example
s = 3, &, symmetric, order
P=2,m="7.

Then ¥, = (I)",gh o <I>72h o cI)'ylh is
also symmetric, order > 3.
Symmetric = order even =
order 4. So repeated
application is possible.

p=4




Composition Methods
ooe

Order Increase

of Compositions with the Adjoint Method

Corollary

If

V) = Qpp0Pj,0...005, 084,085,
then the conditions are

Bi+ar+...+08+a; = 1
(P ol (1P et = 0.

V.

Uy, = q)g o @7 is symmetric, order p + 1.
2

@ ®, explicit Euler = ¥, implicit midpoint
@ ®, implicit Euler = ¥, trapezoidal rule

A




Splitting Methods
[ Je]

ldea: Split the Vector Field

> o> o> o> o o> o> o ti@ttii
»»»»»»»» EEREREE
»»»»»»»» vttt

@ Split the vector field f into
y=5r0) =N +HE0) + ... +M©)
e Calculate exact flow ! of y = £l explicitly

@ Use “composition” of @E] to solve y = f(y), e.g.

1 2 1 2
Uy, = ngs}h o QOLS]h 0...0 s@ﬂl]h o wél]h




Splitting Methods
oe

Motivation

y = (a+ b)y, then ¢%(yo) = e“yo and ¢?(yo) = €”'yo, SO

at bt (a+D)t

(¢ 0 0?) (yo) = e“ellyg = e yo = ¢:(Yo)




Splitting Methods
oe

Motivation

y = (a+ b)y, then ¢%(yo) = e“yo and ¢?(yo) = €”'yo, SO

at bt (a+D)t

(¢ 0 0?) (yo) = e“ellyg = e yo = ¢:(Yo)

4

Lie-Trotter Formula

y=(A+B)y forA BecCN*VN,
et (yo) = ety and  (y) = €P'yp

Lie Trotter formula lim <eAﬁeB£>" — oA+B)

n—o0

n
SO (@2 o 9015) (o) — @:(yo)

N,




Splitting Methods
e0

Examples of Splittings

(1]
. o Y172 Ph
Phg A 2 7
s Ph SQEIZ] //Qh
1
v 50;1] b1z Yo

Example (Lie-Trotter Splitting)

o = gy opp

o = ¢l oy




Splitting Methods
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Examples of Splittings

, (1] Ph/2
Py Y1 Y12 Ph " — Y1
h 2] s 2]
Ph 2 [S]
// ® ‘PE:] //95/7 L K
1
v 50;1] b1z Yo ;

Example (Lie-Trotter Splitting)

Example (Strang Splitting)

2
Bo= @logy noopoq
o = ¢l oy Bu =y 0wy 0wy =




Splitting Methods
(o] J

Application to Separable Hamiltonian Systems

@ Separable Hamiltonian H(p,q) = T(p) + U(q)

(6) = (a) = (@) ()




Splitting Methods
(o] J

Application to Separable Hamiltonian Systems

@ Separable Hamiltonian H(p,q) = T(p) + U(q)

(6) = (a) = (@) ()
@ Exact flows
(@) = (o) ()= ("7 )




Splitting Methods
(o] J

Application to Separable Hamiltonian Systems

@ Separable Hamiltonian H(p,q) = T(p) + U(q)

(6) = (a) = (@) ()

@ Exact flows

(@) = (o) ()= ("7 )

@ Lie-Trotter splitting ®, = ¢] o oY

Pn+1 = pn_h'Uq( qn)
i1 = quth-Ty(ppr1 )




Splitting Methods
(o] J

Application to Separable Hamiltonian Systems

@ Separable Hamiltonian H(p,q) = T(p) + U(q)

(6) = (a) = (@) ()

@ Exact flows

(@) = (o) ()= ("7 )

@ Lie-Trotter splitting ®, = ¢} o ¢Y ~~ symplectic Euler

Pntl = Pn—h- Uq(anrlaQn)
Gnt1 = quth- Tp(PnJrl’qn)




Splitting Methods
[ 1]

Construction as a Composition Method

@Ef] consistent method for y = flil(y).
&= o oalo. oo™
then ®,, has order 1 fory = f(y) f[1 ( )+ f[z]( )+ ... +fM(y).




Splitting Methods
[ 1]

Construction as a Composition Method

Lemma

ol consistent method for y = f1i(y).
o), = CD[I] o CI>I[12] 0...0 <I>,[1N],
then ®;, has order 1 fory = f(y) = fI(y) + B (y) + ... +fM(y).

Compose ®;, ¢; to construct method ¥, of higher order.

In the case N = 2: &, = &l o % &7 = 3/ o 3l and

U, = @u40®5,0...0905, 004,05,

1 2 2]* 1]* 2
= (I)Ls]h o@[oéjh o@%}h O(I),[th o ...oq)(uh

[2]* [1]*
o CI),th o (I)Bﬂl




Splitting Methods
(o] J

Calculate Exact Flows Explicitly

If &7 = ol vi, then a!* —

and 1] 2] (1]
Uh = Qon © Plast8n C Lo

For N = 2, ¥, can be thought of
as

@ a composition of ®;,®;

@ a “composition” of (pﬁj]




Summary

Summary

PEyih (yO

@ Composition methods
e construct methods of
high order
@ preserve properties (e.g.
symmetry)
@ Splitting methods
e construct methods for
specific problems
e calculate exact flows of
parts of the vector field
explicitly
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