Symmetric Methods
on Manifolds
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e Symmetrize Projection Methods
e Analyze symmetric projection methods

e Simulation: Solve pendulum equations using
symmetric projection methods

e Symmetrize Local Coordinates methods
e Find two symmetric Lie group methods



Projection Methods and Symmetry

Standard projection methods are not symmetric, because of asymmetric
use of projections.
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We look for an algorithm using projections that preserves the symmetry of
the basic integrator:
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Projection Methods and Symmetry

Standard projection methods are not symmetric, because of asymmetric
use of projections.
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We look for an algorithm using projections that preserves the symmetry of
the basic integrator:

Use: “Inverse projection” - symmetric integration step - projection
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Symmetric Projection Methods

If @5, is a symmetric method applied to y = f(y), define:

Algorithm 1 (Symmetric Projection Method (SPM)) Assume that
Y, € M. One step y,, — y,+1 is defined as follwos:

e Un =yn+ G(y,)" 1t (perturbation step);

® ?jn—l—l — (I)h(gn)1

® Ynt1 = Unt1+ G(Yns1)" 1o with g(yny1) = O (projection step);
where G(y) = ¢'(y) and the manifold M is given by g(y) = 0.
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Symmetric Projection Methods

If @5, is a symmetric method applied to y = f(y), define:

Algorithm 1 (Symmetric Projection Method (SPM)) Assume that
Y, € M. One step y,, — y,+1 is defined as follwos:

e Un =yn+ G(y,)" 1t (perturbation step);

® ?jn—l—l — (I)h(gn)1

® Ynt1 = Unt1+ G(Yns1)" 1o with g(yny1) = O (projection step);
where G(y) = ¢'(y) and the manifold M is given by g(y) = 0.

Note: u is determined implicitly by ¢(%,,+1) = 0 and

Mperturbation — Hprojection-
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Existence of Numerical Solution

The vector p and the numerical approximation y,,.1 are implicitly
defined by

Ynt1 — Pr(yn + Gy 1) — G(ynt1)"
F(hayn—i—lau) — ( = 0.

9(Yn+1)

Since F'(0,y,,0) = 0 and since

oOF B I —2G (yn)?
o) ) = ( G (yn) 0 )

is invertible (provided that GG(y,,) has full rank), an application of the
Implicit function theorem proves the existence of the numerical solution
for sufficiently small step size h.
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The implicit function theorem

Theorem O (Implicit Function Theorem)  Let f(x,y) be a function from
a neighborhood of (a, b) into a neighborhood of f(a,b). Define

fa(y) := f(a,y) and assume that d f,|, is an isomorphism.

Then, there exist neighborhoods U of a and V' of f(a, b) and a unique
function ¢(x, z) from U x V into a neighborhood of b, such that
z = f(x,¢(x, z)). Furthermore

af\ " G,
dyp = <8—‘§) [dz — a—idx] :
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Order of the SPM

For a study of the local error we let y,, := y(t,,) be a value on the exact
solution () of

v=r),  [fly)eTM.

If the basic method @y, is of order p, i.e., if y(t, + h) — P, (y(t,))
= O(h**!), we have

F(h,y(tns1),0) = O(hPTT).
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Order of the SPM

For a study of the local error we let y,, := y(t,,) be a value on the exact
solution () of

v=r),  [fly)eTM.

If the basic method @y, is of order p, i.e., if y(t, + h) — P, (y(t,))
= O(h**!), we have

F(h,y(tns1),0) = O(hPTT).

Compared to
F(hayn-l-lmu) =0

the implicit function theorem yields

Yn+1 — y(tn—l—l) — O(hp—H)v M= O(hp—H)'
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Symmetry of the method

Exchanging h — —h and y,, < y,,.1 in the SPM yields

gn — Yn+1 + G(yn—l—l)T,ua g(yn—l—l) — 07
gn—l—l — (I)—h(gn);
Un = Unt1+Glyn) 1, g(yn) =0.

Renaming auxiliary variables 4 — —u and y,, <= y,11 gives

Un+1 = UYn+4l — G(yn—l—l)Tﬂa g(yn-l-l) = 0,
gn — (I)—h(gn—l-l)?
Yn — gn — G(yn)T,ua g(yn) — 07

which is equivalent to the formulae of the original algorithm provided
®;, iIs symmetric.

Geometrical Numetric Integration



p-Reversibility

We know that for p-reversibility, a method ®;, has to be symmetric and
satisfy

po P =>4 0p.
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p-Reversibility

We know that for p-reversibility, a method ®;, has to be symmetric and
satisfy

po®y, =P 4 op.

For a symmetric projection, this leads to the condition
pG()t = G(py)lo o constant and invertible,

If the integrator ®;, of the intermediate step is p -reversible.
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p-Reversibility

We know that for p-reversibility, a method ®;, has to be symmetric and

satisfy
po®y, =P 4 op.

For a symmetric projection, this leads to the condition

pG()t = G(py)lo o constant and invertible,

If the integrator ®,, of the intermediate step is p -reversible.

In many interesting cases,

9(py) = " g(y)

holds, which implies pG(y)' = G(py) o if pp* = 1.
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Modifications

The perturbation and projection steps can be modified without destroying
the symmetry.

For example use a constant projection direction:
Jn = yn + A p, Ynt1 = Gne1 + AT A constant.

To guarantee the existence of the numerical solution, G(y)A” has to be
invertible along the solution y(t).
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Modifications

The perturbation and projection steps can be modified without destroying
the symmetry.

For example use a constant projection direction:
Jn = yn + A p, Ynt1 = Gne1 + AT A constant.

To guarantee the existence of the numerical solution, G(y)A” has to be
invertible along the solution y(t).

For p-reversibility, A has to satisfy
pAl = Alo

for an invertible matrix o.

Geometrical Numetric Integration



Example: The Pendulum

The pendulum equations in Cartesian coordinates are

g1 = p1, D1 = —q1A
g2 = pa2, P2 = —1— @A,

with A = (p* — q2)/¢°.

e The solution to these equations remains on the manifold

M = {(Ql,QQ,pl,pQ)‘QZ — ]"q P = O}
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Example: The Pendulum

The pendulum equations in Cartesian coordinates are

g1 = p1, D1 = —q1A
g2 = pa2, P2 = —1— @A,

with A = (p* — q2)/¢°.

e The solution to these equations remains on the manifold

M = {((]1,(]2,]?1,]?2)‘612 — ]"q P = O}

e The problem is p-reversible for both

p(Ql)QQ:]?l)pQ) <Q17q27_p17_p2) and

p(q1,q2,01,p2) = (—q1,q2,p1,—p2).
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The Pendulum - Projections

Three different ways to project to the Manifold Mwere used:

2 2 0O O
« Orthogonal Projection: GTp L M, G — | 10 77

P1 P2 q1 g2
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The Pendulum - Projections

Three different ways to project to the Manifold Mwere used:

2 2 0 O
e Orthogonal Projection: GTp L M, ¢ — | 1 7%
Pt P2 @1 Q2

Coordinate Projection:
C* 14 with 0 2 0 0
Ci4+ =
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The Pendulum - Projections

Three different ways to project to the Manifold Mwere used:

2 2 0 O
e Orthogonal Projection: GTp L M, ¢ — | 1 7%
Pt P2 @1 Q2

Coordinate Projection:
C* 14 with 0 2 0 0
Ci4+ =

L L . —e =2 0 0
e Projection violating p-reversibility: A = ( )
—< 0 0 -1
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The Pendulum - Results
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Local Coordinate Methods (LCM)

Algorithm 1 (Symmetric Local Coordinates Approach) Assume:
Y, € M and 1, a local parametrization of M with 1, (0) = a (close to

Yn).
e find z, (close to 0) such that ¢,(z,) = yy;

e Z,i1 = Py(z,) (symmetric one-step method applied to
g =1'(2)"f(¥(2)).
® Ynt+1 — wa(gn—i—l);

e choose a In the parametrization such that z,, + z,,.1 = 0.

]
Svmnmetric use of local tangent space parametrization
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Reversibility of Symmetric LCM

A symmetric local coordinates method is p-reversible, if the
parametrization is s.t.:

P (Z) — wpa (UZ)

for some invertible o .
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Reversibility of Symmetric LCM

A symmetric local coordinates method is p-reversible, if the
parametrization is s.t.:

pYa(z) = Ypa (02)

for some invertible o .

If the initial problem is p-reversible, this implies o-reversibility for

¢ = ()" f((2)).

The basic method ®; must therefore be o-reversible.
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Symmetric Lie Group Methods

Now, consider
Y =AY)Y, Y(0) =Y,

where A(Y') is in the Lie algebra G whenever Y is in the Lie group G.

Munthe-Kaas methods are in general not symmetric (asymmetric use
of the local coordinates Y = exp(€2)Y)).
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Symmetric Lie Group Methods

Now, consider
Y =AY)Y, Y(0) =Y,

where A(Y') is in the Lie algebra G whenever Y is in the Lie group G.

Munthe-Kaas methods are in general not symmetric (asymmetric use
of the local coordinates Y = exp(€2)Y)).

Accidentally, the Lie group method based on the implicit midpoint rule
Yio+1 = exp(Q)Y,, ) = hA(exp(2/2)Y},)

Is symmetric (exchange h <~ —h, Y,, < Y, 1 and the auxiliary
variable ) «— —)).
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Symmetric Munthe-Kaas Methods

According to the symmetric LCM, we choose a local parametrization

vu(Q) = exp(Q)U o
Y, exp(Q) "\

where U = exp(0)Y,, plays the role of the midpoint on the manifold.
We put Z,, = —O so that Yy (Z,,) = Y,,.
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Symmetric Munthe-Kaas Methods

According to the symmetric LCM, we choose a local parametrization

Vo (9) = exp(@)U, i
Y, exp(Q) "\

where U = exp(0)Y,, plays the role of the midpoint on the manifold.
We put Z,, = —O so that Yy (Z,,) = Y,,.
Apply any symmetric Runge-Kutta method to the differential equation

Q= A@u(Q) + 31, Pradf (Ao (),  Q0) = -6,

to obtain Znﬂ from Z,,.
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Symmetric Munthe-Kaas Methods

According to the symmetric LCM, we choose a local parametrization

Vo (9) = exp(@)U, i
Y, exp(©) \ G

where U = exp(0)Y,, plays the role of the midpoint on the manifold.
We put Z,, = —O so that Yy (Z,,) = Y,,.
Apply any symmetric Runge-Kutta method to the differential equation

O =A@Yu(Q) + X1, Zradf (A(Yu (),  Q(0) = -6,

to obtain Znﬂ from Z,,.
© is implicitly given by Z,, + Z,,.1 = 0, and the numerical result is

~

Y1 = Y0 (Zn+1) = exp(Zns1) exp(0)Y, = exp(20)Y,
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2-stage Gauss on Lie Groups

2-stage Gauss:

1_ 43 1 13 With the coefficients of the 2-stage
iJr& lf@ ! 1 ° Gauss method and with ¢ = 1,
2 6 4 6 4

I L B; = —: we thus get:

b = A(exp (—@ + %(kl + ko) — h?I@)U) - %[ﬂl,A(exp(Ql)U)}

\

Q1
h 3 1
]CQ — A(exp (-@—I— Z(kl —|—k‘2) +h§k1>U> — §{Q2,A(6XP(QQ)U)}
?22 _
h
O = —@—|—§(k1—|-k2).
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2-stage Gauss on Lie Groups

With
V3 V3

h
20 = 5(]61 -+ ]CQ) = () = —h?kg, )y = h?]ﬁ

and A; := A(exp(€);)U) we can rewrite this as

V3 1
— —h— — [, A
Q h 6 (AQ 2[ 2, 2])
V3 1
QQ = h? (Al_i[ﬂlaAl])
Yn—i—l — eXp<2@)Yn

h h

= exp (5(141 + Ag) — Z([Ql,Al] + [QQ,AQ])) Y,,.



2-stage Gauss on Lie Groups

Neglecting terms of size O(h*) in Y, gives

V3 h?
Ql — —hFAQ [Al,AQ]
V3 h2
Oy = h?Al——[Al,AQ]
h V3
Yit1 = exp <§(A1+A2) h?—— [A17A2]>Y

This method is symmetric and therefore still of order 4 (orders of
symmetric methods are even).
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Reversibility of 2-stage Gauss

For any linear invertible transformation p, the parametrization
V() = exp(Q)U satisfies

pu(Q) = pexp(Q)U = exp(pQp~")pU = Y0 (0€2)

with 02 = pQp~t.
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Reversibility of 2-stage Gauss

For any linear invertible transformation p, the parametrization
Yy () = exp(Q)U satisfies

P (Q) = pexp(Q)U = exp(pQp™")pU = 4, (09)

with 02 = pQp~t.
If the initial problem is p-reversible, i.e. pA(Y) = —A(pY )p, then

0= A(wp() + Y- Padh (Awu(Q),  0(0) = -6
k+1

IS o-reversible for all truncation indices gq.
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e Symmetric projection methods
e have the same order as basic integrator
e are p-reversible if the basic method is p-reversible and
oG (y)T = G(py)T o for some invertible o.

e symmetric local coord. methods
e (have the same order as basic integrator)

o are p-reversible if py,(z) = 1,,(02) for some invertible o and
If the basic method is o -reversible.

e symmetric Lie group methods can be obtained by symmetrizing
Munte-Kaas methods. Examples:

e 2" order: implicit midpoint rule as basic integrator
e 4" order: 2-stage Gauss as basic integrator
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