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g̃(x, y) :=
∑
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G̃ij :=

∫

Ω

ϕi(x)

∫

Ω

g̃(x, y)ϕj(y)dydx = (ABT )ij,
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G̃
,)" � &3"�,�D9�

G̃ij :=

∫

Ω

ϕi(x)

∫

Ω

g̃(x, y)ϕj(y)dydx = (ABT )ij,

JYL3"�.w"
Aiν :=

∫

Ω

ϕi(x)Lν(x)dx

^F^



Ä�Å�®i°�´
À\"d8
(xν)ν∈K

DE"g/ _ /VTW*-4���% _ *7&`8;"�.sGE%S4¥/r8+*@%'&AGE%S*7&98H(a*7&
R

d

(Lν)ν∈K
DE"p8HL3"�À6/51:.+/5&)1:" _ =)&3#d8+*@%'&)(�JY*�8HL

Lν(xµ) = δν,µ_ %S.
ν, µ ∈ K

l
! "$,)" � &3"

g̃(x, y) :=
∑

ν∈K

g(xν, y)Lν(x).

Æ ( T�"
&`8;*-%S&3"�, Du" _ %S.w":I6J�" ,)%'&6]�8 &3"�"�, /V&9� ,)"�.w*�o`/r8+*�o`"�% _
g
_ %S.�8+L>/r8

/5G)G3.w%��Z*7TU/r8;*-%S&6l
! "$#?/V&�&3%vJ .w"
G34q/[#�"�8HL3"$TU/r8;.w*X�

G
JY*�8HL

G̃
,)" � &3"�,�D9�

G̃ij :=

∫

Ω

ϕi(x)

∫

Ω

g̃(x, y)ϕj(y)dydx = (ABT )ij,

JYL3"�.w"
Aiν :=

∫

Ω

ϕi(x)Lν(x)dx

/5&3,
Bjν :=

∫

Ω

ϕj(y)g(xν, y)dy.

^�c
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�YË �Y�ª� ����Ì���� ��� Í$Î
! "0#�%S&)(H*@,)"�.�/g#�4-%'(+"�,U#
=3.«o`"�*7& | ��,)*7TW"
&)(+*-%'&>/[4E(HG>/5#�":Ik1:*�o`"
&P/V(M/5&�/[.w.+/��o9"�.F8;"�� % _ & GE%S*7&98H(rl�! "�=)(H"�G3*@"�#�"dJY*-(H"A#�%'&)(w8�/5&`8�D>/V(+*7( _ =)&3#d8+*@%'&)(�/V&3,
#ÏL3%i%'(+"Ã8+L3"�#;L>/5.;/5#d8;"�.w*7�v*-&)1hGE%S*-&`8�8+%�DE"¢8HL3"�TW*-,),)4@"�% _ 8HL3"�#�%:.w.N"
(NGE%'&3,)*-&)1
*-&`8+"�.«o`/54ÐlZ! "RJY*-4@46&3%�J (H%:4Xo`"g*7&`8;"
1:.;/54�"�<9=>/r8;*-%S&)(Y%S&�8HL3*-(M#
=3.«o`":l

^ e



� ����� �����PÇ � È���������É Ê 

�YË �Y�ª� ����Ì���� ��� Í$Î
! "W#�%'&)(+*-,)"�.�/�#�4@%'(+"�, #
=3.Fo9" *7& | ��,)*7TW"
&)(H*@%'&>/54¢(HG>/5#�":I�1:*Xo9"
& /V(C/5& /5.��.;/d�Ño`"�.F8;"���% _ &�Gu%:*7&`8+(vl:! "M=)(+"MG3*-"�#�"dJY*-(H"a#�%S&)(s8d/V&`8�D>/V(+*7( _ =)&3#d8;*-%'&)(�/V&3,
#ÏL3%i%'(+"Ã8+L3"�#;L>/5.;/5#d8;"�.w*7�v*-&)1hGE%S*-&`8�8+%�DE"¢8HL3"�TW*-,),)4@"�% _ 8HL3"�#�%:.w.N"
(NGE%'&3,)*-&)1
*-&`8+"�.«o`/54ÐlZ! "RJY*-4@46&3%�J (H%:4Xo`"g*7&`8;"
1:.;/54�"�<9=>/r8;*-%S&)(Y%S&�8HL3*-(M#
=3.«o`":l
! "U/5.N" *7&98+"�.w"
(w8+"�, *7& /�Du%S=)&3,£/5.«� *7&98+"
1:.;/54¡G3.w%SD34-"
TPI�*�lÁ":l68HL3"W(+"d8

Ω*-(ª/�(H=)D)TU/V&3* _ %S4-,blÂB�"�.w"
Ω
*-(ª/�/�#
=3.«o`":l � *7&3#�"�J�":]Ò4-4¢Du"�8�/[47jk*-&)1 /5DE%'=f8

*-&`8+"
12.+/[4£"�<9=>/?8+*@%'&)(rIk~6JY*-4@4².N"�#?/54-4)8HL3"�T�"?/5&3*7&)1�% _ /V&�*7&98+"
1:.;/54>%'&�/�#
=3.«o`":Ó

^Fm



Ô Õ�Ö ¸r×u®�¾§·\¹v®9¶3¸5°3±§Ø
À\"d8

γ
Ó
[0, 1] → R

2
DE"ª*-&SÙ«"�#d8+*�o`"Ñ*-& ÚÜÛKI z Ú7I γ ∈ C1, γ ′ ∈ C0

l>! "gJY.w*�8+"
Γ := γ([0, 1])

l�À\"d8
u ∈ C0(Γ)

l6! "�*7&`8;.w%i,Z=3#�"�/�G>/5.F8;*X8;*-%'&
0 = x0 <

x1 < ... < xn = 1
% _ ÚÒÛKI zÏÝ /V&3,�#�%S&)(H*@,)"�.�8+L3"$(N=)T

Ix :=

n
∑

i=1

u(γ(xi))‖γ(xi) − γ(xi−1)‖.

^�x



Ô Õ�Ö ¸r×u®�¾§·\¹v®9¶3¸5°3±§Ø
À\"d8

γ
Ó
[0, 1] → R

2
DE"ª*-&SÙ«"�#d8+*�o`"Ñ*-& ÚÜÛKI z Ú7I γ ∈ C1, γ ′ ∈ C0

l>! "gJY.w*�8+"
Γ := γ([0, 1])

l�À\"d8
u ∈ C0(Γ)

l6! "�*7&`8;.w%i,Z=3#�"�/�G>/5.F8;*X8;*-%'&
0 = x0 <

x1 < ... < xn = 1
% _ ÚÒÛKI zÏÝ /V&3,�#�%S&)(H*@,)"�.�8+L3"$(N=)T

Ix :=

n
∑

i=1

u(γ(xi))‖γ(xi) − γ(xi−1)‖.

Þß®i¿ ¿ ° à ÕgÖ ¸r×u® ¾á·E¹v®9¶3¸5°3±ãâ ´�ä�å�æ
ε ∈ R>0 ç è¬é å�ê;å�ëíì�î δ ∈ R>0ì ç æ ç ∀ ï î'ê
æáë§æáëÐð'ñfì 0 = x0 < x1 < ... < xn = 1 ò ë§æ é xi − xi−1 < δ(i ∈

1, ..., n) ò å é î'ó:å

‖Ix −
1

∫

0

u(γ(y))‖γ ′(y)‖dy‖ ≤ ε.

ô�¸?¼\¼£õ;´Â"�4@"
T�"
&`8d/5.0/V&>/[4X�K(+*7(

^ �



Ô Õ�Ö ¸r×u®�¾§·\¹v®9¶3¸5°3±§Ø
À\"d8

γ
Ó
[0, 1] → R

2
DE"ª*-&SÙ«"�#d8+*�o`"Ñ*-& ÚÜÛKI z Ú7I γ ∈ C1, γ ′ ∈ C0

l>! "gJY.w*�8+"
Γ := γ([0, 1])

l�À\"d8
u ∈ C0(Γ)

l6! "�*7&`8;.w%i,Z=3#�"�/�G>/5.F8;*X8;*-%'&
0 = x0 <

x1 < ... < xn = 1
% _ ÚÒÛKI zÏÝ /V&3,�#�%S&)(H*@,)"�.�8+L3"$(N=)T

Ix :=

n
∑

i=1

u(γ(xi))‖γ(xi) − γ(xi−1)‖.

Þß®i¿ ¿ ° à ÕgÖ ¸r×u® ¾á·E¹v®9¶3¸5°3±ãâ ´�ä�å�æ
ε ∈ R>0 ç è¬é å�ê;å�ëíì�î δ ∈ R>0ì ç æ ç ∀ ï î'ê
æáë§æáëÐð'ñfì 0 = x0 < x1 < ... < xn = 1 ò ë§æ é xi − xi−1 < δ(i ∈

1, ..., n) ò å é î'ó:å

‖Ix −
1

∫

0

u(γ(y))‖γ ′(y)‖dy‖ ≤ ε.

ô�¸?¼\¼£õ;´Â"�4@"
T�"
&`8d/5.0/V&>/[4X�K(+*7(
µ�®`ö�·»¾÷¹v¾³¼>·¡´�! "�,)" � &3"�8+L3"tø�ùkêdóSåWë÷ñ£æ�å�ú:êHîSû¤Ó�4-"d8

(γi)
m
i=1

DE" /U8+=)G34-"W% _
*-&SÙ«"�#d8+*�o`" _ =)&3#d8;*-%'&)(p*7&

C1([0, 1], R2)
l\�f%:.0/[4-4

i ∈ 1, ..., m
I)J�"h(+"d8

Γi :=

γi([0, 1])
l�n�L3" ø�ùkêdóSå�ë÷ñ£æ�å�ú:êHî'û�%vo`"�.ª8HL3"�G3*-"�#�"dJa*7(+"�,)*�ü\"�.w"
&`8;*q/5D34-"�#
=3.Fo9"

Γ := ∪m
i=1

Γi
*-(�12*Xo`"
&PD`�

∫

Γ

u(x)dx :=
m

∑

i=1

1
∫

0

u(γi(y))‖γ ′
i(y)‖dy.

^��



ý þ ¾á·�¶²±§®t±§°kÿ>®`¸ º¤¼²¹v®i·E¹v¾§°²±
! " � �t&�GE%:*7&`8+(

p0, ..., pn−1 ∈ R
2
IE(H"d8

pn := p0

/5&3, ,)" � &3"g8HL3"W/?�C&3"
G>/[.+/5T�"d8;.w*7�V/?8+*@%'&)(

γi : [0, 1] → R
2, y 7→ pi−1(1 − y) + piy,

_ %S.
i ∈ 1, ..., n

l Æ (�4@%'&)1 /V(
pi 6= pj

L3%:4-,Z( ∀i, j ∈ 0, ..., n − 1
JY*�8HL

i 6= j
IK8HL3*-(Y,)" � &3"
(R/�GE%:4X�K12%'&>/54�#
=3.«o`"

Γ := ∪m
i=1γi([0, 1])

l

^��



ý þ ¾á·�¶²±§®t±§°kÿ>®`¸ º¤¼²¹v®i·E¹v¾§°²±
! " � �t&�GE%:*7&`8+(

p0, ..., pn−1 ∈ R
2
IE(H"d8

pn := p0

/5&3, ,)" � &3"g8HL3"W/?�C&3"
G>/[.+/5T�"d8;.w*7�V/?8+*@%'&)(

γi : [0, 1] → R
2, y 7→ pi−1(1 − y) + piy,

_ %S.
i ∈ 1, ..., n

l Æ (�4@%'&)1 /V(
pi 6= pj

L3%:4-,Z( ∀i, j ∈ 0, ..., n − 1
JY*�8HL

i 6= j
IK8HL3*-(Y,)" � &3"
(R/�GE%:4X�K12%'&>/54�#
=3.«o`"

Γ := ∪m
i=1γi([0, 1])

l
�Y½�°£¿ º»±³®>´
! "$#�%'&)(+*-,)"�.�8HL3" _ %S4-4@%�Ja*7&)1�GE%S*-&`8H(rÓ
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! "$%'D)(+"�.Fo9"
γ4

/5&3,�*X8H(a"do`/54-=>/r8;*-%'&A*7&�8��$ÛKÓ
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17

 

γ
4
([0,1]) 

p
3
=γ

4
(0) 

p
4
 

cHO



8��$ÛKl ¦ Ó
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p
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γ
4
([0,1]) 

p
4
 

p
3
 

γ
4
(0.4) 
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/V&3,�8�� z Ó
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3
 

p
4
 = γ

4
(1) 

γ
4
([0,1]) 

cFc



QR&�8HL3"�#
=3.Fo9"
Γ
J�"$&3%vJ ,)" � &3"R8HL3"ªìdë³ñiú:ûíåhû-î��9å�ê ï ðSæ�ådñ£æáëÐîSûZ%SGE"�.+/r8;%S.

Gslp[u](x) :=

∫

Γ

log(‖x − y‖)u(y)dy

c e



QR&�8HL3"�#
=3.Fo9"
Γ
J�"$&3%vJ ,)" � &3"R8HL3"ªìdë³ñiú:ûíåhû-î��9å�ê ï ðSæ�ådñ£æáëÐîSûZ%SGE"�.+/r8;%S.

Gslp[u](x) :=

∫

Γ

log(‖x − y‖)u(y)dy

/5&3,�8HL3"�#�%:.w.w"
(HGE%'&3,)*-&)1�D3*@4-*-&3"?/5. _ %S.wT

aslp(u, y) :=

∫

Γ

v(x)

∫

Γ

log(‖x − y‖)u(y)dydx.

c«m



QR&�8HL3"�#
=3.Fo9"
Γ
J�"$&3%vJ ,)" � &3"R8HL3"ªìdë³ñiú:ûíåhû-î��9å�ê ï ðSæ�ådñ£æáëÐîSûZ%SGE"�.+/r8;%S.

Gslp[u](x) :=

∫

Γ

log(‖x − y‖)u(y)dy

/5&3,�8HL3"�#�%:.w.w"
(HGE%'&3,)*-&)1�D3*@4-*-&3"?/5. _ %S.wT

aslp(u, y) :=

∫

Γ

v(x)

∫

Γ

log(‖x − y‖)u(y)dydx.

n�L3"�j:"�.w&3"�4
log(‖x − y‖) *-(p&3%[8h/V(w�KT�Gf8+%58;*-#?/[4-4X�t(NTW%i%[8HLtL3"�.w":I£(+*7&3#�"*�8YL>/5(0/ (H*-&)1S=34¥/5.w*�8��P*-&

x = y
l

! L>/?8Y,)%�J�"�,)%��

cFx



QR&�8HL3"�#
=3.Fo9"
Γ
J�"$&3%vJ ,)" � &3"R8HL3"ªìdë³ñiú:ûíåhû-î��9å�ê ï ðSæ�ådñ£æáëÐîSûZ%SGE"�.+/r8;%S.

Gslp[u](x) :=

∫

Γ

log(‖x − y‖)u(y)dy

/5&3,�8HL3"�#�%:.w.w"
(HGE%'&3,)*-&)1�D3*@4-*-&3"?/5. _ %S.wT

aslp(u, y) :=

∫

Γ

v(x)

∫

Γ

log(‖x − y‖)u(y)dydx.

n�L3"�j:"�.w&3"�4
log(‖x − y‖) *-(p&3%[8h/V(w�KT�Gf8+%58;*-#?/[4-4X�t(NTW%i%[8HLtL3"�.w":I£(+*7&3#�"*�8YL>/5(0/ (H*-&)1S=34¥/5.w*�8��P*-&

x = y
l

! L>/?8Y,)%�J�"�,)%��
! "p,)*7(+#�.w"d8+*-�v"

aslp(·, ·)
=)(+*7&)1ÑG3*-"�#�"dJY*-(H"

cst _ =)&3#d8+*@%'&)( (ϕi)
n
i=1

,)" � &3"�,
8+L3.w%S=)1SL

ϕi ◦ γj ≡ δij_ %S.
i, j ∈ I := 1, ..., n.

n�L3"U#�%i"�üÂl»% _ 8HL3"U#�%:.w.N"
(NGE%'&3,)*-&)1�T /?8+.N*�� /5.N"
12*Xo9"
&�D`�

Gij = aslp(ϕi, ϕj) =

∫

Γ

ϕi(x)

∫

Γ

log(‖x − y‖)ϕj(y)dydx

= ‖pi − pi−1‖‖pj − pj−1‖
1

∫

0

1
∫

0

log(‖γi(x) − γj(y)‖)dydx.

c �



QR&�8HL3"�#
=3.Fo9"
Γ
J�"$&3%vJ ,)" � &3"R8HL3"ªìdë³ñiú:ûíåhû-î��9å�ê ï ðSæ�ådñ£æáëÐîSûZ%SGE"�.+/r8;%S.

Gslp[u](x) :=

∫

Γ

log(‖x − y‖)u(y)dy

/5&3,�8HL3"�#�%:.w.w"
(HGE%'&3,)*-&)1�D3*@4-*-&3"?/5. _ %S.wT

aslp(u, y) :=

∫

Γ

v(x)

∫

Γ

log(‖x − y‖)u(y)dydx.

n�L3"�j:"�.w&3"�4
log(‖x − y‖) *-(p&3%[8h/V(w�KT�Gf8+%58;*-#?/[4-4X�t(NTW%i%[8HLtL3"�.w":I£(+*7&3#�"*�8YL>/5(0/ (H*-&)1S=34¥/5.w*�8��P*-&

x = y
l

! L>/?8Y,)%�J�"�,)%��
! "p,)*7(+#�.w"d8+*-�v"

aslp(·, ·)
=)(+*7&)1ÑG3*-"�#�"dJY*-(H"

cst _ =)&3#d8+*@%'&)( (ϕi)
n
i=1

,)" � &3"�,
8+L3.w%S=)1SL

ϕi ◦ γj ≡ δij_ %S.
i, j ∈ I := 1, ..., n.

n�L3"U#�%i"�üÂl»% _ 8HL3"U#�%:.w.N"
(NGE%'&3,)*-&)1�T /?8+.N*�� /5.N"
12*Xo9"
&�D`�

Gij = aslp(ϕi, ϕj) =

∫

Γ

ϕi(x)

∫

Γ

log(‖x − y‖)ϕj(y)dydx

= ‖pi − pi−1‖‖pj − pj−1‖
1

∫

0

1
∫

0

log(‖γi(x) − γj(y)‖)dydx.

�f.w%ST
pi 6= pj

*X8 _ %:4-4-%vJM(�8HL>/r8¡8HL3*-(ÃT /?8+.w*X� *-( _ =34-4�l Æ (¡4@%'&)1C/V(
γi([0, 1]),)%k"
(N&6]�8�*-&`8+"�.w(H"�#d8

γj([0, 1])∀i, j ∈ z I@l-l@l-I &6I�J�" ,)%S&6]�8ÑL>/�o`"�(+*7&)1:=34q/[.w*X8;*-"
(/5&3,�#?/V&�.N"
G34q/5#�"$8HL3"$j:"�.w&3"�4¬D9��,)"
1:"
&3"�.;/r8+" /VG)G3.w%��Z*-T /?8+*-%S&)(vl

cF�



� Äd¿ º»±³®i¿ ®i·\¹r°)¹v¾³¼>·
! ":]Á4@4E&3%vJ _ %i#
=)(M%'&�#�%'T�G)=f8+*-&)1ª8+L3"�"
&98+.w*@"
(M% _ 8HL3"�L3*@"�.+/5.N#;L3*-#?/[4¬TU/r8;.w*X�¬I
*-&WG>/5.F8;*-#
=34¥/5.�8HL3"Y4-%vJ���.;/V&)jÑD34@%i#;ji(rI2(+%�J�"M(N=)G)GE%'(+"�8HL>/?8�J�"ML>/�o`"p/ _ =)&3#��
8;*-%S&�8HL>/?8�*7&3*X8;*q/[4-*7�v"
(�8HL3" _ =34@4>T /?8+.w*@#�"
(M/V&3,�&3%vJ #�%'&)(+*-,)"�.�8HL3"M8;.w"?/?8HTW"
&`8
% _ 8HL3"�4@%�J���.+/5&)j�D34@%i#;ji(rl

cF�



� Äd¿ º»±³®i¿ ®i·\¹r°)¹v¾³¼>·
! ":]Á4@4E&3%vJ _ %i#
=)(M%'&�#�%'T�G)=f8+*-&)1ª8+L3"�"
&98+.w*@"
(M% _ 8HL3"�L3*@"�.+/5.N#;L3*-#?/[4¬TU/r8;.w*X�¬I
*-&WG>/5.F8;*-#
=34¥/5.�8HL3"Y4-%vJ���.;/V&)jÑD34@%i#;ji(rI2(+%�J�"M(N=)G)GE%'(+"�8HL>/?8�J�"ML>/�o`"p/ _ =)&3#��
8;*-%S&�8HL>/?8�*7&3*X8;*q/[4-*7�v"
(�8HL3" _ =34@4>T /?8+.w*@#�"
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