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! "$#�%'&)(+*-,)"�.0/�12"
&3"�.+/546*7&98+"
1:.;/54�"�<9=>/?8+*@%'&

Gu + λ < u, · >= f ACBED
*-&F/HG�*@47IJ"�.K80(ML>/5#�"�G�NPORQ3"�.S"

G *-(0/5&T*7&98+"
1:.;/54�UVLJ"�.+/?8+%W.�XY/ZL)L3*7&)1YG *7&98+%[*\8+(],^=>/_4`(ML>/5#�"�G�a@Nb ∈ G�a^*-(0/5&T"�4-"
X["
&c8d% b 8+Q3"�,^=>/54e(SL>/_#�":N
λ ∈ R

*-(�(+%'X["$L>/5.;/ZX["f8+"�.0/Z&3,
= ∈ G *7(�8MQ3"$(+%W4-=g8+*-%W&�O�"h/5.S"i4-%j%Wkl*7&)1 b %:.
m
n�Q3"poc/5.S*q/r8;*-%W&>/54�#�%'=)&98+"�.sL>/_.K8V% b 8MQ3"�"�<9=>/?8+*@%'&t/5Iu%Eoc"�*7(

a(u, v) + λm(u, v) = f(v) AwvWD
b %W.0/54-4

v ∈ H
NPO]Q3"�.C"

a(u, v) :=< Gu, v >H ′×H and m(u, v) :=< u, v >H×H .
xy&z8|{PL3*@#?/54}(+*\8+=>/r8+*@%'&)(rN`8MQ3"~I3*-4-*-&3"?/5. b %:.sX

a(·, ·) .S"
L3.C"
(+"
&c8+*-&)1�8MQ3"~*-&P�8;"
1:.;/54�%'LJ"�.+/?8+%:.R#?/5&�IJ"0Od.C*�8C8+"
& /Z(

a(u, v) =

∫

Ω

v(x)

∫

Ω

g(x, y)u(y)dydx Aw�:D
b %W.0/�k:"�.C&3"�4 b =)&3#f8+*-%W&

g(·, ·) /Z&3,�/~,)%'XY/5*7&�%:.�XY/Z&3* b %W4@, Ω
m

n�Q3"$"�<9=>/r8;*-%W& Awv:D *7(R,)*7(+#�.C"f8;*7�E"�,�Ic{�#;Q3%l%'(+*7&)1Y/Z&�&P��,)*7X["
&)(M*@%'&>/_4`(M=)IP�(ML>/5#�"
Hn

% b G /5&3, #�%'&)(+*-,)"�.C*-&)1 8+Q3"tL3.C%WI34-"
X % bi� &3,)*7&)1 / b =)&3#f8;*-%'&
un ∈ Hn

(Em�8rm
a(un, vn) + λm(un, vn) = f(vn)Q3%:4-,^( ∀vn ∈ Hn

m

�



�g%W.0/Z&9{�I>/Z(+*7(
(ϕi)i∈I

% b
Hn
Nl8+Q3*7(d*7(]"�<9=3*\oc/_4-"
&c8]8+%

a(un, ϕi) + λm(un, ϕi) = f(ϕi)

∀i ∈ I m
� *7&3#�"�8MQ3"�(+%W4-=g8+*@%'&

un
*7(�/Z& "�4-"
X["
&c8�% b

Hn
N�8+Q3"�.C"�*-(Y/z#�%j"���#�*@"
&c8

o9"�#f8+%:.
(xi)i∈I

(�/r8+*-( b {g*7&)1
un =

∑

j∈I
xjϕj,

(rm�8?mP8+Q3"�#�%j"���#�*@"
&c8M(](�/r8;*7( b {�8+Q3"�"�<9=>/r8;*-%W&
∑

j∈I
xja(ϕj, ϕi) + λ

∑

j∈I
xjm(ϕj, ϕi) = f(ϕi)

b %W.0/54-4
i ∈ I m

n�Q3*7(p*7(�/~(s{g(s8;"
X % b 4-*7&3"?/_.d"�<9=>/r8;*-%W&)($/Z&3,�#?/Z&TIJ"�Od.C*�8C8+"
&z*-&TXY/r8+.S*��
b %W.sX

Gx + λMx = bI9{�*7&c8;.C%j,^=3#�*-&)1[X�/?8+.C*@#�"
(
G, M ∈ R

I×I /5&3,�/�oc"�#f8;%W. b ∈ R
I O]*�8MQ

Gij := a(ϕj, ϕi), A��jD
Mij := m(ϕj, ϕi), Aw�:D

bi := f(ϕi). Ay�2Dx b O�"�=)(+" (C8�/Z&3,�/_.C, � &3*�8+"~"�4@"
X�"
&98�I>/Z(+*7( b =)&3#f8;*-%W&)(
(ϕi)i∈I

N�8+Q3" X�/r�
8;.C*\�

M
O]*@4-4JIJ"0(ML>/5.C(M":NlI)=g8

G
O]*@4-4JIJ"V,)"
&)(+"�4\{�LJ%'L)=34q/?8+"�,eNl(+*7&3#�"08|{gL3*-#?/54

k2"�.s&3"�4 b =)&3#f8+*@%'&)(]Q>/�oc"$1:4@%'I>/_4e(M=)L)LJ%W.�8rm
� 8+%W.S*7&)1

G
,)*@.C"�#f8+4�{ ,)%j"
(M&6a�8�4@"?/5, 8+%�"��[#�*-"
&c8H/54-1:%W.S*\8+Q)XH(rm�n�Q3"�.C" b %:.C"

O�"�/ZL)L3.S%
�^*-X�/?8+"
G
Ic{�/hXY/r8;.C*���8+Q>/r8d#?/Z&�Iu"08+.S"?/r8;"�,�"���#�*-"
&98+4\{9N^Ic{Y.C"��

L34�/5#�*-&)1]8MQ3" k:"�.C&3"�4 b =)&3#f8+*@%'&
k(·, ·) Ic{�4@%j#?/54P,)"
1:"
&3"�.+/?8+"�/ZL)L3.S%
�^*-X�/?8+*@%'&)(rN/5&3,�8MQ3*-(]4@"?/5,^(�8+%�/�Q3*@"�.+/5.S#;Q3*-#?/_4�X�/?8+.S*��¡m
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£[¤j¥2¦¨§©§sª}«�¤9¬¨¤j­�¤c®5¦)¯E¤t¦3°±°±®?²l³6´�µ ¦3¯E´©²>­
¶e/5(s8�O�"�"
k�O�":a�o9"�/_4-.S"?/5,P{t8�/_47k:"�, /ZIJ%'=g8�,)"
12"
&3"�.+/r8;"�/5L)L3.C%��^*7XY/r8;*-%W&6N

I)=g8V/Z(Vx·#?/5&�*-X�/51:*-&3"p8MQ>/r8�/ b "fO LJ"�%'L34-"$*-&�Q3"�.C"�X�/�{�&3%_8R.C"
X["
X Iu"�.�*\8
o9"�.K{�og*\og*@,)4\{9N>x+a¸4-46<9=3*@#;kl4\{�"��gL34q/_*7&�O]Q>/r80*\80*7(V/ZIJ%'=g8?m
n�Q3" *@,)"?/ *7(�8+% /5L)L3.C%��^*7XY/r8;" 8+Q3"zk:"�.C&3"�4 b =)&3#f8+*@%'&

g(·, ·) Ic{ =)(+*7&)1*-&c8+"�.CLJ%W4q/?8+*@%'&[*7&)(C8+"?/5,H% b n¹/f{^4-%W.}"��gL>/5&)(M*@%'&6Nc/Z&3, 8MQj=)( /�oc%W*@,)*7&)1�8+Q3"º&3"�"�,
% b IJ"�*7&)1Y/ZI34@"p8+%�"fo2/_47=>/?8+"�8+Q3"�,)"�.C*\oc/?8+*\o9"
(0% b

g
"���#�*@"
&c8+4�{9m

»�¼�¤j¦�ª
¶`"f8
(xν)ν∈K

IJ"h/ b /ZX[*-4�{�% b *7&c8;"�.sLJ%W4�/r8+*@%'&FLJ%W*7&98M(d*7&
R

d

(Lν)ν∈K
IJ"p8MQ3"�¶6/51:.+/5&)1:" b =)&3#f8+*@%'&)(�O]*�8MQ

Lν(xµ) = δν,µb %W.
ν, µ ∈ K

m
! "$,)" � &3"

g̃(x, y) :=
∑

ν∈K

g(xν, y)Lν(x).

½ ( X�"
&c8;*-%W&3"�, Iu" b %W.C":N6O�"�,)%'&6a�8 &3"�"�, /Z&9{ ,)"�.C*�oc/r8+*�oc"�% b
g
b %W.�8+Q>/r8

/5L)L3.C%��^*7XY/r8;*-%W&6m
! "$#?/Z&�&3%EO .C"
L34q/_#�"�8MQ3"$XY/r8;.C*\�

G
O]*�8MQ

G̃
,)" � &3"�,�I9{

G̃ij :=

∫

Ω

ϕi(x)

∫

Ω

g̃(x, y)ϕj(y)dydx = (ABT )ij,

O]Q3"�.C"
Aiν :=

∫

Ω

ϕi(x)Lν(x)dx

/5&3,
Bjν :=

∫

Ω

ϕj(y)g(xν, y)dy.
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! "[#�%'&)(+*-,)"�.~/�#�4@%'(+"�, #
=3.Ko9"�*7& v ��,)*7X["
&)(M*@%'&>/54 (ML>/5#�":N�1:*\o9"
& /Z(H/5& /5.��.;/f{Çoc"�.K8;"���% b &�Lu%:*7&c8+(Em:! "R=)(+"RL3*-"�#�"fO]*-(M"d#�%W&)(s8f/Z&c8�I>/Z(+*7( b =)&3#f8;*-%'&)(�/Z&3,
#ÈQ3%j%'(+"º8+Q3"�#;Q>/5.;/5#f8;"�.C*7�E*-&)1iLJ%W*-&c8}8+%�IJ" 8MQ3"�X[*-,),)4@"�% b 8MQ3"�#�%:.C.S"
(SLJ%'&3,)*-&)1
*-&c8+"�.�oc/54Ém^! "VO]*-4@46&3%�O (M%:4\oc"h*7&c8;"
1:.;/54�"�<9=>/r8;*-%W&)(]%W&�8MQ3*-(R#
=3.�oc":m
! "Y/5.S"�*7&98+"�.C"
(C8+"�, *7& /�Iu%W=)&3,�/5.�{ *7&98+"
1:.;/54ÊL3.C%WI34-"
XTN�*ym¸":m68MQ3"[(+"f8

Ω*-(�/�(M=)I)XY/Z&3* b %W4-,em¹G�"�.C"
Ω
*-(�/�/�#
=3.�oc":m � *7&3#�"~O�":aË4-4 Iu"~8�/_47kl*-&)1 /5IJ%'=g8

*-&c8+"
12.+/_4�"�<9=>/?8+*@%'&)(rNlx6O]*-4@4¨.S"�#?/54-4)8MQ3"�X�"?/5&3*7&)1�% b /Z&�*7&98+"
1:.;/54>%'&�/�#
=3.�oc":Ì

Í Î�Ï ®rÐu¤�´�­`¯E¤9¬3®5¦3§�Ñ
¶`"f8

γ
Ì
[0, 1] → R

2
IJ"�*-&WÒ�"�#f8+*�oc"Ç*-& ÓÕÔPN B Ó7N γ ∈ C1, γ ′ ∈ C0

m>! "hO].C*�8+"
Γ := γ([0, 1])

m�¶`"f8
u ∈ C0(Γ)

m6! "�*7&c8;.C%j,^=3#�"�/�L>/5.K8;*\8;*-%'&
0 = x0 <

x1 < ... < xn = 1
% b ÓËÔPN BÈÖ /Z&3,�#�%W&)(M*@,)"�.�8+Q3"$(S=)X

Ix :=

n
∑

i=1

u(γ(xi))‖γ(xi) − γ(xi−1)‖.

×Ø¤jµ µ ¦ Ù ÎhÏ ®rÐu¤ ´Ú­J¯E¤9¬3®5¦3§ÜÛ ª�Ý�Þ�ß
ε ∈ R>0 à á¡â Þ�ã;Þ�äæå�ç δ ∈ R>0å à ß à ∀ è ç'ã
ßÚä�ßÚäÉé'êgå 0 = x0 < x1 < ... < xn = 1 ë ä�ß â xi − xi−1 < δ(i ∈

1, ..., n) ë Þ â ç'ì:Þ

‖Ix −
1

∫

0

u(γ(y))‖γ ′(y)‖dy‖ ≤ ε.

í�®?²`²�î;ª¹"�4@"
X�"
&c8f/5.0/Z&>/_4\{P(+*7(
«�¤cï�­±´ð¯E´©²>­Êª�! "�,)" � &3"~8+Q3"tñ�òlãfìWÞ[äðê�ß�Þyó:ãMçWô·Ì�4-"f8

(γi)
m
i=1

IJ"�/Y8+=)L34-"[% b
*-&WÒ�"�#f8+*�oc" b =)&3#f8;*-%'&)(p*7&

C1([0, 1], R2)
m`�g%:.0/_4-4

i ∈ 1, ..., m
N)O�"i(+"f8

Γi :=

õ



γi([0, 1])
m�n�Q3" ñ�òlãfìWÞ�äðê�ß�Þyó:ãMç'ô�%Eoc"�.�8MQ3"�L3*-"�#�"fOd*7(+"�,)*�ö`"�.C"
&c8;*q/5I34-"�#
=3.Ko9"

Γ := ∪m
i=1Γi

*-(�12*\oc"
&TIc{
∫

Γ

u(x)dx :=

m
∑

i=1

1
∫

0

u(γi(y))‖γ ′
i(y)‖dy.

÷ ø ´Ú­�¬¨§�¤t§�¦lù>¤c®�°·²¨¯E¤j­J¯E´�¦¨§
! " � �t&zLJ%:*7&c8+(

p0, ..., pn−1 ∈ R
2
NJ(M"f8

pn := p0

/5&3, ,)" � &3"h8MQ3"[/?�H&3"
L>/_.+/5X�"f8;.C*7�Z/?8+*@%'&)(

γi : [0, 1] → R
2, y 7→ pi−1(1 − y) + piy,

b %W.
i ∈ 1, ..., n

m ½ (�4@%'&)1 /Z(
pi 6= pj

Q3%:4-,^( ∀i, j ∈ 0, ..., n − 1
O]*�8MQ

i 6= j
NP8MQ3*-(],)" � &3"
(V/�LJ%:4\{P12%'&>/54�#
=3.�oc"

Γ := ∪m
i=1γi([0, 1])

m

ú



û]³�¦�µ °±§©¤>ª
! "$#�%'&)(+*-,)"�.�8MQ3" b %W4-4@%�Od*7&)1�LJ%W*-&c8M(rÌ
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! "$%'I)(+"�.Ko9"
γ4

/5&3,�*\8M(d"foc/54-=>/r8;*-%'&F*7&
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p
4
 = γ

4
(1) 

γ
4
([0,1]) 

UV&�8MQ3"�#
=3.Ko9"
Γ
O�"$&3%EO ,)" � &3"V8MQ3"�åfä©êjó:ôæÞiô-ç��9Þ�ã è éWß�Þfê�ßÚäÉçWô^%WLJ"�.+/r8;%W.

Gslp[u](x) :=

∫

Γ

log(‖x − y‖)u(y)dy

/5&3,�8MQ3"�#�%:.C.C"
(MLJ%'&3,)*-&)1�I3*@4-*-&3"?/5. b %W.CX
aslp(u, y) :=

∫

Γ

v(x)

∫

Γ

log(‖x − y‖)u(y)dydx.

n�Q3"�k:"�.C&3"�4
log(‖x − y‖) *-(p&3%_8i/Z(C{PX�Lg8+%58;*-#?/_4-4\{t(SX[%j%_8MQtQ3"�.C":N�(+*7&3#�"*�8]Q>/5(0/ (M*-&)1W=34�/5.C*�8|{T*-&

x = y
m

! Q>/?8],)%~O�"�,)%��
! "p,)*7(+#�.C"f8+*-�E"

aslp(·, ·)
=)(+*7&)1ÇL3*-"�#�"fO]*-(M"

cst b =)&3#f8+*@%'&)( (ϕi)
n
i=1

,)" � &3"�,
8+Q3.C%W=)1WQ

ϕi ◦ γj ≡ δij

�



b %W.
i, j ∈ I := 1, ..., n.

n�Q3"Y#�%j"�ö¹m±% b 8MQ3"Y#�%:.C.S"
(SLJ%'&3,)*-&)1zX�/?8+.S*�� /5.S"
12*\o9"
&�Ic{

Gij = aslp(ϕi, ϕj) =

∫

Γ

ϕi(x)

∫

Γ

log(‖x − y‖)ϕj(y)dydx

= ‖pi − pi−1‖‖pj − pj−1‖
1

∫

0

1
∫

0

log(‖γi(x) − γj(y)‖)dydx.

�g.C%WX
pi 6= pj

*\8 b %:4-4-%EOR(�8MQ>/r8Ê8MQ3*-(ºX�/?8+.C*\��*-( b =34-4ym ½ (Ê4@%'&)1H/Z(
γi([0, 1]),)%l"
(S&6a�8~*-&c8+"�.C(M"�#f8

γj([0, 1])∀i, j ∈ B N@m-m@m-N &6N�O�"�,)%W&6a�8ÇQ>/�oc"�(+*7&)1:=34q/_.C*\8;*-"
(/5&3,�#?/Z&�.S"
L34q/5#�"$8MQ3"$k:"�.C&3"�4¡I9{�,)"
1:"
&3"�.;/r8+" /ZL)L3.C%��^*-X�/?8+*-%W&)(Em
� »fµ °±§©¤jµ ¤j­`¯r¦)¯E´©²>­
! ":a¸4@4J&3%EO b %j#
=)(R%'&�#�%'X�L)=g8+*-&)1�8+Q3"�"
&98+.C*@"
(R% b 8MQ3"�Q3*@"�.+/5.S#;Q3*-#?/_4¡XY/r8;.C*\�¡N
*-&[L>/5.K8;*-#
=34�/5.�8MQ3"]4-%EO���.;/Z&)kÇI34@%j#;kj(rN2(+%�O�"R(S=)L)LJ%'(+"�8MQ>/?8�O�"RQ>/�oc"p/ b =)&3#��
8;*-%W&�8MQ>/?8�*7&3*\8;*q/_4-*7�E"
(�8MQ3" b =34@4>X�/?8+.C*@#�"
(R/Z&3,�&3%EO #�%'&)(+*-,)"�.�8MQ3"R8;.C"?/?8MX["
&c8
% b 8MQ3"�4@%�O���.+/5&)k�I34@%j#;kj(rm
n�Q3"f{ #�%:.C.C"
(MLJ%'&3, 8;%t/5,^X[*7(M(+*7I34-"[L>/_*-.C( A 8rN ( D % b #�4-=)(s8;"�.s(Ç/Z&3, .C"�<j=3*-.C"8+Q3"$"fo2/_47=>/?8+*-%W&�% b / ,)"
1:"
&3"�.;/r8;"�/ZL)L3.S%
�^*-X�/?8+*@%'&�% b 8MQ3"$k2"�.s&3"�4 b =)&3#f8+*-%W&6m

¶`"f8?a (p/Z(M(S=)X["p8MQ>/?8d,)*�/ZX A Qt D ≤ ,)*q/5X A Qs D N^*�8 b %:4-4@%�O](
(̃g)(x, y) =

∑

ν∈K

log(‖xt
ν − y‖)(L)tν(x)

/Z&3,�O�"i#�%'X�L)=g8+"

At,s
iν =

∫

Γ

ϕi(x)(L)tν(x)dx = ‖pi − pi−1‖
1

∫

0

(L)tν(γi(x))dx,

Bt,s
jν =

∫

Γ

ϕj(x) log(‖xt
ν − y‖)dy = ‖pj − pj−1‖

1
∫

0

log(‖xt
ν − γj(y)‖)dy.

���



γi
*-(�/Z�H&3":N>(+%

At,s
iν

/_.C" LJ%W4�{P&3%'X[*q/_47($% b ,)"
12.C"�"�X�m¨! "�#?/Z&T8MQj=)(�=)(+"
/5&�"��¨/5#f80<9=>/_,).+/r8+=3.C"i.C=34-" b %W.R*\8M(d"foc/54-=>/r8;*-%'&6m
xy&�%:.C,)"�.�8+%H,)% 8MQ>/?8rN^O�"$&3"�"�,eÌ
• ½ & /_.C.;/f{ �
	���
�	�� % b ,)*7X["
&)(M*@%'& � #�%W&c8�/_*7&3*7&)1F8+Q3"Y#�%j%:.C,)*-&>/r8+"
(H% b
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