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1 Introduction

In the low Renolds number regime, the stationary velocity field u and pressure field p
of an incompressible fluid on a domain Q@ C RY, N = 2,3 with a Lipschitz boundary
[' can be described by the Stokes problem

—2V-e(u)+Vp=f1f, inQ, (1)
V-u=0, inQ, (2)

where €(u) denotes symmetric gradient of u, namely
1 T
e(u) = Q(Vu + (Vu)"),

and f is a given forcing term. The first equation expresses the conservation of momen-
tum and the second the incompressibility condition. The system can be supplemented
with various boundary conditions, including Dirichlet boundary conditions on u or
Neumann boundary conditions prescribing the normal force on I'. In this project, we

are interested in imposing Navier slip boundary conditions, namely

u-n=0, onTl, (3)
Y (€(un) =0, onl, (4)

where n denotes the outward oriented unit normal vector on I' and 7y (¢) denotes the

tangential part of a vector field ¢ on I, i.e.

() =¢—-¢ n=nx¢xn.

A conventional weak formulation of the Stokes problem can be derived by using the
function spaces H!(2) and L2(2) for u and p, respectively, as is described in [9, Chap-
ter 53]. For some structure-preserving numerical schemes for the Navier-Stokes equa-
tion [18] or MHD [11], however, it is beneficial to use a mixed formulation seeking the
vorticity w = V x u, the velocity u and the pressure p in (subspaces of) the function
spaces H(curl; ), H(div; Q) and L?(f2), respectively. This motivates our use of the
Vorticity-Velocity-Pressure (VVP) formulation proposed by Nédélec [15] for the dis-
cretization of the Stokes problem with Navier slip boundary conditions. Although the
VVP formulation has been extensively analyzed by Dubois and his collaborators [6) |5,

7], it is a priori not clear how to incorporate Navier slip boundary conditions. Following



the approach adopted by Wouter and his collaborators in [3], we derive the variational
formulation with the help of an equivalent formulation of Navier slip boundary condi-
tions proposed by Mitrea and Monniaux |14, Eq. 2.9], which can be viewed as a Robin
type boundary condition for the velocity u. The resulting variational problem is shown
to be well-posed on the continuous level, which is then discretized using appropriate
finite element spaces. The convergence of the numerical scheme is confirmed by the

results of numerical experiments conducted.

The remaining of the thesis proceeds as follows. In Section 2, we introduce the no-
tations and derive the VVP formulation for the Stokes problem with pure natural
boundary conditions and Navier slip boundary conditions. In Section 3, we recall im-
portant results on establishing the well-posedness of variational problems and prove
the well-posedness of the variational problems obtained in Section 2. After discretizing
the variational problems in Section 4, Section 5 presents the results from numerical

experiments and Section 6 draws conclusions.



2 VVP formulations

Let us first introduce some notations. Throughout the thesis, the domain of the func-
tion spaces is ) unless otherwise stated and will be omitted in notation. We use
the standard Lebesgue and Sobolev spaces I” and HP, and the vector valued version of
these L? and HP. For sufficiently smooth scaler field o and vector field u = (uy, ..., uy)

defined on Q C RV, we define the following calculus operators

do do
Vo=|—,...,— N =23
o (aw17 781‘]\[)’ Y Y
do  Odo
Uxo = —, -2 N =2
xa (81‘2, 8$1)7 ’
=N
Voum S 24 N =23,
=1 0%
(9u2 8u1
=< _ 77 N =2
Vxu 8;101 Gxg ’

. 8U3 (%Q 0u1 8U3 (9uQ 8u1 -
Vxu = (8:702 81'3761'3 8x1’8x1 61’2> ’ N=3.

and the spaces H(curl), H(div), and H(curl) are defined as

H(curl) = {oc € L? | Vxo e L?} =H', N =2,
H(div) :={ueL?|V-uelL?®}, N =23,
H(curl) :={ueL?| VxuecL?} N =2,3.

We will also need a larger space than H(curl)
S={wel’|Vxwec IiI(diV),},
which is equipped with the norm
Il = e + 195 gy
The 2-dimensional counterpart of 3 is defined as
Y ={0el?| VxoeH(dv) },

the norm on which is defined in the same way as 3. These spaces have been introduced
in [7] and [2] for the studies of the VVP formulation of the Stokes problem with no slip
boundary conditions.



The standard L? and L? inner product will be denoted as (-, -), the duality pair between
H(div) and H(div) as (-, -), and the inner product on L?(I") and L(T) as (-, Ip- H(div)
and H(curl) are equipped with the following inner products

<L1, V>H(div) = (11, V) + (V u, V- V)? Vu,v € H(le)7

(W, Z) g1y = (W, 2) + (VX W, VX z), Vw,z € H(curl),
with respect to which they are Hilbert spaces. The closure of C'° in H?, H?, H(div)

and H(curl) with respect to the corresponding norms are denoted by H?, H?, H(div)
and }OI(curl), respectively.

We will denote the subspace of divergence-free functions in H(div) as H(divy) and the
subspace of curl-free functions in H(curl) as H(curly). The orthogonal complement
of H(divg) in H(div) and of H(curly) in H(curl) with respect to the inner products
defined above will be denoted as H(divo)™ and H(curly)", respectively. Similarly,
H(div,) and H(curly) will denote the corresponding subspaces in H(div) and H(curl),
respectively, and ﬁ(divo) and IiI(curlo)L their orthogonal complement. The subspace

of L2 functions with zero mean will be denoted as

£2I:{O'EL2|/O'CZZE:0}.
Q

Finally, let us denote the trace map of H! functions as
~:H' - H2(T)
§—¢&lr

and introduce the space of tangential vector fields in Hz (I

TH:(I) = {7(£) | € € H', 7(§) . n=0onT}.

It has been shown in [7, Prop. 4.5] that there exists a continuous trace map from 3
to (THz(I))’
v : 2 — (TH2(I))

@ — @ Xn.

Denoting the duality pair between (TH?2(T')) and THz(T) as (-, )1, @ x n is defined
by
(p xn,y(€))r = (p, VX&) = (Vxp, &), Ve Vy§eTH(I).
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The definitions for N = 2 are analogous, where X contains scalar-valued functions. For
2-dimensional vector-valued functions, we define the tangential trace on H(curl) in a

similar way
~v1 + H(curl) = (H2(I))’
§—&xn,

where & X n is defined by

(€ xn, (W) = (£, Vxv) = (Vx & v), VEEH(cul), Vo € H.

If £ is restricted to H', then v(¢) € H2(I') C L(I') and £ x n is given by a tangential
vector field in L2(T).

2.1 The Stokes problem: reformulated

Following [3], we reformulate the Stokes problem with Navier slip boundary conditions

in this subsection.

For sufficiently smooth u with V-u = 0, we have

—2V-€(u) = —Au—V(V-u)
=VxVxu-—2V(V-u)
=VxVxu.

Substituting into and introducing a new variable w = Vx u for the vorticity, we
obtain
Vxw+Vp=f in{. (5)

For Navier slip boundary conditions, the following conditions have been proven by

Mitrea and Monniaux |14, Eq. 2.9] to be an equivalent formulation if T is C*:

u-n=0, onl, (6)

—n x w4 2W(y(u)) = on I, (7)

where W : TT — TT denotes the Weingarten map on the space TT of tangential vector
fields on T'.



Using (7)), (6) and (7) and adding the definition of w, we reformulate the Stokes problem
with Navier slip boundary conditions as

w—Vxu=0 in{, (8)
Vxw+Vp=f in{, 9)
Vou=0 inQ, (10)

u-n=0, onl, (11)
—nxw+a(y(u) =0, onl, (12)

where o« = 2W. This will be the starting point for our derivation of the VVP formu-
lation.

Remark 2.1. In the case of N = 2, nxw and vj(u) are not defined since w and n xu
are scalar-valued. However, we can circumuvent the problem by interpreting the vorticity
as a vector perpendicular to the plane and the velocity as a vector parallel to the plane,
and the calculus operators for N = 3 are then compatible with those for N = 2. In the
following, we will tacitly omit the case for N = 2 if such an interpretation makes both
cases compatible with each other. Moreover, we denote the scalar-valued vorticity and
the corresponding 3-dimensional vector perpendicular to Q0 as w and w (z and z for

test functions), respectively.

2.2 Derivation of VVP formulations

We first derive the VVP formulation for the Stokes problem with pure natural boundary

conditions, i.e.

p=0, onl, (13)
uxn=0, onl, (14)

whose well-posedness will be shown in the next section to illustrate the standard tech-
nique. Then we will give a VVP formulation for the Stokes problem with Navier slip
boundary conditions from a naive approach, which poses significant constraint on I'.
Finally, we introduce a modified variational formulation circumventing the constraint

on I', which will be the focus of analysis in the next section.



Let us assume f € L2 Multiplying (8, (9) and by test functions z, u and g,
respectively, we obtain by formally integrating by parts

(w,z) — (Vxz,u) — (nxu,z), =0, (15)
(Vxw,v)—(p,V-v)+ (v-n,p)p = (f,v), (16)
(¢, V-u)=0. (17)

For pure natural boundary conditions and N = 3, we set the trial and test space for
w, u and p to be H(curl), H(div) and L?, respectively, and the following variational
problem is derived after incorporating and

(Seck w € H(curl), u € H(div),p € L*:
(w,z) — (Vxz,u) =0, Vz € H(curl), (1)
(Vxw,v)—(p,V-v)=(f,v), VveH(dv),
(¢, V-u) =0, Vq € L2,

\

For N = 2, we obtain a similar variational problem by replacing H(curl) by H!.

For Navier slip boundary conditions and N = 2, can be imposed strongly if
u € H(div) and the boundary term in can be reformulated using as

(mxu,z),= ((nxu)xn,zxn).=(yu),zxn),

(19)

(

= (a'(nxw),zxn)p
(o™ (n XW)xXn,(zXxn)Xxn),= —(a_l'y”(w), Y1(2))p
—(

o 'w, 2.

'and xn commute since the Weingarten map is a scalar multiplication

where the o™
in 2D. If we follow the approach in the case of pure natural boundary conditions, we

arrive at the following variational problem by restricting the trial and test space for u
to be H(divy)
(Seck w € H', u € H(div), pe L?:
(w,2) — (VX z,u) + (a'w, 2)p = 0, Vz € H,
(Vxw,v)—(p,V-v) = (f,v), Vve H(div),
(¢, V-u) =0, Vg e 12

(20)

\

However, there are two problems with this formulation. First, the use of a~! requires

the absolute value of the Weingarten map to be uniformly lower bounded, which may
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be violated even for a convex domain. Second, it is not clear how to generalize the
formulation to the case of N = 3 since 7 (w) is in general not in L*(T") for w €
H(curl). To address these issues, we first observe that without the boundary term, ([20))
corresponds to the VVP formulation for the Stokes problem with no slip boundary
conditions. Hence, inspired by [7] and [2], we choose the trial and test space for w to be
3 and the terms (VX z,u) and (VX w,v) in and are given a mathematical
sense by the duality pairs (Vx z,u) and (VX w,Vv), respectively. Furthermore, we

introduce a new variable for the tangential trace of u

P =7 (u),

and the boundary term (n x u,z) in is interpreted as (z x n, ) by the first
two equalities in . Using TH2 (I") as the trial and test space for 1, testing by
n € TH2(I) yields

(wxn,n)p+ (ap,n)r =0, (21)

which, together with the weak formulation for the other equations of the Stokes prob-

lem, constitutes the following variational problem

(Seek w € X, u € H(div), p € L2, 4 € TH3(I) :
(W xn,n)p + (atp, n)p =0, ¥n € TH:(T),
(w,z) — (Vxz,u) — (zxn,¢), =0, Vz € X, (22)
(Vxw,v)—(p,V-v)=(f,v), VveH(dv),
\ (¢, V-u) =0, Vg e L2

Remark 2.2. Without the term (aap,m)p, ¥ can be viewed as a Lagrange multiplier

for the enforcement of vanishing tangential trace of w.

Although is more general than as mentioned above, we will see in the following
sections that these two formulations are related on the continuous and discrete level.
The close relation between the two formulations is also supported by the results from
the numerical experiments in the case of uniformly positive «a, as will be shown in
Section [Bl
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3 The continuous problem

In this section, we establish the well-posedness of the weak formulations of the Stokes

problem derived in the previous section on the continuous level.

3.1 Preliminaries

Throughout the section, we assume that €2 is bounded and contractible. In particular,
2 is simply-connected and T" is connected. We then have de Rahm complexes [8, Section
16.3] [1, Section 4.3]

H (curl) 25 H(div) — L2, (23)
H(curl) 5 H(div) — L2, (24)

which will be used in the following without being explicitly mentioned.

Let us recall two forms of the Poincaré—Friedrichs inequality:
. o 1. L
19 lexai) < Cp, IV-%llLz,  Vab € H(divo)™ or Vap € H(divy) (25)
T llenty < Coll VX T2, V7 € H(curl)* or Wb € H(curly) ", (26)

which can be proved using de Rahm complexes and open mapping theorem |1, Thm.
4.6].

Next we recall the Babuska-Brezzi theorem, which can be found in |9, Thm. 49.13].
We have the following abstract setting: V and M are real reflexive Banach spaces,
Q@ = M’, a and b are bounded bilinear forms defined on V' x V and V x @, respectively,
and f €V’ ge Q. Let us set

||a|| :== sup sup M,
vev wew ||V|lv]jwllw

and define N C V as
N={veV|bv,q) =0VeQ},
which is a closed subspace of V. Q" = M" is identified with M by reflexivity of M.
The following abstract problem is considered:
Seek u € V and p € Q :
a(u,w) + blw,p) = f(w), YweV, (27)
b(u,q) = g(q),  VgeQ.

11



Theorem 3.1 (Babuska-Brezzi). s well-posed if and only if

inf sup M = a >0,
veN weN ||U||V||w||W (28)
YVw e N : [Vv € Nya(v,w) =0] = [w = 0],

and the following inequality, usually called Babuska-Brezzi condition, holds:

b
inf supM = 5> 0. (29)
aeqev [|vllv]lalle

Furthermore, we have the following a priori estimates:

ullv < el fllv + callgller, (30)
Iplle < esllfllv: + callgller, (31)

where ¢1, ¢a, 3, ¢4 are generic constants that only depend on o, B and | a|.

Since b is bounded, N C V is closed and hence reflexive. In view of the Banach-
Necas-Babuska (BNB) theorem [9, Thm. 25.9], in Theorem is equivalent to

the well-posedness of the following problem
Seekue N: a(u,w)=f(w), VweN,

where f € N’. If this variational problem is also in mixed form, we can invoke Theo-
rem again to verify . This approach will be adopted in the following since we

will have nested mixed variational formulations.

In the case of Navier slip boundary conditions, we have introduced the spaces ¥ and
> for the vorticity in Section [2, Now we derive some properties of these spaces, which
will be useful in the proof of the well-posedness of .

In 2D, it has been shown in [2] that
ITlle ~ lI7lle + VX702, ¥reX,
where ~ denotes norm equivalence and 7y € H! is defined by
(Vx 7, Vx) = (Vx 19, Vx1) Vi eH.
As stated in the following theorem, this can be generalized to 3D.

12



Theorem 3.2. For 7 € %, let 7o € H(curl): be defined by
(VxT,Vx ) = (VX 10, Vx ), Vip e H(curl). (32)
Then

[Tl ~ 7]l + [V x 7ol > (33)

Proof. First we show that 7 is well-defined. This follows from Riesz representation the-
. L

orem since ([26)) implies that the Hilbert space structure on H(curly)  can be generated

by the inner product (Vx -, Vx-).

Then we define ¢ € L2 by
(¢, V-v) = (VX T,v) — (VxT0,v), Vv eH(div). (34)

If V- v = 0, then there exists a 1 € IZI(culrlo)L such that Vx @ = v and the right-hand
side vanishes by definition of 7. Since V- is surjective onto L? and L? is closed in L2,

¢ is well-defined by Riesz representation theorem.
Now we want to find some generic constants C; > 0 and C5 > 0 such that
Cr ([Tl + VX 7ollL2) < I7lle < Ca (I7llLe + [[VX TollL2) - (35)
By tesing with T, we obtain that
IV 7ol < VX Tligan

Hence

[Tl + VX Tollee < |[7|=.

On the other hand, from (34)) it holds that
(Vx7,v) < ([[¢llz + [[Vx 7ollr2) [[vIa@w,

which implies that
IVX Tl gy < lllz + VX To[12) -
(div)

From [12, Cor. 2.4], we can find v € H' such that

Vv =0, [[Vla <o,

13



where C' is a generic constant. Testing with v we obtain that

1672 = (T, VX V) = (VX T0,V)
< ([[rfle + [[Vx 7ollL2) [|[V]|ex
< O (|7l + VX TollL2) [|@]] 12

It follows that
[Plle < C (Il + [IVX Tol|L2)

and hence
[Tls < (C+1) ([Tl + [[VX TollL2) -

O
Let us introduce the space H as
H={TeX|(VxT,Vx) =0,V e H(curl) }.
By Theorem [3.2] 3 can be decomposed as
Y= IiI(curlO)L dH, (36)
and
I7lls ~ [[7]L> on H. (37)

We now give some equivalent characterizations of H:

Proposition 3.3. For 7 € L2, the following statements are equivalent:
(1) T € H,
(2) T €X and Vv € H(divy) : (Vx 7,v) =0,
(3) ¥v € H(dive) NH : (VX T,v) =0,
(4) Vx T = Vp for some p € L2

(1Y)’ H!

The same holds for Q C R2.

Before giving the proof, we recall a classical result [12, Lemma 2.1]:

14



Lemma 3.4. Iff € (H) satisfies
(£, V) gy g = 0, Vv € H nH(divy),
then there ewists p € L2 such that
f = Vp,

where the equality holds in distributional sense.

Proof of Proposition[3.3. The proof for 2D and 3D are the same. We prove for Q C R?
that 1 == 2=3=4=1.

1= 2 7 € ¥ by definition of . For all v € H(divy), there exists a ¢ € H(curl) such
that Vx 1 = v. Again by definition of ‘H, we have that

(Vx7,v) = (Vx1,Vx) =0.

2= 3 For all v € H' N H(divy), (VX 7,v) = 0 by assumption. Let (Vi)nen be
a sequence in C° converging to v in H'-norm. Since H(div)-norm is upper
bounded by H'-norm up to a constant, (v,), oy converges to v also in H(div)-

norm. Hence we have

(VxT,v) = lim (VX 7,v,)

(IfIl)/JiIl oo (1311)’71311
= nh_{ilo(VX T, Vn)
=(VxT,v)=0.

3 = 4 Follows directly from Lemma (3.4}

4 =1 Let ¢ € C, it holds that

[(VxT,0)[ = [0, V- @) < pllzllella),
which implies that Vx T € IZI(diV)/ and hence T € . Moreover,
(VxT,Vxh) = —(p,V-(Vx 1)) =0, Vb € H(curl).

This shows that 7 € H.

15



Finally, we want to establish a connection between TH2(I') and Hz(T') in the case of
N = 2. We first note that for &€ € H', v, (§¢) only depends on ~(&). Hence, we define

the following function by a slight abuse of notation
~v1 : H2(I) = L3(D)
7(§) = 7(§) x n.
Now we have the following result
Theorem 3.5. If N =2 and I" is C*', we have
71 (THZ(T)) = H2(T)

and v, is continuous as a function from TH2(T) to Hz(T).

Proof. We first show v, (THz2(I')) € Hz(I'). Let ¢ € THz(T"). By [12, Lemma 2.2],
we can find an extension ¥ € H! of 9 such that
V- ’(Z = 07

ie. ¢ € H(divp) N H'. Now [12, Thm. 3.1] asserts that there is a stream function
u € H! such that
{b = Vxu.

Since ¥ € H', u € H2. We observe that (Vx u) x n = Vu - n, since
vEEH : (Vu n,5(8))r = (Vu, VE) + (V-(Vu),¢)
= (Vxu, Vx§) = (Vx(Vxu),§)
= (Vxu) xn,5(8))r-
Hence (Vx u) x n € Hz(T') by [12, Thm. 1.6].
Now we show Hz(I') C v, (THz(T")). Let g € Hz(I'). Again by [12, Thm. 1.6], we can

find u € H? such that
y(u) =0, Vu-n=yg.

Now we claim that Vxu € H! is the candidate we seek. Indeed, using the same

argument as above we have (Vxu) x n=Vu-n =g and
veeH: ((Vxu)-n,9(8))r = (V-(Vxu), &) + (Vxu, V)
= (Vxu, V§) = (u, Vx(VE))

= (Vf X nafy(u))f‘
= 07

16



which shows that (Vx ) -n = 0 and hence 4(Vx u) € THz ().

Finally, we verify the continuity of v, as a function from THz(T') to H2(T'). Let
g=1 Xne H%(F). Since xn does not alter the L?(TI") norm, v, is injective. By the

previous argument, there exists v € H? such that
7(”):07 VUHZ(VXU)Xn:g’ (VXU)HZO,

which implies that v(Vx u) = % by the injectivity of v,. By |12, Thm. 1.6], the

normal trace of the gradient is a continuous map from H2 to Hz(T"). Hence we have
191143 ) < Crllullnz = Crflulla + [lerad(Vx u)|e2)

where grad is the gradient operator for vector fields and C} > 0 is a generic constant.

Moreover, since y(u) = 0, the Poincaré inequality [12, Thm. 1.1] gives
Jullar < Cof[ VX uf|
for some generic constant Cy > 0. Combining these inequalities we get

19]l3 g, < CLCo 7 X .

Since the left-hand side only depends on (VX u) and
VE € H(dive) NH' : v(Vxu+ &) =~(Vxu),
taking the infimum over all such & € H(div) N H! gives
1903 0 < O 0 gt gy = Ol
by [12, Lemma 2.2], where C' > 0 is a generic constant. O

Remark 3.6. By (12, Remark 1.1], the first part of Theorem can be extended to
bounded polygons with the sides I';,j = 1...J by replacing H%(I’) with szl H%(Fj),
1.€.

D=

v (TH: (D) = [[ |

1

J
| (')

j
The proof is analogous to that of Theorem [3.5.

Remark 3.7. This proof may be simplified using a more tractable definition ofTH% (I
and H2 (1), e.g. the definition using the Sobolev-Slobodeckij norm as in [5].
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3.2 Pure natural boundary conditions

In this subsection, we establish the well-posedness of the VVP formulation of the Stokes
problem with pure natural boundary conditions in the case of N = 3 to illustrate the
iterated use of [3.I] The adaptation of the arguments to the case of N = 2 amounts to
replacing H(curl) by H!. We consider the variational problem ((18)) with general source
functions f = (f;, f,) € (H(curl) x H(div))" and g € L? on the right-hand side

(Seek w € H(curl), u € H(div),p € L?

(w,z) = (Vxz,u) = (£1, 2) g cnty mr(euny, V2 € H(curl), (38)
(Vxw,v) = (p, V-v) = (f2, V)gaiy maw): ¥V € H(div),

\ (¢,V-u) = (9,9), Vg e L2,

and present the following result:

Theorem 3.8. is well-posed.

Proof. We first invoke with the following setting:

V = H(curl) x H(div), Q = L?,
a((w,u),(z,v)) = (w,z) — (Vxz,u) — (Vxw,v),

b((2,v),p) = (V-v,p),
where V' is endowed with the norm ||(a,b)|v = ||a||l&(cun) + ||b||H(div)-
For ([29), let ¢ € L? and ¢ € H(dive)™ be such that
V-p =gq.

We then have the following inequality:
b b((0 b((0
bzl OVl [b(0.v),0)

sup = —
@vev 1z V)Ilv over 10, V)lv  (ovev [IVIa@iv
6((0, ), 0)| _llallt.
[l Ex(aiv) ||l H(aiv)
lqll7- 1
> ——— = ——lql[Lz,
C(ZHHQHL2 Cp1

where in the last step the Poincaré—Friedrichs inequality is used. This estab-
lishes ([29).

18



For , we note that

(Vg e L?: b((z,v),q) =0) <= V-v=0,
i.e.
N = H(curl) x H(divy).

Observing that @ on N x N is a bilinear form in mixed form, we invoke Theorem

again with the following setting:

V = H(curl), @ = H(divy),

For (29), let v € H(divy) and p € H(curly)™ be such that

Vxp=v.
It follows that
‘b(z,V)‘ ’b(p, V)’ Iv]12,
sup > —
zeV HZHf/ HpHH(Curl) HpHH(curl)
Ivlg: 1 1

2 o = A IVl = ==vllg,
CP2 HV”L2 Op2 CPQ Q
by the Poincaré—Friedrichs inequality , which establishes .

Observing that

N = H(curly),
can be easily verified since a is coercive with respect to ||-||gcur) on N. O

Remark 3.9. We can see that the de Rahm complex 1s used every time we invoke
Theorem . Stmilarly, we can use the de Rahm complex to show the well-

posedness of the VVP formulation for essential boundary conditions, namely

wxn=0onT,

u-n=0 onl.

The importance of the Hilbert complex, in particular for the optimal convergence rates

of numerical methods, has already been indicated in [2)].
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3.3 Navier slip boundary conditions

Recall that we have the following two variational formulations for N = 2 and « uni-

formly positive:

(Seck w € H', u € H(div), p e L? :
(w,2) — (VX z,u) + (e w, 2)p = 0, Vz € I‘{l, (30)
(Vxw,v)—(p,V-v)=(f,v), Vv eH(dv),
| (g, V-u) =0, Vg e L2,
(Seek w € 2, u € H(div), p € L2,4p € TH3(T) :
(wx n,m)p + (arp,m)p = 0, vn € THz(T),
(w,z) —(Vx z,u) — (z x n,¢) =0, Vz ey, (40)
(Vxw,v)—(p,V-v)=(f,v), VveH(div),
\ (¢, V-u) =0, Vg e L2

These formulations are related in the following sense

Theorem 3.10. Assume ' is C'' and o € L>®(T") is bounded away from 0. Let
(w,u,p) € H' x H(div) x L2,

Then (w,u,p) is a solution to if and only if there exists 1 € TH%(F) such that
(w,u,p, ) is a solution to (40]).

Proof. We first assume that (w,u,p) € H! x H(div) x L2 is a solution to ([B9). Testing
the first equation of with z € CS°, we obtain that

w=Vxu. (41)

Since w € H', u € H(curl). By the last equation in and using V-(H(div)) = L2,
we obtain that V-u = 0. Hence u € H(curl) N fI(divo) and the assumptions on the
domain allows us to invoke [12, Prop. 3.1] to deduce that u € H' N H(div,). Now
testing with z € H' and using (1)), the first equation in ([39) yields

—(uxmn,z)p+ (@ lw,2), =0, VzeH.

Let ¢ = y(u) € TH2(I'). The assumption on I' implies the density of Hz (') in L4(I'),
and we obtain that
a ly(w) =1 x n. (42)
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Since
(Y xn,z)p = —(z xn,Y)p,

the first equation in (39) can now be reformulated as
(w,2) — (Vx z,u) — (2 x n, ), =0, VzeH. (43)
Let n € TH%(F). Multiplying by a and testing with i X n yields

0=—(w,m xn)p+ (ayp xn,n X n);
= (w xn,N)p + (e x n,m x n); (44)
— (wxn,n)p+ (e, 1)y, Vn e TH2(T).

By and , we know that (w,u,p, ) satisfies the weak formulation after
restricting z to be in H'. The continuity of the left-hand side with respect to ||-||s and
the density of H' in ¥ [7, Prop. 4.4] then implies that (w, u, p, %) is a solution to (40)).

Now let (w, u,p, ) € H' x H(div) x L2 x THz(T') be a solution to (40). By the same
argument as in , the first equation can be reformulated as

—(w,mxn)p+ (e xn,m xn), =0, Vne TH%(F),
which is equivalent to the following condition by Theorem
—(w,2)p + (@ x n,2), =0, VzeH.
Again by the density of H2 (') in L2(I"), we obtain that
y(w) = arp x n. (45)
Let z € H!. The boundary term in the second equation in can be reformulated
using as

—(zxn,Y)p = (Y xXn,z2) = (o w, 2)p

and we have
(w,2) — (VX z,u) + (¢ 'w, 2)p =0, VzeH',

which implies that (w,u,p) is a solution to (39)). O

Remark 3.11. Note that if « = 2W, then a € L>°(T") by the assumption on I'.
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Now we focus on establishing the well-posedness of since it is more general
than as mentioned in Section [2l It should be noted that the uniqueness of the
solution of the Stokes problem with Navier slip boundary conditions is in general not
guaranteed. For example, the rotation field u = [—y,:z:]T is a solution to the system
on the domain Q = {(z,y) € R? | 2 + y* < 1} with f = 0. Thus, the goal of the
remainder of this subsection is to show that the kernel of has finite dimension, and
the strategy is to view the term (o), n)r as a compact perturbation of the following

variational problem
(Seck w € X, u € H(div), p € L2, 4 € TH(I) :
(wxnm)p = (fr,m)p Vi€ THHD),
(w,2) —(Vxz,u) = (zxn,¢)p = (£,2)y 5 VzeX, (46)
(Vxw,v)—(p,V-v)=(f5,v) Vv € H(div),
(¢,V-u)=(fnq)  Vgel’

\

where f, € (THz(I")) . £, € X' . f; € ﬁ(div)/, f1 € L? are general source terms.
We now present the following result

Theorem 3.12. 1s well-posed iff the following condition is satisfied

i oy LT

>0, (47)
YeTH2 () TeH HTHﬁ”wHTH%(F)

which, is equivalent to the surjectivity of 7, : £ — (TH2 (D)),

Proof. Using the same argument as in Subsection we can reduce the system to

[ Seek w € 3, u € H(divo), ¢ € TH2(I') :
(wxn,n).=(f,n), VneTH:(I),
(w,2z) —(Vxz,u) — (zxn,¢)p = (h,2)y 5 VzeEX,
(Vxw,v) = (f3,v) Vv € H(divy),

(48)

\

by invoking Theorem and using the de Rahm complex (24). Now we invoke Theo-
rem [3.1] again with the following setting:

V = SxTH?(T), Q = H(divy),
a((w, ), (z,m)) = (w,2) — (z X n,¢)p — (W X n,0)p,
b((z777)7u) = _<VX Z7u>7
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where V' is equipped with the norm

I, b)llv = llalls + 1Bl g3

Observing that for z € H(curl) C X it holds that
(Vxzu)| =|(Vxzu)| < [Vxz|e|ulaa, YaeH(div),
we have
|V % z||;3l(div) < |IVxz|ly:, Vze H(curl),

and hence
IVxz|s < CplVXz|L:, Vze IZI(curlo)l,

by the Poincaré-Friedrichs inequality (2€]). Let v € H(div) and p € IEI(CLurlo)L such
that
VX p=v.

It follows that

[b((z, ), V)| _ [b((p,0), V)| _ |IVIIE

sup > =
@mev  1(Z,n)llv lpll= lpll=
Vi3 1 1
> = |Vl = —|lvlle,
Cm ||V||L2 sz CP2

which establishes for .

Since for 7 € ¥ it holds that
(Vv € H(divo) : (VxT,v) =0) <= (V&€ € H(curl) : (Vx7,Vx¢) =0)

we obtain that
N =H x TH= (D).

Now we invoke Theorem [3.1] again with

and N is determined By
N={reH|(rxnvy).=0, VpecTHT)}={reH|rxn=0}
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Since a is coercive by , it is also coercive on N C ‘H and the condition (128)) is easily
verified. Hence the condition for the well-posedness of is reduced to

y prw|
in sup > 0,
perrd ) rer [Tl g o)
which is equivalent to the surjectivity of
B:H — (TH2(I))
T = b(t,-),
namely
B = ’Yt|7-L

by [9, Thm. C.40]. We conclude by noting that v(X) = v(#) by (36). O

To show , we first want to convert the bilinear form in the numerator into an inner
product by finding a suitable extension of 1 € THz2(I'). Thanks to [12, Lemma 2.2],
we can find an extension ¢ € H' of 4 € THz(I') such that

VIZ:(L

i.e. ¥ € H(divy) NH'. For 7 € A, it then holds that

(T xn,Y)r = (7,Vx 17)) — (V% 7-,17;> = (1,Vx 1,7))

by Proposition (2). Now let us denote H(dive) N H* as U and define the bilinear
form

c:HXU=R, ¢(r,8) = (1 xn,7())r = (1,Vx§), (49)
is then equivalent to

it sup e

>0, (50)
¢cUTeH |‘THE|‘7(£)HTH%(F)

where U := U\ ker(y) = U\ (H(divo) N HY).

To establish (50]), we show that for all ¢ € TH%(F ), there is an extension & € U of 4
such that Vx & € ‘H. Then we choose 7 = Vx & and it suffices to show that

Il [[Vx €Lz = Ol (=7 (&) VreHVEeU

THZ (T’
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for some generic constant C'. This will follow from some norm equivalence on the spaces
Y and U.

Let L := Vx U and define the operators C' and C* as
CH—->U, Clr)=c(r,),
C*:U—=H, C&) =c(§).
We note that if there exists &€ € ker(C*) such that y(¢) # 0, then & € U and can

not hold. The following lemma excludes this case:

Lemma 3.13.

o

ker(C*) = H(divo) N H'.

Proof. First we note that
€ € H(divo) NH' = C7(€) = (u().7(&)r =0,

hence
H (dive) NH' C ker(C™).

Now let & € ker(C*). It holds that

vreM: ot &) = (u(r),7(&)r = 0. (51)
Since 14(X) = v(#H) by (??), the condition can be extended to . Since H! C X,
we have

V1 e H1 : 0= (’%(7')7’}/<€>> = (T7VX 5) - (VX T:ﬁ) = _(7(T>77t(€))'

This implies that v,(€) = 0, i.e. & € UN H(curl) = H(divo) N H(curl) N H!. By [12,
Lemma 2.5, it holds that H(div) N H(curl) = H! and hence € € H(divy) N H'. This
implies that

ker(C*) € H(dive) N H'.

Remark 3.14. The argument in showing ker(C*) C ﬁ(divo) NH! proves that
Vip € THE (D) : [vr € 2 (3(7).9p)r = 0] = [ = 0].
/

Since TH2 (I) is reflexive, this shows that () is dense in (TH2 (L)) .
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Lemma 3.15. The following decompositions are orthogonal with respect to L2:
(1) H =ker(C)® (LNH),
(2) L=Vxker(C*)® (LNH).

Proof. Let us denote H(divy) N H! as U,
(1) By definition of C,
Teker(C)TeHand [VEEU: (7,VXE) =0].
This implies that
ker(C) =Lt NH

and the statement would follow if L+ NH = Lt. Now since

VEeUy: (1, VX&) = (VX T,£>(

1311)/711117
by Proposition [3.3] we have that

(VE€eU: (1, Vx&) =0]=[VE€ e Uy: (VXT,£>(

H!)' !

Hence
Telte [VEecU: (1,Vx€) =0]=>TcH

and Lt N'H =L
(2) We observe that

Ecker(C") = [(T,Vx &) =0VT eH|
S VUx€eH mL2=Vxée(LnNH) inL,

hence
Vxker(C*) ¢ (LNH)" in L.

On the other hand, let ¢ € L, it holds that

[(p, Vx &) =0 VE € U] = [(Vx 907€>(ﬁ1)”1i11 =0 V€ € U]
pcH=>pcLNH,

where in the second last step we used Proposition [3.3] This implies that
(Vx U  cLNHinL.
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and hence
(LNH)" c VxU,in L.

Combining (52)-(53) and using Lemma [3.13] we obtain that

LNH)" CVxUy=Vxker(C*) C (LAH) inL,

which proves the statement.

Now we can prove the well-posedness of under some assumptions on €2

Theorem 3.16. Assume that € satisfies one of the following
(1) T is O,
(2) Q C R? and T is piecewise smooth without reentrant corners,
(3) Q C R3 is a convex polyhedron.

Then 15 well-posed.

Proof. We want to establish , namely

it sy _1AT6)

> 0.
¢cUTEH ”THE”’Y(s)HTH%(F)

Let us first show that

AC >0: V€€ U: |[VxE&l: > Cll&|m-

(53)

(54)

For 2 C R?, this is established by the assumptions on 2 and by [12, Prop. 3.1, Remark
3.5]. For Q C R3, by the assumptions on € and [12, Thm. 3.8-3.9], H(div) N H(curl)

is continuously imbedded in H!. This implies that

301 >0: VE€U: [|€]lm < O ([[€lle + [V Elr2) -
Furthermore, [12, Lemma 3.6] gives that

302> 0: VE€ U [|€llz + [[VXx &lre < Co[ VX &gz

Combining and we obtain for Q C R3.

27

(55)

(56)



We observe that by (54)), |[Vx ||z is an equivalent norm on U. Hence
Vx:U—=L

is an isomorphism. Since U as a closed subspace of H! is a Banach space, L is
also a Banach space and thus closed in L2?. Moreover, since ker(C*) is closed in U,
Vx ker(C*) = Vx(H(divg) N H') is also closed in L and hence in L2. Therefore,

Lemma [3.15] gives the orthogonal decomposition
L=Vxker(C*)® (LNH) (57)
in L2. Now let & € U and let
Vx€&€=Vxep+mn, @cker(C*), nelLNH

be the decomposition of Vx € given by . Since & ¢ ﬁ(divo) NH!L, ¢ ¢ ker(C*) by
Lemma and hence 17 # 0. Then it holds that

(1, Vx &) = (n,Vx(§—))
= [nlli: = N2l VX (€ — @)
> Clnlez(l€ — ollm
> Clnllee (€ = o)l g ) = Cllnll Vel pgs )0

where in the second last inequality we used and in the last equality we used
and that () = 0 since ¢ € H'. This establishes and proves the result. [

Corollary 3.16.1. Assume ) satisfies the same assumptions as in Theorem [3.10,.
/

Then ~y, is surjective onto (TH2(I)) .

Let us denote the bilinear form on the left-hand side of as a, namely

V =% x H(div) x L2 x TH2(T),
a((w,u,p, ), (z,v,q,m)) = (W,2) —

VXV =R,
Vxz,u) + (Vxw,v)

(
-~ V-v)+ (¢, V-u)
<z xn,Y)r + (w X n,n)r,

and define the bilinear form
k : V X V—>R27 k’((W, uap7¢)7(Z>V7Q7n)) = (C“pan)l“
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Let us also define
a=a+k

and the linear operators associated with a, a and k as A, AK: VSV, respectively:

A(s) = a(£7 ')7 A(g) S d(€7 ')7 K(E) = k(ga )
As mentioned at the beginning of the subsection, we view k as a compact perturbation
and obtain that

Theorem 3.17. Assume Q) satisfies the same assumptions as in Theorem[3.10. Then

ker(A) is finite-dimensional.

Proof. By Theorem , A is a isomorphism and hence A~! exists and is continuous.
On the other hand, the imbedding of TH2(I') in L(I') is compact by [10, Lemma 4.5],
which implies that K is compact. Hence A7'K is also compact by [4, Prop. 6.3]. The
Fredholm alternative [4, Thm. 6.6] asserts that ker(I + A~'K) is finite-dimensional.
We conclude by A = A(I + A71K). O
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4 The discrete problem

In this section, we discretize the VVP formulations obtained in Section [2] in the case
of N = 2. The resulting discrete problems are then implemented in the next section

for numerical tests.

4.1 Preliminaries

We need to introduce some notations for the finite element spaces. Throughout the
section, let {€2,}, be a quasi-uniform and uniformly shape regular family of meshes
with mesh sizes h > 0 and {I', }, be the (N —1)-dimensional boundary meshes obtained
by restricting {2}, to I’ We will denote the Lagrange finite elements, the Ravier-
Thomas finite elements and piecewise polynomial space of degree r > 0 on 2}, as S,
Vi and @)}, respectively. The following subcomplex of the de Rahm complex holds
on {2, for r > 0

S =V = (53)

which will be the guidance of our choice of the degrees of finite element spaces.

We will also need the restriction of S} to the boundary mesh, which will be denoted by
Tr = 4(Sy). Since ~ is continuous from H' onto Hz(I') and {Sh},, is a dense sequence

in H', {T}'}, is a dense sequence in Hz (D).

4.2 Discretizations

For the approximation of the Weingarten map, we note that on 2D the Weingarten
map corresponds to the scalar curvature and consider the following variational problem
as described in |16} Section 3]

Seek k € H%(F) :
(ko )p = 3 arceos(ng (v) - np(0)(v) + (¢ (Va-t),9), Vo e H}(T), 9

veVP

where VI denotes the set of boundary vertices, x the scalar curvature, t the tangential
vector on the boundary edges, and ny(v) and ng(v) the normal vector of the left and
right boundary edges that are connected by vertex v. The right-hand side of
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splits the rotation angle weighted by v into two parts: the first term describes the
change of angle across every vertex, and the second the rotation within every edge. We
discretize by restricting the trial and test space for s to T} and the approximation

of o obtained in this way will be denoted as a4, in the following.

Using S7 as the finite element space for H!, V' ~! for H(div), P, " for L? and considering

general source functions on the right-hand side, we discretize as

(Seek wp, € Sy, uy, € V}f_l,ph € P;L"_l :
(wns 2n) — (VX 2z, un) = (1, 2n) gy g Vzn € Sy, (60)
(VX wp, Vi) = (pry V- Vi) = (B2, Vi) gy mawy: Ve € Vi
\ (qn, V-un) = (9, qn), Vg, € Py

For , we replace the trial and test space for u by VhT =Vv""'n IiI(diV) and
introduce a Lagrange multiplier to enforce the condition of vanishing mean value of py,
(see [13, Problem 2-15]). The discrete problem then reads

[ Seek wp, € Sy, up € f/}f’l, Dn € P,’;’l AeR:

(wh, Zh) — (VX Zh, uh) + (a,:lwh, Zh) < > ) HL» VZh € S};,
(

(Vxwp,vy) = (pr, V- Vi) = fz,Vh> Vv, € V7L (61)
(Qh, V- uh) + (qh7 ) (97 Qh>, vq}l € P}’:_la
L (ph, ) =0, v\ e R.

For (22), we keep the finite element spaces of u and p unchanged since the function
spaces for these variables are the same as in . For w, we also use the same finite
element space as above since {S}}, is a dense sequence in ¥. To see this, we note
that {S;}, is a dense sequence in H' also with respect to ||-||s; since [|-||s; is controlled
by ||-|[m. Hence, the density of {S;}, in X follows from the density of H' in . For
the variable 1), we note that for w, z in H' the first two equations in can be
reformulated using the argument in the proof of Theorem |3.10] as

—(w,p xn)p+ (ath x n,mp xn)p. =0, ¥y e TH2(T), (62)
(w,2) — (VX z,u) + (¢ x n,z), =0, VzeH, (63)

which is equivalent to the following conditions in the case that I" is C1'* by Theorem

—(w,n)p + (ay,m)p =0, ¥y € H2(D), (64)
(w,2) — (VX z,u) + (¥, 2)p, =0, VzeH, (65)
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where 1 is sought in H%(F). Since the finite element space for w is chosen to be
Sy C H', the above reformulation holds on the discrete level for any choice of the
finite element space Ry, for ¢. Moreover, if {R}}, is a dense sequence of subspaces in
TH:(T') and T is C, {R,} x n, would be a dense sequence of subspaces in Hz (D)
by Theorem . Therefore, the discretization of and would be equivalent
to that of and (65)). We discretize the latter and choose T} as the finite element
space for ¢. Again considering general source functions on the right-hand side, the

discrete problem is given by

(Seek wy, €SI, up €Vl pre Pl g € TN, ANER
—(wn, )y + (atn, mn)p = (f1, nh>(H%(r))',H%(r)’ Vi € T,
(wh, 2n) = (VX 2z, up) + (Yns 20)p = (f20 20) s Vi € S, (66)
(VX wh, vi) = (pr, V- vi) = (5, va), Vv € Vi
(qn, V-up) + (qn, A) = (9, an), Van € Py,
(pn, N') = 0, YN €R.

\

Comparing with , we see that these two formulations differ only by an L*(T)
projection onto 7y, since can be obtained if we require azy = wy, in (66) and
assume «ay, to be bounded away from 0. The similarity between the two formulations

will be confirmed by the numerical results in the next section.
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5 Numerical experiments

The numerical schemes derived in the last section are implemented using the open
source finite element library NGSolve [17] and tested against numerical experiments.
The source code is available in the git repository https://gitlab.ethz.ch/peiyyu/
hdiv-based-approximation-of-stokes. In the following discussion, we will refer to
the degree of the Lagrange finite element spaces S; as the order of the finite element
spaces used in a numerical scheme. For Navier slip boundary conditions, we refer
to and as formulation A and B, respectively.

For Navier slip boundary conditions, we use a curved mesh to avoid variational crime
due to the approximation of the Weingarten map. For order r finite element spaces,

T,:J“Q is used to calculate ay,.

5.1 Pure natural boundary conditions

We consider Q = (0, 1)2 and choose the right-hand side f;, f; and ¢ in such that

the reference solutions for u = (uy,u,), w and p are given by

ug(,y) = —22%(z — 1)°y(y — 1)(2y — 1),
Uy(%y) = _U’I(y7$)7
V-u=0,
w(z,y) = Vxu =2y — 1)*(6x% — 62 + 1) + 22(x — 1)*(6y> — 6y + 1)),

p(a,y) = (x—§)5+<y—§)5.

The solutions from of order 1 for h = 273 and h = 2% are in good accordance with
the reference solution, as is shown in Fig. [l The convergence of the scheme for orders
1 to 3 is demonstrated in Fig. 2 For the H(div) norm of u, we see that the discrete
solution preserves the divergence-free property of u, and the H(div) error converges
with rate r for order r finite element spaces. The L? error of p and H! error of w also
converge with the same order as the order of finite element spaces, and the L? error of
w enjoys an elevation of convergence order by 1. These optimal convergence rates are
possibly related to the subcomplex of de Rahm complex (58)), as has been pointed out

in 2] for the vector Laplacian problem.
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(b) w, h =273,

(e) w, h =275, (f) p, h =276,

Figure 1: Pure natural boundary conditions: color plots of u, w and p for order 1,

mesh size 272 and 276,
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Figure 2: Pure natural boundary conditions: error plots of u, w and p.
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5.2 Navier slip boundary conditions

For Navier slip boundary conditions, we consider 2 to be an ellipse with semi-major
axis of length 2 and semi-minor axis of length 1. The manufactured solutions are now
defined by

= —sin(2x) cos(2y),
= _Ux(y7 ZL‘),
Vxu = —4sin(2x) sin(2y),

(z,y)

(z,y)
w(z,y)

(x,y) = xsin(3x) cos(y).

As is shown in Fig. 3] and Fig. {4, the solutions from the two formulations of order
1 show no significant difference and have no singularities. From Fig. 5] and Fig. [0]
we see that the two formulations also share similar convergence behavior, and the
convergence rates are summarized in Table [I] Compared to the optimal convergence
rates obtained for pure natural boundary conditions, we get optimal convergence rates
in the first order case, while for higher order finite element spaces the convergence rates
are suboptimal by 3 for the L? and H' error of w, which is a minor indication of the

use of certain inverse inequality in the error analysis. We also note that the divergence

(a) u, h =273, (b) w, h =273, (c) p, h=273.

N~ —

f‘\# 11“(@ : 4
(d) u, h =276, (e) w, h =276, (f) p, h =275,

Figure 3: Navier slip boundary conditions: color plots of u, w and p from formulation

A for order 1, mesh size 272 and 275.
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(a) u, h =273 (b) w, h =273, (c) p, h=273.

(d) u, h =275, (e) w, h =275, (f) p, h =276,

Figure 4: Navier slip boundary conditions: color plots of u, w and p from formulation

B for order 1, mesh size 272 and 276,
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Figure 5: Navier slip boundary conditions: error plots of u, w and p from formulation
A.
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Figure 6: Navier slip boundary conditions: error plots of u, w, p and ¢ from formulation

B.

free property of u is not exactly preserved in this case, which should be attributed to

the curved mesh resulting in a non-linear map from the reference element to the finite

elements near the boundary.

lu — willa@i | P —pallez | llw—wallee | [lw —wallar | 1¥ = Pnlleo
A r r r+1/r+05| r/r—0.5 -
B r r r+1/r+05| r/r—0.5 r+0.5/r

Table 1: Navier slip boundary conditions: convergence rates from formulation A and
B using finite element spaces of order r. A slash means that the convergence rates for

r =1 and r > 1 are different, in which case the rate for r = 1 is before the slash, the

rate for r > 1 after.
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6 Conclusion

Motivated by the structure-preserving numerical schemes for the Navier-Stokes equa-
tion [18] and MHD |[11], we try to derive VVP formulations for the Stokes problem with
Navier slip boundary conditions using an equivalent formulation of the boundary con-
dition proposed by Mitrea and Monniaux [14, Eq. 2.9]. A first variational formulation
was derived by following the approach for pure natural boundary conditions, which
poses significant constraint on the domain. To alleviate the issue, we enlarged the trial
and test space for the vorticity and introduced a new variable for the tangential trace
of the velocity, which allows us to enforce Navier slip boundary conditions in a La-
grange multiplier fashion. The resulting formulation is more general and shown to be
well-posed on the continuous level, and the two formulations are closely related under
certain assumptions. We also derived and simplified the discretization of the obtained
variational problems, which was implemented using NGSolve [17] for numerical tests.
Both formulations for Navier slip boundary conditions produce similar results in the
numerical experiment, where the convergence rates for the L? error and H! error of
w are suboptimal by half an order compared to the rates observed from pure natural
boundary conditions in the case of finite element spaces with order higher than one.

For the lowest order finite element spaces, optimal convergence rates are observed.

The stability and error analysis of the numerical schemes is still open for future work.
In particular, the difference in the convergence behavior between the use of first order
and higher order finite element spaces needs to be clarified. Moreover, additional
numerical experiments will be conducted to compare the two formulations for Navier
slip boundary conditions, with a focus on domains with non-invertible Weingarten

maps.
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