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Reporting errors

Please report any error or dubious manipulation/assertion/reasoning by e-mail !

Examples:

From "M X' <nrx@tudent.ethz.ch>
To: hiptmair @am mat h. et hz. ch
Subj ect: NAPDEOS5: Error

Error on page XX, Section XX, Formula (XX):
| ndex | has to be changed to |
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From "M X' <nrx@tudent.ethz.ch>
To: hiptmair @am mat h. et hz. ch
Subj ect: NAPDEOS5: Error

Page XX, Section XX, Theorem XX
the sign in front of the \Psi seens to be wong

Teaching evaluation

Course-ID: 401-3652-00L (Numerik der hyperbolischen Differentialgleichungen)
Date: Mon, June 4, 2007

Instructor’s additional questions:

D1 Do you consider the discussion of numerical examples in course useful?

(1 = not at all, 2 = hardly ever, 3 = sometimes, 4 = fairly useful, 5 = very much so)
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D2 Should more numerical examples be provided in the classroom?

(1 = already way too many, 2 = less would be more, 3 = just right currently, 4 = sometimes, 5 =
many more throughout)

D3 Were theoretical and practical issues properly balanced in the course?

(1 = way too much theory, 2 = slightly too much theory, 3 = well balanced, 4 = slightly too little
theory, 4 = way too little theory)

D4 Do you feel bothered when personally addressed in the classroom?

(1 = not at all, 2 = hardly ever, 3 = sometimes, 4 = fairly often, 5 = extremely)

D5 Were theoretical and programming exercises well balanced?

(1 = way too much theory, 2 = slightly too much theory, 3 = well balanced, 4 = slightly too much
programming, 5 = way too much programming)
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Scalar linear second-order wave

1

Notations (see [27, Sect. [Z.1]):

() . spatial domain, open set € RY, d € N,
can be unbounded !

[0, T : finite time interval, 7' > 0 = final time

() . space-time cylinder, () := Qx]0, T[c RO
(x,t) : instance in space-time
0  functionu : Q— R: u=u(x,t)

(solution of an evolution problem)
n . unit normal vectorfield n : 9¢) — RY

(x = spatial independent variable, x € (),
t = temporal independent variable, 0 < ¢t < T

equations
A
T+ )
2 g
£
<Space
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1.1 Wave equations

Scalar 2nd-order spatial elliptic partial differential operator (— [27), Def. 2.3.1] & [27, (2.5.1))):

Lyu:=—dive(Cgradyg u) + cu . (1.1.1)

differential operators act on @ only !

» “conductivity tensor C € L>(Q, R%%) symmetric (C = C’ a.e. in ) & uniformly positive

definite, cf. [27, (2.2.3)]:
2

S12 ST - - -
G0, 0t >0 o €] <ECx)E<oT|E| VEER? foramostallz € Q. (1.1.2)
» “reaction coefficient” ¢ € L°°(€2), uniformly positive : c(x) >0 ae.in(
Terminology: (L.1.1) = divergence form
d 9
C=1 — Lpz=-Ag=—)> % (Laplace operator, [27,, Ex. 22])
j=19%]
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Definition 1.1.1 (Wave equation). Given a second-order linear scalar spatial elliptic differential
operator Lz, a [uniformly positive| [27, (2.8.2)] “density” p € L°°(€2), and a source function
f=flz,t): Q— R,

2 -
p%u + Lyu= f(x,t) in{ (1.1.3)

is called a (scalar linear) wave equation for the unknown function u = u(x,t) : 2 — R.

[1 wave equations crucial for many mathematical models:

[1 Vibrating membrane

1.1
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O C R? . area occupied by flat membrane
u = u(x,t) : displacement function, [u] = Im
[1  membrane at ¢:
My = {(a:,u(w,t)): T < Q}
Temporal evolution of displacement governed by
0%u
—— — div(ygrad u) = 1.1.4
o (vg )=1f (1.1.4)
p(x) : areadensity, [p] = kgm~?
(x) : stiffness, [] = kgs ™2
(x,t) : force density, [f] = Nm ™~

0
7=
f=1

[1 Sound propagation

1.1
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()  R?: (possibly unbounded) air region

Propagation of sound in {) governed by

a—VJrigradp =0, (1.1.5)
ot po
%8—0— 00 di\(i)V = 0, (1.1.6)
p 10p
— — ——— = 0. 1.1.7
ot 20t . ( )

(I.1.5) : linearized momentum equation,
(I.1.6) : linearized continuity equation,
(L 17) : linearized state equation.

\ Walls

Source

v = velocity field ([v] = ms™1), p = pressure field ([p] = Nm~?), py = po(x) = uniformly positive

density ([po] = kgm ™), ¢ = ¢(x) = [uniformly positive] local speed of sound ([¢] = 1ms ™)

1 9%
c2py Ot?

B> Pressure wave equation: — div(po_l gradp) = 0. (1.1.8)

1.2
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1.2 Initial and boundary conditions

[1 In the case of jvibrating membrane (— Sect. [L.1))

(Spatial) boundary conditions : u(x,t) = 0 for all (x,t) € 0€2x|0, T'[ (clamped membrane)

initial position <~ u(x,0) = uy, @ € ),

Temporal) initial conditions ou
( poral) initial velocity < —(x,0) = vy, « € L.

ot

[1 Inthe case of[sound propagation (— Sect. [1.1])

sound soft wall « p(x,t) = 0forall (x,t) € 002x]0,T1,

" Hons - B
(Spatial) boundary conditions sound hard wall < p; 1gradp(:13, t)-n=0V(x,t) € 00x]0,TI.

initial pressure distribution «<— p(x,0) = pg, = € €,

Temporal) initial conditions :
(Temporal) initial compression field <« —p(m, 0) =wvg, €.

ot

Suitable spatial boundary conditions for meaningful boundary conditions for 2nd-

scalar linear second-order wave equations order scalar elliptic BVPs [27), Sect. 2.4]




[1 spatial boundary conditions for

0%

P o~ divg(Cgrad,u) = f:

Spatial Dirichlet boundary conditions, cf. [27), (2.4.1))]:

u(x,t) = g(x,t) ondOQx|0,T],

with Dirichlet data g : 92x |0, T'[— R.

Spatial Neumann boundary conditions, cf. [27, ([2.4.2)]:

Cgradu-n = h(x,t) onodOQx|0,T],

with Neumann data h : 0€2x |0, T[— R.

Spatial (nonlinear) impedance boundary conditions, cf. [27, (2.4.3)]

Cgradu-n = V(u) ond2x|0,T],

with increasing function ¥ : R — .

Remark 1. [{Sound propagation;

modelling of loudspeaker

[J prescribed velocity <« Inhomogeneous (i #* 0) Neumann b.c (L. Z.2) for pressure

(1.2.1)

(1.2.2)

(1.2.3)
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_ y 5 y Pu
[0 initial conditions (= temporal boundary conditions) for pﬁ — divg(Cgrad,u) = f:

4 N
initial field <~ wu(x,0) = ug(x) forallx € (),
BOTH ou have to be specified
initial velocity <« E(m, 0) =vp(x) forallax €
N /

2
Remark 2. Remember: two initial conditions also required for 2nd-order ODE %y = f(y). A

1.3 Classical and formal solutions

Assume:  smooth coefficients/sources C € (C1(Q)%4,  p e CVQ), f e CUQ)



Definition 1.3.1 (Classical solution of wave equation, cf. [27), Sect. 2.5]).

A classical solution of the wave equation (1.1.3) with [Dirichlet boundary datal g € 00(6@) is a
function u € C?(Q)NCY(Q) that satisfies (IL.3) pointwise and fulfills u(x, t) = g(x), V& € 09,
0<t<T.

Focus: “pure” initial value problem = Cauchy problem: O =R

1.3.1 Plane wave solutions

Consider [Cauchy problem| for (1.13) with f =0, p =1, C = const, ¢ = 0.

z — wt)), (z,t) € Q, is a plane wave with wave vector k € R and angular frequency w € R.

Definition 1.3.2 (Plane wave). (The real part of) a complex valued function u(x,t) = exp(i(k -

1.3
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(1.3.1) = dispersion relation

k - x — wt = wave phase
k = direction of propagation
phase velocity: | ¢p = # k |, wavelength:
plane wave solves (1.1.3) < \C1/2k| =+4w (1.3.1)

Isotropic propagation: C = 721, v > 0 [] lcp| =

3D = w=uw(k): groupvelocity: |cg = gradgRe{w(k)}

Ck

For wave equation (I.1.3) (C = const, ¢ = 0): cg(k) = ‘ |
w



on the direction of the wave vector, but not its length.

Definition 1.3.3 (Dispersionless equations). A scalar partial differential equation (PDE) that has
plane wave solutions (— Def. [1.3.2) is dispersionless, if the [group velocity cg(k) only depends

[ =8 the wave equation (— Def. [l.1.7)) is dispersionless

1.3.2 D’Alembert solution formula

Consider homogeneous [Cauchy problem| for d = 1:

OPu  50%u ou
: - _— p— e — R .
c>0 52 € 9. 0 , wu(z,0)=uy(z), g (,0) =vp(x), x€
Change of variables: =z +ct, T=x—ct: u(f,7)= u(ng, 52_07)
o > u(é, ) = F(§) + G(7)
[ 0€0T — ul,7) = T),

forany F,G € C*(R)!

—=== < matching lnitial datal

(1.3.2)

1.3
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r+ct
u(z,t) = %(UQ(.CU + ct) + ug(x — ct)) + %/ t vo(s)ds . (1.3.3)
r—C
(I.33) = dAlembert solution of Cauchy problem (1.10.7).
U(ZC, t])
vo = 00 initial data uq travel with speed c Iin
t opposite directions
Ux
) finite speed of propagation is typical feature
t4 of solutions of wave equations
t3
ts Note: (1.3.3) meaningful even for discontinuous
/ /W\ u, vp !
[ “generalized solutions” ? (cf. [27), Sect. 2.6])

U T

1.3.3 Spherical mean solutions

Consider [Cauchy problem

for wave equation LI3) withp=1,C =1, f =0

1.3
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s d = 3: Kirchhoff’s formula:

1

u(x,t) = 12

/ uo(y) + tug(y) + grad vg(y) - (y — x)dS(y), e R’ t>0. (1.3.4)
0B(x,t)

Ball B(x,r)={y cR|y—x|=r}

s d=2: Poisson’s formula:

1 / tup(y) + t2vo(y) + t grad ug(y) - (y — @)

— dS(y) , wE]R{Q,t>O.
4t \/t2—|y—:13|2 ( )

u(x,t) =

B(x,t)
(1.3.5)

1.4 Domains of dependence and influence

“point value” u(z,t), (z,t) € (2, may not depend on initial values

finite speed of propagation [
outside proper subdomain of € !

1.4
p. 23



Example 3 (Domain of dependence/influence for 1D wave equation, constant coefficient case).

_ - . Qu _ 20%u _ .

d = 1, Cauchy problem for wave equation (1.10.7)): 52 52 = 0, c > 0:
Intuitive: from D’Alembert formula (1.3.3)

t t
(7, 1)

D™ (Iy)

1
i Iy T
domain of dependence of (z,t) € (2 domain of influence of /[y C R

1.4



Theorem 1.4.1 (Domain of dependence for isotropic wave equation). — [14, 2.5, Thm. 6]
u : ) — IR = classical solution (— Def. [l.3.1)) of homogeneous wave equation with p = 1,
C = ¢“I, ¢ > 0, then

(|:13—:130]§ct0 N u(w,O):O> = u(z, ) =0 i |z — x| <cltg—1) .

For C = C(x) O domain of dependence is general “light cone”

Example 4 (Domain of dependence for spatially varying wave speed).

2
d =1, ¢ = ¢(x) continous, uniformly positive: g; — 6‘63; (cz(x)g—z) =0
(Note: c¢(x) provides “local” propagation speed)
B>  domain of dependence D~ (z, t):
D (z,t)={(z,t)a (t—t) <z <at(t—1t)},
Loty = —ee™ (1), 2~ O)=2 , Sat(t)=cat(®), 2(0)=2.

14
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Remark 5 (Infinite propagation speed for parabolic evolutions).

Consider Cauchy problem for parabolic evolution [27], Sect. [Z.2]:
ou

o, —Au=0 on Rx]0,T[ , w(0)=uge LARY) .

Evenif suppugbounded O suppu(-,t) = R forallt > 0!

1.5 Weak solutions and abstract wave equations

Approach: s consider time t as parameter in wave equation (1.1.3).

» apply standard techniques used for derivation of weak (variational) form of elliptic

BVPs — [27), Sect. 2.7]
1.5

[1 recall derivation of abstract parabolic evolution problems [27), Sect. [7.2] p. 26



2
STEP 1: multiply p%u — divg(Cgrad, u) = f with test functions that vanish

on spatial Dirichlet boundaried (cf. weak derivative [27, Def. 2.6.1])

STEP 2: integrate over spatial domain €2 (cf. weak derivative [27, Def. 2.6.1])

STEP 3: perform integration by parts using Green’s formula [27, Thm. 2.7.2]

Example 6 (Formal variational formulation of wave equation with

Dirchlet boundary conditions).

u(x,t) = g(x,t) ond2x]0,T],

in €2 .

LTI L~
P o~ divg(Cgrad,u) = f(x,t) in€),
ou
U(CIZ7 O) — uO(CB) ) E(wa O) — UO(CB>

—~—g——

seek u 30, T[— g(t) + V, V :={v: @ — Rivjyq = 0} space of functions,

2u
/Qp(w)g?(m,t)v(m) dac+/QC(:B) grad, u(x) - grad,, v(x) dw:/Qf(:n,t)v(ac) dx (1.5.1)

P-

27



forallv e V.

Extensiong — g : Q2 — R, g =gon o) [

“offset function technique” [27, Sect. 2.10] incorpo-

rates [Dirichlet datal into source term > allows to seek u :|0, T'[— V.

&
P> General form of spatial variational formulation of 2nd-order hyperbolic evolution problem:
( d2
m(—2u(t),v) + a<u<t>7v> — <f<t>,’l)>v Vo eV )
t €0, T[—ut)eV . { dt d (1.5.2)
U
u(0)=ugeV a(O):’UOEH.
\

s V', H =Hilbert spaces [27, Def. .1.5]:

> V' C H with continuous [27,

Def. 2.11.1] and dense [27, Def. 2.8.4] embedding V' — H

> duality pairing (-, )y, : V' X V +— Ron H x V agrees with inner product (-, -) 7

Terminology:

V C H C V' = evolution triple

s a € LV x V.R) = V-elliptic [27, Def. 1.Z.3] symmetric [27, Def. [.1.4] bilinear form [27,

Def. [1.1.3] (independent of time

)

1.5
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s m¢€ L(H x H,R)=(an) inner product [27, Def.[L.1.4] on H (independent of time !)

s [ =time-dependent continuous linear form f(¢) : V +— R [27, Def. I.1.3], 0 < t < T.

Convention: norms ||-|| and |||}, (“energy norm”) of V/H induced by m(-,-) and a(-, -), resp.,

olf7 = m(v, )

of. [27, Def. ILLE]: |[jv|fi, = a(v,v),

Operator notation: A:Vi— V’[27<’—>] “a, M:Hw— H =HC V’[27<’—>“:II E]m:

, u(0) =ug inV,
B 52 «— {%MquAu:f inv’} ae. in]0,T] , du |
t a(()) =vy in H .
weak temporal derivative ! [27, Def. Z.6.1] (1.5.3)
(I53) = ODE in function space !
4 . . N
Concrete functional framework provided by Sobolev spaces [27), Sect. 2.8]
V=HNQ)/Hj(Q), H= L)
N and Bochner spaces of function space valued functions on |0, T’ y

1.5
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Example 7 (Bochner spaces).

Spaces of X-valued, X = Hilbert space, functions on |0, 7’| (Bochner spaces), e.g.,

2

dv
0|+ @)% dt < oo},
X

T
0

(10, T[; X) := {v :]0, T[— X continuous , HUHCO(]O,T[;X) = sup |Jv(t)]x} -
0<t<T

N HP()0,T[; X), p € Ny are Hilbert spaces, CY(]0, T[; X) is Banach space.

Abstract hyperbolic evolution problem in weak form: [14, Sect. 7.2], [40, Sect. 10.2]
seek u € L*(0,T[;V) N H'(J0,T[; H) N H*(]0, T[; V') such that for all v € V and w €
C5o(10, T V)

T , T
/O m(u(t), v) 627120(15) +a(u(t),v)w(t)dt = ./O (f(t),v)y w(t)dt, (1.5.4)

and u(0) = ug € V, 24(0) = vy € H.




Theorem 1.5.1 (Existence and uniqueness of solutions of hyperbolic evolution problems).
f f € L?(|0,T[;H), then there exists a unique solution u of (I5.4) that belongs to
L>(10,T[; V) n Woe(]0, T[; H) and satisfies the energy estimate

V)
sup | ||u(t)
O<t<T

with C' = C(m,a) >

du
dt — (1)

2
< (IfII? o lwlle + llvoll3) . (@.5.5)
H) (ll 20 710y T wolly + | OHH)

Proof. Thms. 2, 3,4 & 5in [14, Sect. 7.2] O

Under assumptions/with notations of Thm.[L.5. 1. conservation of energy

2
f=0 = E()=E®0) Y0<t<T,with energyE(t) —QHu()H%/Jr%‘%(t)HH. (1.5.7)

potential energy Kinetic energy

Note: Energy estimates (1.5.5), (1.5.7) [ stability of hyperbolic evolution problem

1.5



1.5.1 Spectral decomposition

Assumption: compact embedding [27, Def. 2. 11.7] VS H

[1 operator A has pure discrete point spectrum, mutually /4 -orthogonal eigenspaces [27, Sect. 4.8.1]:

If dim V' = dim H = oo, 3 sequence (w;);cy C V of eigenfunctions and a non-decreasing
unbounded sequence (\;);~; of (positive) eigenvalues such that

® {w;};c is an m-orthonormal basis (ONB) of /1,
® {w; };c is an a-orthogonal basis of 1/,

e a(w;,v) = \ym(w;,v) YveV.

Remark 8 (Compact embedding of Sobolev spaces).

Rellich’'s theorem [27, Thm.211.3] O HY(Q), H} () < L*(Q)

ldea: “simultaneous diagonalization” of A, M



Lemma 1.5.2 (Spectral repesentation of solution of abstract wave equations). Let assumptions
of Thm. 5.2 hold, dim V = dim H = oo, and V < H. Then

©.0

u(t) = ; ( m (g, wy) cos(v/Ajt) + m(vg, wy) \;XlSin<\/A_lt>+

t 1 '
/ T /Al ) mF(s) ) ds)

0 <t < T, solves inhomogeneous abstract wave equations (1.5.4).

= Duhamel’s principle [14], Sect. 2.3.c] (“variation of constants formula”)

Rewrite representation formula using functional calculus for unbounded operators, cf. [40, Sect. 11.4.2]:

©.@)
for operator A:  f(A)v = Z f) m(v,w)w;, veV. (1.5.8)
[=1

t

B u(t) = cos(A2t)ug + A~V sin(AV2t)ug + / A~2sin(AYV2(t — s))f(s)ds .  (1.5.9) 15
0

p. 33



Example 9 (Smoothing property of hyperbolic evolution).

0’ 0
@TI3ford=1,C=1p=1: ——u(z,t) — —u(z,t) =0
ot? Oz?

O =]0,1, V = H}(Q), H = L*(Q), eigenfunctions w;(z) = 2sin(rlx), | € N, \; = 7

e li B = u(x,t) = i (ozl cos(mlt) + 6% sm(7rlt)> sin(rwlx) .
vo(x) = z; By sin(rwlx) =1

Fourier coefficient of u(-, t)
Decay of Fourier coeffs. <- smoothness of function = no smoothing during hyperbolic evolution

“Rough initial data” [ SN solution “rough” for all times

(in contrast to smoothing parabolic evolution: % 893 = 0, [27, Rem. [149])

1.5.2 Equivalent first order system

Assume setting of abstract 2nd-order hyperbolic evolution problem (1.5.2). 15

Now  a(u,v) = m(Bu,Bv), u,veV , Be L(V,H) & injective with closed range. p. 34



Fits (3) (with DIicAEthc):  here B = CY%p~ 2 grad : H}(Q) — L*(Q)
t
New unknown: v(t) = / Bu(r)dr € H'(]0,T[; H)
0

(apply fg to (1.5.2)) =  ([@.5.2) equivalentto

seek v :|0, T}— V,v:|0,T}— H

0

m(%v,q) — m(Bu,q) = 0 Vqe .

u(0) =ug , v(0)=0.

1.6 Spatial semi-discretization

Assumption:  spatial domain {2 bounded !

t
m(5zu, w) 4+ m(v,Bw) = m(vO,w)anf(f(T),w}V dr YweV,

(1.5.10)

(1.5.11)

1.6



Method of lines approach:

Spatial semidiscretization of IBVP for (1.1.3) [ 2nd-order ODE

2

d
A M ji(t) + Aji(t) = &(t)

(M, A matrices € RV, fi(t) e RY)

P (1.6.1)

Insight: any method for spatial discretization of elliptic BVP for £« = f should work:

finite difference (FD) and finite volume (FV) schemes
various (primal/dual) finite element methods (FEM)
discontinuous Galerkin (DG) methods, etc.

— Course “Numerics of Elliptic and Parabolic Boundary value Problems”
[27]

Then apply “standard timestepping” to resulting ODE (! caution)

1.6



1.6.1 Finite differences (FD)

ldea: spatial “lattice model”

» deal with £, from (L.1.1) in strong (classical) form

» replace spatial derivatives with difference quotients on grid

Focus: pure Dirichlet problem: u(x,t) = g(a,t), (x,t) € 90x]0, T, g(t) € CY(99)
continuous initial data: g, vy € CY(Q), u|p0 = g(0,-)

C = ~()I with continous function v € CV(Q)

One-dimensional case

d=1 0 Q=]0,1] (openinterval), 02 = {0,1}, Lgu= _8% (7(55)%)

grid: ./\/lZ:{]xj_l,xj[202$0<l'1<--°<$M:1,i:1,...,M},MEN

1.6



with grid points/nodes =, j = 0,..., M (node set V(M) = {xq, x1,...,2)/}),
(local) meshwidth hj =X X1 Ty = %(ZEJ + 33j+1>.

Finite difference approximation (for f € CO(Q))

flxjr1) — flz)) |
9 7($j+1/2) 7 — (2 L 1/2) 7
5 (@)~ = :

1 : :
< Lj /2<hj + h]+1)
(1.6.2)
Motivation: Taylor expansion, also shows (for sufficiently smooth ~, f)
of
ax 7( )aZC . (Tf>] < Cmax{hj, hj+1} : (1.6.3)

with C' > 0 depending on (several higher) derivatives of v, f.

( @.63) +«— (1.6.2) = 1st-order approximation of L.

Note: ifh:=hj=hj1 = (=L [flo=z; —(Tf);= O(h?) (2nd-order approximation)
(equidistant grid)

1.6
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Semi-discrete representation of u: f:]0,T) — {V(M)— R}

~ mM+1
[ spatial semi-discretization space of grid functions = R
d L :
aQu o ou p( )@U(fﬁja )_<T:u)j<t>:f<xjat> Jg=1...,.M—1,
_ —— | = t . -

(Linear 2nd-order ODE in ]RM_l)
After identiication fi(t) € RM~! (1(t) := fi(x,1))

d2
semi-discrete evoluton ~ «——  ODE Md— ft) + Aj(t) = g(t) (1.6.4)

with diagonal matrix M = diag(p(z1), p(z2), ..., p(xp_1)) € RM LM =]

Y

ZC . .
A = (a;;) e RM=1LM-L, aij = te=7=1, (165)
j T+ (@ _1p0) i
n; =1 1.6




Note: A = symmetric, positive definite tridiagonal matrix

( 7(371/2)

2 o
f('qjl?t)—i_hl—i—hg hl g<07t> ’If] =1 )
Zt) e RM=L (1) =< flaj,t) fl<j<M-—1,
2 Y@ pr_10) .
\f<xM_1’t>+hM_1—|—hM hM/ g(Lt) 1|f]:M_1
(1.6.6)
Two-dimensional case
Assumption: Tensor product spatial domain, e.g., 2 =|0, 1[2
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Tensor product grid
M = {1, zi[}]y -1, v,
’L‘:l,...,MZE,j::[)---)MyJ
O=xg<a1 <---<xp, =1,
0=yo <y < <yp, =1}
(Iocal) meshwidths hY = x; — i1, hY == y; —
yj_1, nodes (z;,y;) € Q2 (node set V(M)) v
Notation: — ; ; := (x4, y;),
Liyifoj = (1/2(zit1 + i), y5), ete.

Y1

y]V[ Y]

X1

)

T, 1

1.6
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(I.62) O Two-dimensional finite difference approximation [17, Sect. 5.1.4] (for f € CO@))

L~ dvab@grady £) = 3 (@5 ) + L (@3l) ety

Y® g1 >f(wi+1 ‘;L)x_ fig)

e 1+1 1
(Tf>Z] T 1/2(h$ 4+ hz+1)

f(wz',ﬁl) f(wl,]> B
hY .

J+1 J

1/2(h% + h

7(97i,j+1/2>
_'_

]—I—l)

1st-order approximation

Taylor expansion (7, / smooth) [ Leq ~ 2nd-order approximation on equidistant grid

Semi-discrete representation of u: fg:]0, 7] — {VM)— R}

space of grid functions = R(Ma+1)-(My+1)
1.6



Ym,+1
n L @
M, M, +1
(1 € *—O L
1 2 |3 M, —1
T T9 Ty, 1

[ spatially semi-discrete problem

d2

lexikographic ordering of nodes:

L1,1, L2715+ LM,.—1,1>
X1, X225+ TN, —12;
wl,My_]ﬂ w2,My_17 R ajMx_l,My_l
v
|dentification:

(interior) grid functions on M

[

vectors &€ R(Mw_l)'<My_1)

i=1,... My—1,

plaij) ity t) = (Wi () = flag t) 5y
fi@ij, t) = g(@ij,t) Va;; € 0.

1} «— assuming [exikographic ordering

(1.6.8)

(1.6.9)

1.6
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with diagonal matrix M := diag(p(x11, p(x21), - .

168 +—

A

A

N\

2

> ] B,
ODE M- 5ii(t) + Ajilt) = ¢(t)

- 7p(wa—17 My o 1))) and

A=(My—1)-(My—1) x (Mg —1)-(My—1)
matrix: (M, —1) x (M, — 1)-block tridiagonal ma-
trix with (M, — 1) x (M, — 1) blocks. Off-diagonal
blocks are diagonal.

[ A = sparse matrix [27,, Def. B.1.7]
(at most 5 nonzero entries per row)

A = symmetric positive definite matrix [27,

Def. 1.3.9]

1.6



1.6.2 Abstract Galerkin discretization

Idea of Galerkin discretization [27, Sect. [1.3]

In (L.5.2) replace V' with finite dimensional subspace V)

(Vv = discrete trial space/test space)

P>  Abstract discrete 2nd-order hyperbolic evolution problem, cf. (1.5.2)

uy € C*(J0, T[; Viy)

i

\

d2
m(@ujv(t), vn) +alun(t),vy) = (f(t),vn)y Yoy € Vi,
du
un(0) =uyg€Vy 7(0) =uyo € H .

(1.6.10)

un. o € Vi, vy o € Vv = projection/interpolant of u, vy, resp.

Note:

Stability estimates, Thm. [1.5.1], also apply to (1.6.10) !
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Advantage of Galerkin perspective: abstract a priori error estimates [27, Sect. [Z.3]:

Tool: Py : V +— Vi = a-orthogonal projection onto V) (Galerkin projection [27, Thm. [.3.4])

Trick: spliterror u—uy =u—Pyu + Pyu—uy

spatial projection error evolution error

Assumed: extra regularity
» ofinitial data: 2%(0) = vgin V
s of solution (intime): w € H*(]0,T[; H)n H'(]0,T[; V)
d’ _
a5z SV { m(=au, vN) +aPyu, vy) = ;J:(t),’UMv Yoy € Vi, (16.11)
u(0) =y, (0) =y

2 2
B m(Pysu,on) +aPyu, oy) = flon) +m(s(Py — Id)u,vy) Yoy € Vy .
(1.6.12)

Subtract: (1.6.10) - (1.6.12)



2
m(%(uN—PNu),UN)—I— (upny — Pyu, UN>_m(dt2(PN Id)u,vy) Yoy € V. (1.6.13)

d unN — PNU
(uy — Pyu)(0) =un g — Pnug ( ~ )(0) = vy, — Pnuo

uyn — Ppu solves a semi-discrete evolution problem like (1.6.10) with consistency error terms
(residual type quantities — “small”) on the right hand side !

Idea: Standard approach to

E(error term) = residual term

Spatio-temporal evolution operator underlying IBVP

> use stability estimate, here Thm.[1.5.1]
—~———
duy du
lun = Pull pocgo vy + | -~ Pn(=) <
Loo(]0, T H)
d’u
<C (]d—PN>E +HUN,O_PNUOHV+ HUN,O_PNUOHH . (1.6.14) 16
LA(|0,7[:H)

p. 47



—==— /\-inequality

luy — UHLOO(]O,T[;V) ™ H%(UN — U)HLOO(]O TLH) < semi-discrete “ energy error”
du du
< lu—Paulgurn + | 5 — P +
WA e oo
d*u
c || —PanSs + [luno = Pyvuolly, + |Jonvo — Pywol 4
L*(]0,T[H)

What can interfere with spatial/temporal smoothness of solutions of wave equation (1.1.3) ?

» poor regularity of initial data, cf. Rem.[Q. Also affect smoothness in time, cf. [27, Sect. [Z.2]

» poor lifting properties of L. [27, Sect. 4.3]
(due to non-smooth 0f), re-entrant corners, discontinuous C)

» spatially/temporally non-smooth source function f
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How to obtain final ODE (L.6.1) ?

Choose (ordered) basis *B = {b1 e b]NV} N :=dimVy, of Vy, cf [27, Sect.1.3.2]:

B representation: wupy(t) = Z,ul(t)bl i) = (), pn) ! e RV

(M{—QQ/Z()}JrAﬁ(t):gB(t) for0<t<T,
@1 = 4 (1.6.15)
A0y =dp , —(0) =1

s.p.d. stiffness matrix A € RV, (A);j = a(bj b’ b'y) (independent of time),
s.p.d. mass matrix M € RV, (M)w = m(bj b 'y) (independent of time),

source (load) vector J(t) € ]RN QO = <f ), b >V (time-dependent),
(Lo, Ny = coefficient vectors of apprOX|mat|ons uN 0, VN o Of initial data g, v

VvV V V

has no impact on semi-discrete solution u p; of (1.6.10) |
Choice of basis ‘B .
crucially affects matrices A, M (sparsity, conditioning) 16




1.6.3 Linear Lagrangian finite elements (FE)

Finite element method [27, Ch. 3] < [Galerkin discretization based on special est spaces| V) :

[J V) piecewise polynomial w.r.t. partitioning (= mesh) of €2
[1 V) possesses basis ®B consisting of locally supported functions [] sparse matrices

One-dimensional case
d=1 0O (asbeforein Sect.[1.6.1) €2 =|0, 1| (openinterval), 02 = {0,1}, Ly = _8% (7(@%)

mesh: ./\/lZ:{]ib'j_l,l'j[ZO:x'o<£L‘1<°--<$M:1,i:1,...,M},MEN.

z; = nodes, V(M) = set of nodes, (local) meshwidths h; := x; — x;_1, |x;_7, 2] = cells.

Remember [27, Lemma [2.9.1]: Vy C HY(Q) & M-p.w. polynomial = Vy C CY(Q)
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i i 1 i i

Jo o4, 2 S
f function € S?O(M)

Choice of ordered basis B ?

Clear: 1D “hat functions”

M—1
B = {by,....bxn '},

- 1 ifi=j
Vi (x) = 6,5 = ’

Simplest choice (homogeneous Dirichlet b.c]!)

Vv =8 g(M)

- { v e CV([0,1]): Ullg; ) linear, }
Cli=1,...,M,v(0)=0v(1) =0

O Vi C H(Q)
O dim Vy = M — 1

1.6
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1 .
() J
> [fiffness mairid A = (a;;) € RM~1LM =1 . /7 Aoy x()dx1<z]<M
0

weak = pleceW|se derivatives

> [massmafrid M = (m;;) € RM—=1LM=1 m;; = /p(x)brﬁv(a:) b‘}v(:c) de,1 <14, <M
0
> [oad vector B(t) e RM—1, ©i(t) = }f(x,t)bﬁv(x) de,i=1,...,M —1
(Dirichlet data con?ribute to v1(t), pas—1(t), see (1.6.6))

[ Both A and M are symmetric, positive definite and tridiagonal

How to evaluate integrals ? — numerical quadrature

1 M
for A: cell based midpoint rule /f( Z T 1/2
0 7=l
1 M—1
for M and ¢: trapezoidal rule /f )dx ~ Z 1/2(hj + hji1) f ()
0 J=1

1.6
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[ A, M, and ¢ equal to those obtained from 1D finite differences, Sect. [1.6.1]!

(L analysis of finite differences in (perturbed) Galerkin context)

Two-dimensional case

() c R? bounded with piecewise smooth boundary (“curvilinear polygon™)

Triangulation M of (polygonal approximation of)
Q)

o M = {Kz}f\il M e N, K; = open triangle

e disjoint interiors: i # j = K; N K; = ()
M
e tiling property: U K; =0
1=1
e intersection K; N K j, i # J,
is — either ()

— or an edge of both triangles 1.6
53

— or a vertex of both triangles p-



Parlance: vertices of triangles = nodes of mesh (= set V(M)

Notion: meshwidth  hpy = max{hp = diam(K): K € M} (=length of longest edge)

Important: mesh quality <« shape reqularity [27), Sect. 4.2.4]

lower bound on smallest angle of triangles (LI limited distortion of cells)

[27, LemmaZ9.1] O M-piecewise polynomial functions in F''($2) have to be continuous

B>  simplest choice for V:

v e C'Q): g =0 VK € My () = ag + B - @,
ag €ER,Br eR* z e K

Vy = Slg(M) = { } C Hy(%)

1.6

Locally supported basis functions in 2D ? p. 54



On a triangle K with vertices al, a2, a’: linear q . K — R uniquely determined by values q(ai).

[ NS 5?,()(/\/1) uniquely determined by {vx(x), x interior node of M }!

B N :=dim SRO(M) = tVy(M)  (Vy(M) = set of interior nodes (= vertices & 02) of M)

—~—g——

ij.

VoM) = A{xq,...,

x x }: nodal basis B = {bL,, ...,

bN} of SY (M) defined by by (z;) =

Ordering («= numbering) of nodes assumed !

Piecewise linear nodal basis function
(“hat function™)

unN = Z ,uz < 81 M)

-

coefficient 11 =
node of M

“nodal value” of up at j-th

1.6
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< “Location” of nodal basis functions:
e — nodal basis functions of S (M)

e — vertices on the boundary of ()

>

A = (a;5) € RNV, ajj = / C(x) grad b?v(ac) - grad b‘gv dadz,
2
1<4,j<N

> |Imass matrix M = (mw) e RM-LM-1 Mg = /Qp(a:)bﬁv(w) bg\f de,1 <4, <N

> [oadvector  (t) € RM—1, pi(t) = Jo flz, )b (z)dz,i=1,...,N
(Dirichlet data may contribute to ;(t), when x; shares edge with vertex on 0f))

A, M sparse: a;; # 0, m;; # 0 only if z;, x; connected by edge !

1.6
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As in 1D: cell based|numerical quadrature

used for evaluation of integrals:

barycentric quadrature /f(a:) de ~ Z |K|f(mp)  — usedfor A
2

KeM

(m - = barycenter of K)

vertex based quadrature / f(x)dx ~
2

3

Z %\K|Zf(azk) — used for M, &

KeM 1=1

(a% = vertices of triangle K) mass lumping = M diagonal

1.6
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Remark 10 (FD und FEM).

Setting: C =1, () rectangle

Galerkin FEM based on S?O(M)

+

“structured” triangular mesh >

+

Numerical quadrature, see above

—~—g——

stiffness matrix & iImass matrix agree with

FD-matrices on tensor product grid

Summary: approximation properties of [Galerkin projection| P 5 H&(Q) — S?O(M)
(w.rt. bilinear form a(u, v) = [, Cgradu - gradvde, u,v € H&(Q))

!//
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Theorem 1.6.1 (Galerkin projection error for S?O(/\/l)). — [27, Lemma 4.2.29]
There is C' > 0 only dependingon 1 < s < 2, 2, C, and the shape regularity of M such that

in{l,s—1
Ju = Puvullgie) < O Hlull sy Vu € HY (@) 1 HY(©)

If the Dirichlet problem for L, is 2-reqular [27, Sect. 4.3], then there is C' > 0 only depending
on 2, C, and the shape regularity of M such that

—=== — gbstract convergence theory of Sect.[1.6. |

Optimum for linear FE:  1st order algebraic convergence (of semi-discrete Energy error)
in meshwidth 7 5

1.7
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1.7 Timestepping

Start from algebraic semi-discrete evolution (1.6.15) = 2nd-order ODE:
2 - ~ . L du .
M {%u(t)} + AL = ¢t) , f0)=Hy, —-(0) =10 (1.7.1)

Key features of (L.Z1) [

to be “approximately” respected by timestepping:

s reversibility: if o =0 0O (@ZI) invariant under time-reversal t « —t

s energy conservation, cf. @E7): ifg=0 0O FEn(t):= 7 M—

Note:

for [Galerkin discretization of (1.5.2): A, M s.p.d., cf. Sect.[1.6.3

dii di
_1MMM 1

T3

i - Aji = const

1.7
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1.7.1 Simple two-step methods

0<k<M,by

g B = () gD g ALY (kAL RY x RV s RY

Definition 1.7.1 (Two-step method). A two-step method for (I.Z.1]) with uniform timestep At :=
T/m >0, M € N, generates sequence (ﬁ(k))%:o of approximations /i%) ~ [i(t;.), t;. = kAt,

Note: any two-step method requires special initial step (,E(O), ﬁ(l) from fig, 70)

First consider (L.Z1)) for ¢ = 0 & transform

~ ~ 1 1
=M T pAr=0, A=MZAM 2.
A7

Formal solution, cf. L59):  (t) = cos(z&l/Qt)ﬁ(O) +ATY? sin(lzxmt) 0), t>0

dt

B Ut + A+ Dt — At) = 2cos(AVPADT(E), t,At>0.

(1.7.2)

. (1.7.3)

(1.7.4)

1.7
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Idea: approximate cos(z) ~ R(z), R = rational function

== 2-step timestepping:

plhtl) ¢ ph=1) —op(AY2AN) 7K || ke N. (1.7.5)

—

We expect: 7Y ~ gt — A1) & P =~ 7(t) = FFHY & Dt + A

Obvious: [ if R(z) = R(—z) = (@Z15)istime-reversible ]

Remark 11 (Explicit and implicit two-step methods).

R(z) polynomial = plk+l) only from evaluations A Xxvector (explicit)

R(z) genuine rational function = 7k1+1) by solving linear systems derived from A (implicit)

In the case of (I.Z1): “inversion of [mass mairix IM” also for explicit two-step methods

L importance of [mass lumping| !
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Definition 1.7.2 (Consistency of a two-step method). A two-step method ®(-, -; At) for (I.Z.2)
(— Def. [1.7.7)) is (uniformly) consistent of order p, p € Nj, if

D(D(t), D(t — AL), At) — DF(t + At)| < C(AL)PT,

with C' > 0 independent of At > 0 (for sufficiently small At) and ¢t > 0.

Corollary 1.7.3. Two-step method ([1.Z.5) for (1.7.2) is consistent of order p, p € Ny,

& 3C>0,6 >0 |R(x)—cosz| < ClzPT? V]|z| <6 .

1.7.1.1 Leapfrog timestepping

In (I.Z.5) choose truncated Taylor series R(z) =1 — %22 = consistent of order 2

kL) oplk) 4 pk=1) - 1.7
_ _ Ak
(AR Av (1.7.6) o

-



———

explicit trapezoidal rule/Stormer scheme for (LZ.1) (with uniform timestep At := T/M, M € N)

k1) _ozlh) 4 k=)

M E L — AN L@t k=0, M1, (1.7.7)
1) — 7(=1)
+ initial step a QA;L =10 . (1.7.8)
(k1) _ (k)
Auxiliary variable: 77’(k+1/2) = a A7 a
= velocity approximation | >t
| ilk=1) gk=1/2) k) klf2) k)

Equivalent leapfrog/Verlet-implementation of (I.7Z.7) (used in practice):

Ak +1/2) _ plk=1/2

o k=0, M—1, (1.7.9)
LRI G
At 7

+ initial step ﬁ(_l/z) + 771/2 = 21 .

work per step: 1x evaluation A xvector, 1x solution of linear system for M 1

Remark 12 (Leap frog as variational integrator). p. 64



_ Euler-Lagrange equations for Lagrangian
Discrete wave

. = T i cdi 1,
equation (L.6.15) L7, E) — %E M~ LA

[28], [19, Sect. VI.6]: [eap frog <« Euler-Lagrange equations for time-discrete approximation of
L

Parlance: leap frog = variational integration scheme

Example 13 (Leap frog and energy conservation).

1.7
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48.9

s d =1, Q =|0,1] 1D wave equation ¢ = 1, *°
homogeneous Dirichlet b.cl w7l
. gi, 0) = hat function, supported in [%, 4], ~ o]
¢, 0) =0
» spatial  finite  difference  discretization, §
lequidistant grid, meshwidth & > 0 g 484HJ\ H ‘TL MTJ fh
» explicit trapezoidal rule (1.7.7) a j
Monitored: total ’
(for h = 1/200) o
1 gD — k) gkl k) plel) o gk) gk o gl
Blberp) =55 M 2 A 2
[N no exact energy conservation, but no energy drift ! — [19, Sect. 1X.3] o
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1.7.1.2 Crank-Nicolson timestepping

1 1/42°

— T 1/4 5 = consistent of order 2
2

In (I.Z.5) choose Padé approximation of cos  R(z)

ﬁ“ﬁi)__25“04_ﬁ“*4)__
(At)? o

>

implicit trapezoidal rule for LZI) (with uniform timestep At := T/M, M € N)

S(k1) k) (k=1
(At)?

= —LAERHY) oopk) 4 glk=1)y

1
4
+ 2 (Bltpn) +28(ts) + Ftp_1)), k=0,..., M —1,
(1.7.10)

+ initial step A7 =1 -

Auxiliary variable:  7%) = (2T — sAMTIA) P — (21 4+ SAeMLA) plFHD
= velocity approximation
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[ equivalent implementation: Crank-Nicolson timestepping:

[]

D) —

kﬂé

= LA(ji gD 4 k)Y
k=0,....,M—1.
= 3D 4 )

requires solution of Ilnear system with (non-diagonal) matrix A in every step !

Example 14 (Space time stencils for fully discrete 1D wave equation).

o

o

(1.7.11)

(“implicit™)

finite element (— Sect. [1.6.3)/finite difference (— Sect. [1.6.1)) spatial discretization of 1D wave
equation

timestepping: lexplicitimplicit trapezoidal rule

—~—g——

space-time local difference formulas:

representation by stencils
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L1 ° x ° L1 ® >x< O
L+ S s S U+ s S S
b1 ® ¢ ® trr ® o o
‘%Uj—l .CUI]' :IC]'_H i ‘%Uj—l .CCI]' :IC]'_IL.
Explicit trapezoidal rule (I.Z.7) Implicit trapezoidal rule (I.7.10)
1.7.2 Stability

For (.Z1), o = 0: conservation of energy [ no “blow up” of solutions

1.7
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Is this satisfied for timestepping schemes ?

1.7.2.1 Spectral decomposition

von Neumann stability analysis: discrete analogue of diagonalization idea of Sect. [1.5

A, M symmetric positive definite = A = M~ 72AM /2 symmetric positive definite .
= Jorthogonal T € RV TTM~2AM 2T = D := diag(\ ..., \y) ,

where the \; > ( are generalized eigenvalues for Aé’: AMg A\ > ~foralll.

P Transformation (“diagonalization”) of (I.7.1): 5:: TTMl/Qﬁ

(1) +DC = TIMV25(t) = di(t) . (1.7.12)

S
[0 decoupled scalar 2nd-order ODEs (for eigencomponents (; of (): %Cl + N (= ¢(t)

Same diagonalization applied to two-step method (1.7.5):
CEHD _ b=l —opDY2A4) R | ke N (1.7.13)
)

g(k“) — gz.(k’_l) — QR(\/)TLAt)g‘Z.(’“) , 1—1,...,N . (1.7.14)

(4
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(I Z.14) = linear three-term recurrence

characteristic equation of (1.Z.14): X2 —ax+1=0, a:=2R(/ NAt).

| < 2: Xt =sativi—a? = |y =1
k k
[~ CZ-( ) AxE + BE = |CZ-( | <|A;| +|Bi| Vk € N .
] > 2: Xt =sat+VaZ—4 = |xi>1V|x_|>1

= |§Z-(k)|—>oo for k — oo .

Stability: [explicit trapezoidalrule; R(z) =1 — %a:Z

—

| £ A{ 4
R(x)| > 1< x| >2 ) = (@ZI) unstable,if \/ANyAL > 24 sup =
( ) ggRNg Mg (At)2

Remark 15. For Galerkin discretization, Sect. [1.6.2!. sup ' -, = Sup

(by definition of M, A)

JAN
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12

B 1+%x2

Stability: [mplicit trapezoidalrule; R(x)

R(x)| <1 VxeR = ([@ZI0) unconditionally stable

1.7.2.2 Discrete energy estimates

Consider homogeneous transformed system (1.7.2)

1
[1 Discrete energy estimates for [explicit trapezoidal rule] Q—At(ﬁ(kH) — ﬁ<k_1>) (W)
Akt _ ) 2| k) _ k-1
I [ LAt i I et _ L (kD) _ ey K )
20t At At 20t '

o U _ k1
Fk+1) _ (k)

At

2

for discrete pseudo energy plht12) .

+ Lkt Ktk) (1.7.15)

O | —




ER+12) 1o “true energy”, because EFTY/2) < () possible !
(k) ~ pk+1) s plk+1/2) <

Note:
However: ifAt<1 O v
(EH12) 2
plk+1/2) _ 1 AR — b
o= At
) ! (
- 2
k1 glk+1) 4 (k)
where 7F+1/2) .— 2+
>~

2

“energy under timestep constraint”)

DO —

_|_

<ﬁ<k+1)+ﬁ(k)> ;& <ﬁ(/€+1)+ﬁ(k)>
2 | 2

(At)Q Fk+1) _ (k) i Fk+1) _
g At | At

Fk+1) _ (k)
At

el

, || A|| = Euklidean matrix norm.

2 || ~
SEA| <1 = BEY2 >0

1.7
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Theorem 1.7.4 (Stability of

explicit trapezoidal rule

fleap frog).

(At) sup é Af - < 1
L apv € ME

& ([LZY) stable

[l [Implicit trapezoidal rule: discrete energy estimate:

(R 7Ry -Gy of @z + AR 4 7

p D plk) -

k).
=0, with “energy” Bk = 77< ). Mﬁ( )+ (k) : Aﬁ(k) > 0.

Theorem 1.7.5 (Stability of [mplicit trapezoidal rule). The implicit trapezoidal rule (Crank-

Nicolson timestepping) is stable for all At > 0.

1.7.3 CFL-conditon

Concrete meaning of stability condition of Thm. [L.7.4! for leap frog timestepping:



Example 16 (CFL-condition for wave equation in 1D).

O*u  50%u
» 1D wave equation —5 — c¢“— =00on Q =|0,1[,¢ >0 — Ex.@
ot? Ox?

» Homogeneous Dirichlet boundary conditions; «(0) = u(1) =0

» FD discretization on [equidistani grid M with meshwidth » = 1/M — Sect. [1.6.1]

{2— o\

0 —1 2 —1

; 12 4
\ 0 ... 1 2)

- - 1
Eigenvectors/eigenvalues of A: & = (sin(wlﬁ))?i}l ~ A = 4P M? sin2(§7rﬁ)
M —1
= = c sin“(5m
(At)Q 2M2 - (%
1 EerN € - ME M

cAt < h =



Stability limits timestep size in terms of meshwidth of spatial grid ! J

Notion 1.7.6 (CFL-condition I).
Courant-Friedrichs-Levy (CFL-) condition = constraint on timestep size in terms of resolution of
spatial discretization to ensure stability for a fully discrete hyperbolic evolution problem.

Geometric interpretation in 1D (setting of Ex. [16):

1.7



cAt < h: numerical domain of dependence
(marked —) contained in D™ (z, t)
[1 CFL-condition met

A % ) R

cAt > h: numerical domain of dependence
(marked —) not contained in D™ (x, 1)

[ 1 CFL-condition violated

(e = coarse grid, m = fine grid, © = D~ (Z, 1))

< 1D consideration:

sequence of

equidistant

space-time grids of () with

At = ~vh (At/h = meshwidth in time/space)

If v > CFL-constraint (here v > c_l), then

analytical domain
of dependence

¢ numerical domain

1.7
of dependence



A initial data u( outside numerical domain of dependence cannot influence approximation at grid
point (z,t) on any mesh = no convergence !

[CFL-condition <> analytical domain of dependence C numerical domain of dependence

Example 17 (CFL-condition for wave equation in 2D).

0u
() =]0, 1%, wave equation 52 Au = 0, homogeneous Dirichlet b.c u) g = 0
5-pointstencil for discrete Laplacian >

» Spatial discretization: finite differences —
Sect. [1.6.1] on [equidistant fensor product grid , ‘
meshwidth h = /M, M € N

s Temporal discretization:
lexplicit trapezoidal rule (leap frog) (1.7.7)




1
@D = A~ (A= (4415 = Mi—1j = Mit1j — Hij—1 — Hij+1) -

Eigenvectors and eigenvalues of A [18], Sect. 4.1]:

- 4 [ [
- . - M1 9 2,112
10y = (sin(7lyi/M) 811r1(7rl23/]\4))2-,j:1 — Ay = 3 —5 sin (1 M) + sin (%WM) .
AL 8 5y M1 1
- sup = = —5 sin“(57 ) = |CFL: At < —==h|.
ferV € ME b2 M V2
&
32
More general:  FE Galerkin discretization of 52 Au = f, est space SRO(M)

— Sect. [1.6.3

From [27, Sect. [7.3], [27, (Z.3.7)]: for S?O(M)-Isljﬂn_e_ss_malﬂxlA and [mass mairix M

Amax(M™72AM Y2) &~ min{hy: K € M} 2 (constants depending on Ehape-regularity
Amin(M ™ 72ZAM™2) ~ diam(Q2)?  (constants depending on )

1.7



B>  CFL-condition: At < C min{hg: K € M} |,

with C' > 0 depending on €2 + shape regularity of FE mesh M.

Note: @.z1e) U smallest cell size limits timestep |
(big obstacle for (adaptive) local mesh refinement)

1.8 Convergence analysis

Note: use semi-discrete error estimates, Sect. [1.6.2
[1 only study temporal discretization error for (1.6.15) !

Focus: [explicit trapezoidal rule (leap frog) (1.7.7) for (I.Z.1)

Natural assumption: ICEL -condition (— Thm. [1.7.4)) satisfied:
At : N yne yug At 2 - — —
) HAHzaO>o o (l—apé Mé— ¢ Af>0 vEeRN

4 4

(1.7.16)

(1.8.1)

1.8
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ldea: (asin Sect.[1.6.2) Lax equivalence principle

stability + consistency =- convergence

& n(error term) = residual term

operator corresponding to fully discrete timestepping
guaranteed by CFL-condition !

d2
@zrn Mﬁﬁ(t) +Afi(t) = @(t)
A1) Soz(k) 4 k1)
azn : M ( g E B A = gy

B discrete leap frog evolution for error:  n(F) .= FN‘“) — ji(ty.)

h+1) k) L k—1)
(At)?

E y(errorterm) = residual term

Bound for residual source term

(k) Flern) — 2(2(;1{:2) + A1) AG(t) + Bty

(1.8.2)

1.8



by Taylor’s formula + (1.Z.1)

d4i

L]0, T[RY)

CFL-conditon [ conservation of positive (!) pseudo energy F\*T1/2) — @715), Sect.

1
2(At)?

0 sudy ek = (D — 0y MR — ) 1 LD AR (183

= pseudo energy of error .

(1.8.1)

<~ RTINS oD — )y MY ) 4 L) | Ay

2(At)?
(1.8.4)

77(/{—1—1/2) — (ﬁ(/@—l—l) —i—ﬁ(k)), 0<k<M-—1.

DO —

@8Z) O bound for ¢F+Y2) = pound for error 7th+Y/2)

Details:  for (modified) pseudo energy (%) .= @(h+1/2) 4 «@(k)r o @(k=12) with O = Cla, fi(t))

Ait(amw_a@)gcw)z( ek ¢ VER) = VER < VED L or . (A

1.8



Theorem 1.8.1 (Timestepping error for [leap frog). If the CFL-condition from Thm. [I.7.4 holds
strictly, the timestepping error ﬁ<k) = ﬁ(k) — [i(t;.) for leap frog timestepping (I.7.7) for (L.7.1)
with uniform timestep At satisfies
LAk ok-1) Ak) _ Ak—1)
- — M — +
with C' = C(M, A, “CFL", [i(t)).

- Afh < ot

Dol —

[ 2nd-order algebraic convergence of timestepping error for stable leap frog
—~——

(total) discretization error < spatial discretization error + timestepping error

Example 18 (Convergence of fully discrete scheme for 1D wave equation).

1.8



1D wave equation @ _ @ — 0 e Non Smooth|
atQ (9:1:2 0.8

on ]0,1[x]0, 1], homogeneous Dirichletb.c] ol

u(0,t) =u(1,t) =0,0 <t < 1. os)

Initial data: compactly supported “pulses”™ £ ost

upy = 'QD(QZ'), UO(QQ') — —’QD/(QZ'> 0.4t

(0 would give rise to solution u(x,t) = 03

Y (x — t) for[Cauchy problem — Sect. [1.3.2) Zj / _
initial conditions > '0 Conditions

| | | | | | | T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(1 cos?(2m(x — 0.25)) ,ifx € [0.25,0.75]

smooth pulse: ¥ (s) = ¢ | e CY(R), (1.8.5)
\O ,otherwise.
p
Az —0.25) ifx € [0.25,0.5]
rough pulse: (s) = < (@ RLES [ | e C'R) . (1.8.6)
0 , otherwise.

\

1.8



0.8 —\ 0.8

0.6

0.6

time
t

0.4

0.2 */ 0.2

0.4

0

0

ﬁeﬂective Boundary conditions Smooth data

, Lconditions (Non Smooth)

Exact Solution for Reflective Boundary

| | | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3
X

T |
0.4 0.5 0.6 0.7 0.8 0.9 1
X

Exact solution for v = smooth pulse Exact solution for 1 = rough pulse

finite element Galerkin discretization: S?O(M) on equidistant mesh M with meshwidth h = ﬁ

M eN — Sect.1.6.3

timestepping with (unconditionally stable) implicit trapezoidal rule

monitored errors:

(I.Z.10), uniform timestep At

lw = unll oo 0.7 2200,17)) = max lulty) — un(te)ll 200 17) - (1.8.7)
lu — U’NHLOO(]O,T[;Hl(}O,lD) ~ max u(ty) — UN<tk7)HH1(]()’1D : (1.8.8)

1.8



(norms evaluated by means of 2-point Gaussian quadrature on mesh cells)

L2—-Error Smooth Data
H' - Error Smooth Data

Error
Error

— — — L2 -Error Non Smooth Data

— — — H! - Error Non Smooth Data 2

10 L2- Error Smooth Data
H! - Error Smooth Data
10 12 - ‘2 3 1078 ' ‘2
. = ” 10 10
) Time Steps
Af — 0.0005 fixed. h is varied M = 1280, At varied

[1  Algebraic convergence as At,h — 0, faster convergence in L?-norm than in H!-norm, cf.
Thm. 1.6.1]

[J monitor errors (I.8.7) for varying At and M (smooth pulse initial data):

1.8



10"
107

10°

10

10"

error
error

10_6 10_2

-3
) 10
10°

10°

Approximate L>°(]0, T'[; L*(]0, 1[))-error Approximate L>°(]0, T'[; H*(]0, 1[))-error
&
1.9 Numerical Dispersion
OPu  50%u 1.9

Consider [Cauchy problem| for 1D wave equation; — — ¢"——= =0
| yp g 02 O p. 87




» spatial finite difference discretization on virtual infinite equidistant grid M, gridpoints T = 7h,
j €7 — Sect.1.6.]

» leap frog timestepping (I.Z.7), timestep At, [CEL-condition cAt < h — Ex.[18

()

B> difference equations for 1 ~ u(wj, ty):
kE+1 k k—1 k k k
5’ )_2M§)+M§ )+CQ—M§-+)1+2M§-)—M§-_)1:O keN,jeZ (1.9.1)
(AL 7 : , ] : 9.
ldea:

plug (restrictions of) plane waves (— Def. [1.3.2)) into (1.9.4)

[] discrete [dispersion relation], see Sect. [1.3.1]

plane wave grid function:  (exp(i(kx — Wt)»x:xj,t:tk into (1.9.4)

1 . . 2, .
. (At)Q (ezwAt _ 94 e—zwAt) 4 % (ezk:h _ 94 e—zkh) —0
)
At

Discrete [dispersion relation; sin(%wAt) = icf sin(%kh) (1.9.2)




0.8

0.6

Aliasing:  meaningful frequencies/wave vectors 0.4

7'(' 7'(' 0.2
—— < w < — _
At = T AL € 0 i
T T
- S k S _ -0.2f
h h N
(on equidistant grid)
-0.6F E a(
-0.8F —— high frequency
\7 aliased low frequency
1 | \J L\ \J

— I J
0 1 2 3 4 5 6 /

= (from ([1.9.2)): limit frequency for finite differences + leap frog on 1D [equidistant grid:

w| < W = min{i arcsin(cg) s (1.9.3)
- At h ' At
. dw A
cAt #h = discrete[group velocity cg(k) = — = const numerical dispersion,

cf. Def. [1.3.3

cAt # h = discrete phase speed c;(k) = d # ¢
\_ k W 1.9




35

T
—At=1
—At=0.95 1
3F|—At=0.9
At=0.85
2.5 < 08r
o) o
=
3 >
> =
- (8]
g 2 2 06
g g
g Q.
o =}
T 15 o
g 12 o
= )
> g 04}
© 2
1+ °
0.2
0.5F
0 | | ! ! | ! 0 L | | ! | |
0 0.5 1 1.5 2 25 3 3.5 0 0.5 1 15 2 2.5 3 3.5
wave vector k wave vector k

Discrete dispersion relation (1.9.2)), numerical group velocity for h = ¢ =1

= “magic timestep” c¢At =h [ no numerical dispersion

Example 19 (Consequences of numerical dispersion for discrete 1D wave equation).

0%u  0%u
s 1D wave equation 57 5t 0 on |0, 1[x]0, %[ homogeneous Dirichlet b.c] (0, ¢) = u(1,t) =
x
0,0 <t< 3.
» spatial discretization: finite differences on lequidistani grid, [meshwidthl & = 1073 1.9

temporal discretization: [explicit trapezoidal rule] (1.7.7)), uniform timestep At p- 90




» initial data: () = compactly supported “pulse”, vy o =0

Imagic timestep

At =h

(no dispresion)

Below: At = 0.95h

= numerical dispersion

0.45}
0.4fF

D 0.35F
0.3F

+— 0.25F

0.2F

0.1

0.05

[ ] [ ]
[ 1] [ ]
[ 1] [ 1]
[ ] [ 1
[ 1] [ ]

[ 1] [ 1]

[ ] [ 1
[ ] [ ]

J 1 1
01 02 03 o4 ﬁ 06 o7 08 o9

1.9
.91



0.45 Y Y 0.45
0.4F ' 0.4
0.35 /WM M/\ 0.35
0.3t f“”“”‘”"\ ﬁ“‘“"’“\ 0.3}
+— 0251 J | / | +~ 0.25F
0.2 ! v 0.2F
] —

0.15} ]MM‘W VAV 0.15
0.1F f‘ \w ,{ ‘"\ 0.1F

Rough initial configuration Smooth initial configuration

(broad spatial spectrum) (narrow spatial spectrum)

numerical dispersion [ different spatial modes travel with different speed

L progressive ruffling of wave form
&
Consider [Cauchy problem for 2D wave equation: —5 — AU = 0 D. 92

Ot2



» spatial finite difference discretization on virtual infinite equidistant grid M, gridpoints T;; =
(¢h,jh), 1,5 € Z — Sect.[1.6.]]

s leap frog timestepping (I.Z-7), timestep A¢, [CEL-condition v/2c¢At < h — Ex.[I7

B>  difference equations for ME? ~ u(x; j,ty) — Fig.
(k+1) (k) (k=1) (k) _ (K () (F) ()
A R B T e 0 R £ W 25 o W o W AP R\
(At)? h? " L, EL.
(1.9.4)

Discrete plane wave in 2D = grid function  (exp(i(k - @; j — wtg))), sz ren

P> [discrete dispersion relation

At 1 .
2( h2> (81n2(%k1h) + SIHQ(%]ﬂh))

For c = h = 1 (scaling !), timestep at[CELTmil Af = 1/v2:

sinQ(%wAt) =c

1.9
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Discete phase speed

2D finite differences + leap frog: Atat CFL limit,c =h =1

Discrete phase speed

2D finite differences + leap frog: Atat CFL limit, c =h =1

0.95
0.9

- 15

3
0.85 2

%)

a 1

=

o

=

o 0.5
08 a8

4}

o

0

O o

35

0.75

w(z)|

Discrete group speed |

k|

dw(x) ‘

0.7

0.6

0.5

0.4

dk

In 2D:

[]
[]

phase speed/group speed depend on direction of wave vector k !

numerical dispersion (in some direction) for all At (no|magic timestep

1.10
p. 94



1.10 Reflections

Example 20 (Reflections at “Dirichlet wall”).

d = 1: consider initial boundary value problem (IBVP) on R with Dirichlet boundary conditions

0*u  0%u ou
ﬁ—@:O, u(x,0) = ugp(x) , E@’O):O’ x>0, u0,t)=0,t>0. (1.10.1)
U<QZ, t])
Solution via ([1.3.3): t ~_
. ts
~ uo(x) Jifx >0,
up(r) = . ¢
—ug(—x) ,ifxr<O0.
t
(e, ) = $(Ug(x + ) + oz — 1)) . , PN
“odd” reflection at Dirichlet boundary >t /W\
(—= u(x,tj)) 0 , / \ .
S 10

p. 95



Example 21 (Reflection at material interface).

Consider [plane wave| solutions (— Sect. [.3.1)) to 1D wave equation on R x R™:

0*u 0 @22 2o, qmy=le >0 ifT<O,
ot? Oz or) et >0 ifz>0.

Incident wave for z < 0: 1 wuiyc(x, ) = exp(i(;=2 — wi)), x <0, >0

inz < 0: u(x,t) = reflected wave Reflected wave  Total transmitted wave
inz > 0: u(x,t) = total wave u T =0

Transmission jump conditions  [27, Sect. 2.9], [27, Lemma 2.9.1], [27, Lemma[2.9.3]

. ul,—g=0 |, [CQCC)%} 0= 0 Vt>0.

iy S _ 50y, o
» [ml’:() — uinc((),t) = e wt , {C (x)%} 0 = (C ) 0;?(: (O, t) = (’LWC )6 wit Vi Z 0.
(1.10.2)
Notation: -|,—o = jump of a function (across x = 0)
(. 1) — Retl=v/cz—wt) ,forz < 0, <« left propagating (reflected ) wave
u x’ — ) . . .
Teilw/eTa—wt) ,forz > 0, <« right propagating (transmitted) wave .

1.10
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——— + (L[I102)

: . ¢ Jet —1
reflection coefficient: R = — : (1.10.3)

|

2

transmission coefficient: 1" = — : (1.10.4)

1+c /c*

discontinuity in ¢(z) [ reflection of waves

Note: reflection of [plane wave| does not depend on £, w ! o

Remember — Sect. [1.9: different numerical wave speeds on different spatial grids !
— spurious reflections ?

0% B O0%u B
o2 ox2

Consider [Cauchy problem for 1D wave equation 0

Spatial discretization: |mass lumped| p.w. linear finite elements on non-equidistant infinite mesh

1.10
M = {lrj_q,z;]w;=jHforj € Z~,x; = jhforj e ZBL} . p. 97



Temporal discretization:

—~—g——

Difference equations for ugk) ~ u(w,ty)

( (k k), (k
uﬁﬁl—ng )+u§_)1 .
(k1) o (), (k1) 2 fory <0,
fi =20 1 k)1 1y (k) 1 (k)
J J J — ) 1 (}ﬂLH)No g -
< for; =0
(At)? V2 H+h) J )
M(_li)l_Q u@ n M(-k>1
= hJQ / for j > 0.
Seek discrete [plane wave| solution (incident wave)
/

(k) ei(k‘Hl‘j—wtk) o Rei(—k‘Ha?j—wtk)
’u] - Tei(khafj—wtk)

right propagating waves

yforg <0, ke Np,
,forg >0, ke Ny,

left propagating waves

discrete dispersion relation

discrete wave vectors k;, = kj,(w) and kg = kpr(w) from

(1.10.6) well defined & (L.I0.5) for y =0 O

linear equations for R, T’

leap frog timestepping, Sect. L.7.1.7], fixed timestep At < min{H, h}

(1.10.5)

(1.10.6)

1.10
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0.08 T T T T T T T T T 04

T
At=0.01

©w=0.50"
02 % At=0.2
0.07} et 035
’ w=0.1w
= & 03}
g 0.06 %—
©
o i<
n
g 0.05F % 0.25
= S
E :
£ 0.04 @ 02
x > -
— c
c ©
Q )
Q £ 0151
% 0.03 8
o o
o c
S i) o1
B 0.02F 8
< T
© g
0.05
0.01
! ! ! T ey B St 0
0 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 §X°] 1

fine meshwidth h
Reflection coefficient R = R(h), H = 1, Atat  Reflection coefficient R = R(w/w*), H = 1,
CFL limit h=3

Example 22 (Numerical reflections at grid interface).

0*u 0% . .
5 — = = 0on 0, 1[x]0, 1|, homogeneous Dirichlet boundary conditions
ot ox

u(0,t) =u(l,t) =0,0 <t < 1.

s 1D wave equation

1.10
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» Initial data: compactly supported “pulses™ ug = (z), vo(z) = —'(x)
(O would give rise to solution u(x,t) = 1 (x — t) for Cauchy problem — Sect. 1.3.2)

Here: 1) = “hat function” pulse supported on two leftmost mesh cells.

» finite element Galerkin discretization (— Sect. [1.6.3) in S?O(/\/l) with [mass lumping| on non-
equidistant mesh

MZ = {]:U;_l,x-_[::v._ — %j/M_,j =1,...,M_},

M=M_UM; | L | .
My = {]56;—_1,1';_[: :15';r ::%+%]/M+,] =1,...,M,}.

» [leap frog timestepping, At at[CEL limif (determined by finer mesh !)

Tracking of pulse propagation:

1.10
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0.8F 1 0.8} ]
I
0.6F ‘ /W\(\/Mﬁﬂ ; 0.6f eilh
M A AMAN A,
AN |
0.4f /\NWWMN 1 0.4f
v V

0.2 \ b 0.2

0 | | | | | | | | | 0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time
Time

My =4M_ = 800 M_ =2M4+ = 800
<&
Of course: reflection at grid interfaces also in 2D, 3D

simulation of wave propagation on unstructured meshes ?

1.11
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1.11 Local timestepping

Resolution of geometry ;"VA

resolution of materials i’i?‘i?‘i A"

N
U )\

AV)Afy g ‘(A(A
locally refined spatial mesh required

BUT: [CEL-conditionl At ~ hyiy, cf. (LL.Z.16)
L enforces small global timestep

Numerical dispersion (Sect.[1.9): At ~ h

N local timesteps adapted to local
meshwidth ‘VAVMVF'

Locally refined triangular mesh (M. Grote, J. Diaz, 'nv 4"’\‘
Univ. Basel) > 'A"_’_ '& >

t
Cht1 7 * ‘ ‘ To control numerical dispersion

t4 @ ® ® B> Matched refinementin space and time !
(cf. [magic timestep
thei | @ ® ® ¥4 locally refine space-time mesh
R .

1.11
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Consider (spatially semidiscrete) transformed equation (I.7.2) (for ¢ = 0):

~ ] ]
7o=M7"2[ < L5 A=0, A=M2AM 7. (1.11.1)

Focus: one timestep of two-step method (— Def. I.7.1):

PR~ Dt ), 1) ~ D) — R & U(t 1), fixed timestep At
Note: components of < spatial d.o.f. (“nodes”)
Partitioning: 7/(t) = (;;) = 7°0t) + 7 (t) = (Id — P)D(t) + Pi(t) , (1.11.2)
iagonal projection matrix, entries € {O 1}.
nodes located in “coarse zone” L[] large timestep St e e e e e e
7 7

P =di
Ut ( ) —
7/ (t) «— nodes located in “refined zone” 0 small timestep

d (U, Acc Ay,
— (Y 0. 1.11.3
> G = @ (Vf) " (Acf Aff> ( f) R
use solution formula for (LI1.1) (At = large timestep)

ldea:
Pt + At) — 20(t) + Dt — At) = —(AD? [T (1 — | ATt + EAL) dE .
) ) ) (1.11.4)
F(k+1) (k) 7(k—1)
() = (Id = P)M), 1 <t <ty

+ freezing of U°(t): | U°(t) =

1.11
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1
g1 —opk) o k=1) — _ (Af)? / (1—|g|)( (Id — P)i/k) APﬁ(tk+gm>) d¢

(L114)
=2ty + At) — 2p(ty,) + plty, — At)

where p(t) solves

d - -
i+ AP = —A(ld ~ P)i%) for t, — At <t<t,+ At, (1.11.5)
0

d ( pu(t) Asc) - Acc) (k)

— | 5 t) = — : 1.11.6

12 ( f(t)> (Aff f( ) Acf Ve ( )
What do we gain ?
o <« ﬁf -
® < pg, notconnected with ¢ T T T T T T T T T T T

< “coarse node” linked to ﬁf “coarse d.o.f” “fine d.o.f”

Note: trivial evolution for e !

“Initial” conditions for (I.11.5) ? pty) = Pk, 7 (tk:> 0

ensures [reversibility| of timestepping

1.11
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[] partitioned [eapfrog| timestepping
gD opk) o ph=1) = G+ At) — 250ty + plt, — AL) (1.11.7)

Approximation of p(?): leapfrog timestepping for (L.11.5):
» smalltimestep At/M, M € N (~ [magic timestep| for fine mesh),
» exploit symmetry p(t;. — At) = plt;. + At).

Example 23 (Local timestepping).

2 2
s 1D wave equation % — % = 0,0 < z < 1, homogeneous Dirichlet boundary conditions
u(0,t) = u(1,t) = 0 = perfectly reflecting b.c.

» [nifial conditions — w/(x, t) = smooth pulse (I.8.5), initially travelling in +z-direction, cf. Ex. 18

» “Coarse zone” |0, %[ — uniform meshwidth H, “refined zone” ]%, 1] — uniform meshwidth A.

[] Simulation: H = 6_10’ at CFL limit At : H =1
[moviel bouncing bump: accurate solution, little spurious reflections

[1 largest eigenvalue o4« (in modulus) of discrete evolution operator < stabiliity, H = %, for
different CFL-numbers At : H



1.6 Hih=2 | 1.003} H/h=2
H/h=4 H/h=4
15r H/h=8 H/h=8
H/h=16 1.0025F H/h=16
1.4}
1.002
5 130 5
1S 1S
© © 1.0015f
1.2 7 ” ‘
1.1} i 1.001} ‘ ‘ )
T VPP mmmmﬂﬁmm _ 1.0005 | A/\ J\ ’ A H A ‘ ‘ A i
0.9} 1{\/\/\ i H IR HMH ‘ \H L
01 02 03 04 05 06 07 08 09 1 028 03 032 034 036 038 04 042 044 046 048
At/H At/H

[1 problematic: stability of local timestepping

Work in progress: [1 CFL-conditions for partitioned leapfrog scheme by energy methods
(M. Grote, J. Diaz) I Analysis of numerical dispersion/reflection
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1.12 Absorbing boundary conditions

d =1, =]0,00[: IBVP for wave equation on unbounded spatial domain

2
%—§<Cz<x>%):0 on X0, T[, e(x) =1 foraz>1.
T X

u(z,0) = up(z)

0

g7 (x,0) = vp(x)
Spatial discretization of (1.12.1]) impossible !

(1.12.1)
reQ, u0,t)=0,t>0: supp(ug),supp(vg) C|0,1].

Idea: [ restrict spatial discretization to convex “interior region” D :=|0, 1]
(truncation of €2)

[l impose special absorbing boundary conditions (ABCs) at x = 1, such
that the truncated problem has the same solution as (1.12.7)).

d > 1: Q = R% unbounded spatial domain [ [Cauchy problem
0u
ot?

u(x,0) = up(x)

— divg (C(z) grad,, u) = f(z,t) inRx]0, 77, (1.12.2)

ou

o (@.0) = wlx), z€ R? (1.12.3)
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with C(x) =1 ifx ¢ D, “interior region” D C R? bounded,
f(x,t) =0, ug(x) =0, vg(x) =0forx & D

[] truncation to D: spatial discretization only inside D
+ absorbing boundary conditions at 0D

1.12.1 Dirichlet-to-Neumann (DtN) absorbing boundary con  ditions

Consider d = 1, (I.12.1): ABCs have to be transparent for outgoing solutions wu(x,t) = ¢ (x—t) :

B{y(x—t)} =0 for spatio-temporal boundary differential operator 13 .

B  B=(Z+)| = ABcs 21,1+ (1,t)=0 Vt>0. (1.12.4)
Neumann data at x = 1 %Dirichlet dataatx = 1
Note: ABCs ([1.12.4)) are local in space and time

ABCs (1.12.4) = boundary conditions of impedance type (+— DtN)

1.12
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Example 24 (Absorbing boundary conditions for 1D wave equation).

0? 0°
1D wave equation a—tg — 46‘—126 = 0on|—2,2[x]|0,1[, ABC .1Z4) at z = —2, © = 2 (— Cauchy
x
problem)
(1 — 2?3 exp(—2?) for —l <z <1, 3 |
» ) = U w(x,t) = 50(x + 2t) + 700(x — 21

» Finite element Galerkin discretization (— Sect. [1.6.3) on equidistant mesh, h = ﬁ

s timstepping: implicit trapezoidal rule| (1.7.10) + symmetric finite difference discretization of %

1.12
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Potential and kinetic energy

1D Wave equation with ABC 8
Epot
Ekin
T EtOI I
6 -
L T
5 -
>
=g
o 4
c
= m
/v\ 3
o
2 -
k 1
o | | | |
0 0.5 1 1.5
| | | t t ] t

-2 -1.5 -1 -0.5 0 0.5 1 1! 2

Behavior of kinetic, potential and total energy

Snapshots of pulse being absorbed (inside D) during absorption.

absorption of propagating bump

Absorbing boundary conditions in higher dimensions ?
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no Dirichlet-to-Neumann
ABCs ford > 1!

wave escaping through x € 0D will hit (far

: >
away) y € dD after some time.
[ Approximate Dirichlet-to-Neumann ABCs ?
[1 Simplest option: use (L.1Z2.4) locally in every x € 0D

0
Sommerfeld ABC: gradu(x,t) - n(x) + a—?;(w, t)=0 for(x,t) € 0Dx]0,T].

= first order approximate Dirichlet-to-Neumann absorbing boundary condition
(flexible, but inaccurate)

1.12

[0 Special option:  convolution-based approximate Dirichlet-to-Neumann ABCs p. 111



Consider (LIZ2) for d = 2 with D = B1(0) = {x € R”: x| < 1} (unit disk)

[0 solution u(x,t) = u(r, ¢, t) of (LIZ.2) satisfies for » > 1.  (polar coordinates (7, ¢) )

0%u B 0%u ~1ouw 1 0%u B
o2 or? ror riop?

0. (1.12.5)

seek causal DtNmap S : L2(|0, T[: HY2(8D)) — L]0, T[: H~Y2(dD)), Su := %‘Tzl

(Su)(-,t) only depends on “past values” u(-,7) for 0 < 7 < ¢

> Fourier series expansion w.r.t ¢ € 0,27 + Laplace transformw.r.t. ¢ (a € R):
(0 http://en.w Ki pedi a.org/w Ki/Lapl ace transtorm

a+100

u(r, o, t) = QLm Z / Un(r, $)e™P T80 ds Wy, {r > 1} x {z € C: Re(z) > a} — C .
N€Ly—joo
(LIZ5) N 100 2
B s°Un(r,s) — J un(r, s) — —%(r, s) + n—ﬂn(r, s)=0 VYneZ,r>1, Re(s) > «.
Or? r or r?

(1.126) .,
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http://en.wikipedia.org/wiki/Laplace_transform

(1.12.6) = modified Bessel differential equation: we seek bounded solutions

- ﬂn(r,s):[;jgj))un(l ) = a;fla 5) = 28 n(1, ) . (1.12.7)

=:kn(s) kernel

K,, = modified Bessel function of order n, n € Z [1, Ch. 9]. (MATLAB: bessel k( nu, z), [
mat hwor | d. wol f ram com Mbdi 1 edBessel Funct1 onoft heSecondKi nd. ht m)

B L ! =inverse Laplace trf. (u(r,t) = 0 for r > 1 and small t 1), F = Fourier series transform.

ou

(1, ,t:]:_1<£_1k t)* (Fu(l,-,t t) ,

5 (Lot) = F (L7 Ra)(0) * (Full,- 0)a)(D)
with * = temporal convolution: (f * g)( f() f(t—7)g(7)dr.
Temporal convolution ! What to do ?

ldea: rational approximation of convolution kernel £, (s)
N o3
k ~ k = UEUL eC, =z e C, Re(z <0,
n(s) n(s) 7%_:1 S+ Znm On,m n,m ( n,m)

(1.12.8) 1.12
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mathworld.wolfram.com/ModifiedBesselFunctionoftheSecondKind.html

P 100 P

. 1 B exp(st) B L
residual theorem [39, Ch. 13] = (L™ “k,)(t) = ﬂ; Bn.m / P ds = ﬂ; Bn.me :
B P
B (L7 k) * (Fu(l, )n)(t) = ) Bum / e~ #nmt=T)(Fay(1, - 7)) dr .
m=1 LU - ~

At
Tanlt + 88) m =D (t) + [ BTN - 2 () + F S+ M) dr
0
(1.12.9)
f(t) = ((Fu(l,-,t)n)(t) = (implicit) “timestepping formula”

P
= (Su\r:1)(%t) ~ F1 (Zml ﬁn,m]n,m(ﬂ) : (1.12.10)

B nez
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Implementation:

(FE Galerkin discretization on triangular mesh of ;|

D with uniformly spaced nodes on 0D)

s F < DFT (via FFT) on 9D N V(M),
t{0D N V(M)} Fourier modes

(another approximation !)
s use '

timestepping

s [On,m by rational least squares approximation
of ky(s) on imaginary axis [3] by function
p(2)/q(2), p, q polynomials, deg ¢ = degp + 1.

Rational approximation (1.12.8) possible ?

Idea: “subtract asymptotics” L[]

in connection with [eapfrog -2

<]

D
AV
TN

¥

N
Yo
N
o

Kvavss
o
i
s
e

'\
VaY
K
N
QA <N
b
P
,
</\
Pan

kn(s) from @IZ7): |ky(s)| — oo for |s| — oo !

modified kernel ky,(s) =

kn(s) —|—S—|—%
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' ' roximation (1.12.8)
ired number of poles in rational app
Require
Remark 25 (
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50

required number of poles P in (1.12.8) for 1" = 10, l

sup |kn(i€) — kn(i€)| < e, (1.12.11)
EeR I

e = 1078, and rational best approximation %n of ky,.

o 25

20

Lemma 1.12.1 ((n, €)-asymptotic of P [2]).

15F

11,21 J —
P(e,n){0<logmoge+log ;) forn >0,

| O(log T log %) forn =0. T
1.12.2 Perfectly matched layers (PML)
ldea: “absorbing material” in exterior region:

I no reflections at inter
| fast decay

(material = coefficients p(x), C(x) in (LLI3)/(L1.1))

nuation) of outgoing waves (away from D)

10°
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Design of absorbing material in 1D:

d = 1: [Cauchy problem| for wave equation with variable coefficients:

o2l 2 (26 ) =0,

o2 Ox ox
(z) = I ,forx <O, (z) = 1 ,forx <O,
P p* Jforx >0, T ~* forx > 0.
L - VT
reflection coefficient, cf. ; R = : 1.12.12
> (1.10.3) TV ( )
(Terminology: +/p*~* = wave impedance of material (p*, ™))
—
p*v* =1 < noreflectionsat z = 0!
Dispersion relation for x > 0 (plane wave u(x,t) = exp(i(k(w)x — wt)))
x 2 * 2 pry =1 o *
prw'—7kw)r =0 "=  kw==%pw. (1.12.13)

1.12
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[ Im(k(w)) > 0| < exponential decay of outgoing waves for © — oo

. o .00
Desirable: attenuation independent of frequency w [ pr=1+ e 00> 0. (1.12.14)

How to make sense of complex p*, v* ?

time domain frequency domain
! perspective: frequency domain <« temporal Fourier transform  wu(z,t) o o uU(r,w)
0 .
7 o (—iw)
in frequency domain 2(1 + io0/w)T(z, w) o L du 0  (1.12.15)
L —w 1 u(r,w) — = 12.
- Aueney Kt Ox \ 1+ ioo/w Oz
. N 1 ou
T newvariable v :=—
—iw + o Ox
ov
(—it + o), w) = 5-(z,w) = 0.
ax (1.12.16)
(—iw + 0g)0 (2, w) — a—“(x W) = 0. 1.12
X
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Ov

(= + og)u(x,t) — —(x,t) = 0,
in time domain: (.12.16) e o ot Ox

(=— + og)v(x, t) —@(x t) =0

at O 9 agj .

(1.12.17)

(LIZ217)= wave equation for perfectly matched layer (PML) in 1D

Coupling: PML + wave equation (.12.1): a single 1st-order system ! (— [1.5.2)

0 0
Srl@.t) +olwulr ) = ==(r.1) = v
0 0
oo, t) +o(a)o(, ) — Pa) o (2,) = 0.
uniformly positivel ,if0 <z <1, 0 0 <o <1,
c(r) = . o(z) = .
1 Jfx > 1, >0 ,ife>1.
f generalization: variable absorption coefficient: oy — o(x)

@ Again, spatial discretization of (1.12.18) requires truncation of spatial domain

(1.12.18)

(1.12.19)

1.12
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ldea: Truncation (mostly) harmless !

[J outgoing waves decay exponentially away from D
(setting u «<— 0 has “exponentially small impact”)

[] “practical” PML system « (1.12.1)
ou ov

—(z,t) + o(x)u(z, t) — —(x,t) = v,
O ” gw in |0, L{x[0, T, L>1, (1.12.20)
T, t) + ola)ole, 1) — Ala)a(z,t) = 0,
ot O

u(L,t)=0 forO0<t<T, u(x,0)=ug(x), v(,0)=0, O<z<L.

L
B> PML reflection coefficient Rpyip, = eXp<_2/ o(z)dz) (1.12.21)
(no reflectionsatx = 1) 1

Note: no equivalent 2nd-order wave equation for o = o(x):  spatial discretization ?

1.12
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[1  Hybrid variational formulation (in space) of system (1.12.20):

seek u :]0, T'[— H(]0, L[), v :)0,T[— L*(]0, L)

L L L
fﬁ—gwdaj + [o(x)uwdr + fvawdx = [vwdz Vwe HI(0,L]),
v v 0 (1.12.22)
fa—qtjqu + [o(z)vgdr — {c(w)a—qux = 0 Vg € L2(]0, L) .
0 0
(Simplest) spatial Galerkin FE semi-discretization on mesh M of |0, L|:
s ult) = uy(t) € S (M) € HI(0,L[) (— Sect. [E3)
s U(t) = un(t) € 80_1(/\/1) c L%(]0,L[) = p.w. constants on M
Timestepping: semi-explicit trapezoidal rule, cf. (I.Z7) (“dissipative” [eap frog):
k+1) (/f> L ( D, k) L (k) Ow L
f Ny de + [0 5 Ny dr 4 va grdr = [vwydr,
0 0 0
L (k+1)_ (k) L (k+1) (k) L (k+1)
fv gy dr + favN 2+UN gy do chauN gydz = 0.
0 0
(1.12.24)
for all wp € S?O(/\/l), qN € 80_1(/\/1).
Example 26 (Perfectly matched layer in 1D).
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Cauchy problem for 1D wave equation, ¢ = 2, interior region D =| — 2, 2|, u(z, t) as in Ex. 24

s PMLlayer: L =22 [0 computational domain | — 2.2,2.2[, o(x) =
o(x) = 0 elsewhere.

op for 2 < |z| < 2.2,

» Galerkin (lowest order hybrid mixed) finite element discretization (see above) on equidistant

mesh, meshwidthl »~ = 0.0044

» uniform dissipative leap frog timestepping (I.12.24), uniform timestep At = 1.5 - 10~%.

Monitored: fully discrete evolution of u(x,t), —2.2 < x < 2.2, for different

g0

absorption coefficients

1.12
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1D Wave equation with PML 1D Wave equation with PML

oo = 1000 op = 6000 > reflections !
on = 100, on = 1400

Observation: large jumpino(xz) [ spurious reflections at PML boundary
(artifact of discretization — Sect. .10, Ex. 22) &

Remark 27 (Practical choice of PML absorption coefficient). 119

p. 124


file:PML_1D_const_1.avi
file:PML_1D_const_14.avi

0.4

0.35f

Unless spurious (numerical) reflections interfered:

0.3

Any thin PML layer already

o oo= perfectly transparent, cf. (1.12.21) 0.25)
Practice: o o2f
e o/(z) small where waves still strong 05|
e o/(x) large where waves already damped oa
Choice: parabolic profile > 0.05

1.12
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QpML
(Heuristic) PML in 2D for simple D: I
rectangular interior region D =] — 1, 1[° > D 1
2
Qpwnp, =] — L, L[P\D
L > 1.

Approach: use 1D PML ([L.12.17)) (in x-direction, xo-direction, or both) inside (2py g,

Technique: split w = wuy +uy — split PML
T
0 0
S @ 1) For@ui(@. 1)~ 5w, 0) = Jun.
c’?ug 6@2
W(wat) T UQ(w)UQ(w7 t) _ a—@(w7 t) — %UO , 1IN QPMLX]07 T[ ,

N o t) + (Ul(w) ( >> v(z,t) — C(x) grad(u; +ug)(zx,t) = 0. p.156



ui(x,t) =0 , wus(x,t) =0 ondpyy,x]0,T7,
up(x, 0) = ug(x,0) = Sup(z) , v(x,0)=0 forx € Qpyy, .

0'1(£B> 0

Choice ofabsorptlontensor( 0 o)

op>1 forl <|zy| <L,
g9 >1 forl <|xo| < L,
o1=0, o09=0 -elsewhere.

)

QpML
o> 0,09 >0 agg >0 01> 0. 09 3 0
oy >0 oy >0
O'1>0,0'2:>O 0-2>O 0-1>0,0'2:>O

[1  Discretization: [hybrid variational formulation

Example 28 (Rectangular PML in 2D).

0%u

[Cauchy problem|for ——u — 4Au =10 in ]R{2><]O, T|

Ot?

1 — 3. —0.000172) . if 0.2
ug(a) = 4 (L 1m0)" - expl ) <o, e N
Jfr > 1o, 0.2

0

=
, cf. (I.I12.22) + dissipative leap frog, cf. (1.12.24)
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interior region D =] — 0.75,0.75[%, computational domain Qpyp, =] — 1, 1[%

Galerkin (lowest order hybrid mixed) FE discretization on “structured” triangular mesh —

Fig.II (uy(t) € S (M) — Sect.[LE.3, vy p.w. constant)

uniform dissipative leap frog timestepping, timestep At = 1.5 - 1073

I _JDSM: ]

. parabolic profile for absorption coefficient
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One-dimensional scalar conservation

2 laws

2.1 Conservation laws

X ]

X

X ]

() ¢ R = fixed (bounded/unbounded) spatial domain (¢ = R = [Cauchy problem

~

computational domain: [space-time cylinder €2 := 2x]0, T'[, T' > 0 final time

U C R" (m € N) = phase space (state space) for extensive quantitities u; (usually U = R™)

Conservation law for transient state distribution u : Q — U: u = u(z, t)
for (almost) all £ €]0, 7|

—/udw+/ u,x) ndS(x) = / (u,x,t)dx V “control volumes” V' C ). (2.1.1)

change of amount mflow/outflow production term

2.1
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> Flux function F:U x § s R™¢.
Assumption: F' only depends on local state u, not on derivatives of u!

> source function s: U x Qx|0,1|— R ( s = () «» homogeneous conservation law,
) g
will mainly be considered)

> Integral form of (Z.1.1):

/u(m,tl)da:—/ u(x, tp) dm+// (u, ) -ndS(x)dt = //s(u,w,t)dxdt (2.1.2)

V to OV V
forall V C),0<ty<t; <T,n = exterior unit normal at 0V

P> [Gauss theorem] (local) differential form of (2.1.1):

%u + divgF(u, z) = s(u, z,t) in Q| (2.1.3)

div acting on the rows of matrix F

+ [initial condition u(x,0) =ug(x), e

2.1
Suitable boundary values on 0§2x |0, T ? — usually tricky question (F-dependent) b, 130



Example 29 (Advection of a density).

Given: (stationary) velocity field v : Q) +— RY, v = v(x),

density (concentration) 1w : §) — R (u = u(ax, t)): fV u(ax,t)de =massin V C ) attime ¢.

Conservation of mass L[] (linear) advection equation

/(wtl)—uwt() dw+// (x,t)V(x) - ndS(x)dt=0 VV CQ0<ty<t; <T
tg OV
)
ou o~
E—I—dww( v)=0 inQ. (2.1.4)

@I14) = scalar (m = 1), linear conservation Tawi with flux function F(u,x) = uv(x)
(describes distribution of matter carried along by velocity field v)

Boundary conditions: prescribe u(-, t) at inflow boundary T3, := {x € 9Q2: v(x) - n(x) < 0} N

2.1
p. 131



Remark 30 (“Elliptic” flux functions).

fm =1, F(u,x)=—gradu O @EI13)becomes parabolic heat equation, cf. [27, Sect. [Z.1].

0 ifF(u,x) =F(Du,x) O divgF(u,x) (non-linear) (potentially) elliptic differential operator
— “elliptic flux”/“diffusive flux”

[1 theory and numerical treatment of (non-linear) parabolic evolution problems — [27|, Ch. [7]

AN
d=1,m=1 « (2.1.3) =one-dimensional scalar conservation law for “density” u : QR
0 0
a—?(az t)+ o (flulz t), 2)) = s(u(z,?),2,t) inla, B[x]0,T], 0, f €RU {00} . (2.1.5)
T
Simplest case, cf. Ex.29: constant linear advection:
0 0
6—?(:}3,75) + va—z(x,t) —0 inla, B[x]0,T]. (2.1.6)

2.1
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Example 31 (Burgers equation). m=1,d=1)
u = u(x,t) = velocity of fluid with constant density (confined to “1D container” €2 :=|a, 3|C R)
[0 flux of linear momentum  f(u) = %u -u  (“momentum u advected by velocity u”)

Conservation of linear momentum (~ u): forall V' :=]xzq, z1[C Q]

X1 3]

/ (z,t1) — u(z, t0>dx+/1 2(w1,t) — su(zp,t) =0 YO<tg<t; <T
0 to

>4 \ /

Vo . N
change of momentum in V/ outflow of momentum

T
(9u (9 1 2 i
E+6_x(_ )_o in Qx]0, 77 . (2.1.7)

(Z.1.7) = Burgers equation: homogeneous one-dimensional scalar conservation law, f(u) = %uQ

boundary conditions:  depend on direction of velocity: “u(a,t) = ug(t), if u(a,t) > 0”

2.1
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Remark 32 (Particle model for Burgers equation).

» particles with velocities v; € R and trajectories x; : [0,7] — R, i € I C N.
no collision (] x;(t+ At) = x;(t) + v;At, At >0

» size of particle 7: hi(t) = diam{xr € R: |z — 2;(¢)| < |z — x(t)| Vj # i}
. o L o hivi + hjv;
» perfectly inelastic collisions of particles 7 and j: 1,7 — k: v} =
h; + h]‘

reconstruction: u(x;(t),t) = v; A
2.2 Characteristics
Focus: [Cauchy problem| (2 = RR) for one-dimensional scalar conservation law (2.1.5):

ou 0

— + — =0 in Rx 0,71

. ot + O <u> In X] ) [ ) (2.2.1) 2.2

u(x,0) = ug(x) inR . p. 134



Assumption: flux function f : R — R smooth (f € C?) and convex

Definition 2.2.1 (Classical solution of Cauchy problem). u € C'(R x [0,7T]) is a classical
solution of (2.2.1), if (2.2.7)) is satisfied pointwise.

Definition 2.2.2 (Characteristic curve for one-dimensional scalar conservation law).

Acurve I' .= (v(7),7) : [0,T] — Rx]0,T] in the (x,t)-plane is a characteristic curve of
@.2.0), if
d
Za(r) = M), 7)), 0T <T, 222)
T

where u is a classical solution (— Def. 2.2.1)) of (2.2.1)

2.2
p. 135



fast —

«— slow

ot

X

Example 33 (Characteristics for advection). Con-
stant linear advection (2.1.6):

[0 characteristics y(7) = v7 + ¢, ¢ € R.

>
solution wu(x,t) = ug(x — vt)
meaningful for any v !
(cf. Sect. [1.3.2)
&

<

£

x — t-diagram

d (1) = s(x,1) .

"

speed of interface

)

X

2.2
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Lemma 2.2.3 (Classical solutions and characteristic curves). Classical solutions of (2.2.1]) are
constant along characteristic curves.

B>  Characteristic curve through (x(,0) = straight line (zg + f(ug(zg))7,7), 0 < 7 < T'!

12 implicit solution formula for @Z21) (f’ monotone !):

u(z,t) = ug(z — f'(u(z, t))t) . (2.2.3)

for Burger’s equation (2.1.7):
(f(u) = Lu? smooth and strictly convex)

0.8

0.6

> f'(u) =u (increasing)

E
04r 1 < if ug smooth and decreasing
02} | [1 characteristic curves intersect !
. [ solution formula (2.2.3) becomes invalid

ol

I I
-15 -1 -0.5

O.‘5 i 15 p. 137



1 1k
0.8f 0.8
0.6 0.6
0.4F 0.4
0.2r| —t=0.00 0.2
—1=0.50 —1t=1.30
—1=0.80 —1t=1.35
—1t=1.00 —1t=1.40
o ——t=1.20 oH — t=1.50
t=1.30 —t=1.70
15 ) 05 0 05 1 15 15 ) o5 0 05 1 s
t < 1.3: solution by (2.2.3) the wave breaks: “multivalued solution”

Theorem 2.2.4 (Local in time existence of classical solutions). — [29, Lemma 2.1.2]
ug € CHR), f € C*(R) convex: a classical solution of (Z21) exists for

ifk >0,
— K

. ko= inf {f"(ug(z))up(@)} -

ifk <0 reR

ou

&v("”HLoo(R) — o fort — T,

If £ < 0, ‘blow-up” ‘

2.2
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Proof.

>

Remark 34. Breakdown of classical solutions even for smooth wu

occur with (2.1.9)).

Example 35 (Solution of particle model for

=
T

o
©

o
o]
T

o
3

t=0.00
t=0.20
t=0.30
t=0.40
t=0.50
t=0.60
t=0.80
t=0.90

velocity
o o
(6] »

I
I

o
w
T

o
)

©
[

o

T~ = earliest time at which characteristic curves intersect, [8, Thm. 6.1.1].

breakdown of classical solutions & Ex. []

new concept of solution of (2.2.1)

non-linear effect (does not

JAN

Burgers equation). — Rem.

ICauchy problem

for Burgers equation (2.1.7):

|

Simulation for 7' = 1 based on particle model,
1000 particles, z;(0) —& 4 2i/1000, i
O, ce ,999, UZ'(O) = UO(ZCZ(O))

cos2 T for0 <ax <1,
0

<

un(x
O< ) elsewhere

< linear interpolation of (x;(t), v;(t)), t fixed

. evolution of particle solution|

o
3
o

2.3
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2.3 Weak solutions

ldea: weak (distributional) interpretation of partial derivatives in (2.1.3)

— [27), Sect. 2.6], [27, Def. 2.6.1]

Definition 2.3.1 (Weak solution of Cauchy problem for scalar conservation law).
Let ug € L°(R). u : Rx]0, T[— R is a weak solution (solution in the sense of distributions) of
the [Cauchy problem| (2.2.1)), if

(oo o0 i
u € LP(Rx|0,T[) A / /{quLf( } dtdz + / uo(x)®(x,0)dr =0,
—o0 0 —00
forall® € CJ°(R x [0,77).

[ u weak solution of @Z21) & u € C! <=« classical solution of (Z.2.1)

Remark 36. Vug € L(R): wu(x,t) = ug(xr — vt) = weak solution of Cauchy problem for constant

advection %;L + vg“ =0 — Ex.33 2.3

A
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“Space-time Gaussian theorem”

t
ou O
5 + 5‘xf(u) =0 (2.3.1)
0
div(, 5 (ng)> =0 inQ. (2.3.2)
B for any “control volume” V C n
fu(@))) (nz(x) ~
/ ( u(@ ) (nt@) 45(@)=0.
oV
~ T X

n = (ny,ns)" = space-time unit normal

N weak solution of (2.3.7)) satisfies (2.3.2)) in weak sense — [27, Def. 2.6.1]]

~

2.3.2) for space-time rectangle V' =|xq, z1[x|tg,t1| O integral form of (2.3.1), cf. @I1.2):

T | t th
w(x,t1)de — | u(z,tg)de = | flu(zg,t))dt — | flu(xzg,t))dt. (2.3.3)
R e

u satisfies integral form (2.3.3) 2.3

50 .
u € Ljg (Rx]0, T') weak solution of ( ) foralmostall xg < x1,0 < tp <t < T. p. 141



Theorem 2.3.2 (Rankine-Hugoniot jump conditions).
Clcurve I := (y(7),7),0 < 7 < T,

~

Q= {(z,t) e Rx]0, T[:z < v()} , Q :={(z,t) € Rx]0,T[:z > ~(t)} .

u € LlOC(RX]O’TD and u,~ can be extended to u; € Cl(Ql) U € Cl(Q ) satisfy

|Ql | r
at + axf( u) = 0 in a classical sense (— Def. 2227 in QZIQT. Then v is a weak solution (—
Def. 2.3.7)) of (22.1), if and only if

() (7). 7) = ur (), 7) = Faaa(7), 1) = flur (), 7)) WO<T<T.

Terminology: (2.3.4) = Rankine-Hugoniot (jump) condition, shorthand notation:

, . dy . . N
S(up —up) = f1— fr| , §:= . “propagation speed of discontinuity (2.3.4)
T

2.3
p. 142



Proof. — [29, Lemma 2.1.4]

Existence of weak (space-time) divergence

0

“normal continuity” of piecewise smooth
vectorfield (f(u), u)’ !

[1 cf. compatibility condition for Sobolev space
H (div, ©2), [27, Lemma 2.9.3]

Remark 37. Thm. [2,.3.2 generalizes to partitioning of () into several ‘sub-domains”

Caution when “manipulating” conservation laws:

Burgers equation — Ex. 31

22U ou 20u

> 2u—+2u"—=

ot ox

2.3
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w = u .

Discontinuity separating two states u; = 1, u, =0 Thm.23.2] speeds = {

Burgers equation (2.1.7]) equivalent to

ow
Ot

o .
toflw) =0, flw)=3u??? (2.3.5)

12 for 217 ,
2/3  for (223.5) .

[ Manipulations involving differentiation (chain rule) may only be valid for classical solutions ! |

2.4 The Riemann problem

Consider:

ICauchy-problem

(2.2.1) for piecewise constant initial data

Definition 2.4.1 (Riemann problem).

weR ,ifxe<0, .
uo(x){ l

= Riemann problem for (2.2.1)) 24

u €R ifx >0, p. 144




Assumption, cf. Sect. 2.2

[N f' non-decreasing [ pattern of characteristic curves for Riemann problem:
1 s
0.8 0.8
_ 0.6 » 0.6
%O char. §° char.
0.4r
0.2

flux function f : R +— R smooth & convex

0 AL ]

1
|

| | | |
-1.5 -1 -0.5 0 0.5
X

intersecting characteristics

|
1

J Il Il Il Il
1.5 -15 -1 -0.5 0 0.5
X

diverging characteristics

4.0

2.4
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2.4.1 Shocks

Definition 2.4.2 (Shock). If I is a smooth curve in the (z,t)-plane and u a weak solution of

(2.2.7)), a discontinuity of « across I is called a shock.

Thm. 232 [0 shockspeeds <«

(g, tg) €1 § =

Rankine-Hugoniot jJump conditions|.

flug) — flur)

UZ_UT

)

Lemma 2.4.3 (Shock solution of Riemann problem).

u(x,t) =

IS weak solution of

u; forx < st
wy forax > st

Y

Riemann problem

;o flup) — flur)

S = , reR 0<t<T,

UZ_UT

(— Def. 2.4.7)) for (2.2.7)).

uy = lime g u(zo — € tp) ,

up o= lime g u(xg + €,10) - (2.4.1)

2.4
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uo(x)ll

u O(X)/ t

Riemann problem: Burger flux

Riemann problem: Burger flux

Riemann problem: Burger flux

1 7/ 1 N 1 7/
A, LN N
/// e ///
4 T r— i m—
e (/)] ) 1777 5 ||/ N, P ||/
/111 i /1))
111110 e 1111
T S | T
Ay ATaTaNaaas i AR /11111
Burgers flux f(u) = %uQ, u; > uy:  characteristic curves impinge on shock
o 7777 — s LTI 777777 —ae [T
08F 74/////// 0.8l ////////// 08 ///////////
01////// /1)) NI AN s
I W s W,
1) % 2 T,
I 0000 T W00
11111/ ) ///////////
V//////)/ /11117 V222
o LI /1IN NNy i aaamsaanans AUVAAAAIS
Burgers flux f(u) = %uQ, u; < up:  characteristic curves emanate from shock

(expansion shock)

2.4
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2.4.2 Rarefaction waves

Conservation law (2.3.1]) homogeneous in spatial/temporal derivatives:

ou 0 o n Ouy 0 o n
8t+8xf<u>_0 inRxR"™ = a—+%f(u)\)—0 inR x R™ |
uy(x,t) = u(Ax, At), A > 0.
B try similarity solution: u(x,t) = (x/t)

—== — insertin aﬂLa flu) =

Fl @ (/) (x/t) = (/o) (oft) Ve e R,0<t<T.
B V=0 VvV fRw)=w & Pw) =) " w).

f/ strictly monotone !

2.4
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mann problem)

Lemma 2.4.4. (Rarefaction solution of Rie-

If f € CQ(R) strictly convex, u; < uy, then

— ) (ul forz < f'(u))t,
u(z,t) == g(f) for f/(w) < F < fur),

\up fora > f(up)t
g = (f)7!, is a weak solution of the

Riemann problem

(— Def. 2.4.7).

Terminology: solution of Lemmalf2.4.4 = rarefaction wave: continuous solution !

2.4
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X

Burger flux function f(u)

u?, u; < uy: rarefaction wave solutions

L
— 2

P.4.4) arelsimilarity solutio

2.4.9),

Remark 38. All weak solutions u of the|Riemann problem|(— Lemmas

z/t) a.e. in Rx]0, 7.

u(x,t) =

2.5 Entropy conditions

2.5
p. 150
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u(t,x)

u(t,x)

Burgers equation): Riemann solution (Burgers equation):
rarefaction wave

Riemann solution
shock

How to select “physically meaningful” = admissible  solution ?

Example 39 (Riemann solution by means of particle method). — Rem.[32, Ex.

2.5
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[Cauchy problem| for [Burgers equation (2.1.7):

0.8

< up(r) = max(0, min(1,30 — 60 * [z — 3])) .

=0.00
=0.20
=0.30

0.40

t
t
t
=050 Simulation for 7" = 1 based on particle model,
t
t
t

0.6

velocity

=0.60

5% 1000 particles, x;(0) = —& + 2i/1000, i =
O, c e ,999, ‘UZ'(O) = UO(ZCZ<O)>

0.4

< linear interpolation of (x;(t), v;(t)), t fixed
Riemann solution by particle method|

I I |
-0.5 0 0.5 1 1.5

&

2.5.1 Vanishing viscosity

limit of extended model for

ldea: conservation law . . . .
7 dissipation/friction/viscosity — 0

2.5
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Example 40 (Vanishing viscosity for [Burgers equation)).

du O <1u2) 0" (2.5.1)

Viscous Burgers equation: + —c—— .
J k ot Ox Ox2

dissipative term

Travelling wave solution of Riemann problem for (2.5.7) via Cole-Hopf transform — [14, Sect. 4.4.1]

(up + ur) .

DO —

we(z,t) = wlz — 5t) , w(&) =ur + 2(u; — up) (1 — tanh <€<UZ4; W))) .

08l ue(x,t) = classical solution of (Z5.1) for all £ > 0,
x € R (only for u; > ;).

u(x,1)

< /U/l > Uy, t — 05
0.4r .
emerging shock for e — (
€=01
R O ue — u from LemmaZZ43in L°(R).
€=0.001
€=0.0001
—%.5 —i -0.5 6 0.5 1 Lo

2.5
p. 153



Highly accurate numerical solution u(x, 0.5) of

Riemann problem | for (2.5.7) >

u(x,0.5)

up < Ur >

emerging rarefaction wave as ¢ — ()
ue — u from Lemma@2.4.4 a.e.

€=0
£€=01
€=0.01
€=0.001
€=0.0001

| | |
-1 -0.5 0 0.5 1 15

<&
Generalization: one-dimensional scalar conservation law with dissipative term:
?;; + ;Uf(u) = e% , €>0. (2.5.2)
(2.5.2) = quasi-linear parabolic evolution problem (linear principal part)

2.5
= Existence & uniqueness of classical solutions of [Cauchy problem| V¢ > 0 ! p. 154




Theorem 2.5.1 (Vanishing viscosity solution). — [29, Thm. 2.1.7]
Ifug € L°(R) N LY(R), f € C*(R), f" bounded, then

e for any ¢ > () 3 classical solution u, € CQ(R x R™) of the [Cauchy problem for (2.5.2),

o u. — ua.e. in R x RT, where the viscosity solution « is a weak solufion] of the Cauchy
problem (2.2.1),

¢3C > 0. ‘3 () <Ce? i

7. U
v Loo(R)

B>  existence of weak solutions of (2.2.1) !

2.5.2 Entropies

Definition 2.5.2 (Pair of entropy functions).
N, € C’Q(R) = pair of entropy functions (1 = entropy, 1> = entropy flux) for conservation law
0 0 :
a—?; + %f(u) = O, if
n is strictly convex and  (w) = 7'(w)f'(w) forallw € R. 20

p. 155




Motivation: for pair (77,)) of entropy functions & solutions u, from Thm. Z5.1

t1 71
[ [ sontuete. )+ 5-tuca. )
—n(ue(x — ) (ue(x —
atn e\ L, I e\,
to o
t1 t1 3712 0
p Oue p Oue /) Oue :
¢ N <U€<$17t>> ax <331,t> — 17 <u€<’r07t)> ax (CEO?t) dt— € N <u€> % d.flfdt ’
0 for e—0 bounded for ¢—0
viscosity solution u = hn% ue of [Cauchy problem| (— Thm. 2.5.1)) satisfies
€E—
t1 x1
0 0 = (0 , if w smooth in space
— 1)) + — 1) dadt ’ ! 2.5.3
//th(u@c ) 6‘xw<u(gj ) de {< 0 , if w non-smooth. ( )
top o
0@
> if ¥(0) = 0, u(-,t) compactly supported V¢t > 0 = total entropy/ n(u)dz non-
— OO

iIncreasing in time (— name!)

How to find pairs of entropy functions ? Easy, there are infinitely many !

w

n € CQ(R) o0 >0, Yw) = /n’(g)f’(g) d¢ = (n,1) = pair of entropy functions.
0

2.5
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Definition 2.5.3 (Weak entropy inequality). For 77,7 € C*(R), v € L>®(R) N L'(R) satisfies
the entropy inequality

2 p(u(e, 1) + b, 1) <O inRx]0,T]

weakly, if

co T
/ /n(u(x,t))%—(f +- w(u(x,t))g—i dtdz >0 VP € C5°(Rx]0,T[), ® > 0.

u weak solution of the Cauchy problem (2.2.1]) and
u satisfies weak entropy inequality (— Def. [2.5.3) [] u = entropy solution
for any pair of entropy functions (7, ¢) (— Def. 2.5.2)

Theorem 2.5.4 (Uniqueness of entropy solutions).
Entropy solutions of ([2.2.1]) are unique.

(For Lipschitz-continous fluxfunction f : R +— R and each ug € L°°(RR) there exists a unique

entropy solution v € CV(]0, T7; L%OC(]R)) of @2.1) — [8, Thm. 6.2.1]) 2.9
p. 157



In special cases existence of a single entropy pair (— Def. 2.5.2) already characterizes the entropy
solution:

Theorem 2.5.5 (Single pair entropy condition). [15, Thm. 3.4], [11]

If f is strictly convex/concave, then a piecewise smooth solution of (2.2.1) satisfies a weak
entropy inequality (— Def. [2.5.3) for all pairs of entropy functions (— Def. [2.5.2), if it is satisfied
for a particular pair.

2.5.3 Lax entropy condition

Consider setting of Thm.2.3.2:  © p.w. smooth weak solution with discontinuity along curve [' :=
(v(7), 7) in (x,t)-plane

u [entropy solution| & sm(ur) —nug)) > Y(uy) — (uy), s:=—. (2.5.4)

2.5
p. 158



Example 41 (Entropy violating shock for [Burgers equation).

Pair of entropy functions: n(w) =w? , Plw)= %wg

254 <« %(ul + ur)(u% — u%) > %(u% — u?) & (up — ur)?’ >0 .

[ u; > uyr U (compression) shock complies with entropy inequality — Fig. B8.
u; < uyr- U (expansion) shock violates entropy inequality — Fig.

Lemma 2.5.6 (Jump conditions for entropy solutions). — [29, Thm. 2.1.12]

For Cl-curve. T' := (7(7),7), 0 < 7 < T, let u be a Wweak solufion of (Z.Z.1) (with convex
flux function f € C?(R)) that is piecewise smooth and bounded outside T.

For a pair of entropy functions (7, 1) (— Def. 25.2) we assume %n(u) — a%w(u) < () weakly
(— Def.[2.5.3). Then across I (notations — (2.4.1))

/ . / . d
) >8> flwr) , s:==L

Proof. [l proof of Rankine-Hugoniot jump conditions, Thm. [2,3.2 [

2.5
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Definition 2.5.7 (Lax entropy condition).

u = weak solution of (2.2.1)), piecewise classical solution in a neigborhood of C2-curve I' =
(v(7),7), 0 < 7 < T, discontinuous across I'.

u satisfies the Lax entropy p . flug) — fluy) p
condition in (z, tg) € T < flu)> 8= w—u (ur) -

0

[ Characteristic curves must not emanate from shock <« no “generation of information” J

Parlance: shock satisfying Lax entropy condition = physical shock
Note: f’ increasing Ll Lemmal[2.5.6: necessary for physical shock | wu; > u,

Remark 42. For concave f: reduction to the case of convex f by z < —x (swapping of u;/u,) A

Theorem 2.5.8 (Equivalence of entropy conditions).
For piecewise classical solution u of the [Cauchy problem| (Z2.1) on R x |0, T'].

u entropy solution & Lax entropy condition (— Def. [2.5.7) holds a.e. on discontinuities.

2.5
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Remark 43 (General entropy solution for 1D scalar Riemann problem). — [36]

Entropy solution of Riemann problem (— Def. 2.4.1)) for (2.2.1)) with arbitrary | € Cl(R):

(argmin (f(u) — &u) , ifu < up
_ T o ur<u<uy
u(w,t) =p(zft) , () : <a%MMUWO—&O,Ww2ﬂw. (2.5.5)
L Ur <u<uy
A

Remark 44 (Oleinik’s entropy condition).

For general flux function f (neither convex nor concave):

[1  role of Lax entropy condition (— Def. 2.5.7]is played by the Oleinik entropy condition:

flu) = flug) _ . flu) = flur)

< s <
U — uy U — Uy

Vmin{uy, uy} < u < max{ug, uy} , (2.5.6)

locally at discontinuity connecting states wu;, .

2.6
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2.6 Properties of entropy solutions

Setting: u € L°°(Rx]0,T) (weak — Def.2.3.1)

ou
Ot

entropy solutions

with fluxfunctiond f € C'(R) (not necessarily convex/concave).

— Def. [2.5.3 ofCauchy problem|

+ aaxf(u) =0 inRx]0,T[ , u(-,0)=wuye LPR), (2.2.1)

u € L°°(Rx]0,T[) = entropy solution w.r.t. inifial datal g € L°°(R).

2.6.1 Stability

Notation: &7 := max{¢&,0} for & € R.

Lemma2.6.1. — [8, Thm. 6.2.2]. Thereis s > 0 such thatforall ¢t €]0,7[, R > 0

/ (u(z,t) —u(z,t) " dr < / (up(x) — tp(x)) " do .

2| <R x| < R+st

2.6
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Corollary 2.6.2 (Maximum principle for scalar conservation laws).
If ug <upa.e.onR = u <wuae onRx|0,T]

- up(x) € la, fla.e.onR = wg(x,t) € [a, F] a.e. on Rx|0, T

[ L°°-stability:

VO<t<T: lu(, 8l o) < llwoll o) - (2.6.1)

Corollary 2.6.3 (Ll-contractivity of evolution for scalar conservation law).

vt €]0,T[, R > 0: / lu(z,t) — u(z, t)|de < / lug(x) — ug(x)|de |
lz|<R || < R+$t
with maximal speed of propagation

§ = max{|f'(€)]: essinf ug(z) < & < esssup ug(z)} . (2.6.2)
reR r€R
T 2.6
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vt €]0,T[, R > 0: / lu(z,t)|de < / lug(x)| dx . (2.6.3)

2| <R x| <R+t

2.6.2 Domains of dependence and influence

Cor.2.6.3 [ finite speed of propagation in conservation law, bounded by s from (2.6.2):

P>  Asin the case of the wave equation — Sect. [L.4:

2.6
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D™ (Iy)
1
S IR o
domain of dependence of (z,t) € (2 domain of influence of /[y C R

Analoguous to Thm. .41k

Corollary 2.6.4 (Domain of dependence for scalar conservation law). — [8, Cor. 6.2.2]
The value of the entropy solution at (z, ¢) € () depends only on the restriction of the initial data
to{r € R: |z — x| < st}.

2.6
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2.6.3 Monotonicity preservation

For solutions of Riemann problem

(— Def. 2.4.1]), Lemmas 2.4.3], 2.4.4!

up monotone = (-, t) monotonforall 0 < ¢ < T

Definition 2.6.5 (Total variation).

K
TV () = sup{ 3 Jula;)
1=1

— http://mathworld.wolfram.com/BoundedVariation.htmi

The total variation 7'V}, ;r(u) of a function u :Ja, b|C R — Ris

—u(ri_]a<zg<ar1 <9< - <axp <b K eN}

B> 1'Vj, [ is a seminorm on the space of functions Ja,bj]c R— R

B‘/i()c(Q) = {u

Definition 2.6.6 (Functions of bounded variation). For open set {2 C R

e L(0):TVy(u) < oo Vcompact C Q} .

2.6
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Lemma 2.6.7. — [8, Thm.1.7.1] Ifu € BV] .(Q), then

1
TV (u) = lim SupE/ lu(z + h) —u(z)|dr V compact K C ().
h—0 K

Theorem 2.6.8 (Total variation stability of evolution for scalar conservation law). — [8,

Thm. 6.2.3]
ifug € BVi,.(R) N L°(R), then u € BVi,.(Rx]0,T]) and

TV{\:UKR}(u('?t)) < TV{‘$‘<R+5‘»¢}<UO) VR>0,0<t<T,

with s from (2.6.2).
Note: u e CY[a, b]): TViy p(u) = [u(b) — u(a)| <« wmonotone !
[ If uy monotone & constant outside compactset = wu(-,t) monotone V¢!
Note: T'Vi, ) (u) large for oscillatory functions

2.6
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Remark 45 (Local monotonicity preservation).

Above statement can be made sharper:

[ u solves (ZZ1) [ No. of local extrema (in space) of u(-, t) decreasing

Remark 46 (Total oscillation diminishing property). — [38]

Under the assumptions of Thm.[2.6.8 holds for any Lipschitz-continuous monotone function ¢ : R +—

R

TV{\x\<R}<q}<u<'7t>>) < TV{\:C\<R+S?§}<(D(UO)> VR>0,0<t<T,
with s from (2.6.2).
[] allows to zoom in on local oscillations !

2.7
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2.7 Supplement: Multidimensional scalar conservation law S

[Cauchy problem| for multidimensional scalar conservation law, flux function/ f : R — Rd,

% -+ le:B f( > =0 in RdX]O,T[ ) ’LL(CE,O) — UO<ZU> , T € Rd . (271)

Which results for d = 1 < (2.2.1)) carry over to 2.2.1) ford > 1 ?

[0 Characteristic curves I' = (y(7),7),0 <7 < T, %'7(7) = f'(u(~(7), 7)), u = classical solution
of (2.7.1) (— Def. [2.2.2):
[l  Classical solution constant on characteristic curves, cf. Lemma[2.2.3
[1  Characteristic curves are straight lines in space-time.

(1 Notion of weak solution =« € L°°(Rx]0, T'[) satisfying

o

/ /{“_ +f(u) - grad, @} dtde + / up(x)P(z,0)de =0 VO € C(_%’O(Rd x [0,T]) .

2.7
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[1 Generalization of Rankine-Hugoniot jump condition, Thm.[2.3.2. — [15] Sect. 1.2]
¥ € Rx]0, T[ = surface of discontinuity: 3. = {(x,7): ®(x,7) =0}, 0< 7 < T

grad, ©

' — = (f —f n. mn:.= = spatial unit normal 2.7.2
S(“l Ur) ( (Ul) <UT>> ) ‘ gradm (I)‘ p 3 ( )
9o
. R oT
s = normal speed of surface: s = —
| grada: (I)|

[1 Same definitions: pairs of entropy functions — Def. [2.5.2
[1 weak entropy inequality — Def. [2.5.3

Existence & uniqueness of entropy solutions of (2.7.1)), cf. Thm. 2.5.4 ]

[1 Entropy solution of (2.7.1)) satisfies
» maximum principle, see Cor.
. Ll-contractivity, see Cor.
» TV -contractivity, see Thm.

Q c RE TVo(u) := sup {/ wdiv® da: ® € (C(Q)?, |®] < 1ae.in Q} .
Q)

maximal speed of propagation: § < sup{|f/(€)]: essinfuy < & < esssupug} 2
[ domains of dependence/influence, cf. Sect. [2.6.2 p. 170



Finite volume methods for scalar
3 conservation laws

Consider: |Cauchy problem| for 1D scalar conservation law:

ou O | |
at+@$f(U):O IHRX]O,T[ : u(-)O)—UO inR , @ZD)

fluxfunciion f: R — R, f € CLR).

Model problems: [ linear advection with constant velocity: f(u) = vu, v € R — (2.1.6)
0 [Burgers equation: f(u) = su’ — @L7)

3.1 Space-time finite differences in 1D

3.1
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Tool: infinite space-time ftensor product grid;

M ={Jwj1, x4(X]tg 1, bkl J € Z,k € N}, (3.1.1)
spatial gridpoints:  Ga, = {z; € Rixj_ < xj,j € Z}
temporal gridpoints: Gry ={0 =ty <t1 <--- <ty =T}, MeN.

t

Imeshwidths! AZC]' I:a?j—ZCj_1>O,jEZ
e timesteps: Aty =t —tp_1>0,ke{l,...,

Focus: equidistant grids:
ty

Arj=Ar>0, VjeZ,
t3 At =NAt:=T/M, VkeN.
to Vector space of (spatial) [grid functions
0

ty ¢ (gAa:> = {gA.:L' — R} :

[J notation: /I(k), Q?(k), etc.

( 1 9 T3 X4 Ts TG T X

(1 notation: ,E('> = grid function M — R -
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Single step, time-invariant discrete evolution based on discrete evolution operator
H: CO(QA:U) — CO(QA:U)

A iy GtV S TV (3.1.2)
with initial value 7% € CV(Gr,).
Relationship: [Z(k) — (,ug-k))jez «—— function u(x, t) = solution of 2Z.2.1))
Different interpretations:
() () ’ EARE
pi = /U’(:C?tk‘) or pi o~ U(ZC,tk) da )
J J J AZEJ + ijﬂ i 1
with ;1 = Vo(x;_q +xj), - __
Ty = U2z wiq) . —TtT— =
JT /2 J J Tj-1 € Lj+1 X519

Ti_ 1/, Ti.1/o = j-thcell 0O cell average
j—1/20 7 j+1/2

3.1
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'
'S WA A
'S WA

|
Tj—1 T Tjy1 L

C/l’<°)(:1:,t) = ,ugk) fo

< (piecewise constant) reconstruction:
i) e RZx10--M} _, function on Rx]0, T:

cii) € LO(Rx]0, TY) ,

ji € CY(G,) — function on R:

Crlz) = pj fora;_ip <o <.

Definition 3.1.1 (Explicit finite difference timestepping).

A single step time-invariant discrete evolution (3.1.2) is an [explicii finite difference method

(FDM), if H is local in the sense that

Imy,my € Nt (Hd) ;= Hj (g —myps 15 —mp1s - -

with functions Hj Rl R,7 €%

7ﬂj+mr—1aﬂj+mr> \V/] S Z ;

[]

“explicit”, cf. discussion of [explicitfimplicif trapezoidal rule, Sect. 1.7.1

3.1
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[1  Stencil notation, cf. Figs. 13, 14!

t t t

tk -+ o o /\\o ) tk -+ //x\ ° ° tk -+ )

—17 ® ' ¢ / '/ o tp_1+

Tjiop Tjo1 Tj Ty X549 L Tj—o Tjo1 Tj Ty Ty L Tj—o Tjm1 Tj Ty Ty L
3-point explicit FDM one-sided 3-point stencil 5-point explicit FDM
(m; =1, my=1) (m; =2, my =0) (m; =2, my = 2)

Definition 3.1.2 (Linear finite difference methods).
A discrete evolution (3.1.2) is linear, if H is a linear operator.

Definition 3.1.3 (Translation invariant FDM).
An explicit finite difference method (— Def. B.1.1)) is translation invariant, if H; = Hfor all j € Z.

3.1
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Note: natural requirement for FDM for (2.2.1), because at + 5 f( ) independent of x

Consider:  explicit finite difference method (— Def. [3.1.1)) on [equidistant tensor product grid

P> Discrete domain of dependence for gridpoint (a;j, tr)yj €2, k=0,...,M:
Dylwjty) ={(zi, t): —my - (k=) <i—j<mp-(k=1),0<1<k}. (3.1.3)
Notation (— Fig.B5): D™ (z,t) = domain of dependence of (z, t) w.r.t. (2.2.1), see Sect. 2.6.2

Definition 3.1.4 (CFL-condition II).
An explicit FDM (— Def. [3.1.1)) satisfies the CFL-condition, if domain of dependence

D™ (z, 1)) Teonvex{ D ((wj, 1)}

forall 7,k (convex < convex hull).

[1 Sect. [1.7.3 for more explanations.
3.1

If s = maximal speed of propagation for (2.2.1) — Cor. 2.6.3 p. 176



(symmetric) B-point explicit FDM sAt < Ax
(symmetric) 5-point explicit FDM sAt < 2Ax

CFL-condition (— Def. 3.1.4) satisfied.

3.1.1 Abstract convergence theory

Asymptotic perspective: family {MAx,At} of fequidistant fensor product grids, see (3.1.1), with
meshwidths Az, timesteps At

P Family of time-invariant single step discrete evolutions

g% = qgk =) =1 M =T/At , H=H(Ax, At) . (3.1.4)

Y

Tool: restriction operators, cf. interpretation of ,u(k), Sect. 3.1

LNR) — CY(Gay)

0 0
R - { C (R) — C (gA:E> or R: - ( 9 fl’j+1/2 ’LL(QC) d:lj‘)
u = (u(‘x]))jEZ - AZUj—{—AiEj_l_l j—1/2 JEZ ’
(depend on spatial grid < Az !) 3.1
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u (sufficiently smooth) solution of (2.2.1) [ error ﬁk):

%) R(u(-, 1)) € CO(Gn,)

Below: ||| o, = (grid-dependent) norm on CY(GA )
Example 47 (Grid dependent norms).

Maximum norm Hé” = sup |§|
1°(Z) ey
1/p
D_ — |P <
[P-norm |H () AxEE:Z|§j| , 1<p<oo.
J

Note: related to norms of p.w. constants functions on spatial grid [cells!.

3.1
p. 178



Definition 3.1.5 (Convergence of discrete evolution).
A discrete evolution converges to the solution w of (Z.2.1) in norm ||-{| o,
= ||ﬁ(k)‘ AT 0 for max{Ax, At} — 0 uniformlyin k € {0,...,T/At}.
i
Convergence is of order (p,q) € N? (order p in time, order ¢ in space) < for all Az, At
sufficiently small

30,0050 ||

S CHAN + Co(Aa) k€ {0, T/at}
i

Recursion for error, cf. numerical analysis of ODE

7*) = G*) —R(u(-, ty,))

= H(R(u(-, tp_1)) + 7% V) = Rlu(-, 1)
= H(R(u( ;1) + 7)) = HR@u(-, t 1))
propag;'[red error ﬁ(k—l)
H(R(u(-, t1))) — R(ul-, 1))

+ At

\ .

7

At

one step error
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Definition 3.1.6 ((Local) truncation error).
For the (sufficiently smooth) solution u of ([2.2.1), the (time-local) truncation error of the time-
invariant single step discrete evolution (8.1.4) is

AR = = (MR, ) = Rl b)) k=1, M

Definition 3.1.7 (Consistency). (— Def.3.1.5)
A discrete evolution (3.1.4) is consistent with (2.2.1)

= ;(k)HA — 0 for max{Ax, At} — 0 uniformlyin k € {0, ..., T/At}.
X

It is consistent of order (p, q) € N? o

EICt, Cx > 0:

;(k?)H < CAYP + Cp(Ax)? VE € {1,...,T/At},

Ax
for all Ax, At sufficiently small.

3.1
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Definition 3.1.8 (Non-linear stability). A time-invariant single step discrete evolution (3.1.4) is
(non-linearly) stable

o Je> 0 HH Az, ADE — H(Az, At g|| (14 cAt) ||g gH vE C € C%Ga,) |

for all sufficiently small Ax, At.

Theorem 3.1.9 ( | Consistency & non-linear stability = convergence |).

_’(O)—RUO‘ — O for Ax — 0 . .

Ax discrete evolution convergent
(B.1.4) consistent with (Z.2.1) (— Def. B.1.7) ~ (— Def. B.1.5)

(B.1.4) non-linearly stable (— Def. [3.1.8)

70) — RuOHA < Cyh(Ax)Y, 31.2) consistent with (Z2.1) of order (p, ¢), and non-linearly
X
stable, then 3.1.2) is convergent of order (p, q).

Stronger result: (LJ convergence analysis for wave equation in Sect. [1.8l)

3.1
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Theorem 3.1.10 (Lax equivalence theorem).

For a consistent (— Def. 3. 1.7)) linear (— Def.[3.1.2) time-invariant single step discrete evolution

B.19)
3C > 0: HHkHA < C Vk (uniformly in Az, At)

X

— convergence
and Hﬁm)

— 0 for Ax — 0
Ax

3.1.2 Consistency

Setting: » Cauchy problem (Z2.1)), flux funcfion f € C''(R)
» families of [equidistant infinite tensor product grids (meshwidths Ax, timesteps At)
» | fixed ratio v := At : Ax = const | motivated by CFL-condition (— Def. 3.1.4)
» operators H = H(Ax, At) from explicit translation-invariant finite difference method:

(k) _ (k—1) (k—1). : . Mytmyy+1
pi = H(,uj_ml, SRRY T G Ax,At), H(;Ax,At): R ™ +— R smooth . (3.1.6)
Focus: interpretation ,uyg) ~ u(xj,t)) (— Sect.B.I), maximum norm H'Hloo(z)

3.1
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P Goal: bound local truncation error (— Def. 3.1.6)
(k) 1

T = A (H(u(x; — myAz, tp_q), ..., u(zj + mpdz, typ_q); Az, At) — u(z;, ty))
(3.1.7)
in terms of Az, At.
Technique: Taylor expansion (in & and t) of smooth solution of (2.2.1))
First special case: linear (— Def. [3.1.2)) explicit [3-poinf FDM for linear advection (2.1.6)
k k—1 k—1 k—1
,ug- ) = oz_l,ug-_ ) + ozo,ug- ) + ozl,ug-ﬂ ) , a_1,00,a1 € R, (3.1.8)
Taylor expansion: 1st/2nd-order consistency < linear conditions on o1, o, 1
/1 1 1 \ /&_1\ VA l \
(3.1.9) 2nd-order < 10 —1 ag | = |

\[0 T/ Nar /7 X(w)?/

[] = 1st-order conditions
T

e first-order centered finite differences
(k) (k=1)

1 k—1 k—1
Hjo = H; - §VU(N§'+1 - Ng—l >> : (3.1.9) p. 183
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e first-order forward differencing (‘fmagic timestep’ exact for vv = —1):

(k) (k=1)

g = (1 + VU)H]' — YU

(k1)

e first-order backward differencing ((‘magic timestep’

(k) (k=1)

pi =L =qo)u; T+ yopgy

(k1)

: exact for yv = 1):

e 2nd-order Lax-Wendroff-scheme (‘magic timestep’: exact for yv = +-1):

i = (= o)) o e+

(k—1)
—1

w1

(only 2nd-order linear 3-point FDM for constant advection !)

In all cases (3.1.9)-(3B.1.12):

Example 48 (Accuracy of 2-point and 3-point schemes for constant linear advection).

(k—1)
Hit1

[ CFL-condition (— Def. B1.4) < |yv| < 1]

s ([Z.1.6) with advection velocity v =1, T =1 O wu(x,t) = ug(x — 1)

X

smooth, non-smooth and discontinuous initial data, supported in [0, 1]:

up(z) =1 —cos(mz), 0<axz <1, 0elsewhere,

1

up(r) =1—-2x*Jz -5/, 0<2 <1, 0elsewhere,

up(x) =1, 0<x <1, 0elsewhere.

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)
(3.1.14)
(3.1.15)

3.1
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Monitored: convergence of (3.1.11) and [Lax-Wendroff-schemeé w.r.t. to norms
maxy, Hﬁ(k) — Ru(-,tk)H ) maxy, ||ﬁ(k) — Ru(-,tk)Hll(Z :

1*(Z )
(maxj, Hﬁ(k) — Ru(-, tk)HlO@(Z)) for v = 0.8 and different initial data .

107E
107

107°F

10°F

1071

107

?: 0.53

10° " \2 \3 P ;‘JL 107° " \2 \3 P ‘,‘JL 107 " \2 \3 - H ‘AJL
10 10° 10 i) 10 10 10 1) 10 10 10 )
No of Grid Points No of Grid Points No of Grid Points

ug + 4.2.3) u « (4.2.4) ug < @.2.5)

Observation: » 2nd-order algebraic convergence (for smooth u) w.r.t. At = vAx
» order of consistency = order of convergence for smooth solutions
» lower order of convergence for non-smooth solutions O

3.1
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k k—1 k—1 k—1
Special case: general explicit[3-poin{ FDM: /{S- ) H(,uE-_l ),/{5- )al{gﬂ )5Ax,At) (3.1.16)

Assume: H differentiable in ,LL(]:D, (k=1)  (k—1)

j Hj >Hj+1

Lemma 3.1.11 (Consistency of 3-point FDM).
If u € C*(Rx]0, T[), then a 3-point FDM (B.L.16) is first order consistent with (Z.2.1), if

(2) Hu,u,u) =u Yue R, VAz >0,
(i3) O_1H(u, u,u) — O H(u,u,u) = vf (u) YueR, YAz >0,

[0 notation: 0;H = partial derivative of H w.r.t. to [ 4+ 2-th argument, [ = —1,0, 1
—

e first-order centered finite differences for (2.2.1):

/{gk) = /{g-k_l) — 57 (f (Mﬁ]”) —f <u§‘i‘1”>) , (3.1.17)
“gk) = /{S'k_l) - %vf’wy“‘”)(uﬁ}” - uglizl)) - (3.1.18) 31
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e first-order forward finite differences for (Z.2.7):

iy = =y (fmﬁﬁ‘l”) — f(ugk_l))) - (3.1.19)
e first-order backward finite differences for (2.2.1):
“;k) = u§k_” —7 (f(uék_1)> - f(uy:l))) - (3.1.20)

Remark 49 (Viscous maodification).

Given 3-point FDM B.1.16), 1st-order consistent with @Z2.1), ¢ € C'(R3 R) with ¢(u,v,w) =
q(w,v,u) forall u, v, w € R, then

o 1 — 240 + p—1

H(p—1, o, 1) = H(p—1, po, p1) + q(p—1, po, 111) 2 (3.1.21)
defines another 3-point FDM _LemmaB.LIIl  first order consistent with (Z.2.T).

k k k
i =2 |
Sect.[1.6.1 U ~ Z—(x;,t) <—viscous term, cf. Sect. Z.5.1]
Ax? Oz
JAN

3.1
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Example 50 (Convergence of 3-point FDM for Burgers equation).

» (Cauchy problem

» initial data u as

for Burgers equation (2.1.7)

inEx.48 0O 0 <u(x,t)<lae inRx|0,7T]|

» backward 3-point FDM (3.1.20) withv =1 [ CFL-condition satisfied

Monitored: (algebraic) convergence w.r.t. norms max;, Hﬁ(k) — Ru(-, tk)H

I*(Z)

maxj. Hﬁ(k) — Ru(-, tk)Hll(Z) for different u( from (@.2.3)-(@.2.5).

Backward 3-point FDM (3.1.20):

Error Plot of Backward scheme with Smooth Initial Conditions Error Plot of Backward scheme with Kink Initial Conditions Error Plot of Backward scheme with Non-Smooth Initial Conditions

107

10° ; : 10°
1

107

107

107F

1071

10°h

A R | 107 I I P R | 107 L L - .|

10" 10°

10° 10° 10" 10° 10° 19° 10" 10° 10° 10°

No of Grid Points No of Grid Points No of Grid Points

smooth initial data (4.2.3) non-smooth initial data (4.2.4) discontinuous initial data (4.2.5)

3.1
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Observation: s first order convergence in [*(Z)-norm in any case
» slightly slower convergence in [%(Z)-norm &

(Order of) consistency < power of FDM to approximate smooth solutions of conservation law

Remark 51. Strongly linked to consistency of scheme (3.1.6): (— LemmaB.1.17)

local preservation of constants  :« H(u,...,u; Az, At) =u Yu e R, VAzx At.

AN
3.1.3 Stability
Goal: verification of non-linear stability (— Def. 3.1.9),
stronger: contraction properties of H
[rule of thumb: CFL-condition (— Def. [3.1.4) necessary for stability of explicit discrete evolution 3.1
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Note: for non-linear discrete evolutions: stability also depends on solution ,J(k) |

Setting for FDM: [equidistant meshes, spatial meshwidth Ax, timestep At, v := At/Ax

3.1.3.1 Linear stability

[1 targets linear discrete evolutions

von Neumann stability analysis,
0 focus on [%(Z)-norm = y analy

cf. Sect. .51
[1 tool: diagonalization of H by Fourier transform on Z
iell(z) — pel’(]-m |
7
1. 1 ) e A B Y
i = (F ) :Igfu@e@ ¢ (&) = (FiE) = pmje " (31.22)
g JEZ

3.1
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Lemma 3.1.12 (Fourier series transform is isometry).

1Aill 2 = Nl 2y Vi € P(Z) .

Representation of linear (— Def. B.1.2), translation-invariant (— Def. 3.1.3) finite difference method

my
(Hii)j= >  oypjey, B€C(Gay), R, (3.1.23)
lz—ml
B Hi=F (p(-) (Fii) , Vjiel(Z) Z ae'’t (3.1.24)
‘ l——ml
Symbol of H

——— | emmal3.1.12

Corollary 3.1.13 (l2-norm of linear, translation-invariant FDM evolution operator). For the linear,
translation-invariant finite difference method (3.1.23)

[Hlli2z) = Il e —mafy - = SYmbol of 1 1
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. p(&)| <1 V& €] —nm,n] = linear FDM stable, cf. Thm. 3.1.10

Example 52 (Symbols for linear translation-invariant FDM).

» Constant linear advection (2.1.6), velocity v > 0

Im

/ m 0.5f
Y YU 0

Im(p)

1+ v 1=y
—115 —i —015 Re(o) 0 015 E
p(£) for GLI0) p(&) for BL1T) p(€) for Cax-Wendrofi GL12)
[N in all cases: CFL-condition <= stability

BUT: symbol for centered finite differences (3.1.9):

p(&) =1—dvysin(§) =  max [p(&)|>1 p (@ILI) unconditionally unstable ! o
—m<&E<m p. 192



3.1.3.2 Nonlinear stability

Policy: target norms pivotal in stability theory for scalar conservation laws — Sect. 2,6
Theoretical result (semi-)norm norm on CO(QMJ)
Maximum principle, Cor. 2.6.2 1l oo () [-[l700(z)
L!-contractivity, Cor. 2.6.3 R3NS3 I-ll1 ()
Total variation stability, Thm.[2.6.8 71 VR(-) TVA:U(')

try to find criteria for discrete counterparts of Cor. 2.6.2], Cor. [2.6.2, Thm. [2.6.8 for FDM

Note: function space norms « grid dependent norms: via interpretation of i € CO(QAx) as
celldp.w. constant function

0 TVa.(f) = total variation of function u(z) = fuj, ;_1/y < @ < @15

> TVASC(ﬁ) — Z |:u] - Mj—l’ : (3.1.25) 31
JEL p. 193



[C-stability

Definition 3.1.14 (Monotone discrete evolution).
Discrete evolution (8.1.2) is monotone, if

—

(j>pj VjeZ = (H(); > (HA); Vjel.

[N discrete evolution monoton <= ‘H non-decreasing in all its arguments

Lemma 3.1.15 (Monotone FDM are (linearly) L°°-stable).
H = single step, time-invariant, translation-invariant, explicit finite difference method (—

Def. BZIT) with H(u, ..., u) = uforallu € R

mlin u§0> < /{g-k) < max ul<0> Vi k

'H monotone (— Def. 3.1.14) —
ﬁ(O)Hzoo(Z) vk

/j(k)Hzoo(Z) :

3.1
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Example 53 (Upwinding for linear advection).

Consider: constant linear advection (2.1.6) % + v% =0

\ CFL-condition (— Def. 3.1.4) requires

1 v > 0: backward differences

B.1.11) _
[0 v < 0: forward differences (B.1.10)
—~——
S Estencil towards “upstream” direction

J

J + . .
= characteristic curves x — vt = const. i upwinding

k k—1 .
() Hope( (k—1) (k-1 (k:—l)) . Hyj — v (M§ ) ug-_ )) Jifvo >0,

/ J=L I+ pj — YU (,uyf:il) — uﬁk)) Jifo <0,
o ) ) (1 - W)(Cﬁ-kﬂ) - u§k_1>) + w<<§’i‘1” - u§]i_1>) ifv >0,
T @Y = W) (Y =YY it <0
> if |[uy| <1 (+» CFL-condition) =- 3-point upwind FDM (3.1.26) monotone (— Def. B.1.14) o

3.1
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Example 54 (Monotonicity of non-linear upwind FDM).

Consider [Cauchy problem (Z2-1) for 2 5%t 7 9 f(u) =0, f € CY{R)

Assumptions: s ug € [0, umax] O 0 <wu(z,t) < upmax a.e. in Rx]0, T
s fllu)>0 < w>0 0O propagation onlyin +x-direction

>  CFL-condition (— Def.B.1.4): usebackward finite differences (3.1.20)

timestep constraint: 7 max f'(u) <1
O<u<tmax

Monotonicity: if (Cﬁk_l) — ,ug-k_l)) > (Oforally € Z

G =i =Y = T (T = ) e (1) = )
>(1—v max L)V Py ey min fayettT = )

_ _ J ]
T pi ! <usc

\ 7

>0 by CFL-condition
> 0.

What to do, in case f’ changes sign ? — Sect. [3.2.2

3.1
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Simple criterion for translation-invariant explicit FDM:

H monotone — H non-decreasing in each p-argument (3.1.27)

H C- th
Cgoo OH > 0 everywhere, [ = —m; +1,...,m, .

Known: monotonicity holds for (discrete) parabolic evolutions

[]  can we use viscous modification (— Rem. [49)) to enforce monotonicity ?

Approach (— Sect.3.2.3): start from first-order centered FDM (3.1.17) + viscous maodification

k k—1 k—1 k—1 u(-’ﬁ” —oul N<‘k_11>
u§- ) = u§- R (f(/{g-ﬁ ) - f(/{g-i ))) + gL ijQ J= (3.1.28)

=: H(ugk__ll), ugk_l), uyi—ll)> ,

3.1
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and choose ¢ = Q(Mﬁ-k_ﬁl)a Iug_/f—l)’ Mg_/i—l)) such that — 3.1.27)

(k=1) (k=1) (k=1) (k—1) i — oY g Y q
- — —1\ 1 gy (k= j+ j j—
a—lH(Mj_l 7:u] 7:uj_|_1 ) o Q’Yf (:uj_l ) + 8—1q Ax T N Z 0 )
(k=1) _ o (k=1)  (k=1)
(k—1) (k=1) (k—1), ) 2q
80H<:uj_1 7;u] 7:uj_|_1 ) =1+ aOQ Ax o N Z 0 )
(k=1) _ o (k=1 (k=1)
(k=1)  (k=1)  (k=1)\ _ 1 g, (k=1) S R B
al"'(ﬂj_l » Hoy Hi ) = _QVf (Nj_1 ) + 01g Ao + Ar > 0.

conditions met, because |y f/(u)| < 1 for all possible u (CFL-condition !)

DOl —

Simplest choice ¢ =

[ SN (under CFL-condition monotone) Lax-Friedrichs 3-point FDM:

“gk) - %(“gﬁzl) T “5‘731)) — 57 (f (My:l)) —f (uﬁ}”)) . (3.1.29)

3.1
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Definition 3.1.16 (FDM in viscous form).
Explicit, time-invariant, translation-invariant (— Def.[3.1.3], Def.3.1.1)) FDM in viscous form reads

k k—1 k—1 k—1 k—1 k—1
/{g ) — f{g ) _ %V (f(ﬂ§+1 >) — f(lv{g'_1 )))J+%qj+1/2(u§+1 ) Hg' >>_
centered scheme @.1.17)
k—1 k—1 :
%qj—1/2<u§' ) o :ug'_l )> , JE 7 )
where Tj4+1/2 = Qj+1/2<ﬂj—ml+17 R 7/Lj+mr>-

Theorem 3.1.17 ([°°-stability of FDM in viscous form).
An explicit, time-invariant, translation-invariant finite difference method in viscous form (—

Def. B.1.16) satisfies H/j(’f) HZOO(Z) < ||z HZOO(Z) for all k, if

§ |f(ﬂj+1) — fpg)

Hyj+1 — Ky

YV € l(7) .

DO | —

< qj+1/2<ﬂj—ml+1a o Mjtm,) <

3.1
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(F) _ (k=1)  (k=1)  (k—1),

Proof. jr; " = convex combination of i1 ' 1 YOS
) (1 = 1foge 1o+ Yovbo s — 12gs 10 + 1oybs 1)Vt
Nj qj+1/2 T0j4+1/2 q5—1/2 V05 —1/2 Nj
k—1 k—1
(42417, — 1/275j+1/2>ﬂ§'+1 )+ (1/2q;_1pp — 1/2717]'—1/2),“5‘_1 ) 7
()= S () .
bit1fy = /jjﬂ_uj = 0 |ybj11p| < 1(CFL-conditioon).
I1-stability

If u( constant outside bounded interval [1 conservation property of solution u of (2.2.1):

i [ [0
4 [t de == [ 2 de = o) = flus)

—00 —00

Definition 3.1.18 (Conservative discrete evolution).
Discrete evolution (3.1.2)) for (2.2.1)) (on equidistant grid) is conservative

jEZ jeZ

> (i)=Y fij +7(f(-oo) = fioo)) Vi € CY(Gn,) constant for [j| > R .

3.1
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Theorem 3.1.19 (conservative & monontone FDM are ll-contracting). — [[7]
If a discrete evolution B.1.2) for (2.2.1) is monotone (— Def. B.1.14) and conservative (—

Def. 3.1.18), then

Vﬁ,5€ ll(Z) i, ¢ = const for |j| > R |

Hii — HC i—C
H K - =6 H4oo = C+o0 -

<
)=

1N(Z 1Y(7)

Notations: o = max{a,0}, @ € R, max{/i, 5} e CV(Ga,), (max{f, 5})] = max{/;,(j},
jez

Total variation stability

Discrete counterpart of total variation stability of evolution for (2.2.1), Thm. 2.6.8;

Definition 3.1.20 (TVD-property).
A discrete evolution (8.1.2) is called TVD (total variation decreasing), if

TVaL(Hi) < TVaL() Vi€ lYZ) . 3.2101
p.




Lemma 3.1.21 (ll-contracting FDM are TVD). — [30, Thm. 15.4]

If a discrete evolution (3.1.2) is translation-invariant and ll(Z)-contracting (— Thm.B.1.19), then
itis TVD

CFL-condition e [Lax-Friedrichs FDM (3.1.29) & FDM (setting of Ex. 54) are TVD

Other criteria for TVD:

Incremental form of explicit, time-invariant, translation-invariant (— Def. 3.1.3, Def. 3.1.7) FDM:

k k-1 k-1 k—1
i = Y = gttt = 5Y)
J J J (k_l)f (k—l)] (3.1.30)
+ dj_|_1/2(ﬂj—mp s >/Lj+mr)(ﬂj_|_1 R /L] ?
with functions Cj11/2: dj+1/2 - Rutmetl R G e 7

Example 55 (3-point FDM in incremental form).

3.1
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e |backward finite differences (3.1.20)

(k—1)
_ Ft 0y = pats ) _ _
u§k) =u§-’“ b _ (7 J i ! )1 )(A{Sk D—uyif))
]

T
Fl ) = fu - V)
~ G127 ](k: 1) (z) iy =0
Hj Hi—1

e [[ax-Friedrichs 3-point FDM (3.1.29) for (2.2.7):

(k—

k k—1 S ) f( ) k—1 k—1

i = )%(”’V ;(k ) _ (f) =)
J i1

\

DO —

" 1) _ (1)

Py = Hy

(k—1) (k—1)
<1Vf(ﬂj+1 ) — J(k; )>( (k=1) _ (k=D

\

Ve

—Cj+1/2

3.1
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Theorem 3.1.22 (Harten's theorem). — [22]
An explicit, time-invariant, translation-invariant FDM in incremental form (3.1.30) is TVD, if

]_|_1/2 > () , d]_|_1/2 0 ) Cj—l-l/Q -+ dj—|—1/2 S 1 VJ < 7 .

Theorem 3.1.23 (TVD-FDM in viscous form).
An explicit, time-invariant, translation-invariant finite difference method in viscous form (—
Def. B.1.16) satisfies is TVD, if

f /{7—#1 f(ﬂj)
Hyj+1 — Ky

< Qj+1/2<ﬂj—ml+1: e nuj—kmr) <1 Vwe ZOO<Z> -

Proof. Viscous form [0 incremental form (3.1.30):

dji1/2 =3 G2 =T G (1) !
Hivl T H;
Pty = i)
1 +1
Cj_|_1/2 2 Qj+1/2 +7 ](.k‘l) B (.k]D ' 31
Hi Hy

p. 204



Then apply Thm. 3.1.22. ]

Definition 3.1.24 (Monotonicity preservation).
A discrete evolution is monotonicity preserving, if

. < . . < . .
i € C(Gay): i1 S Vi€ZL = (Hu>j—1(>>(Hu>j Vi€EZ.

FDM is TVD & preserves constants - FDM is monotonicity preserving

Theorem 3.1.25 (Godunov’s theorem).
A linear monotonicity preserving (— Def. 3.1.24) discrete evolution is monotone (— Def. 3.1.14)

Proof. [, gwith p; < &; allow representation

S. — fan  — (91— 3 = (51 T+ & — ; = _)non'decreaSin . ]
j = My (Cj Cj 1) Cj Cj 1 ‘Sj g C g
>0 3.2
p. 205



3.2 Finite volume discretization 1D

[1 special class of translation invariant FDM (— Def. B.1.3) for (2.2.1)

Assume: [equidistani tensor product grid, fixed ratio v := At/Az > 0

Lj+1/2
1
Adopt interpretation (— Sect. B.7): Mgk) ~ Az / u(w,ty,) dr  (cell average)
x
Tj=1/2

3.2
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([3_.__3])f0r‘~/ :]gjj—l/%gjj—|—1/2[><]tk’—17tk’[: > t

- cell
b1 + o o o
k k—1
B
J J (k)
. by , M
k+ o o ¢
~Ar / flu(zap,1)) di
t 1 (3.2.1) f]_1/2 ] —> Jjt1/0
by
1 tk‘—l T * - — ¢
+ A_QZ' / f(u(x] 1/2; t)) dt /A}n_l)
tk_l .113]_1 Q}j .’,IEJ L

Definition 3.2.1 (FDM in conservation form).
Explicit, time-invariant, translation-invariant finite difference scheme (— Def.3.1.3) in conserva-

k k—1 k—1 k—1
ug- ) = ug- )y (f<-+1/2> - f(-_1/2>)

J J

(5=1) _ o =D (k1)

with numerical fluxes f]+1/2 Fi—mpr1 -+ Fjgem,
Rmmer — R.

tion form

), and numerical flux function F' :

3.2
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Terminology: ‘ FDM in conservation form = finite volume method (FVM) |

[1 Def.80 pp [3-poinifinite volume method:

uﬁk) = @-’“” —(F (ugk_1>> ugﬁ?)) —F (Aéij, uﬁ“”)) , (3.2.2)

[1 for theory: initial values for discrete evolution for FVM always obtained through

Ti+1/2
0 1 .
,ug- ) = o / up(x)de , jEZ. (3.2.3)
Ti=12

3.2.1 Consistent numerical flux functions

Consider: FDM in conservation form (— Def. 3.2.7), consistent with % - a%f(u) = () v

p. 208



1 [t
desirable approximation: fj+1/2 ~ Y t f(u(xj+1/2, t))dt
k-1

F will always be assumed to be Lipschitz-continuous

Focus on [3-point FDM; F=F(w),v,weR
(k) _  (k=1) (k=1) (k1) (k—1) (k=1)
Hj o = iij -7 (F(Nj Hit ) — F(Nj_l » Hy )>, :
k—1) (k—1) (k-1
= H( §_1 >,n§- ),u§+1 )

Numerical flux functionl /' = F'(v, w) smooth:
LemmaBIIN =  necessary O F(u,u)+ 0, F(u,u) = f'(u), ueR

Assume u(z,t 1) =u", x;_1y < 2 < 23/, & CFL-condition max f(u) - At < Az
u
1 [t
0 fipp=F"u’)= At ), flu®)dt = f(u”)
k—1

(3.2.4)

3.2
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Definition 3.2.2 (Consistent numerical flux functions).

EIC>076>O ‘F<u—ml+177umT)_f<u)‘ <C "U;]C—U|

for all w, u—y,, . .., U, €R, Z?;”_ml lu, — u| < 6. In particular,

F(u,...,u)= f(u) YueR.

A [numerical flux function £ : R — R is consistent with the flux function f R R,if

P FDM in conservation form with consistent humerical flux functionl are consistent (— Def. 3.1.7)

Example 56 (Upwind flux). — Ex.[4

Setting of Ex. B4 backward difference formula (3.1.20) in conservation form:

ugk) — ugk_1> — (f (/{gk_l)) — f (uy‘:l))
0

= Y o (PG ) = PGS ) L [P w) = fw)]

J J+1 Jg—1 7y

7

Upwind flux for propagation in +x-direction

3.2
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For propagation in —z-direction: use (v, w) = f(w)

(k=1)  (k=1),

Idea: Numerical flux fj+1/2 depends on two states h M

(k=1) _ (k-1)

o if 1y N g [J same j41/2 for any consistent numerical flux function

(k—1) (k—1)

s Ifv = 1y W= differ much (L] discontinuity !)

[ shock speed s = fw)=f(v) ~ local speed of propagation (?)

w—v

General upwind flux (Roe flux) for 1D scalar conservation lawn

Fou(o,0) = {f<v> Q>0 flw) = fl)

flw) ,ifs<0, w — v

O LA v(f(ugk_l)) - f(/é-ﬁ”)) Jif 5> 0,
: . v(f(ugﬁ_l% - f(uﬁk_l))) ifs <0,

Alternative upwind-type numerical flux function: Enquist-Osher flux

Fro(v,w) = J(f(v) + flw)) — | / 1)) de

(3.2.5)

(3.2.6)

(3.2.7)

3.2
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f(v) if miI[1 fl(u) >0,
_ ue R .
> FEO('U,’U]) _ f(w) ’ if max f,<u> <0 ’ [ = [mln{,U?w}? maX{U7w}] :
uel \
unambiguous direction

Example 57 (Centered flux).

@LID): ugk) = »é-’“” — 3 (f <u§-’i}”> —f (uy:l)))

)
ugk) = uék_l) — (Fc(ugk_l), ugli_ll)) - Fc(ug-k_?), uék_l)» | Fev,w) = 5(f(v) + flw) |-

~
centered flux

Ex. 652 moot point: stability of FDM in conservation form not guaranteed ! o

Example 58 (Diffusive flux). — Rem.

Simple explicit FDM on [equidistant grid| for parabolic [Cauchy problem

ou  O%u . - >
& 5 = 0 inRx]0,T], u(-,0)=wuy inR. p. 212




k k—1 k—1 k—1 k—1
) M;)_M§ >_M§-+1>—2N§- >+u§-_1)
At B (Ax)? ’
(k—1) (k—1) (k—1) (k—1)
_ M — M M — K
> Mgk):m(f? 1)+,y(]+1 Aa:] M ijl>
> diffusive/viscous flux function: Fyg(v,w) = —Aix(w — )
Example 59 (Lax-Friedrichs numerical flux function).
Lax-Friedrichs FDM (3.1.29) on equidistant grid:
i =305 ) = (P = s )
)
ugk) = ugk_l) —7 (FLF(u§k_1>,u§ﬁﬁl>) FLF(N§k 11)7u§k 1))) ,
1
Fip(v,w) = 3((0) + f(w)) — 5w —v) .

(3.2.8)

(3.2.9)

3.2
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Lax-Friedrichs flux =Icentered flux + [diffusive flux

«—— cf. construction of Lax-Friedrichs FDM by viscous madification (— Rem. [49)

Alternative: in light of CFL-condition max~|f'(u)] <1 (— Def.31.4)
Uu

Fip(v,w) =3(f(v) + f(w)) = 3C(w —v), C = . L (w)] . (3.2.10)

= local Lax-Friedrichs flux

3.2
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Upwind numerical flux function for Burgers equation

Example 60 (Flux profiles).
| AT ons
2.17)

Different
Burgers equation

transonic rarefaction region;

[T TN [T
w\-HHEH'lIIEEHH"""Igﬂl >
N 5

|
? [

0.5

Roe flux Fiw

3.2
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Remark 61 (Viscous modification in conservation form).
I =numerical flux function/ for FDM in conservation form (— Def. 3.2.1)
F(v,w) = F(v,w) — Q(v,w)(w —v), Q:R2—R

[]

Engquist-Osher numerical flux function for Burgers equation
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e e e e B s e

E.-O. flux Fgp, v =1

augmentation by [diffusive flux:

0.5

F(v,w)

Lax—Friedrichs numerical flux function for Burgers equation

L.-F. flux FLF' Y = 1

— Rem. 49
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=R @l Y - )

’ QUi ™ = 1) - 2.0

original method «— F
Q@ >0 o extradiffusion, () <0 « anti-diffusion

3.2.2 Godunov’'s method

Still pending (— Sect. B4, cf. (3.2.5)): correct non-linear jupwinding ?

Consider [Cauchy problem| (2.2.1)) for 1D scalar conservation law, flux function f € C’l(IR{)

(Setting for discretization: : |equidistant tensor product mesh M = Ga . X Gay, 7 = Ax/At)

3.2

Godunov’s method: = pieceweise constant REA-algorithm for discrete evolution b 217



[J given ,E(k_D obtain ﬁ(k) in 3 steps:

[0 Reconstruct:  here (interpretation — Sect. B1):  w = Cﬁ(k_D

[J Evolve: solve the [Cauchy problem

w9
ot  Ox

p.w. constant on G .

(w) =0 inRx|0,At], w(z,0)=wy(z),reR. (3.2.12)

Sk O
(1 Average: get ,u( ) from cell avarages: jrj = A_/ w(x, At)dr (3.2.13)
44 l‘j—l/Q

Theorem 3.2.3 (Properties of Godunov’s method).
[Godunov’s method yields a time-invariant, translation-invariant, monotone (— Def. B.1.14) dis-
crete evolution.

Observation:  [Godunov’s method is in conservation form!  (— Def. B.2.7)

B21 (k)

_ 1
ZD :Mgk 1>_A_x/f(w(xj_|_1/2, dt+—/f Ti_1fy1 ))dt . (3.2.14)

3.2
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U/wo

[N Godunov numerical flux function

FGD(?"'?II’L_:l?/’LO?ILLl?"') = A
1 At
— w(0,t)) dt, (3.2.15
5 ) fwon)ar, @219
where w = w(x,t) solves Cauchy problem
(B:2.12) with p.w. constant [initial dafal w(z) = f; o
for () —1)Ar <z < jAx,j=—my+1,...,my, U1 "
wo = 0 elsewhere. i T
—2Az Az | Ax 128

Nice try ! BUT, how do you want to realize “Evolve” ?

ldea: finite speed of propagation !

If At < sAx [ Fgp only depends on two (adjacent) states 1i), (i1 !
[0 evolution 3.212) «<— local (“non-interacting”) Rie-
mann problems (— Def. 2.4.1))
(s = maximal speed of propagation,

§ = max{|f'(&)]: essinf uy(z) < & < esssup ug(z)}, Cor. 2.6.3) 3.2
reR reR p. 219



U/wo

Assume: sAt < Ax
A <1 domain of influence of non-adjacent grid cells
S /

9 v

For [Godunov flux from (3.2.15):
Fep = Fop(po, p1) -

[ Godunov’s method

K N = 3-point FDM in conservation form

1
—2Az —Azr Ar 20z

CFL-condition (— Def.B.1.4) =

solution w of ((3.212) agrees with solution of

Riemann problem

()

at v = x;_ 1) (— Def. 2.4.7) with

k
U = [ _q, Ur = ,ug ) on (@_1/9,1), 0 < T < At

Entropy solutions of

Riemann problems

are [similarity| solutions:

(cf. Lemma2.4.3, Lemma2.4.4], Rem. 43)

u solves

3.2

Riemann problem| — wu(z,t) = ¥ (z/t) a.e.in Rx]0,T . p. 220



- Fop(v,w) = f(u(0,t)) = f(x(0))| , w = Riemann solution for u; = v, u, = w .

0 Notation: ut(v,w) := u(0,t) = (0) for entropy solution u of Riemann problem with wu; = v,
Uyr — W

Special case: f : R — R strictly convex & smooth (e.g. Burgers equations (2.1.7))

[1 |Riemann problem| (— Def. 2.4.1)) for (2.2.1)) has the solution:

0 1fu; >wu,- O discontinuous solution,shaock (— Lemma 2.4.3)

ult, ) — {Ul if © < st 5 flug) — fluy) |

ur ifx > st u; — Uy

[0 Ifu; <wr 0O continuous solution, rarefaction wave (— Lemmal[2.4.4)

2

Uy if v < f/(u))t,
ult,z) = { glafe) it fllu) <afe < fllur),  gi=(F)7". 39
Uy it v > f/(uy)t,

p. 221



% —— = piecewise constant function Cﬁ(k'

—— =shock in (t, x)-plane
—— = rarefaction wave in (%, x)-plane

u; < up A f'(uy) < 0 (rarefaction [J) |
u; > ur As > 0 (shock L), (3.2.16)

L1 \ \ | / /
bh—1
Tj_o Tj_1 Tj  Tjpl X9 Ti 3
( . u; > ur A s <0 (shock L) ,
Uy |
ul(ubUT) — < ) if

wp < up A f'(u) > 0 (rarefaction )

\(f/>_1(0> ifup < up A f(ug) <0< f(uy) (rarefaction [J).

3.2
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u
O\ \
N\
N\ \
N\
N\ Uu [
"\
N\
\
\

UI T

T ul

[1: subsonic shock []: subsonic []: supersonic [1: supersonic
rarefaction shock rarefaction

Godunov numerical flux function for Burgers equation

Using general Riemann solution (2.5.5): for any
flux function|
P Godunov numerical flux function

. i
vggw flu) Lif v<w, N

Foplv, w) = max f(u) ,if w<wv.

wgugv EO.S%
(3.2.17) | G

for Burgers equation (Z.1.7) > | R

—7
[FFFFFFFTTFFTFFFFFFTTTFFF

I~

T
T T e 7

0 7T
(Cf EX m 17 0.8 0.6 e =

3.2
Remark 62 (Simple upwinding as REA-method). p. 223



General 2-point upwind scheme (3.2.6) =

s REA-algorithm under CFL-condition (| f’(u)| < 1 for all possible 1) with
» only (even entropy violating !) shock solutions of local Riemann problems @B.2.12) (—
Lemma. 2.4.3) taken into account.

[] (Roe) upwinding (3.2.6)) is monotone (— Def.3.1.14) (Thm. —s alterative proof) A

3.2.3 Modified equations

Setting| of Sect. 3.1.21 (O fequidistani tensor product grids, v := At/Az > 0 fixed !):

[0 explicit translation-invariant finite volume discretization (— Def. B.2.1)) of (2.2.1))

Assume (— Sect. B.1.2): solution u = u(x, t) of Z2.1) “sufficiently” smooth (in space & time)

3.2
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Definition 3.2.4 (Modified equation).
Let a finite difference method (FDM) (3.1.6) be consistent with (2.2.1)) of order p, p € N, in
space and time (— Def. 3.1.7). Any PDE, to which it is consistent of order p + 1 in space and

time (— Def.B.1.7), is called a modified equation (ME) for the FDM.

ldea: s FDM yields “better” solutions of modified equation than of (2.2.7))
( U discrete solution will display features of solution of ME)
» study solutions of modified equation (qualitatively)
[ gualitative insights into discretization error for (3.1.6)

Lemma 3.2.5 (Modified equation for first-order 3-point FVM). — [24, Sect. 2]
Explicit 3-point FDM (3.1.16) in conservation form (— Def B.21, @.24) with C?

humerical flux functionl F' and first-order consistent with (2.2.1)), is second order consistent with

f;u + aaxf( ) = Ata% (b(u,fy)%> , (3.2.18)
with — b(u,7) =5 ( 1 H(uw, w, u) + O H(u, w, w)) — S (u)? (3.2.19)
= %@F( u) — O F(u,u) — 7' (w)?) .
3.2
p. 225
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H(u, u, u) = u,
oot bemmasLit = 0 1H(u, u, ) — O1H(u, u,u) = 7f'(u),
Vu € R, with H(u, v, w) == v — y(F(v,w) — F(u,v)).

’y@%F(u, u) 70101 F (u, u) 0
D*H(u,u,u) = | 40,0, F (u,u) 7(—3l2F(u,u) + 02F (u,u)) —v0;0,-F (u, u)
0 —70;0r F(u, u) 02 F (u, )

Tool: Taylor expansion of local truncation error Tj(k) BI17) — Sect.BIZ uptoterms O((Az)?)
H(u(x — Az, t),u(x,t), u(x + Az, t))=
= H(u, u,u) + 0_1H(u, u, u)(u(x — Ax,t) — u(z,t)) + O H(w, u, u)(u(x + Az, t) —u(x,t))+
%331H(u, u,w)(u(z — Az, t) — u(z, 1) + %8%H(u, w,w)(u(x + Az, t) — u(z, 1)) + O(Az)?)
= u + Azuy(O1H — 0_1H)(u, u, u)+
L(Ax)? (um(ﬁ H+ al ) (1, u) + () (02 H + OFH) (w, u, )

u — yAzug f (u ( O_1H + 01H)(u, u, u) - ug)—
@08 11H +6‘081 )(u (7 ul( ) )
=0

2 2
where u = u(x, 1), ug = 942, 1), uge = SH(@, 1), s = Gi(x, 1), uge = TL(x, 1).

u(x,t + At) =u + Atuy + 2utt(At) = u — Atf (u)ug %(At) ((f’(u))ng;) .

3.2
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B 7

(k) _

0

= At —

Example 63 (Modified equations for simple 3-point FDM).

ou

B (( i2(a 1H + 91 H) (u, u, u) = %(f’(u)>2) (93:) +0((At)?) .

o first-order backward finite differences (3.1.20) for 2% 5 +8 flu) =

>

O_1H(u, u, u)
o1H

Modified equation:

(u; u,u)

gﬂ) = blu,7)

8u_|_ 1,
ot Ox

F(u) =

= 5]"'(%)(1 —f(u))

Az f!(u)(1—vf (u) .

fflw)>0Avf(uw)) <1 O blu,vy)>0

e first-order Centered finite differences (3.1.17) for 2 S +a flu) =
6‘_1H(u, ) -

O1H

(w,u,u) = —

e first-order [Lax-Friedrichd scheme (3.1.29) for U

7f(> ” — _Lf )2

2 oy = ) = ) <o
‘|‘aaf():O

= b<u,v>=2—}y2<1—<vf’<u>>2>zo (CFLY).

(3.2.20)

(3.2.21)

(3.2.22)

(3.2.23)

3.2
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What does the modified equation (3.2.18) tell us ?

b(u,v) > 00 (@B.ZI8) = quasi-linear parabolic evolution problem (“heat equation”), cf. (Z5.2),
Sect. 2.5.1L
» stable evolution: existence & uniqueness of smooth solutions V¢ > 0
» evolution diffusive/dissipative: has smoothing effect — EX. [1 shock smearing

b(u,v) <00 (@B.ZI8) =ill-posed IBVP for “backward heat equation”
» unconditionally unstable: exponential blow-up of solutions
s b(u,7y) < 0« instability of discrete evolution (3.1.16) (— Sect. B.1.3)

Example 64 (Diffusive 3-point schemes).

» Cauchy problem for Burgers equation| (2.1.7)

3.2
» initial data; C'-*bump” @.2.3), “box function” Uy = XJ0,1[ @.2.5) p. 228



s lequidistant grid M = Ga, X Gap, 7 = At/Az = 0.5

s FDM: backward finite differences (3.1.20), Lax-Friedrich scheme (3.1.29)

Monitored: Approximate solutions for 7' = 1 and animated discrete evolutions for Az = 1072,

U :
Plot of Backward scheme with Non Smooth Initial Conditions( dx = 10'2) Plot of Lax Friedrich scheme with Non Smooth Initial Conditions( dx = 10'2)
I T T T T I T T T T
Exact Solution Exact Solution
1 Numerical Solution | 1 Numerical Solution
0.8 = 0.8
0.6 . 0.6
041 . 041
0.2 . 0.2
I
0 | | I | G B SN Ta EED 62 ‘ 0 | ) | I R N B N Ve D =
-1 -0.5 0 0.5 1 15 2 -1 -0.5 0 0.5 1 15

u(x, 1) for backward FD u(x, 1) for Lax-Friedrichs




Observation: smoothing of shock discontinuity due to [diffusive character (shock smearing
different amounts of diffusivity in the schemes — Sect. [3.2.9 &

Second order schemes for non-linear conservation laws ?

ldea: LemmaBZ5: b(u,v)=0 O 2nd-order 3-pt FDM for 2 5%t 3 9 f(u) =

= use (3.2.19) to construct 2nd-order 3-point FDM (for non-linear case)
(Lax-Wendroff-schemé for non-linear conservation law)

Recall: 2nd-order[Lax-Wendroff schemel for constant advection: (3.1.12) rewritten

k k—1 k—1 k—1 1 2 92, (k—1 k—1 k—1
u§ ) = u§- ) 2’W</‘§+1 ) u§_1 N+ 57V (u§+1 - 2u§ )+u§-_1 b (3.2.24)
centered finite differences B.1.9 discrete diffusive term — Rem.
= obtain b(u, y) = 0 through kiscous madificafion of first-order centered FDM (B.1.17) !

3.2
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Lax-Wendroff numerical flux function for Burgers equation

Preserve conservation form !

[]

viscous augmentation of [centered flux

(— Rem. [61)

HH
[ 77 ]
Y A i

FHH

-

I ]
H
17
-=

-0.6

-0.4

sl UL,
ST os.auo )
~ A
S .
| O
o
= o
/N d
3 < ¢
< | N
~— e\
! D —
| = : |
\W/ < /rJ -
S K < £
S s
- +—
- s O3
| O ~ /ﬂ\ Q
TS g
— ()]
s 1 2
N = -
. £ 8
()]
= 8 =
= &3

-0.8

Lax-Wendroff numerical flux function:

>

(3.2.25)

(v+w)))2(w —v)

1
D
centered flux + weighted diffusive flux

3

)

flw
S

_|_

)

(V)

(

f

5

)

w

)

(V)

(

Lax-Wendroff flux

Frw

general non-linear Lax-Wendroff-scheme:

>

3.2

231



ugk) -~ ugk_lL 5 (f <u§’i}”> —f (ugﬁﬁl))) + 377 (f’(%(ugﬁ_ll) + @’“”))Mﬁ}” = ugk_l>>—

PO+ a2 — ) 32269
Practical version:  replace f’(%(v + w)) f<wui : Z(v) (still 2nd-order):
N B 2
A=+ fw) -3 (P2 e e2an

Example 65 (Convergence of Lax-Wendroff-scheme (3.2.26)).

» [Cauchy problem| for Burgers equation (2.1.7)
s initial data ug as in Ex.48 O 0 < w(x,t) <1la.e. inRx|0,7]|
» Lax-Wendroff 3-point FDM (3.2.26) with v =1 [0 CFL-condition satisfied

for different ug

B Hﬁ(k)Hzl(z)

Monitored: (algebraic) convergence in norms maxy. Hﬁ(k)H

from {.2.3)-@.2.5).

(“exact” solution by high resolution method, — Sect. on very fine grid)

1*(Z)

3.2
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10°

107F

10°F

1074 1 2 3
10 10 10

Observation:

107°F

Error Plot of Lax wendroff scheme with Smooth Initial Conditions

No of Grid Points

smooth uq from (4.2.3)

Error Plot of Lax Wendroff scheme with Kink Initial Conditions Error Plot of Lax Wendroff scheme with Non-Smooth Initial Conditions
T T

10° 10°

107

107

107°F

1071

107

107 L L S il 107 L L r |
10" 10° 10° 10° 10" 10° 10° 19°
No of Grid Points No of Grid Points

merely CV initial data, @.2.4) discontinuous initial data (4.2.5)

breakdown of smooth solutions [1  2nd-order convergence lost

(even for smooth )

Monitored: discrete evolutions for non-smooth v from (£.2.4) (merely CYy, @2Z5) (discontinuous)

for Az = 1072,

3.2
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Shock smearing for burger with Lax Wendroff for kink

Shock smearing for burger with Lax Wendroff for Non Smooth Initial Conditions

u(x,t)

time

(k) x

1 for ug = “saw tooth”, v = 0.8 ugk) for ug = box function, v = 0.1

Observation: Trailing oscillations near kinks/discontinuities of solution !

Analysis:

examine modified equation (— Def. B.2.4) for Lax-Wendroff-scheme

: : : : 3.2
Lax-Wendroff-scheme (3.1.12) for constant advection (2.1.6) is 3rd-order consistent with

p. 234



(9u 8’& 1 9 9 (93u
a7 + Ve = —z0(Az)*(1 — (v )ﬁ (3.2.28)
Effect of this term ?
Technique (— Sect. [1.3.1): dispersion analysis using [plane waves u(x,t) = ek —wt)
[] dispersion relation| for (3.2.29):
—iw + ik = (Ax)A(1 — (17)?)ik® = w(k) = vk(l — F(Ax)*(1 — (vy)%)k?) .
dw(k
B> [group velocityt ¢, = fl; ) _ (1 — 2(Az)*(1 — (vy)H)k?) . (3.2.29)

0 @229)is dispersive (— Def.33): If |yv| < 1 (CFL-condition) & |kAz| < /2 (aliasing

=> higher (spatial) frequencies travel more slowly !

Modified equation for 2nd-order FDM are non-diffusive, but dispersive

U p

(k)

j feature spurious oscillations near shocks

3.2
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Example 66 (Dispersion for Lax-Wendroff scheme).

» constant advection (Z1.6), v = 1, 0n {2 =| — %, %[ + periodic boundary conditions

» linear Lax-Wendroff FDM (3.1.12), equidistant space-time grid, Az = 0.01, At = 0.008

Lax-Wendroff, t = 1.000000 Lax-Wendroff, t = 1.000000
| —— Lax—Wendroff
Exact
1r R 1l |
0.8f : 0.8l
0.6 s 0.6l i
g <
= I3
0.4r R 0.4f \ |
0.2+ B 0.2} |
0 i 0 -
—— Lax—Wendroff
—— Exact
035 0 5.3 035 0 53
X X
UO = X)—1/4,1/4] uo(x) = 0.5 cos(m/2x) sin(87z) + 0.5

<&
3.2
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3.2.4 Conservation property

Example 67 (“Dishonest” scheme).
s Cauchy problem (.Z1) with strictly convex f, f/(u) > 0foru > 0, f/(0) =0
s up>0 O wu(x,t)>0ae inRx]|0,7] O only propagation in +xz-direction

» Non-standard method

k (k—1) k—1 k—1
u§ = ué —f ( )(ué - u§_1 y. (3.2.30)
P>  1st-order consistent (— LemmaBZDZI]) & (CEL assumed) monotone (— Def. 3.1.14)

)
Thm.B 110 = scheme (B.2.30) convergent (in [P(Z)-norm, 1 < p < 00)

0 ,ifg3>0.
— up(x) = 1forx < T_1/: up(z) = 0 for x > L _1/2

L ,ify <0;,
Yet: ﬁ(o) from [Riemann problem; ,ug = { J

3.2
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Entropy solution| (for this u) = travelling

shock (— Lemma2.4.3), speed <> " 0
i=f(1)>0 %) = 79 for all k 1

Numerical solution:

[] 3-point FDM (3.2.30) “converges” to wrong solution !

&

[1 Consider explicit, time-invariant, translation-invariant FDM in conservation form (— Def. [3.2.1])
with consistent (— Def. 3.2.2) humerical flux functionl /' (for (2.2.1)))

Assume: |equidistani tensor product grid, ratio v := At/Ax fixed

Initial data “constant at +-00™: ,u(_oz- = uy, ugo) = u, forlarge j

A3 W = A ST Y = A (F (g, ) = Flur . u) = M) — flur))

JEL JEZL
(3.2.31)
De(f.E;IBI u<x7 t+ At) dr — / u(gj, t) dx = At(f(uﬁ — f(ufr)> .

3.2
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Situation: discrete solution ﬁ(k) decreasing & suppo%ed to approximate alshock

Ut
approximate site of shock (attime ¢ = ¢;.):
CCS]C) c R:
xik) 00
/ u; — C/l'(k) do = / C/l’(k) — Uy do
—00 :ngk)
Up | |
T B

R
. / C/l’(k) do = (xf,f“) + R)u; + (R — xik))ur (R large, R € Ty1p) -

—R
(k) _ (k=1) B
@230 T — T, k) (k=1)\ _ Sflu) — f(ur) Thm. 2320 .
At Up — U 4 J J u; — Uy
1€
[ FVM vyield correct “discrete shock speed” (not liable to effect of Ex. [67)) J 3.2
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Setting: » sequence of meshwidths ; € R, [ € N, lim;_, 77 =0
At;

ACE‘Z
s U = Cﬁ(') e L®(Rx]0,TY), i) generated by consistent FVM (— Def. B2T) for
@.2.1), ﬁ(o) from B.2.3)

» sequence of equidistant space-time meshes M;, v := — fixed, Ax; = 7

Theorem 3.2.6 (Lax-Wendroff theorem). — [31, Thm. 12.1], [29, Thm. 2.3.1]
In the above setting we assume

() Jue L(Rx]0,T]): lim ||lu; — uHL1 x) =0 Vcompact K C R x]0, T

[— 00

(i) IC >0 TVr(u(-,t) <C Vte€|0,T].
Then u is a weak solution (— Def. [2.3.1)) of the [Cauchy problem| (2.2.7)).

Sketch of proof. (details — proof of Thm. 2.3.1in [29]) Pick & € CJ*(R x [0,T)
O notation:QD;k) = O(xy, ), (25,1) € M, (index | suppressed)

3.2
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n n—1
From conservation form by summation by parts (3" a;(b; — b;_1) = a,b, — a1by — > (a; 1 — a;)b;)
1=1 1=1

M M
0) (0 k k—1 k k k k
DLV B LR RO 9 SR LY

JEZL k=1j€Z k=1 j€Z
—~———
M k) _gpF—1) I M (k) _ (k) .
ININDIDS < L | i aaar B () Y =
k=1j€eZ k=1j€eZ
l _ (0),(0)
a = Az ), &y
J JEZL
____________________________________ ~
T o~ | T oo T Hi
=00 0P | ' [—o00 :
— —t(:v,t)u(a;,t) dxdt ; L — — [ O(x,0)up(x)dx
S U= S - |
o f"éégq; """"""""""" |
551’9/ / — (2, t) f(u(x, t)) dzdt !
! X '
N 0 =00
[J: uses L'-convergence of u; 3.2

0 requires TVR(w(+,t)) < Cforlimp, g [ |w(z, +Az,t) — wy(z,t)] dz =0 O p. 241



Finite difference methods in conservation form do not lie !
(“An algorithm may fail, but it must not lie” — B. Parlett)

3.2.5 Stability

[0 apply results of Sect. 3.1.3.21to FDM in conservation form (— Def. 3.2.1)

Focus: 3-point finite volume methods on |equidistant grids

il = Y (Y D) - R D)) @22

Assume: humerical flux function F' : R? — R smooth

Lemma 3.2.7 (Monotone 3-point FVM). — [29, Def. 2.3.]

A 3-point finite volume method 3.2.2) with F' € C'! induces a monotone discrete evolution (—

Def. B1.14), if

O F(v,w) >0, 0rF(v,w)<0, 1=7F -0F)>0. 3.2
p. 242



Theorem 3.2.8 (Order barrier for monotone FDM in conservation form).
A monotone finite difference method in conservation form (— Def. B.2.1) for @2.1) with C!
lhumerical flux functionl is at most consistent of order 1.

[N Thm.B.2.3 [ Godunov’'s method (— Sect. 3.2.2) is only 1st-order consistent with (2.2.1))

Survey:.

stability properties of consis- monotone schemes
tent finite difference methods

In conservation form

I1-contracting
— Thm. 3119, VD

— Lemma3.1.21], monotonicity preserving
— Thm. 3.2.8

First order schemes Higher order schemes

Thm.3.1.25 P for linear FVM: all notions of stability coincide ! v

p. 243



Remark 68. Thm.3.1.25 & Thm.3.2.8 [
even for linear advection (2.1.6): only a non-linear FVM to achieve 2nd-order and monotonicity

preservation (— Def. B.1.24), cf. oscillations in Lax-Wendroff evolutions — EXx.

JAN

Remark 69 (Order barrier for TVD 3-point FVM).

A TVD (— Def. 3.1.20) [3-point finite difference method in conservation form (3.2.2) for (2.2.7)) is at
most first-order consistent, [15, Thm. 3.7], [37, Sect. 2].

VAN

Lemma 3.2.9 ({!-stability of TVD FVM).
A TVD (— Def. 3.1.20) finite difference method in conservation form (— Def. B.2.1) with

Lipschitz-continuous umerical flux function is linearly (— Thm. BL10) [ (Z)-stable.

Terminology: [Numerical flux functionl /' is Lipschitz-continuous, if

my
3L > 00 |F(u—pmyts - tm,) = Flizmets i) L0 Yy —1y|  (32.32)
[=—m+1 3.2

for sufficiently small |u; — uy]. p. 244



3.2.6 Convergence

For non-linear scalar conservation laws:
possible breakdown of classical solution (— Thm. 2.2.4)

> blow-up of spatial derivatives

> no control of truncation errors (— Def. B.1.6)

> Thm. cannot be applied !

>  convergence of FDM/FVM for (2.2.1) and relevant classes of solutions ?

Put up with very weak notions of conver- convergence of sub-sequences

gence (weaker than Def. [3.1.5) («~» compactness arguments)

Recall: Topological space V' compact <> every sequence in IV has convergent subsequence

ldea: Consider family of grids [1 family of discrete evolutions

> family of discrete solutions u;, cf. Thm.[3.2.6
> if {u;} C compactset [ I convergent subsequence

refers to same (norm-)topology 3.2
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Recall: compact embeddings of function spaces — [27, Def. 2.11.7], {2 bounded:

s {v e LPQ): ||’U||Lq(Q) < 1} is compact subset of LP((2) for g > p,
o {v e W LP(Q): [ollyymp) < 1}, p = 1, is compact subset of Wwm=Lp(Q)
— embedding theorem [27, Thm. 4.2.13] for Sobolev spaces [27, Def. 4.2.1]

B C R?bounded, (f;);cy C L'():

1l I/Q\fz\der/Q\gradfz\dw <(C VieN
= iy, diy,...} CN, fe LY (Q): lim f;, =f.

k—00

Note:  T'Vo(f) = /Q grad fldz  for fe W Q) || fillyri) = 1/l piq) + TValf)

3.2
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Theorem 3.2.10 (Compactness in BV),.).
For Q2  R? (not necessarily bounded) let (f1)1e7 C BWVpc((2) satisfy

VI C ), K compact: 3C' >0: |[[fillpiy<C A TVg(f)<C VIeN.

Then 3{i1,is,...} CN, f€ Ll (Q) suchthat lim fi,=/f in L%OC(Q).

loc o0
Proof. by Arzela-Ascoli selection theorem & mollifier techniques O
ldea: use this compactness result on Q= Rx]0,7T|!
For lequidistant infinite space-time tensor product grid M (spatial meshwidth Ax, timestep At), grid

function " : M — R, Q = () for finitely many (7, k) € Z x {0, ..., M}:
H H

TVju(T) = TVasgor((CH) = Y D Al = w5V + ) — 1

M

(k—1) (k‘—l)’ |

(3.2.33)
k=1j€Z

3.2
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Lemma 3.2.11 (TVD FVM is TV-stable in space-time).

M
Let (ﬁ(k’))kzo be generated by a TVD (— Def. 3.1.20) finite difference scheme in conservation
form (— Def. 3.2.7) on[equidistant grid with [Lipschitz-continuouslnumerical flux function| 7, i.e.,
(3.2.32) holds with some L > 0.

= TVpM(E) < (my +mp) L+ DT - TV () Vug € CVGay), ! # 0} < o0
Proof. see proof of Lemma[3.2.9, use (3.2.33) u

Setting: s sequence of meshwidths ; € R, [ € N, lim;_,,, 77 =0,

» sequence of equidistant space-time meshes M, v = A—l fixed, Ax; = 7,
L]

s U = ciit) e L>®(Rx]0,T[), i) generated by FDM (— Def. BII) on M,; for

[Cauchy problem| (2.2.7)),
» ﬁ(o) from cell averaging (3.2.3).

3.2
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Theorem 3.2.12 (Convergence of TVD finite volume methods). — [29, Thm. 2.3.9]
In the above setting we assume that

(i) the finite difference methods are in conservation form (— Def. B.21) with a

Lipschitz-continuous lnumerical flux functionl /' that is consistent (— Def. 3.2.2) with the
flux functionl f,

(i) the finite difference methods are TVD (— Def. 3.1.20),

(iii) Inifial data ug € L' (R) N L*°(R) satisfy TV (ug) < oo.

Then, possibly after selecting a sub-sequence,

w —u forl — oo inLi (Rx]0,T[), u iskweaksolufion of (Z.2Z.1) .

Theorem 3.2.13 (Convergence to weak solutions).
Let W C LY Rx]0,T[) N L>®(Rx]0, T[) be the set of weak solutions of (ZZ1). Under the
assumptions of Thm. 3.2.12

VK C Rx|0,T], K t. i inf — =0.
] ; [, compac l_lfgoulélwnul UHLl(K)

3.2
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3.2.7 Discrete entropy solutions

Thm. 3.2.12 convergence to [entropy solution (— Sect. [2.5.2) of [Cauchy problem|?

Example 70 (FVM can converge to [expansion shock).

s Cauchy problem (Z.21) for Burgers equation (Z1.7), i.e., f(u) = %uQ

s ug(x)=1forz >0, wuglx)=—1forx <0
[1 [entropy solution| = rarefaction wave (— Lemma [2.4.4)

» FVM: Roe upwinding (3.2.6) on equidistant grid, = ; = (7 + %)AI‘ Ax > 0, CFL-condition satisfied

0 —1 forj <0,
L M§>{

1 fory > 0.
[ ugk) = ,ug-o) forall k. O for Ax — (0, convergence to entropy violating [expansion shock !
P finite volume method may converge to entropy violating weak solutions ! 3.2
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Question: How to tell that a scheme guarantees convergence to entropy solution ? («+ “does not

lie”, cf. Sect. 3.2.4)

Remember: entropy inequalities (— Def. [2.5.3) satisfied by [entropy solution| of (2.2.1):
for any pair (1, 1) of entropy functions (— Def. Z.5.2)

X t
/U(U(iﬁatl» — n(u(z, to)) dz + /¢(U(x1,t>) — (u(zo, 1)) dt <0 (3.2.34)
X0 to

foralmost all z( < z1, 0 < tg < t1 < 1', whenever u is fentropy solution of (2.2.1).
—_—

3.2
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Definition 3.2.14 (Entropy consistency).
A finite difference solution ﬁ(') of (2.2.1) on an [equidistant grid is entropy consistent with a

pair (1, 1) of entropy function (— Def. 25.2), if there is a numerical entropy flux function ¥
R R consistent with the [entropy flux ¢, that is,

3C > 0,6 > 00 V(i pim,) — (W) < C > iy —ul

forall iy, 41, .-, fm,s U 117 — u| < 9, such that the discrete entropy inequality

n(ugk)) < n(ug-k_m) - v(%ﬁ@? - w;lﬂ__l/l;) Vi€Z k=1,...,M, (3.2.35)
B gD (h=1))

holds, where ¢J+1/2 =Y 10 B,

Definition 3.2.15 (Discrete entropy condition).
A finite difference method (on an [equidistant grid) for (2.2.1)) satisfies the discrete entropy con-
dition, if it is entropy consistent (— Def. B.2.14) with any pair of entropy functions (— Def. 2.5.2)

for (2.2.1)).

3.2
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Theorem 3.2.16 (Convergence to entropy solutions).

Let the assumptions of the Lax-Wendroff theorem, Thm. [3.2.6, be satisfied. If the solutions ,E<')
of all discrete evolutions satisfy the discrete entropy condition (— Def. [3.2.15), then u will be an
lentropy solution| of (2.2.1)).

Proof. analoguous to that of Thm.[3.2.6 ]

By uniqueness of the [entropy solution, Thm. 2.5.4:

Theorem 3.2.17 (Strong convergence theorem).

In addition to the assumptions of Thm. [3.2.12 (TVD, conservation form, consistent with (2.2.1)),
let a finite volume method satisfy the discrete entropy condition.

Then w; — uw for [ — oo in Llloc(IRix}o )" where u is the lentropy solution of the
[Cauchy problem| (2.2.7)).

[] Discrete entropy condition holds for [Godunov’s method (— Sect. 3.2.2)

3.2
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Tool: Jensen'sinequality:  if 7 : R — R convex, [, 1dx = 1, then

n(/{zgdw> S/Qn(g) dz (3.2.36)

for measurable g : ) — R.

Thm.3.216 P [Godunov solutions converge to lentropy solutions,

Theorem 3.2.18 (Monotone FVM are entropy consistent). [15, Thm. 4.2], [29, Thm. 2.3.19]

monotone (— Def. 3.1.14)
FDM for (2.221) consistent (— Def.3.2.2)

discrete entropy condition

in conservation form (— Def. B.2.1) (= Det.5.2.19)
. _ ou 0
Tool for the proof. Kruzkov pair of non-smooth entropy functions for 5 + P f(u) = 0:
x
ne(u) = |lu—-c| , Ye(u) =sgn(u—c)(f(u)— flc)), ceR. (3.2.37)

N in the sense of distributions v/ = 1. - f’

3.2
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T
—function n
—— linear interpolant
2.51 | - - ~ Kruzkov entropies

Significance of Kruzkov entropies:

» finite positive combinations of Kruzkov en-

tropies approximate convex functions in
Mflicl(]R) (modulo linear modification) [29,

Lemma 2.1.18]

[y

» FDM entropy consistent (— Def. 3.2.14, (3.2.35)) with entropy pairs (1, v), (7

= entropy consistent with any convex combination (of (7, ¥), (7
o

\8|\_/|
~—
N

)

FDM entropy consistent with all Kruzkov pairs of non-smooth entropy functions

= FDM satisfies discrete entropy condition

= [ Monotone & consistent FVM converge ! ]

3.2
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A more general class of FVM satisfying the discrete entropy condition (— Def. 3.2.15):

A

Definition 3.2.19 (E-schemes).

3-point

sgn(w — v)(F(v,w) — f(u)) <0 Vu € min{v,w}, max{v,w}| .

— [36], [31, Sect. 12.7], [15, Sect. 4.2]
finite difference method in conservation form (3.2.2) (— Def. B.2.1) for (2.2.1) is an
E-scheme, if

-

relationship with [Godunov schemel (3.2.15):

F(v,w) < Fgp(v,w) ,ifv <w,
F(v,w) > Fgp(v,w) ,ifv>w,

>  [ax-Friedrichs scheme (3.1.29) & [Engquist-Osher

Lemma 3.2.20 (TVD property of E-schemes).

(3.2.2) E-scheme (— Def. 3.2.19)

V([0 F (v, w)| + |0pF (v, w)|) < 1 Vpossible v, w

for a 3-point FDM in conservation form

< FVM is an E-scheme

scheme (3.2.7) are E-schemes

= ([@.2.2) TVD (— Def.[3.1.20)
3.2
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Proof. convert to incremental form (3.1.30) and Thm. 3.1.22

Theorem 3.2.21 (Order barrier for E-schemes). — [36, Lemma 2.1], cf. Thm.[3.2.8

E-schemes are at most first order consistent

Lemma 3.2.22 (Monotone schemes as E-schemes).

A consistent (— Def. 3.2.2) monotone (— Def. 3.1.14) [3-poinf scheme in conservation form

(3.2.2) is an E-scheme.

non-decreasing in v

Proof. (@322) monotone [ F(v,w) non-increasing in w

B v<u<w = Fw) —Fluu) <0,

w<u<v = Flo,w)— Fu,u)>0.

Lemma 3.2.23 (Discrete entropy condition for E-schemes). [43, Sect. 5]

E-schemes (— Def. B.2.19) for (2.2.1) satisfy the discrete entropy condition (— Def. 3.2.15)

under the tightened CFL-condition

|f®) = 2P, w) + fw)| _ 1

3.2
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Heuristics. Consider semi-discrete equation for 7 = fi(t), 0 < t < T, ji(0) = jil¥)
d 1

i = (F(pj(0), 1y41(8)) = Flij1(8),155(0))) (3:2.39

For any pair (17,1)) of entropy functions:

L A3 (8)) = = (g ) CF g 1) 1 1(8) = F g 1(2), 11 (0)

lnumerical entropy flux function; U(v,w) = n'(w)(F(v,w) — flw)) +p(w) — )

d
Az—n(pg) + (pj pat) = U1, 147)

= F(pj, pjr1) (0 (1) — 0’ () + @ (j1) — () — 0" (i) f (1) + 0" () f (1)
Hj+1

= (1) <F<Nj:,uj+1> f<7_>2 dr < 0.

—— N
pj =0 <0 « E-scheme !

Heuristics: integrate over [t;._1, ] & (partially) freeze time:

() = () 4y ) w0 ) <o

P discrete entropy condition (— Def.3.2.15): W consistent with v

3.2
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Thm-8217 - onsistent 3-point E-schemes converge to the entropy solution, if v(|0;F| + |0, F|) < 1

PS: Bad news from [37]: another order barrier, cf. Thm.[3.2.8

-

™

A finite difference method for (Z.2.1)) in conservation form (— Def. B.2.1)) that
satisfies the discrete entropy condition (— Def. B.2.15) is at most first-order

- consistent.
.

3.2.8 A priori error estimate

Thm.B.217:  convergence, but how fast ? (— “no rate”)

Setting:

o

Cauchy problem (Z.2.1), Inffial data vy € L>°(R) N L(R), final time T > 0,
u e LYRx]0, T[) N L®(Rx]0, T])

entropy solution

3.2
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» Sequence of fequidistant meshes M ,;, M &€ N, spatial meshwidth Ax = Ax,;, timesteps
At = Aty = T/M |, fixed ratio v = At/Ax.

» Finite volume discrete evolutions (— Def. B.2.1) on M/, ﬁ(o) from (3.2.3)
(+)

0 solution grid functions i, : My — R < approximate solutions v, := Cji

9

Theorem 3.2.24 (A priori error estimate for monotone FVM). [15, Thm. A.1]
If the FDM is monotone (— Def. 3. 1.14) and v At < T', then there is C' > 0 independent of At,
uo (O notation C' # C'(At, 1)) such that

JulT) = ung( )l paggy < lul-,0) = ung( 0l 1 gy + C T - Tipug) VAL

Proof. Idea: use [Kruzkov pairs (7., 1) of non-smooth entropy functions (3.2.37), parameterized

by wlups !

3.2
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For v,w € L>®(Rx]0,T[) N L'(Rx]0, T[) define for & € C(()’O(]R‘l)

Special choice:

0P

oD

Nho(ar,t) (VY 8)) (264, 8)F Y0y (wly S))a—y(x, t,y, s)dsdy dtdz

O

(gj, t,y, S) — gp(aj B y)@(t B S)

0 € CP(R), p(z)

= p(—x)

3.2
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0P _ 0P 09 0P
O use 5, =57 5, = — 5, Pz, 1,9,5)

oo 1T o0
///\uy, ) —ups(x, )| P(x, t,y, T) dy dtdx
—00 () —o0
oo T oo
+ ///|u ) —ups(x, T)|P(x, T, y, s) dr dsdy
—0o0 ) —0o0

oo T
—J(u,upy, @) — J(uys, u, P) +//
—o0 0 —

o
-
— 00

=Py, s,x,t) &swap x <> y,s <> t

[u(y,0) — ups(z,0)|P(x, t,y,0)dy dtde

o\'ﬂ 8\8

O
/ uly, 5) — upg(a, 0)|0(z, 0, y, 5) de dsdy
— 0

3.2
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—e=1
use mollifier 61 :z:zi |
(«— “approximate convolution unit”) ——e=1/8

Ye(T) = e_lgpl(fv/e) e>0,reR,

exp(—1/(1 —z2)) ,iflz| <1, °
o1(x) = (—1/( ) if x| *
0 elsewhere.

/goe(x) der=1. i

R

-1.5 -1 -0.5 0 0.5 1 1.0
X

B uniformly lim /g(y)g&e(x —y)dy = g(z) for ge C'(R).

e—0

R

3.2
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[ use @ = . for small e:

oo T oo
[ ][ 1) a0t v
—00 ) —00

oo T oo
+ ///Iu ) —upg(z, T)|P(x, T, y, s) dov dsdy
—0o0 () —00

o

=2 / (u(z, T) — ups(x, T)|dx + O(e) .

— 00

requires: (TVg, o 7((w): TVRoor(uar)s 1wl poorxjorp: lwarll poomxjorpy — constant in
0(e))
s TVRyjo,|(u) bounded, uniform boundedness T'Vig . jo i(upr) < €
— Lemma [3.2.1]]
s |lull om0,y = € bounded, uniform boundedness || || 7.00(r xj0,7p) < €

— Lemmai3.1.15
—~——

- T) = g (T gy S =i ) — T g, ®) 4 (-, 0) = g 0) | 1 ) + Ol
(3.2.39) 32
[ by weak entropy inequality (— Def. 2.5.3) for w: J(u,ups, ®) >0 p. 264



Next lemma ([15, Lemma A.1]) uses [discrete entropy inequality| for Kruzkov entropies, cf. proof of
Thm.[3.2.18

Lemma 3.2.25.

3C # Clug, At): J(upr,u, @) < CT - TVR(ug) At ol -

B> choose € = /At for mollifier [ HSOHW1>1(]R{) ~ (At) 12 O
Remark 71. Thm.[3.2.24 (partly) explains observed convergence of FVM for non-smooth solutions —

Ex. B0
/\

3.2.9 Numerical viscosity

Recall: viscous modification of finite volume method (— Rem. [61)

New schemes (— [[ax-Friedrichs scheme (3.1.29)) through viscous modification of cen- -2
tered scheme B.1.17) p. 269



B.2.9), 3225 U [numerical flux function in viscous form

F(v,w) = 5(f(v) + f(w))—55Q(v, w)(w — v) I (3.2.40)
— 2F
v, W) = ’yf(w) (v,w) + (V) X (3.2.41)
w— v
centered flux () = numerical viscosity control function diffusive flux

Q(v,w) >0 = “numerical viscosity” (— compare: no viscosity in conservation law, cf. Sect.2.5.7))
cf. viscous form, Def. [3.1.16

= = b (R0 - ) Q0 WY - k)

WV
centered scheme (B.1.17)

— 3 Y @ = WY) ez

Thm. B123 [ fy‘ﬂw)_f(v) <

@.29) U [Lax-Friedrichs scheme: Qv,w) =1 3.2
@228) 0O [Lax-Wendroff scheme: Qv,w) = (vf’(%(v + w)))2 p. 266




P  LemmaB3.25: Diffusivity of 1st-order FVM with flux in viscous form (3.2.40)

@ZID = bu.7) = 55(Qu) ~ G W)?). 32.42)

[1 [Lax-Wendroff scheme has minimal numerical viscosity required for stability, cf. Sect. ??
0 Q(u,u) = (vf'(u))? necessary for 2nd-order consistency (— Def. B3.17), [37, Sect. 3]

Example 72 (Numerical viscosity for 3-point finite volume methods).

Assume: Q(v,w) can be extended to a Lipschitz-continuous function @ : R? — R

» [Burgers equation @1.7): f(u) = %uz
» Equidistant space-time tensor product mesh, v := At/Az =1

3.2
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Numerical viscosity: simple upwind for Burgers equation

7 05

7y -0.5
0.5

\

Simple upwinding (3.2.6)

Numerical viscosity: Godunov scheme for Burgers equation

\'

Godunov scheme (3.2.17)

3.2
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Numerical viscosity: Engquist—Osher for Burgers equation Numerical viscosity:Lax-Wendroff for Burgers equation

1—
0.8
= 064
= R
8 _ RS
0.4 N > 777
NN 7
AN
0.5
0

\

Engquist-Osher (8.2.7) Lax-Wendroff (3.2.25)

Godunov’s method has the least numerical viscosity among all E-schemes (— Def. 3.2.19) JO

3.2
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Entropy fix

Numerical viscosity for simple upwinding (3.2.6):

@.241)

FU.W fl’0m m :> Quw(’l), w) —

{7 ‘f(wlgig(v)‘ o 7w, (3.2.43)

f'(v) Jifv=w.

= i >=i2(\f< = (W3 flw)=0 = bury)=0.  (3.2.44)

“Too little” numerical viscosity for u ~ u*, f/(u*) = 0

EX. <~  Simple upwinding for [Cauchy problem| (2.2.1) with convex flux functionl [ € CQ(R),
flu) IDf(—U) 0 f'(0) =

danger of convergence to entropy violating solutions !

ldea: Entropy fix
[0 slightly enhance Q (v, w) for w,v ~ u*

f(W>—f(v)> |

w —v

for 3.2.43): @uw(v,w) = ( (3.2.45)

3.2
with m (&) > min{|¢|, €} everywhere. p. 270



0.9f

0.81

0.7r

0.6

0.4r

0.31

0.2r

0.1r

& -
_ )i Tfe €] < 2e
me(s) {g e > 2

Practice: strength of “entropy fix” ~ mesh reso-
lution:

e~ Ax .

0 0.5

Example 73 (Entropy fix for Burgers equation).

s |Cauchy problem for

s comparison:

Burgers equation

of Ex. [0 (rarefaction)

[Godunov schemel (— Sect. 3.2.2)), simple upwinding (3.2.6)) + [entropy fix (3.2.45)

» equidistant space-time mesh, Az = 0.06, v = 1

3.2
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Entropy satisfying solution using gudonov scheme at T=1.0 Entropy violating solution using upwind scheme at T=1.0 Entropy satisfying solution using upwind entropy fix scheme at T=1.0
T T T T T T T T T

Godunov’s method simple upwinding upwind| + lentropy fix

Observation:  Entropy improves convergence to rarefaction solution, though remnants of (spurious)

iexpansion shock O

3.3 High resolution methods

> Thm.B3.2.27, Thm.3.2.8: [l E-schemes/monotone FVM at most 1st-order consistent
3.3

> Rem. O TVD 3-point FVM are at most first order consistent p. 272



> Rem. L linear advection: only non-linear methods can be 2nd-order & TVD

> Sect.3.23 [ 1st-order monotone/TVD FVM (diffusivel (LI [shock smearing)

Goal: construct (formally) 2nd-order TVD finite volume methods I

3.3.1 Limiters

Focus: finite difference method in conservation form (— Def. 3.2.7)

F) _ 1) b =1y g0

Hi o = Hy Hjmmp+10 0 Hjgem, j=mp o Hjtm—1

consistent with %Jra%f(u) = (), onequidistani infinite space-time grid M = Ga,. X GAy, 7 i= At/Ax

fixed.

3.3
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3.3.1.1 Linear reconstruction

iGodunov’s methad, Sect.3.2.2: piecewise constant reconstruction =- only 1st-order consistent

N

/Cor. 262,263 [ for the [REA-algorithm| with exact Evolve: h
(u : R — R sufficiently smooth)
u — wo(Ruw) || 1 oomy = O((Az)?)
| 0(Ru) oo (r) (Az)") — REA-evolution order ¢ consistent w.r.t 1112z -
TVg(u — wo(Ru)) = O((Az)?)
R = [cell averaging operator, Sect. 3.1l )

. analoguous conclusion not valid for L°°(IR)-norm !

Recall:

ldea:

(Cor. 2.6.21“too weak”)

interpolation/approximation error estimates for piecewise polynomials, cf. [27), Sect. 4.2.5].

2nd-order consistency through
struction:

REA-algorithm

(— Sect. B.2.2) with piecewise linear recon-

3.3
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[J given ,E(k_D obtain ﬁ(k) in 3 steps:

[0 Reconstruct:  find wy = wo(ﬁ(k_1>), p.w. linear on grid [cells with (suitable) [slopes a§k_1)
(k—1) (k—1)
wp(x) = M +o, (@ —xj) for x;_yp<x<Tjlp. (3.3.2)
[0 Evolve: solve the [Cauchy problem
ow 0 .
— 4+ —f(w) =0 inRx]0,At[, w(z,0)=wy(r),z€R. B.2.12)
ot Ox
k 1 [ri+12
(1 Average: get ﬁ(k) from cell avarages: 1“5‘ ) = A_x/ w(x,At)dr (@213
Lj—1/2
Liyl/9 _
Obvious:  preservation of cell averages: / ! wo(z) de = ,uék Y
Tj—1/2
Special case:  constant scalar advection (2.1.6) % + v% =0 = w(z,At) =wy(x —vAt)

3.3
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Right slope selection

"~

correction

function
averages
reconstruction

1.6
14F
1.2
0.8
0.6
0.4r
0.2F
0

-0.2F

=}

(3.3.4)

J

upwind| (3.1.26)

D _ M<k_1>)

(k—

j+1

B33
0

(1

1

Ax

“Downwind slope”

(F=1)

o

How to choose the [Slopes a}k_1> ?
J



(k) _ (k—=1) (k=1)  (k=1)y 1 (k—1) (k=1) (k—1)
Hi =1 - U’Y(Nj M ) — 5uy(l — UV)(/{jjq - ZNJ' TR ), (3.35)
= [Lax-Wendroff schemel (3.1.12) for linear advection !
Left slope selection
“Upwind slope”
(k=1) 1 (k=1)  (k-1)
9 = Aaj('uj Hj—1 )
B.3.3)
)
function
o4 ?e\,\/((:eorigterzction
2 15 -1 -os
k k—1 k—1 k—1 k—1 k—1 k—1
/{g )= /{g - vv(/{g - u§_1 )~ oy(1 - ’w)(/{g - 2#5_1 1 u§_2 . (338)

= Beam-Warming scheme for linear advection
3.3
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“Centered slope”

k—1 1 k—1 k—1
UJ(- = %(“gﬂ ) M§_1 >>
B.3.3)
0
uék) = uﬁk_1> - iw(uﬁ?) + 3u§k_1> - 5u§k__11> + uf,-’i}”)
— 3o = Y - ean
= Fromm’s scheme for linear advection
Ju = woll ooy = O((Az)?)

For all choices of slopes;

Centered slope selection

function
averages

reconstruction

|
-2 -1.5 -1

If w( reconstructed from cell averages of smooth

3.3
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The Lax-Wendroff (3.3.5), Beam-Warming (3.3.6), and Fromm
scheme (3.3.7) are 2nd-order consistent with (2.1.6))

Ex.[65 [0 Lax-Wendroff introduces oscillations near discontinuities: another explanation

For “downwind slope” (3.3.4) <« [Lax-Wendroff scheme! (8.3.5):

=1k |
-2 | Pj—2
@ | | P ,
. | advect |
| i —= |
/J/' I . : I
| R o~ :
i i Li—fe Tj+i/2 T j+3fa ’ Tj=5/2 Lj=3/2 Tj—1/2 Tivye  Tjis) ”
~ o (k=1) S - : ~ (k)
(e =p; ', —=p.w. linear reconstruction, e = /i)
U oscillations trailing shock  (as in Ex. B5) 3.3

p. 279



Example 74 (2nd-order schemes for linear advection).
s linear advection @16), v = 1, up = X[_1p1/ I = 2 () =| — 1, 1] + periodic boundary
conditions

» linear FVM: Lax-Wendroff, Bream-Warming, and Fromm scheme on equidistant mesh, Ax =
0.04, At = 0.033

Withour limiter - Lax—Wendroff Withour limiter — Beam-Warming
T T

T
+ T=10

T T T
- T=10 - T=10
12F — Exact L g — Exact

-02f

L L L L L L L r L | L L L L L L L | L o~ | | | | | | | | i |
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 Oob 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 Oo 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 2.6 0.8 1

Lax-Wendroff scheme (8.3.5) Beam-Warming scheme (3.3.6) Fromm’s scheme (3.3.7)

Observation: [ Lax-Wendroff: oscillations trailing discontinuity
[1 Beam-Warming: oscillations ahead of discontinuity
[ Fromm: oscillations on both sides of discontinuity O

3.3
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3.3.1.2 Slope limiting

Recall (— Sect. B.1.3.2): TVD-property (— Def.3.1.20) [ no oscillations can arise

- ™
Note: ‘ REA-steps (exact) Evolve & Average are TVD (— Thm. 2.6.9) ‘
N )
Idea: ensure TVD Reconstruction (3.3.2)) !
L monotonicity preserving reconstruction without overshoots !

[0 notation: P1(Ga,) = space ofcell-p.w. linear (discontinuous) functions R — R

Definition 3.3.1 (Monotonicity preserving linear interpolation).
An operator | : CY(Gx,) — P1(Ga,) is a monotonicity preserving linear interpolation, if

ptj < pjr1 = i non-decreasing in |z ;, 241 , 3.3

(1) (zj) = pj A pj > pjy1 = |fi non-increasing in Jz;, 1] .

p. 281




Lemma 3.3.2 (Monotonicity preserving linear interpolation is TVD).

Lj+2

Monotonicity preserving linear
interpolants:

s constant at plateaus

s constant at (local) extrema

For a monotonicity preserving linear interpolation operator (— Def. 3.3.1))

TVR(Iji) = TVaL () Vi € CUGay), TVau(il) < oo

3.3
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Definition 3.3.3 (Minmod interpolation).

The minmod interpolation |y : C’O(QAx) —

P1(G ) is defined by

(hnmfi) () = pj + oj(x — ;)
for xj—l/Q < x < 'Tj—|—1/2 ,j € 7 ,

1 0.4r
0 = oy winmod (g — i, pj — pj-1) s
0.2r
(v L ow >0, o] < |wl,
minmod(v, w) == qw ,vw >0, [w| < [v], B reconstuton
\O , VW S 0. -2 | —1f5l —i
Convention:  use average at cell boundaries (I /i) ($j+1/2) =

0.81

0.6

Minmod monotonicity preserving linear interpolation
| |

|
I
I
|
I
|
I
|
I
|
I
|
I
|
I
|
|
|
|

|
———e—
|

|
|
|
|
|
I
|
I
|
I
|
I
|
I
|
I
|
I
|
I
|
|
|
|
|
|
I
|
|

|
|

Lemma 3.3.4 (Monotonocity preservation of minmod interpolation).
Minmod interpolation (— Def. 3.3.3) is monotonicity preserving (— Def. 3.3.7)

3.3
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Terminology:

effect of minmod-function in |y

slope

limiting: minmod = slope limiter

Lemma 3.3.5 (Approximation by minmod interpolation).

— [21, Thm. 109.3]
we WH®MR) = 3C >0

u(z) — (ImmRu)(z)] < C(Az)? VAz >0 .

Example 75 (Accuracy of piecewise linear reconstruction).

s C'lifunction u(z) =

1 — cos(2m(x + al
X[1/2,3/2] cos?(mx))) for 0 < x < 2, u = 0 else-
where

» wy = p.w. linear interpolant of [cell avarages of
u on lequidistant

grid, downwind slope (3.3.4) & & \
minmod slope (— Def.3.3.3) ol
Recorded: norms of approximation er-
ror |ju — 'lU()HLl(R) and  [ju — wp||poor) for osf
Az e {t 4 4 4 L ]

preasymptotic algebraic decay rates of errors

15
X

p. 284



error norm

[]

Reconstruction errors: Downwind slope and minmod Convergence rate of reconstruction : Downwind/minmod slope

T E 25 T T T T T T T
—+— downwind: L!-error |
—+— downwind: L"-error | |
1 —#— minmod: L'~error i
—*— minmod: L"-error | 1 2r ¥ -
downwind TV-error | ]
. minmod: TV-error
£ 15} .
[}
-1 N g
E (]
o
(]
>
g 1 1
_2 i U
—+— downwind: L*-error
—+— downwind: L*"-error
-3 4 0.51 —+— minmod: L -error
] , ~—*— minmod: L"—error
' downwind: TV-error
» minmod: TV-error
P L L L L L L L L
0 | | | | | | | | |
10 107 W' 0 50 100 150 200 250 300 350 400 45y sy
No. of mesh cells in [0,2] No. of mesh cells in [0,2]

&

REA-algorithm| with minmod reconstruction (— Def. 3.3.3) for linear advection (v > 0):

/{gk) =pj — w(uﬁk_” - uyﬁ__f))

— 2vy(1 — v) (minmod(,ugk_l) — ,ugk__ll), ,u;]i_ll) - ugk_l)) (3.3.8)

- minmod(ugk__ll) - u§‘i§1>, ugk_l) = u§-’“_‘1”>) :

2nd-order consistent with % + v% = () for smooth strictly monotone u

3.3
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— [31], Sect. 6.9]

Remark 76 (Other monotonicity preserving linear interpolation schemes).

Superbee reconstrunction:

o

maxmod (minmod(; 1 — 5, 2(p5 — prj—1)), minmod(2(4tj41 — pj), pj — pj—1) -

1
Az
Monotonized central differencing (MC):

9j

X

2(ptj1 — 1)) -

)

2(p5 — pj-1)

)

1

nrlinmod('ujJrl e

_ 1
— Az

9j

Monotonized central-difference linear interpolation

Superbee monotonicity preserving linear interpolation

reconstruction

0.8

0.6

0.4r

0.2r

®

const. reconst.

reconstruction

0.8

0.6

0.4r

0.2r

w»

-0.5

0
T

]

-0.5

-15

3.3
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JAN

Remark 77. Averaging step in [REA-algorithm| has smoothing effect: slightly TVD-violating recon-
structions can be accommodated

AN
3.3.1.3 Flux limiting
Issue: How to do Evolve for piecewise linear w( and general f ?
[1 special case: constant scalar linear advection (2.1.6) %@‘ + vgg =0
REA-algorithm|in conservation form (— Def. 3.2.1), cf. (3.2.14):
by
. 1
numerical flux — f;1/, = 7 vwo(2jp1s — vE)dt .
t—1
. U,ugk_l) sv(Ax — vAt) Ek b Jifo > 05, 15
jH+12 — k—1 k—1) . |
v,u§-+1 ) _ (Aaz—vAt) 5 ) Jifv <05, b, 287



0 notation (increments): for i € CY(Gx.,) write A,ujJrl/z = pj11 — Hj, J €L

k—1) (k=1 ! k—1 k—1
| fan = Bl ) el = felelf ) Al | 33.9)
upwind] flux (B.2.5) anti-diffusive flux
( k=1
Ax - ‘7—_ ,ifv > 0 y
Ay FD
¢<k_1> — Hiv12
J+1/2 sk=1)
Az - % Jifo < 0.
\ A'uj+1/2
L gbg.]:/z) ~ “strength of antidiffusive flux” (which is necessary for 2nd-order consistency) !
. . (k—1)
Recall (Sect. 3.3.1.1): [Lax-Wendroff-scheme (3.3.5): gbj 11y = 1
A=)
(k=1 _ Hp
Beam-Warming-scheme (3.3.6): ¢j+1/2 =
A'uj+1/2

3.3
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> [humerical flux for REA-algorithm with minmod reconstruction (3.3.8):

E—1) (k-1 1 . k—1 k—1
Frons = Bl a3 4 3ol(1 = oly) minmod (1,0 AR 3.3.10
(h=1) o (k=1)
e(k_l) — Aluj_l/z . A'LLj‘i‘l/Q ’ tv >0 7 (3 3 11)
IR Y AR T A D e g o
Hivapa - Sy |
Rationale:

/ (k_l) \ | Llr’r“llter contro! v‘aues 12 ‘or ce avera?eso a unc‘tlon | .
6j+1/2 ~ 1 where approximate solution i .
varies “smoothly” in space (w.r.t. Az)

L] “switch on 2nd-order Lax-Wendroff” A

\ /

(k—1) . . o E
6j+1/2 < 1 upwind of a discontinuity E

[] “switch off 2nd-order Lax-Wendroff”

Qﬁiz/z) < 0 when /I oscillating at j |
] switch to diffusivel upwinding | oo |

3.3
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A
< desired behavior ¢; 15 = ¢4 1/5(0415)
0.81
(k=1) _ _
0.6 | 9j+1/2 ~1— ¢j+1/2 =1
° (k—1) _
0.4f - 6]4_1/2 <l— ¢j+1/2 =0
(k—=1) _
0.2} 9j—|—1/2 <O—>¢j+1/2_()
(k1)
-0.5 6 0‘5 i 1‘5 é 2‘5 S
0
(3.3.10) motivates: flux limited FDM for constant linear advection

ugk) = Huw(ugk__ll), /{g-k_l), uyi_ll))

= 3ol = o (6] D = ) = 0 D = ) L a2
with  flux limiter function ¢ : R+— R

0

3.3
p. 290



Flux limited finite volume method with humerical flux, cf. (8.3.10)

(k—1) (k—1)

Frae = Fas ™ 00+ 3ol = o0 D = 7Y @3

Theorem 3.3.6 (Order of flux limited schemes for linear advection).
Let u be a smooth solution of ([2.1.6)). If the flux limiter function ¢ has the representation

o) =1—0¢(0)+ ¢(0)0 with ¢ Lipschitz continuous, 0<¢ <1,

then the local truncation error (— Def. B.L6) for (3.3.13) in (x, ) is of order (At)?, provided that

Gu(x,t) # 0.

Proof. Dby (tedious) Taylor expansion, see [29, Lemma 2.5.6].

[J general scalar conservation law (2.2.1): % + a%f(u) =0

Idea: rewrite “practical” Lax-Wendroff flux (3.2.27)

Fiyy (v, w) = Fuw(v,w)j%ﬂl — ~]$])(w — v)%s\:f(wuz - Z(v) 3314) 4,
— (3.3.13). simple upwind flux (3.2.5) [anti-diffusivel flux p. 291




———

Numerical flux for general flux limited FVM:

Frans = Foo(p i) 4 318100 = 16w — v) | (3.3.15)
e = )
T T D (k1)
Hivl  —H;
(k—1) ~ (k=1) . .
AL, C AW yifs >0,
@310 O gl . HJ—_VQ MJ*_V? " (downwind slope!)  (3.3.16)
A N A U )
Hipap - SHian o '
3.3.1.4 TVD limiters
ou ou

For simplicity: focus on scalar constant linear advection 2.1.6) 77 +vg, =

Sect.3.3.1.3, (33.12) [ fluxlimited FDM in conservation form

i = o ) = ol = o (O A

0, v>0

k—1 k—1
o0 N0y | g
(3.3.17) D- 292



Theorem 3.3.7 (TVD flux limited FVM).
If yv < 1 (CEL-condition) and

p(@)=0 for 6 <0 A Ogmax{@,gp(ﬁ)}§2 for >0,

then the discrete evolution (3.3.17) is TVD (— Def. 3.1.20).

Proof. Idea: put (3.3.17) into (the right) incremental form (3.1.30) & Thm. B.1.22

| (o0 n ) = () A )
B3I7) = BLIIQwith ¢ 1y =70+ 11— yv)yv — NZk D _ i 1) ] ’
J Hj-1
dj—|—1/2 — O .
(k—1)
PO 1) _

> 0<ci_ip=7v+ (1 — V)Y e(iill/; Sp(e;il/lz)) <1 ]

J+1/2

3.3
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Sufficient condition for assertion of Thm. 3.3.7

0< @) <20, if0<O<1,
0<@) <2, if1<0.

= TVD region
— = “2nd-order region”, Thm.3.3.6

(only neighborhood of 1 relevant)

3.3
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Popular flux limiter functions!:

minmod: p(f) = max{0, min{f,1}} ,
superbee: p(0) = max{0, min{26, 1}, min{d,2}}

0] + 6
van Leer: p(0) = :
#(0) 1+ 6]
2
rT+4+r
van Albada: p(0) = 0, :
() max{ 1+T2}

MC: ¢(f) = max{0, min{1, 20}, min{2,6}} .

Example 78 (Flux limited FVM for linear advection).

[1 same setting as Ex. [74.

1.5F

—— minmod

—— superbee

—van Leer

—— van Albads
MC

0.5 1

Il
232

3.3
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MinMod limiter van Leer limiter Superbee limiter
T T

0.8r

0.6

0.4r

021

0

L L L L L L L Ly L e L L L L L L L 4 L ~ L L L L L L L -
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 06 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 04 26 0.8 1 -1 -08 -0.6 -0.4 -0.2 0 0.2 0.4 do 0.8 1
X

minmod limiter van Leer limiter superbee limiter

Observation: oscillations completely avoided ! (« Ex. [74)

now: T = 10,7 = 0.8, smooth initial data ug(z) = X]_1/271/2[COSQ(7TZC)

3.3
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Withour limiter — Upwind MinMod limiter
T T T

L 1 1 1 1 L L -~ L - 1 1 1 L L L L 1 L ~
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.0 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 J.b 0.8 1
X

upwind FDM minmod limiter

Superbee limiter

L I I I I I I J le o~
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 J.0 0.8 1

superbee limiter

Observation: diffusivity. jupwind > minmod > superbee

limited schemes: convergence to lentropy solution| not guaranteed

(— use “entropy fix”, Sect. 3.2.9)

Example 79 (Convergence of flux limited schemes).

ou

s Cauchy problem for linear advection 7 + % = (0on () =] — 1,1 + periodic b.c., T = 1,

s smooth initial data ug(x) = sin(rz)?

3.3
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s TVD flux limited finite volume methods (3.3.17) on equidistant meshes, v := ﬁ—:’; =1

M) _ Ru(-. T H at final time for

Monitored: error norms H/l’( — Ru(- Hloo ),
.T

different resolutions Az € {%7 10 8016 }
approximate algebraic convergence rates: ﬁ (log ||error(2Ax)|| — log ||error(Ax)||)

L, —error L,—order
5 1 1
10 T T T R T T T PP PRP U 25
—+— minmod
—O&— super-bee
—k— Woodward 2k A A
1072F N LN T — 5 van-Leer |:-
g 151
§ 10_3 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, %
I 5
B
O 1t
10_4 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
0.5 —— minmod
—O©— van-Leer
—k— super-bee
s —+&— Woodward
10' i o i i i i i I
10t 102 1n° 0 100 200 300 400 500 600 700
N N
convergence h IStOI’y, [*-norm apprOX|mate rates, [*-norm

3.3
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L —error L —order
[ee] o0

10" 15
—+— minmod
—©O&— super-bee
—%— Woodward
—+H— van-Leer
10_2 .................................................... 1k
M
[oX
= o
o &L
m 5
=
(@]
10_3 ...................................................... 05}
—+— minmod
—O©— van-Leer
—%— super—bee
: —+&— Woodward
10_4 : : : : M | : : : : : MM 0 i i i i i 1
10t 10° 1n° 0 100 200 300 400 500 600 700
N

N

convergence history, [°“-norm approximate rates, [°°-norm

Observation: s 2nd-order convergence in [1-norm, cf. LemmaB3.3.5
slower convergence in [°°-norm (— impact of extrema, cf. Thm. 3.3.6) O

o

Remark 80 (Local order barrier for TVD FVM).

[37), Sect. 3]: if %(:ﬁ, t) =0and f(u(x,t)) # 0, then the local truncation error in (z, t) of a TVD finite

volume scheme (— Def. B.2.7)) is at most of first order in Ax. A 3.3
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3.3.2

Central schemes

REA-algorithm| (— Sect, B.2.2)) without solving local Riemann problems (8.2.12) ?

ldea: staggered spatial grids
Lyl fb’j
1 1
Ti=1/2 Y1

t

k41 + =-—— e —» = > a0 > : :

<] staggered spatial grids:

«—— = cells for even k: grid G,
lpk t —»8a———  »ea —— w»e=«— < =cellsforodd k: grid G,
ARG ARE

(Uniform meshwidth Ax, timestep At assumed)

lp_1+ —= e > a0 b a0 b
3.3
Ti o T z JF9- 139 p- 300




REA-algorithm based on staggered grids:

(1 Evolve:
ow

[J Average:

ot

[] given /I(k_l) obtain /l’(k) in 3 steps:

[1 Reconstruct:  wy = p.w. polynomial on Ga . (k odd)/ G A (k even) with cell avarages ugk_l)
solve the |Cauchy problem
0
+8— (w) =0 inRx]0,At], w(z,0)=wy(z),reR. B.2.12)
x
1 Li+1/2
N§k) :A_/ a w(x, At)dx, k even,
T )i
iitk) — cell avarages: xg;l/Q (3.3.18)
(k) 1 J
1 :—/ w(x, At)dz, k odd.
J Az Ti_1

w.l.o.g. (symmetry of Ga ., QAA:,;) assume k odd [1 averaging on QAAZ,;

3.3
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2.3.3) for V' :]Zlfj_l, ajj[x]tk—la ti.|: for weak'solufion u of (Z.2.1)

> [ ultdo= [ atwto)de— [ fulz) - ) d
Lj—1 Tj—1 tk—1
0 piecewise constant reconstruction: w := Cil# 1)

[] [Godunov’s method on staggered grids:

Assume: “CFL/2"-condition:

1

7

B> discontinuities at . ,1/,, j € Z do not influ-
ence w(xj,t), 0<t<At!

(3.3.19)

by + - - m&x\fyf/(u)\ <

< = maximal domain of influence of jumps

Hi-1 | | at T4/
t | -~ Hint | = flux evaluation on this line
f—1 T & —» = ® > ® > N _ :
0 | «—— = cells for even k: grid G,

; | ; | N «— = cells for odd k:  grid G,

3.3
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[]

[]

>

[ax-Friedrichs scheme (3.1.29) @ highly Giffiisive,

on (even,even)/(odd,odd) space-time gridpoints !

cf. Ex.

try to counter numerical viscosity by higher order consistency !

piecewise linear TVD reconstruction (3.3.2) — Sect.3.3. 1.1k

REA-algorithm

of Sect. B.3.1.7] with Average step according to (3.3.18)

ldea: approximate Evolve: (linearization — local advection equation)

on cell [xj_l/Q, :1:]-+1/2]: replace \

@.3.19)

ou 0 ou (k—1)

6t+6xf<u>zo N aJrf/(/ij )

ou _

&UO

= w(xj,t) :wo(x—f’(,uj ), 0<t<At.

3.3
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Mgk) :%(Mék—l)Jr 5/:D>+%A (Ogliz1) _Uék—l))
b,
1 o o - — — —
~An / f(ﬂyC 1)—0§k Df’(/{gk D)?f)—fwyif)—aﬁlill)f’(u§]i 11))t)dt. (3.3.21)
tp—1

Another approximation [35]: midpoint quadrature rule ﬁif_l g(t)dt ~ Atg(t;._1 + %At)
———

i =30 )+ ae(e Y - o)
—(f (ugk_l) - %0§k_1)f’(u§k_l))ﬁt) —f (/{S-k__f) - %0§’i}1>f’(u§k__11>)ﬁt)) - (33.22)

Lemma 3.3.8 (Consistency of central scheme). — [39]
For a smooth solution « of (Z2.1) and fixed v := At/Az, the local truncation error (— Def. 3.1.6)

for @3:22) in (. t}) is O((Ax)?), provided that o” = 8%(z ., 1)) + O(Ax).

Assumptions of Lemma[3.3.8 hold for slope limited p.w. linear reconstructions of Sect. 3.3.1.2], e.g.

_ 1 _ _ _ _
Uﬁk b _ o minmod(u§ﬁ11> — ,ugk 1), ,uék b _ uglill>) . (3.3.23)

3.3
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Rewrite (3.3.22) in “staggered conservation form”, cf. Def. B.2.1:

(0 _ 1k 1>+u§ Uy = fi0) s (3.3.24)
by

Ky 1
fi = g aaol Y p (Y - Lol Ay

I —

;@w

Lemma 3.3.9 (TVD criterion for staggered conservation form).
The discrete evolution (3.3.24) is TVD (— Def. B.1.20), if it satisfies (the “generalized CFL-
condition”)

Ji—Ji—1 I
TeEn | Sy VEL
Ky MK
Proof. convert (3.3.24) in incremental form (3.1.30) and apply Thm.[3.1.22 O
[N TVD-property under strengthened CFL-condition [35, Cor. 3.3]. 3.3
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7 na P < VT -2~ 032 = @328 with @323) is TVD
je

Example 81 (Convergence of central scheme for advection).

» constant linear advection 2.1.6), v =1
» central scheme ([B.3.22), minmod reconstruction (3.3.23)), equidistant mesh, fixed v = %

Numerical Solution using Central scheme for Advection Equation Box initial data Numerical Solution using Central scheme for Advection Equation (Smooth Bump)
T T T T
Exact Solution Exact Solution
1H Numerical Solution 4 1H Numerical Solution
0.8 / . 0.8
0.6 . 06
= =
3 3
= =1
0.4 n 0.4
0.2 . 02+
0 0
| | | | | | | | | |
-1 -0.5 0 0.5 1 15 2 -1 -0.5 0 0.5 1 15 3
X X

3.3
uy = X}—O.B,O.B[(:E) (“box function”), Ax = 175 ug = C'-*bump” @23), Az = 100 p. 306



Recorded: discretization error (+ rate) for T = 1, [1(Z)-norm, I*(Z)-norm, and {°°(Z)-norm:

0 up = x)—p5,05[() (“boxfunction”)

Central Scheme error for Box

10 T T — 1 T T — 1
| 1 i
L™—Error|
L2~Error
L
10*21 ; ; “waz ; ; “wag ; ; R .
10 10 10 10"

No of Grid points

0 wugfrom @.23) (“bump function”)

Order

0.8

0.7

0.6

0.5

0.3

0.2

0.1

Order of Central Scheme for Box

T T
" —%
.
T~
- Ll—Errorf
L2—Error
LOO
| | | | | I
0 200 400 600 800 1000 1200 1400
No of cells

3.3
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Central Scheme error for Smooth Bump

10" . S 1 1
[ L -Error|]
L2—Error|]
LOO
<] 5]
= = =
w ¢
10‘4 - ; ; L ‘xz xs
10 10 10 16

No of Grid points

1.8

1.6

1.4

1.2

0.8

0.6

0.4

0.2
0

Order of Central Scheme for Smooth Bump

T

T

T

T

L -Error L
L2—Error
LOO

400

600

800

!
1000

1200/

14690

Observation: [1 2nd-order algebraic convergence for smooth w in 11/1%-norm, worse for °°-norm

(impact of spatial extrema, cf. Ex. [/9)
[1 discontinuous v [

Example 82 (Central scheme for

Burgers equation)).

reduced convergence rate (for all norms)

&
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Numerical Solution using Central scheme for Advection Equation (Box)

T
Exact Solution
Numerical Solution

0.5

» Cauchy problem for Burgers equation (2.1.7),

up(z) = —0.5 + xj0.1(2)
s central scheme (3.3.22), minmod reconstruc-

tion [B.3.23), equidistant mesh v = %, Ar =
3

100

u(x,1)

solutionfor ' =1 >

Observation: moderately ldiffusivel, no “entropy glitch” < EX.

3.3.3 Method of lines

3.3
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Spatial semi-discretization of [Cauchy problem (2.2.1) [1 1st-oder “ODE”

du D Jilt) + Lo (i) = 0,

E + % (U) (3.3.25)

f(0)  from g .

LAy CO(gAx) — CO(QA;(;) = “difference operator” approximating a%f()

3.3
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Definition 3.3.10 (Consistency of spatial semi-discretization). cf. Def. B.1.7
A semi-discretization %ﬁ(t) + LA,(fi(t)) = 0 on [equidistant spatial grids is consistent with
(2.2.7), if for a solution

LaalRul, ) =R (=)0

7

— 0 forAx — 0, Vtel0,T],

“spatial truncation error” — Def.[3.1.6

where R is a suitable [restriction operator onto CO(QAx), cf. Sect. B.1.1l.
It is consistentof orderqg € N &

3C > 0; "ﬁAx(Ru(-,t)) _ R(—f(u)(-,t))

for all sufficiently small Az, ¢t €]0,T.

L A = translation invariant finite difference operator, if, cf. Def. B.1.1, B.1.3 (m;, m, € N)

(Laalii))j = Ltjmp - tjm,) » G E L (3.3.26)
L check consistency by means of Taylor expansion, see Sect. 3.1.2 (smooth u required)

3.3
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3.3.3.1 Finite volume semi-discretization

Lit1/2
1
Standard finite volume interpretation, cf. Sect. B.2: pj(t) ~ o / u(z,t)de
T
(0 below R =[cell averaging operator Tj_1/2

B L0 = (Fluleg )~ Fluley )

on [equidistant spatial grid G A ., meshwidth Az > 0.

Idea: approximation fulz i, t) = Fpj—m1(t), . tjtm, (1))
with consistent (— Def. 3.2.2) humerical flux function F : R"“ 1" — R
[] All F' from Sect. eligible, unless dependent on At !

e.g., [Godunovflux Fgp @Z2I0), local [ax-FriedrichsfluXx (3.2.10),
Enquist-Osher flux (3.2.7)

1

F = F(an) » L(”j—hﬂja”j—l—l) — _A—QZ'

== spatially semi-discrete finite volume scheme:

(Flpj, pjy1) — Flpj—1,p15)) - (33.27)

d

(1) = —A%(F(uj(t), wi1(t) — Fluj_1(t), 11(1))) 33

p. 312




Assume: f, F' continuously differentiable, u classical solution (— Def. 2.2.1) of (2.2.7))

[ F consistent with f (— Def.B.2.2) = L from (3.3.27) 1st-order consistent (— Def. 3.3.10) |

3.3.3.2 Higher order reconstruction

Taylor expansion [l (3.3.27) only 1st-order consistent (in space), because cell avarages directly

_ 1 [Y+1)2
plugged into F' (*— / u(z) dx —u(z) = O(Ax)”)
Ax T 17

Borrow idea of Sect.[3.3.1.1 linear reconstruction

1
_ - + — +
L(... p,...) = _A—:E(F(wj+1/2’ wj+1/2) — F(wj_1/2> wj_1/2)> : (3.3.28)
where w;—LH/Q = 61{130 w0($j+1/2 + €), wy p.w. linear on cells of Ga ., see (B.3.2), wy

locally reconstructed from 1

[N semi-discrete evolution:

d | . . 3.3

Eﬂj(t) — —A—x(F(w;+1/2,wj+1/2) — Flw; i) (33.29) | 45



Hij+1 :
/\,\ With cell slopes o, cf. 3.3.2):

Wisy, | _ |
w =i+ 50;Ax
Hj—1_~ Wi, ijl/Z Hi T2 Jl ’
o Wity =Hj+1 — 2054101 .
xj*?’/? xj_l/g :Cj+1/2 $.j+3/2 'rj-l-E,/”

Lemma 3.3.11 (2nd-order consistent semi-discrete FV schemes).
f, F' smooth, F'(u,u) = f(u), u smooth solution of (Z.2.7)),

‘w]+1/2 ($j+1/2>‘ = O((A$)2> 7
g = s~ Wiy = iyl = O((A2))

! - _ 0
= P el ) = Floy el ) = == f(u),—, + O((Ax)?) |

Proof. Taylor expansions around (u(z,t),t) and (z,t), see [29, Lemma 2.5.15] O
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Example 83 (Linear extrapolation).
Assumptions of Lemma 3.3.11] met for

- i, .

1
w;l/g = pj+1 — 3(Hjr2 — py+1) -
Problem (— Fig. [113):

+

overshooting” values wj+1/2

Remedy ?
&

Limited reconstruction (— Sect. B.3.1.2), e.g.,

Ij_:a/g

9j

Lj—1/2

1
— —— minmod

Az

xj+1/2

Terminology: MUSCL (monontone upstream centered) schemes [29, Sect. 2.5]

Lemma 3.3.12 (TVD property of semi-discrete evolution).
e [’ non-decreasing in the first argument, non-increasing in the second argument,

cf. Lemma3.2.7,

e wy = wp(fi) by local piecewise linear reconstruction, satisfies TV (wg) < TVa,(f):

reconstruction,
e /i(0) has finitely many local extrema.

Then T'Va.ji(t) is non-increasing for solution fi(t) of (3.3.29).

l’j+5/lo

(Hjp1 — Hjy b — fj—1) -

TVD-
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u | | | |

Idea of proof: f f - HiE

S N | o

No new (local) extrema can arise ! /.%.%. 5 5

Adjacent values cannot “overtake”: / i |

local maximum: cannot move Mol i 5 5

local minmum: cannot move down | | | :
Lj—3/2 Tj—1/y Ljt1/s L j43/2 Ljyiln

+

= Determine wj+1/2

(¢) in (8.3.29) through TVD p.w. linear interpolation
of /i(t) — Sect. B.3.1.2

—~—

For smooth, monotone solutions of ([2.2.1):
Slope limited TVD reconstructions of Sect. [3.3.1.2 (minmod — Def. B.3.3, superbee (76), MC
(7€) ) yield 2nd-order consistent (— Def. 3.3.10) spatially semi-discrete evolutions.
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[N General formula for [slope limited| p.w. linear reconstruction

— k—1 k—1 k—1 k—1

wiyp =t Bl D = i)
k—1 k—1 k—1 k—1

wh =l Lot - ),

with 9(+1/2> from (3:3.16), Muxlimiter function © : R — R.

Remark 84 (Other higher order reconstructions).

s piecewise quadratic reconstruction [34] Problems:
slogarithmic reconstruction [4], > oscillations (TVD-property ?)
srational reconstruction [32] “large stencils”

3.3.3.3 ENO-methods

[1 instance of a special recipe for higher order reconstruction with “minimal” oscillations

Setting: » [Cauchy problem| (2.2.1)) for 1D scalar conservation law %% -+ aggj u) _ 0
» [Equidistant spatial grid G .., meshwidth Az > 0

3.3
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Consider: spatially semi-discrete evolution

d 1 -~ - - -
git(t) = — A Fwyp wigp) = Fwy g wi ) 83.29
+ ~ : 5
Wy 1= hr% wo(& j41/5 £ €), wy = reconstruction of u(-, ) from cell averages fi(t)
r+1/2
Assume: ji exact cell averages: fhj = AL [ w(z)ds foru e LYR)N BV, (R)
Tj—1/2
Goal: algorithm for finding wg = wo(i) € Pr(Ga,), degreer > 1, with

high order approximation: | [[u — w|| 0o (r) = O((Az) ™) | for smooth u, Az — 0, (3.3.30)

TVB-property: | TVi(wy) < TVg(u) +O((Az) ) | . (3.3.31)

TVB <« total variation bounded (replaces TVD] which restricts order of approximation to 2)
Now: fix degree r > 0 and position index 7 € Z [ consider single cell ]xj_l/Q, xj+1/2[:

3.3
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ldea: s match cell avarages

Tjtit1)2 v : :
L L L T b (T AL
Liyi—1/9
[ Terminology: index set {j — [, . ] — l + 1} = “stencil” of reconstruction. ]
s select “least oscillatory” p] [1 provides wo))

xj—l/anj+1/2[].
Example 85 (Reconstruction by average matching polynimials).

s cellaverages p; =1fore <, p; = % w; =0 forz > 1

3.3
p. 319



step function: alternative reconstructions: r = 2 step function: alternative reconstructions: r = 3

p()

1.4 T T T T T T T T 1.2 T T T T T T T !
| | . B ! ! x K
[ [ | ! 9 ‘ ‘ =3
12 B I | = - | =
| \ 1=1 1 * s \ =2
\ \ =0 ! =1
i | | f | %o
| | 0.8F I | _
[ [ [
0.8 | | 1 [ [
[ [ [ [
I I 06 I \
0.6 [ [ : [ [
[ [ = [ [
[ [ o [ [
[ [ [ [
0.4 ‘ \ | 0.4 | |
[ [ [ [
02k [ [ | [ [
: [ | [ [
[ 0.2f [ I 7
[ [ [
Oor \ \ ES ¥ 7 \ N
[ [ [ [ \\\ -
| | ol \ * x * .
-0.21 \ \ a \ — \\
[ [ [ [ \
[ [ [ [
-0.4 ! ! ! | ! | ! ! ! -0.2 | | I | I | I I
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2z 2.5 4 -3 -2 -1 0 1 2 4
X X

“trapezoidal function”, yi; =1 — (j —¢—1)/10fori < j, pu; =1 — (i — 7)/10fori > j
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=3

trapez function: alternative reconstructions: r

=2

trapez function: alternative reconstructions: r

A

- EEN
|
- -1 ™M
|
| | | | | | | <t
Te} — Lo [0} Lo [e¢} [Te} N~ |
< 2 o oo} o N~ o ©
- o o o o
|
(x)d
0
T ~
N« O
— an
3 - - =
- * - N
*
- 1w
—
- * 4
““““““ o ____________1w»
o
/
- £t 4o X
/
[
. _ 4 _ L _______ 0
| o
\ _
\
- /&m -
\ |
/,/
L : 4w
-
|
L B EN
|
| | | | | | | 5
— ) — ) o T?) eS) o N
- Q o o @ o ™~ o
— o o o

x)'d
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\

ENO (essentially non-oscillatory) approach:

construct ENO-stencil S, ; := {j —[,...,j — [+ r} (+ find [) through binary decision tree:
Spj = 1j} and assume that S, _ ; = {]1, ..., Jr} already found

. 1

> S = Sr—1;U{in =1} (e ]1 1| < |C‘7Jr K
J o - r rt+1
" Sr—1,;U{gr +1} \0‘7 = \0‘7 ),

where C" = leading coefficient of average matching polynomial p!' € P, _;(R).

\ /

Note: average matching polynomial p? by interpolating primitive of v !

pi =4 with  qe P, i 1(R), gl = > g, j=i—1,...n. (3332

Practical ENO-implementation (on equidistant grid): comparison of divided differences

Recall: given (7, 1j) € R?, j € Z: divided difference [z, ..., z1]jii = leading coefficient of
polynomial (degree k — i + 1) interpolating (x;, 1), 7 < j < k. 3.3
p. 322




Important: recursion formula for divided differences [10, Lemma 7.11]:

k]/j _ [xi—l—la SR 7'567-6]“ o [x% SR 7xk‘—1]:u . (3333)

Ll — Iy

[ T

~ MATLAB-CODE sel ection of ENO stencil

function stn = enostn(nu,j,r)
stn = [],]];
1 f (r > 0)
recursive computation of degree r for k=L
_ , _ > ddl = dd(nu(stn(1l)-1,stn(2)));
lE.NQS_tB_D_CJ.I]fOI']-th grld cell. ddr = dd( ITU( st n( 1) st n( 2) +1)) ,
(dd( mu) computes divided differenced for nodal i f (abs(ddl) < abs(ddr))
values mu on equidistant grid) stn(l) = stn(1)-1;
el se
stn(2) = stn(2)+1;
end end end

Once, [ENO-stencil is found: due to linearity of mapping /i +— wt

J+1/2
g—l+r Jg—l+r
+ — +
Wi_1je = Z Ciktk - ]—|—1/2 Z iRtk - o

h=j— k=5 p. 323



3

Cubic ENO reconstruction, r

11

2

precompute lookup-table for c;;. = c;.(1), see [41, 42]

Quadratic ENO reconstruction, r

periodic grid function, period

AN

—

Example 86 (ENO reconstruction).
7

On equidistant mesh:

Here:

| | | |
A @ © < N o
o o o o
0,
x)'m ‘1
L . u
L . u

15F
1

0.5r
0

3.3
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L

index of x .

p.w. cubic ENO reconstruction, r = 3

L

index of x .

p.w. quadratic ENO reconstruction, r = 2
[1  TVD resolution of (isolated) discontinuities

Observation;



=3

Cubic ENO reconstruction, r

=2

Quadratic ENO reconstruction, r

6)°m M

p.w. cubic ENO reconstruction, r = 3

p.w. quadratic ENO reconstruction, r = 2

small overshoots at extrema of ji (— 0 as Az — 0)

Observation: [l

Example 87 (TVB-property of ENO reconstruction).

11 1 }
40> 807 1607 3207 640

11 1
107 20°

1

-periodic function on equidistant grids, Az € {

ling of 1

s [l < samp

3.3
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based on /i

s wq < degreer,r =2, 3,4,



Measured: ratios T'Vg(wg) : TVa,(i1) on different grids

func(x)
10° ¢ 3
i ——r=1] |
1h i ——r=2| ]
L —+—r=3]| |
10—1; —+—r=4
0.8}
0.6 % 10‘2E
e S
0.4t % o)
0.2} :
10“‘E
of f
! ! ! I I I I I I _’]_0_5 L ! L ! L I
0 01 02 03 04 05 06 07 08 uy L 0 100 200 300 400 500 600 vy
N
X
sampled function: 11; = w(Axj), j € Z Relative TV-increase for ENO reconstruction

Observation: in this case: ENO-reconstruction is in the sense of (3.3.37)
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Remark 88 (Weighted essentially non-oscillatory schemes (WENO)).

Extension of ENQlidea [ WENO: use suitable convex combinations of local polynomial reconstruc-
tions [41, Sect. 2].

AN
3.3.3.4 Strong Stability Preserving (SSP) timestepping
MOL: spatial semidiscretization (3.3.25) + timestepping = numerical method for (2.2.1))
Simplest choice: explicit Euler timestepping for (3.3.25)
%) = gD LAt (R k=1, M= T/At (3.3.34)

Note: \ explicit Euler (3.3.34) + semi-discrete FV (3.3.3.1) =[3-poini FVM (3.2.2) J

Example 89 (Necessity of higher order timestepping).

» constant linear advection (2.1.6), v = 1, “bump” initial data (4.2.3)
» spatial semi-discretization: quadratic ENQ reconstruction (— Sect. 3.3.3.3), equidistant grid
» [explicit Euler timestepping (3.3.34) with fixed timestep At = Az, v := At/Az constant. 3.3

Alternative: 2nd-orderHeun method (3.3.41)) (see below) p. 327




Monitored:  [!-norm of discretization error at 7' = 1 for Az € {1—10, %.4—10, 8—10, 1(150, 350, 6}10} + ap-

proximate convergence rates, cf. EX.

ENO 2nd order scheme timestepping error for Smooth Bump ENO 2nd order scheme timestepping order for Smooth Bump
10" T PRI S I AP SR AR | T I IR T 2 T T T T

Heun L*~Error ]

X

*

Euler L'-Error] ]

Heun L-Order

Euler L' -Order

: 0.8 I I I I I I
107 0 200 400 600 800 1000 1200 14069

No of Grid points No of cells

Ll(bbR)-errors Approximate order of convergence
&
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Guideline for method of lines (— Sect. 3.3.3):

Order of temporal discretization has to match order of spatial discretization (— Def. [3.3.10)

Focus: Explicit single step timestepping methods

Recall from numerical analysis of integrators for ODEs [9]:

Definition 3.3.13 (Explicit single step timestepping method).

An explicit single step timestepping method for the autonomous ordinary differential equation
%ﬁ — L(7}) computes the approximation ;%) of 7j(t;.) at t;, = t._1 + At from 75~ merely
using evaluations of L.

3.3
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Definition 3.3.14 (Order of timestepping). (— Def. 3.1.7, cf. Def. B.3.10)
An explicit single step timestepping method ﬁ(k) — TAtk(ﬁU‘C_l)) is consistent of order p, p € N,

with the ODE %17 = L(7j), if
30 > 00 |ijlt + At) — Tag(if()]] < C(AHPT At — 0, uniformlyint

and any solution 7j(t) of the ODE.

O Explicit Euler timestepping (3.3.34) = 1st-order

Known: scores of explicit single step methods for ODEs [20],
most prominent: Runge-Kutta methods [9], Ch. 4]

Example 90 (Danger of using “standard timestepping methods”).

1 Jife <0,
—1/2 Jifx >0,

» Cauchy problem for [Burgers equation| (Z.1.7)), ug(x) = {

» spatial semi-discretization: (3.3.29), F' = Fgp (Godunov numerical flux functionl from (3.2.15)),
3.3

s piecewise linear reconstruction: minmod (— Def. B.3.3) slopes p- 330



N if At/Az < % = [explicit Euler step (3.3.34) is TVD !

[] use local timesteps At = L =

2 max; 1

» Two second-order explicit single step timestepping methods:

T =+ AL Tar(i) = g+ 3 (7" + At Lo, (7)) | (3-3.35)
— — — — — — 1 —
7 = i — 200 Lag (i), Taglfi) = i + A Lag (i) — 50 Lag(7) - (3.3.36)
Note: both methods agree for linear L, !
Displayed: ﬁ(500) for both timestepping schemes for Az = 0.01

3.3
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u(x,1)

0.5

Euler time stepping scheme after 500 time steps

P P P P

@)

Exact Solution
Numerical Solution

1.2

u(x,1)

5 10 15 20

timestepping (3.3.34)

35

Non-TVD scheme after 500 time steps

Exact Solution

O Numerical Solution

5 10

15

timestepping (3.3.36)

45
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TVD scheme after 500 time steps
T

VaWaWalaWalWal O-O-O-0-5 o O-O-O-0

05

u(x,1)

Exact Solution
O Numerical Solution
I I

-0.5

I I
0 5 10 15 20

timestepping (3.3.35)

Often known:

&b

Observations:

» No spurious oscillations for |explicit Euler; TVD-

property
» 2nd-order timestepping (3.3.36) [J overshoots

2nd-order timestepping (3.3.35): TVD-property

stability properties (e.g. TVD) known for [explicit Euler timestepping (8.3.34)

3.3
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Definition 3.3.15 (Strong stability preservation (SSP)). (— [16])
An explicit timestepping scheme /l’(k) = TN(/I(]’“_D) for (8.3.25) is strong stability preserving,
if for some (semi-)norm ||-|| and ¢ > 0

VAL < Aty || g+ AtLag(E) || < [lgll Vi = (ITad@)ll < llall - [YAL < cAt), fi -

[explicit Eﬁleﬂ step /

-~
tighter [CEL-condition (— Def. 3.1.4) for higher order timestepping !

ldea: T A as convex combination of explicit Euler “microsteps”:
1—1
To=ii, =Y oy + Byt Lag()) , i=1,...s+1, 2337
1=0 (3.3.37)

TAt(ﬁ) ::ﬁS—f—l 3
with 1" d oy =1, ay > 0.

Corollary 3.3.16. B0 = (B337) SSP(— Def.BIIE) with ¢ = max 8"
7’7

3.3
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Recall: explicit s-stage, s € N, Runge-Kutta method for “ODE” 7 /i(1) = L, (ji(t)):

1—1 S

Ri = Lag(fi+ AtY a; &

[=1
Runge-Kutta increments Runge-Kutta coefficients € R
e crlaiy - QAlg
Short-hand notation flr Runge-Kutta methods cl A | :
Butcher tableau > b ~ Cs|Gg1 v Ass
bl bs
1—1
0=+ ALY ag Laglm), i=1,....s,
B33 & =l )
Tal) = s = i+ ALY by Lag(if) -

[=1

(3.3.38)

(3.3.39)

(3.3.40)

3.3
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1—1
Choose «;; > 0, Zail =1, setagyy;:=70:
[=0

1—1 1—1
B i = > aufi+ Aty ay Lag(i)
=1 /=1

i—1 -1 i—1
= ajofi+ Y oy (7 — ALY g Lag(ii) + At Y ay Lag (i)
=1 k=0 =1
i—1 ' i—1
= @iz(m+@—_(@zz - > @kz%‘k) Atﬁm(ﬁz)) ,i=1 5+ 1.
=0 il k=1+1
=0, in B33D)
[0 2-stage SSP-Runge-Kutta method for (3.3.25) (Heun method): c=1
T =i+ At LA, (fi) 00 O
M =sfi+ (o + A LA (), < 11 0 (3.3.41)
LT /5 1
Talii) = 773 /2112

MAPLE-computation of order of Heun method:

0 D(y) :=x -> L(y(x)); y0 :=y(0); 3.3
D(y) = x— L(y(x)); vy0 := y(0) p. 336



[ gl :=y0 + h«L(y0); y1 :=y0/2 + (gl+h+xL(gl))/2;
gl == y(0)+hL(y(0)); yl = y(0)+1/2hL(y(0)) +1/2hL (y(0)+ hf(y(0)))

0 taylor(yl-y(h), h=0, 4);

series ( (1/12 (D®) (L) (5 (0)) (f (4 (0)))* = 1/6 (D (L) (y (0))* L (y (0))) b+ O (") , . 4)

[ Heun method has order 2 (— Def. [3.3.14)

[1 3-stage SSP-Runge-Kutta method for (3.3.25): c=1
ﬁQ —/Z—FAtLA:C(_)) 3 olo 0 0
=3+ 3R+ A Las(B) 11 0 0
M =3/ + 5 (7 + At Lag (7)) /2 1?4 1?4 29
- 6 1/6 4/3
Tar(fd) =11 -

MAPLE-computation of order of 3-stage SSP Runge-Kutta method:

D(y) = x ->L(y(x)); y0O :=y(0);

yl := y0/3+2x(g2+h*L(g2))/ 3;
taylor(yl-y(h), h=0,5);

N O R O [

g1 := y0 + hxL(y0); 92 := 3xy0/4+(gl+h*L(9l))/ 4,

series (—1/24 (D (L) (y (0)° L (y (0))h*+ 0O (h°) , A, 5)

(3.3.42)

3.3
p. 337



O 3-stage SSP Runge-Kutta method (3.3.42): order3 (— Def.3.3.14)

A timestepping (8.3.37) of order >3 and [3; >0

Of(u

| Remedy: “upwind” & “downwind” spatial semi-discretization of 2 T Yt ag;) = 0:
d d _ ~ .
() + Laglit) = 0 and i) + Lag (i) =0,

where £, and £, are both consistent of order ¢ (— Def. B.3.10) with %&CM) and

VAL Aty (i ALa DI < A A Nl = ML) < Nl Vi (3349

Example: for linear advection f(u) = vu, v > 0, equidistant spatial grid

(% U

(ﬁA:c(ﬁ))j — —A_ZIZ‘(M — Hy— 1) , (ﬁA:c(ﬁ))j — —A—x(ﬂjﬂ — 1)
-dlﬁerence cf. (B:IZIZII) downwind difference, cf. @IIT)

General recipe: L, < (—1)- discretization of a%(—f(u))

3.3
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2
[1 4-stage 4th-order classical Runge-Kutta method: SSP with |c = 3 assuming (3.3.43)

ih = i+ 5La (i) ,

i3 = il — 1LAL (D) + 5 (i + AtLaL (D))

7= 5(i — ALaL(D)) + 3 (i — SALLAL(Th)) + 3 (73 + SALLAL(7T))
75 = (7 + SALLAL(T)) + 3775 + 3 (74 + LA ()

3.4 Finite volume methods for 2D scalar conservation laws

[0 notation for independent spatial variables = (, y)T e c R?

Focus: [Cauchy problem| ({2 = RQ) for two-dimensional scalar conservation law

ou . ~Ou Ofp(u,z)  Ofylu,x)
+ divg F(u, ) = g + e + 9y

ot
u(z,y,0) = ug(z,y) V(z,y) € R*.

—0 inR?x]0,T7],

(3.3.44)

(3.4.1)

3.4
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Theory (for F(u, ) = F(u)):  uniqueness, existence, L!(R?)-, L>(R?)-, T'Vipo-stability of en-
tropy solutions (— Sect. 2.7)

Most important example: (non-constant) linear advection Z1.4), F(u) = uv(x)

ou 0 0

En + %(Ux(w)u) + a—y(vy(w)u) —0 inR*x]0,T7. (3.4.2)
Popular test case: “2D”[Burgers’ equation; F(u) = %qu, deR? |d =1
du 0 4 9 d 1 9 2
«—— decoupled 1D Cauchy problems for Burgers equation (2.1.7): /
Y =dyx —dyy
Ju 0 4 9 2
B43) — 6‘t+5‘x’(§u)zo in R“x]0, 77 .

3.4
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3.4.1 Operator splitting

S(t) : L®(R?) — L>®(R?) = evolution operator for Cauchy problem (Z.4.1):

S(t)ug :=u(-,t), wu islentropy solution of (3.4.1).

3.4.1.1 Fractional step semi-discretization

Formal “ODE in function spaces”:

B4l <« —u- g\%T u(0) = ug (3.4.4)

spatial differential operators: aﬁ fy(uw)

Motivation: (3.4.2), constant velocity v:

0 0
Lou=vy—u , Lyu=1v,—u. Sid
> ) o / 7 Oy p. 341



Ly, Ly linear & for smooth w: Ly,Ly commute

Consider linear commuting operators A : V +— V,B: V — V,dim V' < oo and ODE

Cu= (A4 B, u(0) =uy > ult) = exp((A B)Jul0) = explAD) - exp(B)ug.

evolution for %u = Au evolution for %u = Bu
“Algorithm™: first solve %u = Au, u(0) =ug O uy, then %u = Bu, u(0) = uy.
ldea: over small times (linearization)
(3.4.1) ~ (3.4.2) with constant velocity
N fractional step temporal semidiscretization of (3.4.4)
4 N
Given t Igrid G = {0 =ty < t ty =T t imation ") of
iven temporal gri At —k{ =1ty < t; <--- < tp =T} compute approximation u,,; 0
u(ty.) from approximation u(At_l) of u(t;._q) by
k k—1 0
Wt = (Spaty) o Sy At )l k=1, M Wl =g (3.4.5)
Sy y(l) - L>®(R?) — L>°(R?) = evolution operator for %u =—L_/ U

z/y )

3.4
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Terminology: (3.4.5) < fractional step Godunov splitting: S(At) = Sz(At) o Sy(At)

Alternative: fractional step Strang splitting: S(At) ~ Sg;(%At) o Sy(At) o Sx(%At)
F)  (SphAty) 0 Sy(Aty) o Suiat))ult Y k=1, M, W=
Uny = ( x( ty) o Sy(Aty) o x( tk))uAt y Upp = UO (3.4.6)

Splitting approaches applied to (8.4.4) [I dimensional splitting (separation of x/y-directions)

A A
Note:
dimensional splitting exact for

constant linear advection (=

B4.2) with v(x) = vy) _

Godunov splitting (83.4.5)  Strang splitting (3.4.5)

0 notation: piecewise constant in time reconstruction: Cuay(t) = u'f=Y fort, | <t < t,,
k=1,...M

3.4
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Theorem 3.4.1 (Convergence of fractional step temporal semidiscretization). — [6]
Ifug € L°(R?)NLY(R?) and (GAt.1)1eN is a sequence of temporal grids with maximal timestep
max. Aty — 0 for [ — oo, then

Culy, —»u in CY[0,T), L (R?) for | — oo,

where u solves (3.4.1), and ulAt is obtained by either (3.4.5) of (3.4.6) on Qle.

Sketch of proof. Show that CulAt is [-uniformly bounded in L°°(R*x]0, T[) and BV, .(R?x]0, T)
and satisfies weak entropy inequality (— Def.[2.5.3). Then use compactness argument (— Thm.[3.2.10
and uniqueness of entropy solution. ]

Quantitative convergence estimate, cf. Thm. [3,2.24:

Theorem 3.4.2 (Convergence rate of fractional step temporal semidiscretization). — [45]

Let ug € L®°(R?) N BVj,.(R?) + assumptions/notations of Thm. BZ1. Then solutions
(u(Akt))k‘:O,...,M of (3.45) or (3.4.6) on equidistant temporal grids with timestep At = T/M
satify

. (k) ./
30 # ClAL); |k |‘u<"tk) Y HLl(RQ) = Cval 3:44
<k< 5



Formal view: regard (3.4.5)/(8.4.6) as explicit single step timestepping method (— Def. 3.3.13) for
B.4.9)

What is its order (— Def. 3.3.14) ?

Abstract: A, B : V — V continuous mappings with uniformly bounded Frechet derivatives (I =

Banach space),
SA(Sp) :|0,T|xV +— V = evolution operator for %u = Aul %u = Bu,
S :]0, T[xV +— V = evolution operator for %u = (A+ B)u.

Theorem 3.4.3 (Order of fractional step temporal semi-discretizations).
|(S(A) — SA(AHSp(AD)u]| < C(AL)?
|(S(at) = SabanSpANSAGAD | < C(at?,
with C' > 0 independent of At and u € V.

for At — 0,

—~—g——

Godunov splitting (3.4.5) [J  first-order consistent
Strang splitting (3.4.6) [1 second-order consistent

3.4
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Remark 91. Splitting approach important for constructing integrators for ODEs with special properties,

[33] and [19, Sect. II.5].
AN

3.4.1.2 Discrete dimensional splitting schemes

Full discretization on infinite space-time ffensor product grid; M = Ga, X QAy X GAy

Orap =i €ERm <wji€Zy , Gay={yjeRy;_1 <y, €L}.

Equidistant case; meshwidths x; — z;_1 = Az > 0, y; —y;_1 = Ay > 0V},

3.4
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fi ~ (1ij)i jez, new: partial grid function
i.j = (ij)icz, € C'(Gag), ete.
grid lines and grid cells DY 1

Interpretation (— Sect. B.1): FVM for 3.4.3) [

Idea:

adapt notation for grid functions

= CO<gAx X gAy) = {gAx X gAy — R}:
(i, 1, etc.

Tit1/2 Y4172
k) 1
T AxAy

Ti—1/2Yj-1/2

in

j+1 T

Uit

approximations ,E(k), k=1,..., M, of cell av-

erages

dimensional splitting approaches (3.4.5)/(3.4.6):

| [ wewtads, ijez.

(3.4.7)
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0 c’? 0 6
Y= parameter xr = “paramZzter

B> given time-invariant discrete evolutions H,. a; CV(Gaz) — CV(GaL), Hy At CV(Ga,)
CY(GA,), for one-dimensional conservation laws

iV = Ho a5 V) o Sy, t) 5 (falule 1) = 0 (y parameter)
i) =y (@) o Sy ) + oy fululz.y:1)) = 0 (x parameter)

—~—g——

B L(k—1) .
Godunov splitting (3.4.5) /jék) Hy’Ath ) | te L, (3.4.8)
f.j =Henafil;), JEL.
/jl,] :U 1/2At(/j(k 1)> ) .] € Z )
Strang splitting 3.4.6) P < /122,- = Hy,At( ), 1 €7, (3.4.9) "
(k) . '
= H.:L',l/2At( ), JEL. p. 348




Consider special case:  H,, Ay, Hy ¢ from finite volume method (— Def. B.2.1)

I, Iy = numerical flux functions| consistent with f;, f;, (— Def. B.2.2)

[ Finite volume fractional step method based on Godunov splitting (3.4.5) (on equidistant mesh)

k—1) At .
13 :#g-i ) A_y(Fx<Ni,j—ml+1a i jimy) — Fe(it j—mys - - s i jame—1)) s 6] €L,
(k) At .
Mg =Hij — A_x(Fy(M;‘k—mlH,ja o Mim, ) = Py o i, —14)) s 55 €L

(3.4.10)

[29, Sect. 3.1]: convergence result analoguous to Sects. 3.2.6], B.2. 7!

Theorem 3.4.4 (Convergence of 2D fractional step FVM).

If [, and £, give rise to monotone (— Def. BZ114) FVM, cf. LemmaB.2.7, and At/Az, At/Ay
are fixed and sufficiently small, then

UAp — u o in L%OC(RQX]O,T[) for At — 0,

where u solves (3.4.1) and ua; is the M-p.w. constant freconstruction of /I(k) obtained by
(3.4.10) on equidistant space-time mesh with timestep At.
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Note: Thm.B.Z24 carries overto 2D [0 “O(v/ At)-convergence” of monotone schemes

Example 92 (2D dimensionally split FVM).

s Cauchy problem for constant advection (3.4.2), v = G)
. 9 1/2 1/2 1
» initial data ug(x) = 1 — cos?(w|x + (1/2) ) for | + (1/2)\ < 5, up(x) = 0 elsewhere.

» dimensional splitting based on different 1D finite volume methods (7, = vy = 1):

1. scheme (3.1.26),

2. [Lax-Friedrichs (3.1.29), see also (3.2.9),

3. [Lax-Wendroff 2nd-order FVM (3.1.12),

4. minmod-limited high resolution method (3.3.8),

5. superbee-limited high resolution method (78]

combined with Godunov splitting (3.4.8)/Strang splitting (3.4.9).
Monitored: [ and [*°-errors at final time 7' = 1 for Az, Ay € {%, 1—10, %, %, ﬁ, 8—10, Wlov 3—50}

[1 approximate order of convergence, cf. Ex. [/9 »
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Error

10

10

Error for Upwind with Godunov splitting

T

|

0

L -Error|;

10

10°
No of Cells

Order

0.9

0.8

0.7

0.6

0.5

0.4

Order for Upwind with gudonov splitting

L -Error

Loo

100

200

300

No of cells

400

500

60(

7090
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Error

10

10

Error for Lax Friedrich with Godunov splitting

p=0.89

T

|

L -Error|;

0

10

10°
No of Cells

Order

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1
0

Order for Lx Friedrich with gudonov splitting

_—
Ll—Error
LOO
1 1 1 1 1 I
100 200 300 400 500 60( 769
No of cells
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Error

10

10"

Error for Lax Wendroff Limiter with Strang splitting

T

|

L ~Error

0

10

10°
No of Cells

Order

Order for Lax Wendroff Limiter with Strange splitting

2.5 T T T T
2 - -]
151 —
1+ s/ i
0.5 -
Ll—Error
LOO
0 1 1 1 1 1 I
0 100 200 300 400 500 60( 700
No of cells
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Error

10

10"

Error for Minmod Limiter with Strang splitting

T

|

L ~Error

0

10

10°
No of Cells

Order

18

16

14

12

0.8

0.6

0.4

0.2
0

Order for Minmod Limiter with Strange splitting

L -Error

Loo

100

200

300

No of cells

400

500

60(

700

3.4
p. 354



Error for Superbee Limiter with Strang splitting Order for Superbee Limiter with Strange splitting
10[ T T | SIS SN P PP S | T T o T 1.8 T T T T T T

L ~Error

0

121 N

|
Order
~
T
H—
|

0.4 —
1
L™—Error

—4 ; ; R S S S S |

: : : . 0.2 | | | | | I
10 10° 107 0 100 200 300 400 500 60( 700

No of Cells No of cells

Lst-order FV (for partial evolutions) + Godunov splitting [ Lst-order scheme
2nd-order P Stran P J 2nd-order

&
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3.4.2 Corner transport upwinding

Given (— Sect. 38.4.1.2): infinite space-time fiensor product gridi:~ M = Ga, X QAy X GAy

Grar =i €Rm <wji€Zy , Gay={yjeRy; 1<y, EL}.

Focus: lequidistant case; meshwidths z; —x,;, 1 = Az > 0, y; —y;—1 = Ay > 0Vy, fixed
ratios v, = At/Ax, vy 1= At/Ay.

Tj+1/2 Yit1/2

Goal: update formula for cell averages ,ug.k;) R~ A 1A / / uw(x,y, ty)dedy , j,1 € Z .
) T y

Y12 Y1/

3.4.2.1 Constant linear advection

Cauchy problem @41) with F(u) = vu, v = (v, vy)T e R? (— Ex.[29)

B>  solution u(x,t) =up(x —vt), | ceR?0<t<T.

3.4
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Approach: [REA-algorithmwith G, X QAy—constant reconstruction:
(— [Godunov’s method, Sect. 3.2.2)
_ Ti 10 < T < X, :
given ﬁ(k_l) O wylz,y) = ,ugk. D for T2 i1/
’] Yj—1/0 <Y < Yjt1/s -
Lit1/2 Yj4+1/2
1
[ ,u,g? = ArAy / / wo(x — v AL,y —vyAt)dady , i, €Z . (3.4.11)
Yi-1/2Yj-1/2
Y Y
y] T y] 1
/ N
Yji—1 T Yji—1 T
/ M
33;—1 SCI’Z il?zl+1 33;—1 SCI’Z 3le+1 Yy

3.4
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Assume: [CFL-condition

At
’U:z:_| = YpUgp < 1,
Az

Yy . I .
O relative shifts in At: ¢, =", v i E :
vfy - Txfytaly i - |
For vy > 0,vy 20: @B411) = i | / - |
— ! :
k k—1 | |
e — T |
k—1 | ] !
cz(1l — ¢y) N§_1,j)+ // |
k—1 L __L____L____ |
(k1) T
CaxCy 'uz—l,]—l A%
P> corner transport upwind (CTU) scheme
.CUJI'_l I[j le—l—l
finiti differences
k k—1) k—1 k—1 k—1 k—1)\
NE,; - “7(;,;' - %EUCU('“E’,]' - u§_1,3>> - Wyvy(,%(',j - u§,j_1>> - (3.4.12)

(k—1) (k—1) (k—1) (k—1)
f:ccy(ﬂi,j — Mgy~ Hi1 T )

7

-~

corner transport correction
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CFL-condition _ _
B.4.12) [] monotone discrete evolution (— Def. 3.1.14)

3.4.3 Non-constant advection

ICauchy problem; advection of an intensive quantity (no conservation law !):

ou ou ou ou _

o + v(x) - grad,u = o + vx(w)% + Uy(ac)a—y =0 inR*x]0,77,
u(x,0) = yy(z) Vo e R”.

[Cauchy problem; advection of an extensive quantity — Ex.[29] (2.1.4)

ou , ou O 0 . 9
g+ dva(uv) = G+ (vn(@h) + o y(@)u) = 0 inE2X]0, 77

u(x,0) = yy(z) Vo e R”.

For (3.4.14) assume : incompressible flow: divv =0

(3.4.13)

(3.4.14)
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Ifv € (CY(R?))?, solutions of B.4.13) and 3.4.14) (for div v = 0) constant along characteristic
curves, cf. Def. 2.2.2,

Y 0.T] > R2: % (r)=v(v(r), 0<r<T.

How to generalize (3.4.12) to (3.4.13), (3.4.14) ?

Y
Fluctuation splitting form of (BEZIZI): y |
(k) _ (k=) LD L
Hig =tyj  —call —?Cy>< ~Hioy;)
1 k—1 —
—ey(1— Jea) iV - uﬁ,j_b — =
1 k—1 k—1
_§<C:C)(Cy)(:u§_1,j) — 'uz('—l,j)—1> f_
1 k—1 k—1 B  —
~Yeaep) ) — ) )
. 7 3.4
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Dual view:
9T Distribution of edge fluctuations
(k—1)  (k-1) (k—1)
Hijoipp = Hig T Hij—1
1 .+ .- 1 1+ +
yi | —30 ¢, TC) — 5]ca)) —5C) Cy (k=1) _ (k=1)  (k=1)
Q\\A// Hiijaj = Pty — Hij
0 ¢™ := max{0. ¢}, ¢ := min{0. ¢
Yji-17T / ' 1 \\1 { | } { ’ }
—3¢,¢ T6 (1 =3le]) —5¢,¢f —~——
fluctuation distribution form
IE£—1 Qi‘z l‘i;l ¥
;- Yj | — Yj+ v Yt \v
11 v Yj—1+ V] Yi—1 — Yj—1+ _—
Tio1 X Tt AR R PR Tz A T AR R PR
vy > 0,0y >0 Vg < 0,0y >0 vy < 0,0y <0 vy > 0,0y <0
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=l FL ("] 1 Yo ¥ V) —Flfw(ug_l)wﬁi?))
(Bl i 1) ME )>—F€w(u§5_1),u§5111))>

N\

oy =ity = A s = A C+Aﬂz‘,j 1/2 = Oy Bl 1)
- %C;C;A“z(k 11)—1/2 — 3¢ A'“(—1/2) i A'u(—l/z) + 360 Cy A“Efy‘_—ll)/z
- %C%FC;A“EEL?H/Q B ?C A“E 1/2) +1 ?C A'u(—l/z) + %C+C§A”z('§:tll}2
— 30y A“Ei,?-l/z 2 € A”§+1/2) j—1 +3 A”§+1/2) j 26 ¢y “5]3_11)/2
%C; Cy A'“z('{:,;)qtl/z 2C A'u(]—il/lz) +1 2 A"‘(]_11/12) QC:E Y A/‘(k;jugg v
(3.4.15)

X
where F i,

FuyW = linear numerical upwind flux

ldea:

in 3.4.15), e.q.:

functions consistent with f/f.

individual “flux distribution velocity” for each edge:

+ +
Cr Cy DIhi—1 j—1/2
|

(Vv (i1, yj—1/2>i)(7yvy<xi—1a yj—1/2)j:)A:uz‘—1,j—1/2 :

(3.4.16)

3.4
p. 362



CFL-condition (— Def. 3.1.4): [ Ve max vz ()| < 1, vy max |vy(x)| <1 ]
xr xr

Example 93 (2D corner transport upwind scheme for circular advection).

K ]

X

0 rigid rotation ®;(z) = (698(27”5) _Si“@”t)) (5‘5)

sin(27t)  cos(27t) Y

Cauchy problem @.4.14) with v(x) = 27 (—y

bounded spatial domain () =] — 1, 1[> with periodic boundary conditions.

ug(x) = 1, if ]w — l\f@)] 0.4, up(x) = 0 elsewhere (cylinder),

up(x) = cos*(flz — %\/5(% ), if |& — 1v/2(7)] < 0.4, ug(®) = 0 elsewhere (compactly
supported smooth bump)

corner transport upwind discretization (3.4.15) with modification B.4.19), 2rAt = Ax = Ay (=
CFL-limit), for different meshwidths Ax, Ay & {1—0 50 4—10 % Wlo 350

Monitored: > evolution of discrete solutions [0  [movid],

> [L-norm AzAy > |ulzi yj, 1) — ,ugjy)| of discretization error. 3.4
J
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Contour of Intial solution uo(x,y)

0.8

0.6

0.4

0.2

-1
-1

(=)

0

Contour of Numerical solution u(x,y,1)

0.8

-1

-1
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L -Order

| | | | | | L”- Order,
1072 ; ; ; ; M ; ; ; i M= 21 0O 100 200 300 400 500 60( 709
10t 10° 1n3 No of cells
Observation: 1st-order & dissipative (— Ex.[64)

3.4.4 General conservation laws

Idea: generalize (3.4.15) to 3.4.1), generalfluxfunction ¥ = (f., f;) !

3.4
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? How to generalize v, vy to “fluctution distribution velocities” for an edge ?

Idea: use “local [Rankine-Hugoniof velocities” (— Thm. 2.3.2):

( k—1 k—1
fx/y(/“%(‘_|_1’j>)_fx/y(ﬂ@<"j )) it (k_1>7é (k—l)
aly i—1) _(h—1) M Hiry 7y s
Yafy ™ Sit1p i = Hir1, ~Hij
| LD o (k=1) _ (k=)
Ly i, M Mgy T Hi

foredge x; 1/ X [yj_l/Z, yj+1/2], i, ] € Z (analoguous for [%'_1/27 %’+1/2] XY jm-1/2)-

—~—g——

with numerical flux functions F**, 'Y consistent with f;, f, (— Def. B.2.2):

iy =ty = e ) = PR ))
— oy (F () ) po D)) (3.4.17)

-+ corner transport correction, see (IBEZIEI).<*>

(*): corner transport correction as in (3.4.15) with replacement, e.g.

(k—1)

: . k—1
C;UI_C?—;AMz’—l,j—l/Q (Sx )+< Y )+ ( )

i1j-y2) i o) ARy, (3.4.18)
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CFL-condition (— Def. 3.1.4)

\ maxx {7zl f7(w)], yl fy(w) } < 1
. .

Example 94 (CTU scheme for “2D Burgers equation”).

s B43) ontorus = Q) =] — 1, 1[? + periodic boundary conditions, d = 1/2\/5(%)

» [initial conditions u(x) = X}0,1/2[2<‘B> — % (square box),

» Corner transport upwind discretization with ﬁ—fj = (0.5 (= CFL-limit), and mesh widthAz = Ay =
2
5_0;

3.4
p. 367



Contour of Initial condition u (x,y) Contour of Numerical solution u(x,y,2)
T

0.8

0.6

0.4

0.2

_0.6 -

_0.8 -

-1 I I I I I I I I I
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 c.8 1

Remark 95 (Higher order CTU schemes in 2D).

In 3.4.17): replace Fx(uz(.]ilj),uz(@_l) with lhumerical fluxes of 1D high resolution methods (—

Sect. 3.3)
AN
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3.4.5 2D finite volume methods

Given: (infinite) structured/unstructured mesh M = {K} of (polygonal) ) C R? — [27,
Def. B.2.7], cf. triangulation| of Sect. 1.6.7l.

Analoguous to B2.1): (O my = exterior unit normal at V)

B4l = /u(w,tl)dw—/ u(ex, to) dw+// u,x) - ny dS(x)dt = @.1.2)
tg OV
—— — V=K KeM

1
update formula for cell averages u%) = W/U’(w’tk) de, KeM,k=1,...,M:

k k—1
M(K)—N(K ) _ |K\ {Z/ (u, ) anS}d , & =edgesof K .

tk 1 GEgK e
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[N Genuinely 2D conservation form (— Def. B.2.7)) of discrete evolution:

k
(k) _  (k=1) K K 1 //F : ds 3.4.19
MK :LLK ‘K| Z /fe ) fe At‘e‘t J (uaw> ng : ( : )
k—1
numerical flux
As in Def. 3. 211

#X obtained from Mumerical flux funciion
F:RxRxS—R.

Jal (k=1)  (k=1) '

B [ = g mE) - (34.20)

K

Analoguous to Sect. 3.2.1] (— Def. 3.2.2)) we require

[0 conservation: Fv,w,n)=—-F(w,v,—m) Yv,w €eR n € R?, n| =1
[J consistency: Fu,u,n)=F@u)-n YueR,neR?|n|=1
[0 Lipschitz-continuity: |F(v,w,n) — Flu,u,n)| < C(jlv —u| + |w — ul)

for v, w sufficiently close to u

3.4
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ldea: “projection onto normal direction” — F’

usolves @4IL) O w(x,t):=u(nx,t) satisfies 1D conservation law

ow 0

~— 4+ (n-Fw)=0 inR*x]0,T].

ot  Ox

>

F(-,-,n) « 1D humericalflux function consistent with 12 - F'(-)

Example: F' based on|Godunov flux Fgp (3.2.17):

min n-Fu) ,if v<w,

F(v,w,n) = vSUSW
max n-F(u) ,if w<v.
w<u<vy

consistency [1, if F Lipschitz-continuous [1 [Lipschitz-continuity| [,
iconservationl by direct computation L.

—~—g——

(k) _  (k=1) _ AL
P = HK K| K

K'e Ny
0 mesh neighborhood N = {K' € M: K N K’ # 0}

> IR AK | Fug Y mg)

(3.4.21)

(3.4.22)
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Special case:

constant linear advection (3.4.2), v fixed

+  [upwind flux (3.2.6)

inflow edges
outflow edge

_ At o _ (e
@45 — M([];):M([]; 1)_7 Z |KﬂK’\((y-nK)+,u<[]§ 1i—l—(v-’nK) M([];/ 11)

\

K'eNg outflow from K inflow into &
(3.4.23)
>  CFL-condition (— Def. 3.1.4) for (3.4.23):
e] 1
max max —At|lv| < - = monotone (— Def. . 3.4.24
i max pativis 5 = @423) (7 Det 5.1.14) (34.24)

Assuming uniformly bounded shape-regularity measure p p( (— [27, Def. A.2.21]], [27,, Sect. 4.2.4])

At
CFL-condition 3.4.24) < h—M < C' for sufficiently small C' = C'(prq) > 0
M
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Galerkin Methods for Scalar
4 Conservation Laws

4.1 Standard Galerkin spatial discretization

4.2 Discontinuous Galerkin (DG) methods

4.2.1 The Runge-Kutta discontinuous Galerkin (RKDG) metho d

s, 9
Special case: d = 1 < 1D scalar conservation law (2.1.5) oy —f(u) = 0, Q2 = R ({Cauchy

ot 0
problem)) ‘ 42
p. 373



Spatial mesh M = {]a:j_l/z,a:j+1/2[, j € Z} with gridpoints z; € R, 7;_1 < x, see B.L1T)

[ spatially semi-discrete DG evolution: uy € C1([0,T], Viy) satisfies

Ti+1/2
N Vony € Pp(R)
S, () — S, O)edy(e) o+ fyynlt) = St =0 908 G P
Lj=1/2
(4.2.1)
with umericalfluxes  f;. 1,(t) := F(UN($;+1/27t),UN(l‘;;l/Q,t)) . (4.2.2)
Example 96 (RKDG for 1D linear advection).
s 1D scalar conservation law@.1.6), f(u) = cu, with advection velocity ¢ = 1, T = 1 [
u(x,t) = ug(x —t)
» smooth, non-smooth and discontinuous initial data, supported in |0, 1], see Ex.
up(z) =1— COSQ<7TZC) , 0<2<1, 0elsewhere, (4.2.3)
ug(x) =1—2% |xr — %\ , 0<z <1, O0elsewhere, (4.2.4)
up(z) =1, 0<x <1, O0elsewhere. (4.2.5)
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» RGDK discretization with jupwind fluXfLax-Friedrichs (3.2.9) numerical fluxes on equidistant
mesh, meshwidth Az.

Monitored: convergence of RKDG solution w.r.t. to norms

(K (k
maxj. H,u( ) — Ru(-,tk)HZQ(Z), maxj, H,u( ) Ru(-,tk)Hll(Z),
(max; Hﬁ(k) - Ru(-,tk)Hloo(Z)) for different initial data ug and p = 0,5 = 1, p =

1,s=2,p=2,s=3(s=no. of stages in SSP-RK timestepping (3.3.37). )

Numerical experiments. Please specify CFL numbers

&
Example 97 (RKDG for 1D Burger’s equation).
» Cauchy problem for Burgers equation| (2.1.7)
» “box function” ug = x| 1 @4.2.5), cf. Ex.
@4
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Example 98 (Fy and P; DG for circular advection).

» Cauchy problem of Ex.

s Spatial discretization: DG with
lnumerical flux functionl f.w, 2-point Gaus-

sian quadrature for edge flux.
s Timestepping: 2-stage SSP Runge-Kutta

method (Heun method) (3.3.41), At = ﬁ
s unstructured triangular meshes of spatial do-

main ) = {x € R |z| < 1}

mesh plot

&
4.2.2 Stability and convergence
Focus: d = 1 =[Cauchy problem|for 1D scalar conservation law
ou 0
=0 in Rx|0,7T
== 8t+8xf(u> | 0,71, @2 4,

0) = inR .
u(z,0) = uo(x) e



4.2.2.1 Entropy stabilty

Sect. 2.6.1! entropy inequalities (— Def.2.5.3) [ stability

/
/
for “semi-norm like” entropies

Focus: quadratic entropy < pair of entropy functions (— Def. 2.5.2)
w
/ Fe)Ede = Sy [ )4
0

Goal: semi-discrete cell entropy inequality, cf. Def. 3.2.14, (3.2.35)

DO —
=¥

n(w) =

Lj+1/2

4
dt
ti=1/2

for spatially semi-discrete DG evolution (4.2.1)) for (Z.2.1)

Here: ¢j+1/2,j € Z = [numerical entropy fluxes

/ n(un(e,t)de + ¢, =1, <0, jEZ,

(4.2.6)

(4.2.7)

4.2
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4.2.2.2 Convergence for linear advection

4.2.2.3 CFL condition

RKDG methods: empiric
CFL numbers for con-
stant scalar linear advec-

tion
% + c% =0
9, ox
At
— < CFL
’ClA:L' ¢

D 0 1 2 3 4 5 6 7 8

S = 1.000 = * * * * * * *

s = 1.000 0.333 * * * * * *

s=3 |1.256 0.409 0.209 0.130 0.089 0.066 0.051 0.040 0.033
s = 1.392 0.464 0.235 0.145 0.100 0.073 0.056 0.045 0.037
s=0o [1.608 0.534 0.271 0.167 0.115 0.085 0.065 0.052 0.042
s = 1.776 0.592 0.300 0.185 0.127 0.093 0.072 0.057 0.047
s=7 11977 0.659 0.333 0.206 0.142 0.104 0.080 0.064 0.052
s = 2.156 0.718 0.364 0.225 0.154 0.114 0.087 0.070 0.057
s = 2.350 0.783 0.396 0.245 0.168 0.124 0.095 0.076 0.062
s =10]2.534 0.844 0.428 0.264 0.182 0.134 0.103 0.082 0.067
s=11]2.725 0.908 0.460 0.284 0.195 0.144 0.111 0.088 0.072
s=1212.911 0.970 0.491 0.303 0.209 0.153 0.118 0.094 0.077

4.3
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4.2.3 Limiting for RKDG methods

4.3 Streamline upwind Petrov Galerkin methods

4.3
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5

Consider:

conservation law (Z.1.3) for

Systems of Conservation Laws in
One Space Dimension

spatial dimension d = 1 — 1D
state space/dimension m > 1 «» system

on [space-time rectangle] €2x |0, T7:

uy filug, ... um)
divi, (F(u>> = éu - gF(u) = % P+ 9 : =0 inQx]0,T7,

U Smur, .. um)
(5.0.1)

m e N,u=u(z,t):QCRx|0,T[— U C R"™, vector valued fluxfunction F : U C R"* +— R,

+ [nifialcondifions:  u(x,0) =ug(z) in Q. (5.0.2)

Many notions from Ch. [2 (scalar case, m = 1) carry over:

o

\ICauchy problem

(— Sect.21): (2 =R (O no spatial boundary conditions)
5.0
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U.ZEU Jfx <0,
u- €U ,ifxe>0.

Riemann problem (— Def. 2.4.7)) = Cauchy problem for ug(z) = {

s Weak solutions = solutions in the sense of distributions, cf. Def. 2.3.1[:

Definition 5.0.1 (Weak solution of Cauchy problem for system of conservation laws).
Given initial data ug € (L°°(R))"™, u: Rx]0,T[— U C R™ is a weak solution (solution in the
sense of distributions) of the [Cauchy problem| for (5.0.7)), if

u € (L®(Rx]0, T[)™ . fi{u-%—(erF(u) - %—i’} dtdz + 70110(3:)@(3:,0) dz =0,
I N

forall ® € Cy°(R x [0, T[,R"™).

5.1
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5.1 Hyperbolicity

Special case: | linear system of conservation laws < (5.0.I) with F(u) = Au, A ¢ R"™"™

a_u+Aa—u:O inRX]O,T[,

P |Cauchy problen; ot ox (5.1.1)
u(-,0) =ug € (L(R))™.
For (5.1.1)) try [plane wave] solutions, cf. Def. [1.3.2!
u(x,t) =dexp(i(kx —wt)), deR", kweC. (5.1.2)
Note: uy € (LR)"™ = keR
k0

GI12)inGLI) = (—iw+ikA)d=0 <= w/k iseigenvalue of A .
wlk=a+1ib, a,be R = u=dexp(bkt)exp(ik(x —at)) .

[ o(A) ¢ R O (5I1.7J) has exponentially growing solutions (= ill-posed !)
A
0 notation: o(A) = set of eigenvalues (spectrum) of A € R""""

If ug = “small perturbation” of constant state u* € R”* [0 linearization

~  ou _ou

P Cauchy problem for (5.0.7) 0,

5.1
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with  u(z,t) ~ u*+u(x,t) (O linear system governs evolution of perturbation).

Definition 5.1.1 ((Strictly) hyperbolic systems of conservation laws).

GOI) hyperbolic < Yue U: IR € R™™: RIDF(WR = diag(A, ..., \m) , A\ € R .
k

(B.0.7)) is strictly hyperbolic, if, in addition, DF(u) has m distinct real eigenvalues for allu € U.

0 notation: o(DF(u)) ={\;(u),t=1,...,m}
convention: Aj(u) < Ag(u) < --- < A\p(u)  (in strictly hyperbolic case)

[0 notation: r; = r;.(u) = eigenvector of DF(u) < eigenvalue \i.(u), k=1,...,m
0 R =(ry,...,ry) for R from Def. 511

Example 99 (1D shallow water equations). — [31], Sect. 13.1]

\

Inviscid, incompressible fluid flowing in straight
shallow long channel (uniform cross-section)

Assume: velocity parallel to channel direction 5.1
iIndependent of depth - —-—= p. 383




Physical quantities: h(z,t): height of fluid (h] =m), O h>0

v(z,t): fluid velocity (z-component) ([v] = ms 1)

. oh 0
conservation of mass + —(vh) =0, (5.1.3)
. ot Ox
[31, Sect. 2.6]: ) o
: 2 1 22\
conservation of momentum a(hv) + 8—(hv +59h7) =0, (5.1.4)
T
with ¢ > 0 = gravity acceleration, [¢] = ms .
Terminology: h, hv = conserved quantities (conservative variables)

G113 . h vh U9
& h u= Foy(u) = F(u) = (5
GL3) GODwih (m) - Fowla) = Flu) (mﬁ + %gh2> (u%ul L+ %gu%)j

shallow water equations

(5.1.5)

Phase space/state space: U=R"xRC R’

0 1 0 1
DFyy () = <_(u2/u1)2+gu1 2u2/u1> B (—02 + gh 21)) ' (5.1.6)

5.1
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B>  eigenvalues \{, \; /eigenvectors rq, ro € R? of DFgy(u):

1
Al = v—+gh << r1:( B )
! Y gh (5.1.7)
] (h >0 =-) Shallow water equations (5.1.5) strictly hyperbolic (— Def. 5.1.1) o
5.2 Linear systems
_ ou ou : 00 m
[Cauchy problem; s AE?_ =0 inRx]0,7[, u(-,0)=uge (LXR)". GEGII
X
Assume strict hyperbolicity: g(A)={\ <A< < Ap}

B A € R" can be diagonalized (see Def. 5.1.1) Y

JR € R R'AR =diag(\j,...,Am), R=1r1,....rm], {r;} =eigenvectorsof A . p. 385



m
0 diagonalizing GLL): w(z,t) =R tu(z,t) < ulzt)= 3 wilz,t)ry
k=1

dwy, dwy, =0 inRx]0,T7,

61D < o @ oz
w(-,0) =R lug .

= decoupled constant advection problems (2.1.6)

(5.2.1)

m

Ex.B3 O solution of GLI): u(z,t) = » (R 'ug)y(z — Agt)ry, . (5.2.2)
k=1

[0 solution u(x, t) = superposition of m states r;. propagating with speeds A
terminology: (R ™1tug)i(x — M\pt)rp = k-wave

Information propagates along characteristic curves, cf.Def. [2.2.2
V(T) =T +c, 0<T7<T, ceR. (5.2.3)

L domains of dependencel/influence — Sect. [2.6.2

5.2
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DY (F
Vo

T,t)
A2 >\1
1 1 1
// |
D_(CIZ,%( Al
‘ i

— X

rn
oY

m = 3: domain of dependence of (z,t) € Q m = 3: domain of influence of Iy C R

Example 100 (1D wave equation as linear hyperbolic system). — [31], Sect. 2.7]

Cauchy problem for 1D wave equation with constant coefficients (1.10.1) (— Def. [L.1.1):

2 2
c>0: %—02%20 ;o u(x,0) =ug(x) , %(az,@):v@(:v), reR. (LI1I0.0)

5.2
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ou ou

Secondary unknowns: w(z,t) = 06—(:1;, t) , wvl(x,t)= E(I’, t), cf. (L12.16)
i

v _ C@_w — 0 d
w9y T (@ 0) =uylo)
ot Ox

0 (v 0 —c\ O (v .

m = a (U]) + (—C 0 ) % <w> =0 In RX]O,T[ . (5.2.4)
~n  -a

scalar wave equation = strictly hyperbolic (— Def. 5.1.1) linear system of conservation laws !
Note: conversion ([L.10.1) — (5.2.4) is not unique !

(5.2.4): eigenvalues \{ = —c¢, \9 = ¢, eigenvectors r; = L(1) 2 = L( 11)

V2 V2

O G.22) «— D’'Alembert solution formula (I.3.3) for (1.10.7)

(answers [question| in Sect. [1.3.2)

5.2
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Remark 101 (Linearized systems of conservation laws).

Linearization, cf. reasoning in Sect. 5.1 if uy = u® + uy = small perturbation of constant state
u* € R, u(x,t) solution of Cauchy problem for (5.0.1), then

ou L ou .
a(z,t) = u* + iz, ) g T OE WG, =0 inRx|0, T, (5.2.5)
u(-,0) =uy .
(5.Z25) = “acoustic approximation” of non-linear system of conservation laws
(0 (moduli of) eigenvalues of DF(u*) = sound speeds)
AN

= for (5.0.1): small perturbations/information propagate along characteristic curves

Definition 5.2.1 (Characteristic curves for systems of conservation laws). cf. Def.
Acurve I' .= (y(7),7) : [0, T] — Rx]0,T[in the (z,t)-plane is a characteristic curve of the
k-th family, &k = 1, ..., m, (k-characteristic) for (65.0.7), if

£ a(r) = M(u(r(r). 7)), 0<T<T, (526

where u is a (piecewise) classical solution (— Def. 2.2.1]) of (5.0.1). -

D. 389




Example 102 (Linearized |shallow water equations). — EX.

for G 15): state (h*,v*) <« evenly flowing fluid (veclocity v* )of constant depth h*

~

propagation of small perturbations (h(x,t),v)(x,t) (“ripples”) governed by, cf. (5.1.6),

9 (h), 0 1IN (b _,
ot \ ho — ()2 +gh* 20" ) oz \hy)

O ripples travel with velocities v* =+ \/gh* (velocity =+/gh* relative too fluid).

Definition 5.2.2 (Symmetric linear hyperbolic systems of conservation laws).
G.LI) is symmetric, if A = AL

Lemma 5.2.3 (“Energy conservation” for symmetric linear hyperbolic systems).
f A = Al and ug € L?*(R) then / lu(xz, t)|* dz is constant in time for the solution u of
R

5.2
G.1.1).
p. 390



Proof.  Straight from (5.2.2)

Extends to the non-linear case:

Definition 5.2.4 (Symmetric one-dimensional system of conservation laws).
GOI) symmetric < DF(u) = (DF(u))! forallu € R™

Lemma 5.2.5 (“Energy conservation” for symmetric conservation laws).
If u is a compactly supported classical solution of the Cauchy problem (65.0.1)/ (65.0.2) on R X
0, T for a symmetric hyperbolic system of conservation laws, and F € Cl(Rm,Rm), then

lu(z, t)| dz is constant in time

5.2.1 Boundary conditions

ou ou _
Consider: Fr A% =0 inja,b[x]0,T] , —oco<a<b< oo.

uw(z,0) =ug(x), xel

5.2
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Assume strict hyperbolicity:  eigenvalues of A A < A< < Ay

related eigenvectors r{,ro,...,I'm

Diagonalization, cf. (5.2.1): w(z,t) = R™Mu(z, t) satisfies

[]

[]

0 0
ko k& =0 inla,b[x]0,T[, w(z,0)=R uy(z), z€la,b].
ot Ox
A < 0 : k-wave propagating to left [0 specify wy.(b, t)
M. =0 : “stationary wave” [1 no boundary data
A > 0 : k-wave propagating to right 0 specify wy.(a,t)
— — u=Rw
notation: index sets A_ := {k: A\ < 0}, Ag :={k: \p. =0}, Ay :={k: )\, > 0}.
write rq, ..., r;;, = columns of matrix R, g1, ..., g, = rows of matrix R!

T
R :=[rjlic G =lg/licp, v€{=0,+}

(5.2.7)

5.2
p. 392



atx = a (leftboundary) : RVTG u(a,t) =g(t), g(t) € Span {r;: A\ > 0}

at x = b (right boundary) : R G u(b,t) = g,(t), gr(t) € Span {r;: \;. <0}

> If A< <A <O0<Ajp1<---<A\p: U m—jboundary conditions at z = a
[] 7 boundary conditions at x = b

5.3 The Riemann problem

w eR™ Jifxr <0,

Cf. Def.2.4.1: Riemann problem = Cauchy problem for (5.0.1) with ug(x) =
P yP o) {ureRm e >0

5.3.1 The linear Riemann problem

9 o 5.3
Consider: Riemann problem for a—ltl + Aa—u =0 inRx]0,T]| D. 393
T



Assume strict hyperbolicity:  eigenvalues of A A < A< < Ay

related eigenvectors r{,ro,...,I'm
m m
Wave decomposition: u; = Zk:l wlirk , Uy = Zk:l WyTy

Solution of Riemann problem by diagonalization, see (5.2.1): — [31, Ch. 3]

[

—f:w(ajt)r wp(x,t) = L LEA G (5.3.1)
RS Tk TR wy. x> Nt o

t
<] wave fan
uj uy Right and left states connected by m — 1 interme-
fte, / Um-i diate states (ug := uy, Uy, = uy)
’ . z |
= 1, ,m— 1
>\1 Am /
o 5.3
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| z
Jumps: up —up_g = (wp —wp)ry O | A(ug —ug_q) = Ap(up —up_)

Parlance: up. —up_1 = k-wave

m = 5: solution of Riemann problem| for ¢ = ¢*:

t

uj uo us
us

Uy

NPV W = Vs

thuluslus

| 4 O

5.3
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m = 2: visualization of Riemann solution in
u1 — u9v-plane = phase plane:

States separated from u; by a jump with speed )\
(slow discontinuity)

States separated from u,- by a jump with speed \»
(fast discontinuity)

/ _ il

5.3.2 Hugoniot loci and shocks

Setting: [Cauchy problem|for 1D non-linear system of conservation laws (5.0.1) + (5.0.2)

Analoguous to Thm.[2.3.2 (same proof, [29, Lemma 4.1.6]):

5.3
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Theorem 5.3.1 (Rankine-Hugoniot jump conditions for systems).
Leta C'l-curve T := (y(7),7),0 < 7 < T, separate

~

Q= {(z,t) e Rx]0, T[:z < v()} , Q :={(z,t) € Rx]0,T[:z > ~(t)} .

u € Lloc(RX]O T|) and wg g
ou

solve 57 + 7 9 F(u) = 0in a classical sense (— Def. ZZ1) in QZIQT. Then u is alweak solution
(— Def. 5.0.1) of (5.0.1), if and only if

/u| can be extended to u; € Cl(Ql) u, € Cl(Q ), which

() (), 7) = wrly(7), 7)) = F(ur(7), 7)) = Flarly(7),7)) Y0 <7 <T

0

d
s(ip—up)=F;—F,| |, §:= d_v “propagation speed of discontinuity” (5.3.3)
T

m > 1: [Rankine-Hugoniot jump conditions (5.3.3) may not be possible for all u;, u, € R !
(necessary u; —u, || F; —F,)

5.3
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Definition 5.3.2 (Hugoniot locus).

The Hugoniot locus for u™ € U (w.r.t. (5.0.1)) is the set

HL(u"):={uelU: FseR: $(u*—u)=F(u*)—-F(u)}.

[N u € HL(u®) < constant states u*, u separated by discontinuity (Shack) provide

weak solution of

What is the structure of Hugoniot loci ?

[1 Special case: linear system of conservation laws — Sect.[5.3.]]

Riemann problem

5.3
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ou ou
F — 4+ A—=0:
or 5 + By 0

Hugoniot locus = union of straight lines parallel to
eigenvectors of A

HL(u*)={ueR™ u—u"eSpan{r;}
for some j € {1,...,m}}

<] situation for m = 2

[1 General non-linear case (6.0.7):

(3.3) «— m equationsform + 1 unknowns s,u [ expect 1-dimensional solution mani-
folds (= curves)u = u(s),s € I C R

In general case assume:  (5.0.1) strictly hyperbolic (— Def.5.1.1), F smooth

5.3
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du
in (u*, 3), if $ € o(DF(u*))

[0 we find m smooth curves u;. = ug(s), k
1,...,m, s € neighborhood of A\;.(u*):

s up(Ap(u®)) =u”,

d

] %uk()\k) =TI .

“u1<d local situation for m = 2

U2 A4 (F(u*) — F(u)) — $(u* —u)) rank deficient

s s(u’ —uy(s)) = F(u®) — F(uy(s))

Definition 5.3.3 (k-shock).
A discontinuity separating the constant states u;, u, € U with u, € HL(u;) is a k-shock, if
HL(w;) consists of smooth curves in [phase space], and u, is located on a curve with tangent

vectorr,, k=1,...,m,in uj.

Example 103 (Hugoniot loci for shallow water equations). — EXx.[99

5.3
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Rankine-Hugoniot jump conditions (5.3.3) for [shallow water equations (5.1.5):

s(h* — h) = h*v* — ho

s(u® —u
( s(h*o* — hv) = h*(0*)* — ho* + g((h*)* — h?) .
2 | (elimination of s) — [31], Sect. 13.7]
T g h* h
£ o B v(h)=0v"+ \/§(ﬁ—ﬁ)(h*—h>
£ o
E-O-s \/ + <0 curves of right states u satisfying (5.3.3)
N : wrt. ut = (2,0.5) (9 = 1)
-15F | sk £ <h>l<7h>|</U>|<)
Al * = r1/r9
_2;%.5 0 0.5 1 1.5 hzhéight 25 3 35

5.3
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25

T
2-shock locus
1-shock locus |

2+

uc HL(u") = u* e HL(u), Olj
but HL(u*) and H.L(u) may only intersect in a 2 s \/

few isolated points ! af

-15+

momentum

_2,

-2.5
-0.5 0 0.5 1 15

2 2.5 3 35 o 40
h=height

[1  Computation of all-shock solution of [Riemann problem for (5.0.1)) and states u;, u, € U:

determineu;, k =1,...,m — 1, such that (uy :=u;, uy, = u;)
0 $p(up —up—q) =F(up) —Fluy), k=1...,m,

[ 5k<5k+17 k=1,....m—1.

5.3
Example 104 (All-shock solution of ishallow water equations). — EX.[103 D. 402




s h;=nhy=1v =12 v, =—1/2 (colliding water fronts)

25 T 2
—— 2-shock locus
1-shock locus
2r — — — 2-shock locus| |
— — — 1-shock locus
15 . 1.5 -
1 _
g 0.5 — I— e
2
o S ~ — “initial h
E o < — — —initial v
e x h(x,1)
% S v(x,1)
> -05F 4 )b f——— -
2 05 0.5 ‘
[
\
_1 - A\ — |
\
\ |
\ [
-1.5f \\ - ok L |
\\ |
\ [
-2 \ — |
X |
\
\ |
_25 | | | | | | | | —O 5 | | | | | | |
-0.5 0 0.5 1 1.5 2 25 3 35 4 4 ) -15 -1 05 0 05 1 s v
h=height X

s hy=1hy=3,vy=v=0 (dam break problem)

5.3
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2.5 T 3 T
2-shock locus !
1-shock locus ‘
2r — — — 2-shock locus| | 25l : |
— — — 1-shock locus :
/
150 , . \
// 2 : 7
/
1F p . ‘
/ I
/
E /7 15 B | 1
S 05F / . I
+— / .
5 U g | ~ il
€ 0 9% ) P < N ! — — —initial v | |
o VAN X h(x,1)
% / \\ > v(x,1)
S -05f ‘ : .
£ 7 ' 051 -
\
\
_1 - \\ -
\\ O 77777777777777777777777777
\
_15 - N -
\
\
\ — - .
o . i 0.5
\
\
_25 | | | | | | | | \ _1 | | | | | | !
-0.5 0 0.5 1 1.5 2 ) 2.5 3 35 4 4.0 o 15 -1 05 0 05 1 15 )
h=height X

5.3.3 Simple waves and rarefaction

Setting: [Cauchy problem for 1D non-linear system of conservation laws (6.0.7) + (5.0.2)

5.3
Recall Sect2.4.2: construction of rarefaction waves as [similarity solutionss — Lemma[2.4.4 p. 404




Again for m > 1: only special pairs of states u;, u,- can be “connected” by similarity solution

Definition 5.3.4 (Integral curves). cf. calculus of ODEs

Asmoothcurve k : [ C R+— U, 7 € I C R, isanintegral curve for the vectorfield u — r;.(u),
if r;. is tangent to k at each point k(7), 7 € 1.

. kintegral curve < da: [ +— R\ {0} C%f@(T) = a(7)r(k(7)) Vrel. (5.34)

Note: Hugoniot loci (— Def. £.3.2)) not composed of integral curves !

Example 105 (Integral curves for [shallow water equations). — Ex.[99, [31], Sect. 13.8.1]

Integral curves k1, ko for eigenvectorfields ry(u), ro(u) from G.L7) with k(h*) = (b*, h*v*)! € U:
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Integral curve for eigenvector rn Integral curve for eigenvector r

25 25
2 2
1.5 //‘\\ 1.5
1 1
£ /A
S o5 % 05
< <
(4] T [}
E o E o
o o
; NN ;
S -05F = S -0.5
= =
-1 \ - -1+
-15F \\ — -15F
_2 - ] _2 -
_25 | | | | | | | _25 | | | | | | |
-0.5 0 0.5 1 1.5 2 2.5 3 35 4 4.0 -0.5 0 0.5 1 1.5 2 2.5 3 35 4 4.0
h=height h=height

Definition 5.3.5 (Simple wave). Let k : I C R — U be a an integral curve (— Def. 5.3.4) for
u— rp(u), k € {1,...,m}. A weak solution u of the Cauchy problem for (5.0.1)) is a simple
wave, if

u(zr,t) = k(&(z,t)), ae. inRx]|0,T[, forsome function & :Rx|0,T|[— I .

5.3
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|
If u = classical solution of (5.0.1) (— Def. 2.2.7)

B (0 0) (e D) + oo ) DF (s (E(a, 1) A€, 1) = 0.
—=— DF(x(€)) -5(&) = M (K()) o (€)
(55 + M) ) i) =0, (5:35)
B}
«—— scalar hyperbolic evolution equation for ¢: gﬁ + v(f)gfj =0,v(§) == A\((E))

¢ constant on characteristics ( (1), 7) (— Def.2.2.2) ddTv(T) = v(&(v(7), 7)), cf. Lemma
[1 characteristics are straight lines !

In simple waves: non-linear system (5.0.1) — non-linear scalar hyperbolic equation (5.3.5) I

Thm.ZZ4 0O ifug(x) = k(y(z)),thenfor0 <t < T <T,z R
5’5 0§ .
(e, ) = K€z, 1) where g T kUEE)FE =0 IR0, Tecl .
€(,0) = &(z) inR. o




( finite time breakdown of simple waves possible! — Sect. ]

Special situation: | = — Ai.(k(&y(x))) increasing = T, = T (simple wave solution exists V1)

Recall (Sect. 2.4, Lemma[2.4.4): Simple structure of Riemann solutions of 1D scalar conservation
laws, if f strictly convex/concave

Generalization to systems (5.0.7):

Definition 5.3.6 (Genuine non-linearity).
The k-th field for (5.0.1) is genuinely non-linear, if

grad, A\p(u) -rp(u) #0 YueU.

= genuine non-linearity < 7 — \.(k(7)) strictly monotone
Example 106 (Genuine non-linearity for shallow water equations). — EX.

5.3
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For ELE):  Aypplw) = 32 F v/gui, 1ypp(u) = ( 1 )

>\1/2
» grad )\1/2 r1/2 1/ #O \V/UGR—I_XR
<&
Assume: genuine non-linearity of k-th field — Def.5.3.6
ldea: rarefaction waves| for 1D systems — Sect.
0
simple wave [similarity solution| of Riemann problem
— &(x,t) = z/tin Def. 535
For given integral curve k : [ — U («< k-th eigenvector field r;. of DF(u), see Def. 5.3.4), and
u,ur € k()| , () < Ap(uy), (5.3.6)

5.3
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try continuous similarity solution

’

u; for = < st
u(z,t) = k(z/t) for st <x < st
Lur for = > s,t, u;
(5.3.7)
1
k(s)) =w, K(S)=u,,
S; < Sp . (5.3.8)

st \/ S|

u solves G0T) = —t%Jr)\k(h:(m/t))%:O o Ar(e/) = o/t
= sp=Ap(wy), S = Ap(ar), Ap(k(T)) =7

G.3.4)

G399 = gradyg\.(k(7)) - a(t)r(k(T) =1 witha: [ —RT.
d 1
B TS rad a(mn) ety R TET

well defined by g;ﬁuine non-linearity

(5.3.9)

(5.3.10)

5.3
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(5.3.7) + parameterization (5.3.10) =

rarefaction wave solution of Riemann problem for 1D system
of conservation laws
Example 107 (Rarefaction wave for [shallow water equations). Ex.[Q9, Ex. [106] [31, Ex. 13.9]

Parameterization of integral curve for 1-rarefaction for F(u) = | 5 _ : 1 9
Uzt T+ 59U

d 2 [k 1 1 2
|:| —_— = —— —_ = — — .
(G310 dTK,(7'> 3\ ("02/%31 B T"ﬂ) = K1(T) 99(0 ), CeR

C'fixedby  k1(A(u;)) =h;, k1(A(uy)) = h, O possible ?

Note Riemann invariant: w1 (K(T)) = const for wy(u) = u/uy + 2,/gu;

1(r) = %wzm 2
ko(T) = k1(T)vy + 261(T)(/ ghy — / gr1(T)) -

[] rarefaction solution from formula (5.3.7).

[ (5.3.11)

s rarefaction evolution for  h; =2, hy = 0.5, v; =0, v, = 1.414214 (g = 1)

5.3
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151
— — —Iinitial data —
2r time t = 0.10 ‘
time t = 0.20 |
time t = 0.50 |
timet=0.75 [
time t = 1.00 :
1.5 1 \
= >
< 2
.% 9
< 1r 2
Y
0.5f
— — —initial data
051 time t = 0.10
time t=0.20
time t=0.50
timet=0.75
time t = 1.00 Or
0 Il Il Il Il Il Il Il L L L L L L L
-2 -15 -1 -05 0 0.5 -2 -15 -1 -0.5 0 0.5

Example 108 (All-rarefaction solution for Riemann problem for |[shallow water equations).

Given u;,u, € U find two integral curves (— Def. B.3.4) K, k9 and intermediate state u*, cf.
Ex. [L04, such that

[0 kK, is associated with eigenvectorfield r{(u) & connects u; and u* -

[0 k9 is associated with eigenvectorfield ro(u) & connects u* and u, p. 412



0 M) <A(u’) and  Ag(uy) > Ag(u”)

» Riemann problems as in Ex. 104

possible rarefaction solutions ?

2.5 T T T

15F

0.5

momentum

hv=

-0.5 0 0.5 1 15

As for m = 1, Sect. 2.4

2
h=height

25

35 4 4.0

hv=momentum

25

15

0.5

0

Non-uniqueness of weak solutions ! I

5.4
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5.4 Entropy conditions

As in Sect. 2,51 vanishing viscosity limit selects “physically meaningful” solutions:

ou, 0 o2
+ F(Ue) = E@

u = lim u, where ot  Ox
ue(x,0) =ug(r) ae inR.

e—0

[ As in Sect. 2.5.2!

ue inRx]0,77,

Definition 5.4.1 (Pair of entropy functions for systems). cf. Def. 2.5.2
n, Y € CQ(U, R) is a pair of entropy functions for (5.0.7), if

nis strictly convex and DF(u)! grad n(u) = grad ¢ (u) forallu € U.

[1 notations for derivatives:

OF OF

Fi(uy,...,um) ou; " Ouny
F(u) = 5 . DF(u) = : :
Fm(Ul,,Um) %%T... guﬁ

5.4
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m a%bl an on
n:UCR"—R: gradn(u):= a:77 , Dn(u) = (8—u1 m) .
dum

Definition 5.4.2 (Entropy consistency of weak solutions). cf. Def. 2.5.3
A weak solution u (— Def. £.0.1) of a Cauchy problem for (5.0.1)) is consistent with the entropy

pair (1,1) (— Def.25.2), if

%77(11(;5, t)) + %@D(u(:c, t)) <0 inRx]0,T] (5.4.1)

in weak sense, see Def.[2.5.3.

[1 If uis classical solution (— Def. [2.2.1)), then (5.4.1)) becomes pointwise equality, cf. (2.5.3).

How to find entropy pairs ?
5.4

> m = 1. every smooth convex function belongs to an entropy pair, see Sect. 2.5.2 p- 415



> m = 2: existence of entropy pairs for smooth flux functiond

> m > 3: existence of entropy pairs ?

[ entropy pairs available for “physically meaningful” systems of conservation laws

Example 109 (Entropy pair for |shallow water equations). — EX.

E.19): F(U)Z(Q " )

uuy o+ ggui

[1 “energy as entropy”: 12
n(w) = 1/2hv” + 1/2gh* = 1/2u3/uy + 1/2guf ,
Y(u) = 1/2hv” + gh*v = 1/2u/u? = guou, .

entropy n(ul,uz)

momentum hv

height h

&
5.4
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Example 110 (Entropy for symmetric hyperbolic systems). — Def. 5.2.4] [15, Ex. 3.2]
1
2
where W : U +— R is scalar potential for F'(u), see proof of Lemma[E.2.5!

n(uw) = Sluf® , ¢) = DF() u—V(u), (5.4.2)

&

Example 111 (Entropy consistent shocks for shallow water equation). — Ex.[Q9, Ex. [104], Ex. [109

entropy inequality (5.4.1)) applied to locally piecewise constant weak solution of (5.0.1)), cf. (2.5.4),

= $(n(w) —nuy) <Y(uy) —Y(uy), (5.4.3)
notations from Thm.5.3.7l, s = local speed of discontinuity (shock).

5.4
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25 25

/
/ admissible 2-shocks admissible 2-shocks
/ — — — unphysical 2-shocks — — — unphysical 2-shocks
2r ) admissible 1-shocks 2r admissible 1-shocks
/ — — — unphysical 1-shocks — — — unphysical 1-shocks
15+ / 15F '
/ /
/ /
/ /
1- / 1- /
/ - T~ /
/ * P - > o /
— —— / ~ R /
% 05+ et -4 § 05F ’ ~ /
— 7 -~ / /
/
2 / g / au*
E o0 E o0 K
o = o
i i
2 05 2 05 /
\\//
_l = _1 -
-1.5F -1.5F
_2 = _2 -
-25 | | | | | | | | J -25 | | | | | | | | J
-0.5 0 0.5 1 1.5 2 25 3 35 4 4.0 -0.5 0 0.5 1 15 2 2.5 3 3.5 4 4.0
h=height h=height

dashed lines: parts of Hugoniot locus (— Def. 5.3.2)) corresponding to entropy violating shocks

[1 application to Riemann problems of Ex. 104

5.4
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2.5 T T T T T T T 25 T T T T
2+ - 2F -
15K — 151 -
1t - 1F 7 -
S 0.5 | . S 05F ,// \ .
é 0 i \ é 0 | At ul
o N o
e N e ~~ _
%—05— TN r . %—0.5— .
b ] 4k ,
=15 — =15 .
ol ] Sk ,
25 0 05 1 15 ) 25 3 35 TS 225 0 05 ) 15 > 25 3 35 " 3
h=height h=height
admissible all-shock solution all-shock solution not admissible
&
Assume : all fields £ = 1, ..., m are genuine non-linear — Def5.3.6

[1 simpler criterion for entropy consistent shocks <« analoguous to Lemma[2.5.6

5.4
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Definition 5.4.3 (Lax entropy condition, cf. Def. 2.5.7, for systems). — [29, Def. 4.1.22]

A discontinuity separating states u; and u;- and propagating at speed s satisfies the Lax entropy
condition, if

@Ik e{l,....m}: () > s> A(uy)

(i) Vg < k: >\j<ul>, )\j(ur) < S

(iii) V7 > k: )\j(ul), )\j(ur) > S

[0 s k-characteristics (— Def. 5.2.1) impinge on shock (cf. discussion in Sect. 2.5.3)
s j-characteristics, 7 < k, cross shock from right to left
s j-Characteristics, j > k, cross shock from left to right

Example 112 (Characteristics for all-shock solution of Riemann problem for shallow water equation).
— Ex. [104

Plots of k-characteristics (— Def.5.2.1), £ = 1, 2 for entropy consistent all-shock solution:

s Riemann problem for 5.1.5): h; = hy =0, v; = 0.5, v, = —0.5, see Ex. [104], Figs. 199,
5.4
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1-characteristics in x-t plane 2-characteristics in x—t plane

. .
ool ool
05l 05l
ol ol
06] o5l
- 05 - 05
04l oal
03] 0sl
0ol oal
oal ol
95 2 is o os 1 18 2 2 95 2 a5 a1 os X 15z 25
1-characteristics 2-characteristics

» Riemann problem for &1.5): h; =1, hy = 3, v; = 0, v, = 0, see Ex. 104, Figs. 207,

5.4
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1

0.

©

0.

©

0.

~

0.

(2]

= 0.

4]

0.

i

0.

w

0.

N

0.

[

DO

1-characteristics in x-t plane

\
5 -2 -15 -1 -0.5

0.5

15

N)

™

w1

2-characteristics in  x-t plane

0.9

0.8

0.7

0.6

0.4

0.3

0.2

0.1

X

1-characteristics

Lax condition violated !

Example 113 (Lax entropy condition for

shallow water equations).

— Ex. 111

5.4
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Def. 5.4.3 applied to 1-shock (“slow shock”) — Ex.[I03| Figs. 211, 212!

. v = hpo
A(wg) =v; —\/gh; > § = A NPT

hl - hfr
v — vp = —(hy — hy) g<i+i>
T ’ 2 \h " ly
Analoguously for 2-shock (“fast shock”): h; > hy

Theorem 5.4.4 (Selection by Lax entropy condition from Def. 5.4.3). — [29, Thm. 4.1.25]

Assume that a 1D non-linear system of conservation laws (5.0.1) possesses an entropy pair
(n, 1) and all fields are genuinely non-linear (— Def. 5.3.6). Then, if u is a piecewise classical
solution with a sufficiently small jump, the Lax entropy condition (— Def. 5.4.3)) is equivalent to

inequality (5.4.3)

[N Lax entropy condition ensures uniqueness of solutions of Riemann problem

Example 114 (Riemann entropy solution for [shallow water equations). [31], Sect. 13.10]

5.4
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Height for intermediate state that can be connected with left state (h;, v;):

o v+ 24/9(/ Iy — Vh) for h < h; O 1-rarefaction, Sect. 5.3.3,
i) = v — (h — hl)\/%(l/h + 1/h;) for h > h; O 1-shock, Ex[I03 .

Height for intermediate state that can be connected with right (A, v;.):

Co(h) = vr — 2/9(vhy — Vh) for h < h, 0O 2-rarefaction, Sect. ,
Y o+ (R — hr)\/%(l/h + 1/h,) for h > h, [ 2-shock, Ex[I03] .

O intermediate state(hy,, vin): him > 00 Gilhm) = Gr(hm) = vy = Gi(hy)  (5.4.4)
» dam break problem — Ex.[104 h;=3,h,=1,vj=v,=0,T =2

: evolution of height h(x, t)

: evolution of velocity v(x, t)

Existence of “entropy solutions” for Riemann problem for (5.0.7) ? (cf. Thm. 2.5.4)

L] only guaranteed for u;,- — u; “sufficiently small”, [29, Thm. 4.1.33] .

p. 424



5.5 Multidimensional systems of conservation laws

spatial dimension d > 1

Multidimensional system <« conservation laws (2.1.3)) for
Y phase space dimension m > 1

[1 [Cauchy problem

%u +divg F(u) =0 inR%x]0, 77, (5.5.1)

u(z,0) =up(z) inRY,

with matrix valued flux function F : U € R™ — R4 (div,, acts on rows).

[1 Important examples: Euler equations (inviscid fluid flow)
magnetohydrodynamics (fluid + electromagnetic fields)

Projection of (5.5.1) onto direction . € RY,

n| =1, cf. @421, u((,t)=u(n,t),
0 0

au(f, t) + 8—€(F(u) -n)=0. (5.5.2)

5.5
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Definition 5.5.1 (Hyperbolicity of multidimensional systems of conservation laws).

. o (.5.2) (strictly) hyperbolic for any n € R%\ {0}
(5.5.1) (strictly) hyperbolic <= (— Def. 5L,

Example 115 (2D shallow water equations). — EX.

Inviscid incompressible fluid (— water) in.a. shallow (infinite) basin:

Assume:~ s vanishing vertical flow velocity component: v, = 0
s no vertical variational of flow velocity

Physical quantities: h(x,t): height of fluid (h] =m), O h >0

vz(x, t)lvy (2, t): fluid velocity (z/y-components) ([v] = ms ™1

conservation of mass gﬁ: + aax(vxh) + (%(vyh) =0, (5.5.3)
conservation of momentum g(hvx) + 2(hv2 +igh?) + g(hv vy) =0 (5.5.4)
ot or . ¥ 2 oy Y ’
conservation of momentum 2(hv )+ 3(hv v )g(hv2 +igh?)+=0. (5.5.5)
ot Vg T gy Y2

5.5
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[] conserved quantities mass vy := h, momenta uy := hvy,u3 == hvy, U0 m =3

U3 u3
F(u) = | u5/u; + %gu% ugu3 /U
ugugfuy  udfuy + ggu’

5.5
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Finite Volume Methods for 1D
6 Systems of Conservation Laws

Consider: |Cauchy problem for 1D system of conservation laws:

ou N 0

ot Ox
unknown function u : Rx 0, T U C R with fluxfuncfion F : U +— R™, F € C'(U,R"™), see
Ch.H

F(u)=0 inRx]0,T[ , u(-,0)=ug inR, (6.0.1)

Model problems:
» Linear wave equation (5.2.4) (— Ex.[I00): m =2, F(u)= (_OC _OC> u

U

» [shallow water equations (5.1.5): m =2, F(u)= ( 9 ) U=R" xR

1719
Uy "+ 59Uy

6.0
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Setting for discretization — Ch.[3, Sect. B.1I

[0 infinite [equidistani space time [tensor product grid M of Rx |0, 7| — @3.1.1), meshwidth Az,
timestep At, ratio v := At/Ax

0 vector space of vector valued spatial [grid functions; C"(Ga,) = {Ga, — R}
notation for grid functions € CY(Ga,):  fi, 7], etc.

Lj+1/2
/u(x,tk)d:z: (cell average)

Li-1/2

ky 1

Adopt interpretation (— Sect. 3.2): ,u,g ~
x

6.1 Linear systems of conservation laws

Special case: F(u) = Au, A € R"™""  — Sect.

6.1
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Recall: diagonalization approach of Sect. («— notations): (R"!AR = D)

6‘u ou w:=R"lu 0w 6‘W ,

decoupled advection equations, cf. (6.2.7)

ldea: > pick FDM (— Def. B.1.1)) for 1D scalar advection
> formulate FDM for diagonalized system + diag(Aq, ... )\m)%—‘;‘j’ =0
> undo transformation w — u:= Rw

[] 1st-orderupwind 3-point finte difference scheme (38.1.26) — Ex.[53

W = (1 = DV 4Dt DY (6.1.2)
[J notations: wg ) ~ E[l]a verages for w(-, t1.),
D[ := diag(|A1], )
D+ .= ()\f:,...,)\;—;), T i=max{0,£} > 0,¢ :=minf{0,£} <0
) =0l T AT - A 613)

[1 notations:

Al =R|/DR™!, AT =RD'R™!, A—.=RD R!

6.1
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rewriting (6.1.3) in conservation form (— Def. 3.2.7):

ugk) = uék_l) - 7A+(u§k_1) - ugk__f)) — VAT (K
= .u;k_l) —Y(F 1 —Fiip)

(k=1)  (k=1)

)

. : k—1 k—1 _
with FUEACATR F 1y = Fuw (! ) | Fanlv,w) = ATy + A-w

) j_|_1

[1 1st-order [Lax-Friedrichd 3-point finite difference scheme (B.1.29)

(1) 4 k1) Lol ey

[ 2nd-order [Lax-Wendroff 3-point finite difference scheme (3.1.12)

(k1)

W = (1= (D) + LDED + D!V 4 1y D(D - T

(k1)
jHl

(6.1.4)

(6.1.5)

(6.1.6)

(6.1.7)

(6.1.8)

6.1
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=00 hAGA LD
[ [Lax-Wendroff numerical flux function), cf. (3.2.25)

(6.1.10)

anti-diffusive flux, cf. (3.3.9)

For all these schemes:

| CFL-condition (— Def.B.T4) < ymax{|Ay], [\ml} <1]

Remark 116 (Lax-Friedrichs method for non-linear systems of conservation laws).

(B.29) & (6.1.7) O Lax-Friedrichs nunerical flux for %—‘g + a%F(u) = 0:

Fip(v,w) = % (F(v)+F(w)) — %(W — V) (6.1.11)
A\
Example 117 (Lax-Friedrichs scheme for shallow water equations).
Numerical solution of dam break problem, see Ex. [123: convergence rates and movie 6.1
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Remark 118 (Implementation of boundary conditions for linear wave equation).

1D linear wave equation (1.10.7)) in conservation form — Ex. [10Q:

0 0 —c\ 0 |
ot (Zj}) " (—c OC> Oz (Z;) =0 in0,00[x]0, TT. (6.1.12)
~n T A

with reflecting boundary conditionsat x = 0: v(0,¢) =0 V0<t<T — Sect.[I1.1I0.

Truncated spatial computational domain D :=|0, 1]
[1 absorbing boundary conditionsatz =1 — Sect.

Equidistant spatial mesh  Ga, = {(j —1/2)Az: j=1,...,N}, Az .= N~1, N € N= no. of cells
Assume: initial data v, wy compactly supported in DD

[1  Absorbing boundary conditions

6.1
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tlu
In this zone: u(x,t) € Span {r;} (only right prop-
agating states)

0 A u(z,t)=0

> péﬁ}n irrelevant for upwind FDM (6.1.4) for

7 =N
w > Lax-Friedrichs scheme (©.I1.6) and Lax-
Wendroff scheme (6.1.9) need u%:), but
v : : : k—1
% , little impact, if ug\,ﬂ) € Span {rs} !
ldea: Ghost cell approach:

k k
Set “Evll = “’EV) for all k

[1 Reflecting boundary conditions

6.1
Recall Ex.20: reflected solution = solution (on R™ )of Cauchy problem with reflected initial data p. 434



0
v = 5;u odd
uodd O o | ,
W = Ch-u even ; : w2
i | ;
T Wy w1
U]
o) (R) =
o — ~1 >
k k | | | |
v(() ) = —U% ) r_q x( 1 L2
vQ

Example 119 (FVM for linear wave equation). — Ex.[100

6.1
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Initial Condition
15

s initial boundary value problem from 1
Rem.[118, c=1 (— Ex.[24):

0.5

[l absorbing b.c. atz =0
Lreflecting b.c. at z = 1

u(x,0)

s U) = X]1/4,3/4[COSQ<27T<37 —1/2)) >
s 94z,0) =0

0 plots of (integrated) solutions for u(z,t) = ¢~ [w(£,t)dE for N = 150 mesh cells, ¢ €
{0,25,0.5, 1.0}, v = 0.9

[1 upwind scheme (6.1.3):

6.1
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Plots of solution at time t=0.25 Plots of solution at time t=0.5 Plots of solution at time t=1.0

15 T T T T 15 T T T T 15 T T T T
xact Solution Exact Solution xact Solution
Num. Sol. for upwind Num. Sol. for upwind Num. Sol. for upwind
1+ . 1+ B 1+ B
0.5 T 0.5 - 0.5 -
g @ S
o S e
5 < 1
5 S S
——
o == s or — B or B
-05F - -051 - -051 =
-1 Il Il Il Il Il Il ‘ -1 Il Il Il Il Il Il ‘ -1 Il Il Il Il Il L ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X X

t=0.25 t=0.5 t=1

[0 Lax-Friedrichs scheme (6.1.6):

Plots of solution at time t=0.25 Plots of solution at time t=0.5 Plots of solution at time t=1.0
15 T T T 15 T T T 15 T T T
Exact Solution Exact Solution Exact Solution
Num. Sol. for Lax Friedric Num. Sol. for Lax Friedric Num. Sol. for Lax Friedric
1+ . 1+ B 1+ B
0.5 T 0.5 - 0.5 -
@ @ - 5
3 S [ <
5 3 1
5 S S
oF 1 oF — B oF B
-05F - -051 - -051 =
-1 Il Il Il Il Il Il ‘ -1 Il Il Il Il Il Il ‘ -1 Il Il Il Il Il L ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X X

t =0.25 t=20.5 t=1
6.1
[1 excessive damping of waves in Lax-Friedrichs solution, cf. EX. p. 437



[1 Lax-Wendroff scheme (6.1.9):

Plots of solution at time t=0.25

15 T T T
Exact Solution
Num. Sol. for Lax Wendrof
1k
05 :
o
N
S
x
E2
ok _ A .
051
-1 ‘

I I I I I I
0 0.2 0.4 0.6 0.8 1

t=0.25

u(x,0.5)

Plots of solution at time t=0.5 Plots of solution at time t=1.0

15

15 T T T T
Exact Solution Exact Solution
Num. Sol. for Lax Wendrof Num. Sol. for Lax Wendrof
1 1
0.5 - 0.5 :
)
p}
X
5 [
o
of — = b or RN / N
_—
-0.5 -0.5
1 I I I I I ‘ 1 I I I I I I ‘
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t=0.5

[]  *“overshoots” in Lax-Wendroff solution, cf. Ex. [74

[2/1°°-norms of discretization error at ¢ = 1 for w-component + approximate convergence rates,

cf. Ex.[79.

[1  upwind scheme (6.1.3)), Lax-Friedrichs scheme (6.1.6):

6.1
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Error for the first order schemes with smooth Bump

Error

-2

L2—Error for Upwind

|| = = ~ L"-Error for Upwind

L2~Error for Lax—FriedricH

— — — L% for Lax—Friedrich
! ! ! 1 | M|

T

10
10

Observation:

[1 Lax-Wendroff scheme (6.1.9) and wave limited FVM:

1

107

No of Grid points

10

Order

Order for the first order schemes with smooth Bump

1.8t

1.6H

14n

12

— — — L"-order for Upwind
L2-order for Lax Friedrich

— — — L"-order for Lax—Friedrich

L2~order for upwind

algebraic convergence, slower than 1st-order

500

!
1000

|
1500
No of cells

6.1
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Error for the second order schemes with smooth Bump

Order for the second order schemes with smooth Bump

10° ¢ ———————y T 2.5

Error
Order

L2-order for Lax Wendroff
— — — L™-order for Lax Wendroff
L2-order for Minmod Limite

— — — L"-order for Minmod Limite

________________ %
________________ *

10°H L2-Error for Lax Wendroff g

_ _ L®=Error for Lax, endroff
L2~Error for Minmod limite
— — — L” for Minmod limiter
107 ‘ T i P S S S i 0 ! ! ! ! ! !
10" 10° 10° Ty 0 200 400 600 800 1000 1200 2460

No of Grid points

Observation: only first-order algebraic convergence
[1 conjecture: merely CV initial data foil 2nd-order convergence

No of cells

6.1
p. 440



» Evolution of total energy during discrete evolu- ol

tions
> or

Energy

[1  Numerical [dissipation|.

Lax-Friedrichs > Upwind > 2nd-order schemes

T
Exact
Lax Friedrich

Upwind
Minmod
superbee
Lax Wendroff |

| | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6
Time

Remark 120 (Boundary conditions for [shallow water equations).

Physically meaningful boundary conditions by [ghost cell approach;

() ()

Absorbing boundary conditions:  constant extrapolation KL= My
. _ : o (R) o (R)
Reflecting boundary :  constant extrapolation of u; (height): 1 N1 = M1 N+l

conditions : : : (k)
antisymmetric extrapolation of ug (momentum): 1, N+l

!
0.7

(k)
Mo N+1

6.1
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k k k k
| ST | AL | 7 | bk
_|_

TN+1/2 TN+1/2

High resolution methods

Recall: lnumerical flux for flux Iimited FVM with fflux Timiter functionl ¢ : R +— R for constant scalar

linear advection %@L + va —(0 — Sect.3.3.1.3

froe = vl ™ o ol = el N6 - 6T eIy
(h=1) A\ (k=1)
B Apt 0 A Jifv >0,
Of = R @2 1)
Auj+3/2 AL jy Jifv < 0.

6.1
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for diagonalized system (6.1.1) P wgk) — wgk_l) — ’y(Gj+1/2 — Gj_1/2> ;

k—1 — (k-1 k—1 k—1 k—1
(Gl = Nl ™ @l D)+ 1 = aDe@ ) el = Wl ),
(k—1), (k—1) .
VYR B | K | R (0 1.
J (ij+3/2>l ) (ij+1/2)l ,If)\l <0,
Principle: fux limiter functionl applied to w-components = |wave limiting|
> wave limited numerical flux
Fii1 = Fu(pj, mjan) + Y2/ Al(1 = 4|A)RDR™)(pj1 — py) | (6.1.14)
D = diag(e(0" ) )00 ).

j+1/2,1 JH+1/2,m

Example 121 (Flux limited FVM for linear wave equation). — Ex.[119
s Initial boundary value problem from Ex. [119

s same evaluations as in Ex. [119 for wave limited FVM with
e » = minmod limiter (— Def. B33): ¢(#) = max{0, min{d, 1}} 6.1
e © = superbee limiter — ([76): ©(A) = max{0, min{20, 1}, min{6,2}} p. 443



[]

15

0.5

[1 superbee wave limited FVM:

0.6

0.5

0.4

0.3

u(x,0.25)

0.2

0.1

Observation:

minmod wave limited FVM:

t=0.25

Plots of solution at time t=0.25

T
Exact Solution
Num. Sol. for Superbe:

t=0.25

u(x,0.5)

u(x,0.5)

15

Plots of solution at time t=0.5

T T
Exact Solution
Num. Sol. for Minmod

0.2

0.4 0.6

Plots of solution at time t=0.5

0.6

05

0.4

0.3

0.1

T
Exact Solution
Num. Sol. for Superbe

0.4 0.6

t=0.5

u(x,1.0)

15

Plots of solution at time t=1.0

T T
Exact Solution
Num. Sol. for Minmod

Plots of solution at time t=1.0

0.3

0.2

T
Exact Solution
Num. Sol. for Superbe

spurious oscillations (instability of “overcompressive” superbee-limiter ?)

6.1
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[1 Asymptotics of discretization error — Fig.[233], 234

6.2 Godunov’'s method

[1  extend time-local piecewise constant REA-algorithm| of Sect. B8.2.2 (m = 1) to systems (5.0.1),
case m > 1:

Assume: s existence of (entropy) solutions for allRiemann problems for (5.0.1)
» all Riemann solutions u are [similarity solufions; u(x,t) = ¥ (z/t) — Sect.5.3.3

—=== — [CE[-condifion| sup,, v max{|A{(u)|, |\n(u)|} <1

uﬁk) = ugk_1> — (Feo(ugk_m, uyi_f)) - Feomyi_f), ugk_m)) , (6.2.1)
where Fop(v,w) = F(u‘(v,w)) = F((0)).

[0 Notations: u(v,w) Riemann (entropy) solution for left state u; = v, right state u,, = w
ul = u(0,t) = constant = 1)(0) for similarity solution u(x, t) = v (z/t)

6.2
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[1 Lax-Wendroff theorem Thm. 3.2.6 holds for (&.2.7):
“convergence = convergence to weak solution”

[0 Asin Sect. 28 if (n, 1) = entropy pair (— Def. 5.41) [ [discrete entropy inequality
for (6.2.1)), cf. Def. 3.2.14

k k—1 k—1 k—1
n(el) <) =) = ),
(k—1) (k—1)  (k—1) 3 : : :

¢j+1/2 = \I!(uj Y ), ¥ = ¢)-consistent [ numerical entropy flux function,
Convergence ?
4 N[ no stability theory for discrete evolutions D

No general (L1/LOO/TV) stability results for - ——————

ICauchy problem for system (5.0.1) ! @ no convergence theory

N AN /

Feasibility /efficiency of Godunov’s method (6.2.1) ?

6.2
p. 446

Recal: m =1 [ simple formula (8.2.17) for Godunov flux Fgp



Example 122 (Computation of Godunov flux for [shallow water equations). — EX.

Given: v « left state u; = (h;, v;h;), W < right state u, = (h,, v,-h,)
Use results of Ex. [113], Ex. [114to compute Riemann solution:
[0 solve nonlinear equation (5.4.4) [ intermediate state u,, < (hm, vmhm)

[1 Determine structure of Riemann solution:
Rankine-Hugoniot speeds| s, = UG PRI {l,r})

hm—hy
t
s hy, hy < hpy: all-shock solution U,
( e -
uy f S| > 0 ; u;
ul(v,w): Uy Lifs; <0< s, D>
\u,Lif s <0 1
Sl Sfr

-—
’

6.2
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s hy < hy, < h;: 1-rarefaction & 2-shock

(ul  If )\1(111) >0,
ul(v,w): ) U, ,if).\l(um)<0,
u, Jif s, <0,
| <1(0) , otherwise. >
/
transsonic rarefaction casel

k1(7) = integral curve (for r;), parameterization

(6.3.10) — (G.3.11)

Uy

A1)

l(um)

6.2
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s h; < hy < hy: 1-shock & 2-rarefaction

’

u; Jifsp >0,
Jif s <0< A :
by, w) = 4 up, | §1 <0< Xo(uy) , >
u, if Ao(uy) <0,
\nggy, otherwise.
| . i |

ko(T) = integral curve (for ry), parameterization

(G.3.10), cf. &.3.11)

Uy

S

)\2<U—r>

6.2
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Ao (uyp Pim Ao(u
s hp < hy, hy: all-rarefaction solution —< ! ()
rlll , If )\1(11[) > () ) | |
Um  If Al(um) <0< )\Q(um) , > u,
uh(v,w) = ¢ u,  if Ao(uy) <0, 1
k1(0) LifA(uy) <0< A(am), Uy 1
\’@2(0) Jf Ao(uy) < 0 < Ag(uy) .
A1) Ao(uy)
»T

Example 123 (Godunov method for [shallow water equations).

» “dam break” Riemann problem (h; = 3, hy = 1, v; = v, = 0) for shallow water hyperbolic system
of conservation laws (5.1.5), analytic solution from Ex. 114

» Godunov FVM on equidistant space time mesh, fixed ratio v = At/Ax

6.2
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T
Numerical Solution
Exact Solution

Monitored:

26

» Il-norm of discretization error for ¢t = 1, Ax € 24

I 1 1 1 1 1 :

vergence rates

h(x,0.50)
N
T

s evolution of entropy from Ex. [L09
® [noviel evolution of discrete solution for |
Ax = % \

6.2
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Error

10" 7

L -Error |
L®-Error

0.7 .

0.6 ]

0.5 .

Order

0.4 .

03f » - -

0.2

L -Error
Loo

10

- 0 \ ! ! ! ! I
10° 18” 0 100 200 300 400 500 60( 760

No of Grid points No of cells

evaluation of Fgp(v, w) expensive !

(non-linear equations and many (=~ 2'"") cases)

6.3
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6.3 Approximate Riemann solvers

Task: for hyperbolic system (5.0.1) and ﬁ(k_l), k=1,....M, compute humerical fluxes F'; , ; ,

: k—1 k—1 :
aim at Fj+1/2 ~ FGD(ug. ),u§+1 )), jEZ

Idea:  Find [similarity solution u : Rx|0,7[— R" of Riemann problem at x =
i1/, for simplified fluxfunction ¥ : U — R™

~ N (-k:—l) <0
i N 9F@) —0, wi(r0) “igk,_l) A= (6.3.1)
ot Ox po L ife >0,

[ approximate Godunov flux (— Sect. B.2) at x = 1/,

Fiop=Fap! ) =Fal), b =01, (6.3.2)
(More popular) alternative numerical fluxesinumerical flux functions:
Fip=FEh) - dF@ )+ Pl 3@ ) +Fel ) . 639)

Both (6.3.2) & (6.3.3) [ consistent numerical flux functions — Def. B.2.2

6.3

Observations (guiding choice of F < u): p. 453



0 Ex.MI22 0O Fgp uses only one value (at z/t = 0) of the Riemann solution.

[J]  Usually: solution u of Cauchy problem for (5.0.1) smooth almost everywhere

[1  Usually: discontinuities of u < simple shocks — Thm.5.3.1 (Riemann problem “artificial”)

6.3.1 Local linearization

u = Riemann solution for locally (at cell boundaries) linearized system of conservation laws:

_ _ (h-1)
ou ou - [Ty Jife <0,
in@31): —+A. _ ,—=0, ulz,0)=<" 7 (6.3.4)
ot Ity (,0) u§ﬁ11> ifz >0,
(k—1)  (k—1) (k—1) (k-1

Ay = A(Hj YO ) |=approximation of DF(u(x 15, t;)) based on data L

6.3
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Requirements for matrix A = A(v,w):

» A similar to real diagonal matrix (— hyperbolicity, Def. 5.1.7)),
s (v,w)— A(v,w)[Lipschitz-continuous,
s A(v,w)— DF(u) as w,v—u (— consistency, cf. Def. 3.2.2).

Sect.5.3.7], 6.3.1) p approximate Riemann solution (wave fan)

pl ! ifr < Nt
[ ~ ~
Gz, 1) = ¢ Ngk—l) LS 6E it < <At with Aplt +1/2 Zazrz . (6.3.5)
1=1
(k—1) | ~
\N]+1 ,|fx2)\mt,
[ notations: (A1) = {Xl <Ao< < Xm} eigenvectorsT;, i = 1,...,m

~ k—1 ~
= ul:ué )—FZéZrZ
/):Z'<O

6.3
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m
€32 = Flv.w)=Fv+) 6T), w—v=) §T;, (6.3.6)
1=1

/):Z'<O
633 = F(v,w)=ATv+A w-— %A(V + w) + %(F(V) + F(w)) (6.3.7)
=1 (F(v) + F(w)) — 3|A|(w —v) .
— ~
centered flux viscous modification — Sect. [3.2.9] Rem. 49,

compare [Lax-Friedrichs numerical flux (6.1.7))

Simplest choice: state average @ A(v,w) = DF(%(V +w))

Example 124 (State average based linearization for shallow water equations). — EX.

6.3
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» [Riemann problem| for (5.1.5) with h; = 3, v; = vl
0.25, hy = 0.5 v, = —2.450309, g = 1 i

- u, € HL(u;), see Ex. 103

momentum

B> u;, u, connected by admissible 1-shock,
see Ex. 111]

BUT two shocks in approximate Riemann solu-
tion based on A = DF(%(ul +uy)) >

hv

-25 1 1 1
<05 0 05 1 15

| | |
2 2.5 3 3.5 o 4.0
h=height

Numerical simulation of simple shock shallow water Riemann solution based on local linearization
at the simple state average. Does this approach lead to increased shock smearing

&

6.3
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6.3.2 Roe linearization

4 i (k—1)  (k—1) i mole shock )
R = mtsz:s;r)npes ock at 1/

i k—1
vastly different ul c HC(H§-+1 ))

4

. : k—1 k—1 k—1 k—1
> | Fer sl - uf ) =Pl ) - Pl
. /
ldea: enforce correct simple shock representation for linearized problem!
siw—v)=F(w)—-F(v), vvwelU
require: | (6.3.8)

Av,w)(w—-v)=s§w-—-v)=F(w)—F(v)

= W — Vv eigenvector of A(v, w)!
Remark 125 (Linearization and conservation).

u: solution of Riemann problem for (5.0.1) withu; = v, ur = w
u: solution of same Riemann problem for %—‘; + Ag—‘; =0

= %/Ru(x,t)dxF(v)—fF(w) — %/Rﬁ(x,t)dsz(v—w).

6.3
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[] (6.3.8) = global conservation (« accurate for simple shocks, Ex. 67) (6.3.8) = correct spee

JAN

How to find suitable A ?

1
! mean value theorem: [ DF(v+7(w —v))dr-(w—v)=F(w)—-F(v) Vv,weU
0

Candidate for A(v, w) ? @ not necessarily similar to real diagonal matrix !

Theorem 6.3.1 (Existence of Roe matrix). — [25, Thm. 2.1]

If (5.0.1)) is hyperbolic with convex phase space U, F & C1, and there is an entropy pair (—
Def. 5.4.7), then we can find A : U x U — R"" such that

(i) A(u,u)= DF(u) forallueU,
(i) A(v,w)(w—-v)=Fw)—-F(v) forallv,w e U,
(i) A(v,w) is similar to a real diagonal matrix. 6.3

p. 459



Terminology: A(v,w)asinThm.631 = Roe matrix

Tool for proof: entropy variables (— [44]) for entropy pair (77, ¢)

q:=gradn(u): q < u isone-to-one (conjugate variables). (6.3.9)

Use idea of the proof for construction of A (v, w) (not necessarily based on entropy variables):

Example 126 (Roe matrix for shallow water equations). — [31, Sect. 15.3.3]

U2

0 1
Gl Fwe (f%gu%) e <—<u2/u1>2+gu1 2u2/u1> |

1 2 du 2 O)
- . q q1
new variables: q(u) = u & u(q)= 1 = @ — =

(w VUl @ (Ql%) dq (6]2 q1

- q142 -~ 2 4]
' @ (q% + %gqi‘> ! <ng§ 2qz> o)

[] in (6.3.13): matrix entries polynomial in q !
6.3

p. 460



Generalization of technique of proof of Thm. [6.3.1:

Flw) = F(v) = [ DB(alv) + rlaw) - av))dr (aw) - a(v).
Lo =C B A(v,w):=CB™!
w—v = [ Gatv) + rtatw) — atv)) dr (alw) ~a(v)).

) L ]
2q1 0 7 Q1> q :=3(a(w)+q(v))
©313) = B=(_ " _ ], C= SRl I
(qz CJ1> (29611"&1 20 : .

_ 0 1 0 1
A(v,w)=CB - 9 5 1] = o o~ 6.3.14
[ (v, w) (_q%ql 2 4 gl 2q2q1 1) (—v+gh 2v> ( )

—1 —1
:@:’wal /2+v2v1 /2:mvl+mvr
0 2 WP VORI

wy

with Roe average ¥ :

with non-conservative state variables (h;, v;) < v, (hy, vy) <> W.

h 6.3

A(v,w) = DF(( )) (] similar to real diagonal matrix
p. 461

Note: ~
hv



25

15

Riemann problem of Ex. 1t

: E osp
one-shock solution 2
of Roe linearized > 5
1 1
Riemann problem 2 05f
Ll
(by construction of A (v, w)!) .
sl
_2/
-2.5 : . . L I | | | |
-0.5 0 05 1 1.5 2 25 3 35 4 45
h=height
&

Example 127 (Breakdown of Roe linearization).

6.3
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Roe linearization:

L approximate Riemann solution
= all-shock solution
Problems in all-rarefaction case ?

» [shallow water equationg (5.1.5), h; = hy = 1,

—U] = Vp = 2

[0 non-physical (h* < 0) state in Riemann solu-

tion of linearized problem !

L Must use better (exact) Riemann solution!

Example 128 (Roe scheme for

25

2k

15

lk

0.5

0

momentum

_05 —

hv

_lk

_1.5 =

_2k

o~

-2.5
-25

I I I I
-2 -15 -1 -0.5

shallow water equations).

— EX. 120

0
h=height

0.5 1 15

(positively conservative methods [13])

6.3
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T
Numerical Solution
Exact Solution

2.8
26

» “dam break” Riemann problem of Ex. [123 24f

2.2

s Godunov-type FVM with Roe linearization ac-
cording to Ex. [126l on equidistant space-time

h(x,0.50)
N

1.8

mesh.

1.6

s Same evaluations as in Ex. [123

1.4

1.2

. h(x, 1) for Roe scheme

6.3.3 Entropy fixes

6.3
p. 464

m = 1. approximate Godunov method & Roe linearization for (2.2.1)) = simple upwinding (3.2.6)



Ex.[/O [ convergence to non-physical shock possible !

(failure to capture franssonic rarefaction)

Necessary: entropy fix, see Sect. 3.2.9

O notations: A = A(v,w) =[Roe mairix for states v, w € U,
\;/t; = sorted eigenvalues/eigenvectors of A, A\ .= —o0, A1 = +00,

~

u = approximate Riemann solution used in Godunov-type method — (6.3.7)

~

6.3.3.1 Harten-Hyman entropy fix

Approximate Riemann solution from (6.3.5):

ﬁ(az,t):u(l) for Xlt<atgxl+1t, [=0,....,m, u(l)::VJrZ_l(Si?i, ul™ = w .

6.3
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ldea: @jcontinuities of u that should be ffranssonic rarefactions

violation of Lax entropy condition Thm. [5.4.4)

0

forsome € {l,....,m—1}: N/ <0< )@ (6.3.15)

Assume (6.3.15) for single [ € {1,...,m} O split/-th shock! [23]
m ~
N 0 Lifz <\t
wave decomposition:  u(x,t) = v + Zqi(a:,t) , q(z,t) = { =
1=1
Modified approximate Riemann solution: with 0 < § < 1

R _ ~ (6.3.16)
o,r; L ifx > M\t .

(0 itz < \ul=e
Utz t) =v+ Y qz.t)+alzt), a@t) =< Bqlrt) it Nl <z <y,
i#l qz,t) L ifa > NP

6.3
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— 2
uD) m
— =shocks of u
— = 1-characteristics
1 A(v) <0< A(utt)
\Y%
. w [1 characteristics emanate from 1-shock
0 = area, in which new intermediate state is in-
A(v) Ai(u troduced
How to chose (3 ?
Consider u:Rx|0,T[— R" = “all-shock” self-similar function, cf. (63.5): v, az cU
l ~
Uz, t)=v+Y d; for §t<a<st, —o00o=35)<$ < <$n<Smp =00 3

p. 467



U t/ua

1 1 N d
V= am o, & a7 5
Cu = w
******* r - r
m
d [ - Ly o~ . .
> 0 u(x,t)de = Z s$;d; = F(w)—F(v) ,ifu (=) Riemann solution .
R :
1=1
(6.3.17)

We demand: global conservation property for u, cf. Rem. [125] ©3.17) =
NN+ N ) saE + D)1 - g)aE + Y NeE = A(w —v) = F(w) - F(v).
1<l 1>

AN

N(ull)) =\
A(ul)y — N (ul=y 6.3
p. 468

m
A Roe mairix = A(W—V>:Z}:z’5i/r\i = b=
i—1



= in (6.3.2) at =v+ Z 0;T; + B0
£;<0,i£l

Elaborate Harten-Hyman entropy fix for scalar conservation law with convex flux function and
demonstrate viability for Burger’s equation with transsonic rarefaction.

6.3.3.2 Enhanced viscosity

For (6.3.7): ‘lentropy fix" in the spirit of Sect. B.2.9:
1 1
F(v,w)=35FV)+F(w)) — sme(A)(w —v),

2 .
me(A) = Rding(me(), . meGo)) R, me(€) = {i be il < 2.
€] & > 2€.

Choice of “regularization parameter” ¢ ? ¢ ~ Ax — EX.[[3

6.3.4 Two wave approximations
6.3

Sect.5.3.2 O all-shock approximate Riemann solutions p. 469



Now, cf. Sect.[6.3.3.1l piecewise constant approximate Riemann solution for (5.0.1)) (left state v € U,

right state w)

~

u(x,t) = |

— [25] of “rarefaction type™:

( : -
v ,ifex<st,

u* LifsTt<z<s't, (6.3.18)

We demand:

Fiw)—Fv)=5 (u"—v)+sT(w—-u") = u'=

W ifsTt<x.

global conservation

©.3.17)

F(w)-F(v)—s§w+s v
i — st

Choice of “fan edge speeds” s, s ?

6.3
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[1 approximate extremal local signal speeds — [25,12]: HLLE-FVM

" = min min{\; )\ = Ay A
5 1érzugnmlrmn{ iNi(V)} o, s 1gliaé}{mrlqax{ i Ai(w)}

A\; = eigenvalues of a[Roe matriX.

/

F(v) ,ifs >0,
B humericalflux: Fypp(v,w) =< F(w) ,ifst <0,
F(u*) ,ifs” <0<s".

\

Special case: m =1 <« scalar 1D conservation law % + a%f(u) = (0 — Ch.
Assume: f strictly convex [ ut for exact solution of R.P. from 3.2.16)

HLLEFapproximation of Riemann solution (left state v € R, right state w € R):
v > w (shack): §T =5 =3,
v <w (aefachion): s = f'(v) , s = f(w),
shock speed s := fw)=flv) = “Roe matrix’ for m = 1.

w—v

(6.3.19)

(6.3.20)

6.3
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f . S
v yifs™ >0,
B ul=_w ifsT <0,
x . fw)—f)—f(wwtf vy o o /
U= o) =) Jf ff(v) <0 <Qw) . |
transsonic rarefaction case

[ another lentropy fix|, cf. Sect.3.2.9

Example 129 (HLLE-solver for |Burgers equation).

= Lu® convex, f'(u) =u

N———

Burgers equation (ZL7): f(u

(%02 ,if(v>w/\%(v+w)>0) or 0<v<w,
B e, w) = ¢ sw? Jf (v>wASv+w)<0) or v<w<0, (6.321)
\%(v+w)2 Jifo<O<w.

[] Fy11. discontinuous !

6.3
p. 472



) ion
HLLE numerical flux function for Burgers equati
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» |Cauchy problem| of Ex. (solution is
transsonic rarefaction wavej)
s equidistant space-time mesh, Az = 0.06, v =
1 2 051
s FVM with HLLE numerical flux
solution for 1’ = 1, cf. Ex. >

Example 130 (HLLE-FVM solver for [shallow water equations).

» ‘“dam break” Riemann problem of Ex. 123

s HLLE FVM (6.3.20) based on Roe linearization according to Ex. [126] on equidistant space-time
mesh.
6.3

s same evaluations as in Ex.[123 p. 474



"1 |movie: h(x,t) for HLLE scheme

Error for the first order schemes for Dam Break problem

107 T T T T T T L S S e |

Error

L -Error for Roe

|| = = ~ L”~Error for Roe
L -Error for HLLE

— — — L”for HLLE

-2

101 “HZ ‘ “““3
10 10 10

No of Grid points

187

Order

0.9

0.4

0.3

0.2

0.1

Order for the first order schemes for Dam Break problem

L-order for Roe

— — — L"-order for Roe

L! - order for HLLE
— — — L"-order for HLLE

> algebraic convergence rate < 1 due to discontinuous/non-smooth solution

1400

kd
SN
Lo / \\ 4
AN
Y e *
- \ %\ —-—‘—*\ \\\\ .
¥ % - T~ L T~
| | | | | \\\\\\
200 400 600 800 1000 1200
No of cells

6.4
p. 475



6.4 High resolution FVM

Numerical flux for wave limited (flux limited function ¢ : R ~— IR) high resolution method (for linear
systems) from Sect. 6.1

k—1 k—1 k—1 k—1
Fp = Pl 0+ 3A10 - apeels hanl ) e
=1\ _ B 1 (k—1) (k1) \\p—1
<I>(9j+1/2) T Rdlag(@(ﬁj#/z,l)’ Y S[)((9L7'+1/2,771)~K (6-4.2)
slope ratios from (6.1.13)
O Adapt (6.4.7), (6.4.2) to non-linear system (5.0.1) ! — (3.3.15)
replace A <« [Roe matrix w.r.t ,uék_l),,uyi_ll) or eg., A= DF(%(ugk_l) + ,uyi_ll)))
Fuw <« Godunov-type lnumerical flux function (6.3.2), (6.3.3)
How to obtain slope ratios between different cell boundaries ?
(k—1)  (k—1) ~ N

For cell boundaryxj+1/2 [0 [Roe matrix Aj+1/2 — A('uj YO

) = Rdiag(\, ..., Am)R™

6.4
p. 476



D ij—ﬂ/? = R_lﬁﬂj_i1/2 y ’L - {—1, 1,3} ,

o) [ (Aw; 1) (Dwjyp) L ifN >0 (6.4.3)
[] 0" — ~ [=1....
» ]‘|‘1/2;l {(Aw]+3/2)l : <Aw]—|—1/2)l : if >\l < O :

Example 131 (Lax-Wendroff and flux limited FVM for [shallow water equations).

» ‘“dam break” Riemann problem of Ex. 123

s “Lax-Wendroff”: unlimited scheme (6.4.1)), (6.4.2), (6.4.3), ©(f) = 1, based on Roe linearization
according to Ex. [126 on equidistant space-time mesh — (3.2.27)

» Flux limited FVM (6.4.1), (6.4.2), (6.4.3), based on Roe linearization according to Ex. 126 on
equidistant space-time mesh, using

e (o = minmod limiter (— Def.B.3.3): ¢(#) = max{0, min{d, 1}}
e o = superbee limiter — ([Z6): (f) = max{0, min{26, 1}, min{6, 2}}

s Same evaluations as in Ex. [123

Lax-Wendroff evolution of h(x, t)
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Error

10

10

movie: h(x,t) for minmod flux limited FVM

movie: h(x,t) for superbee flux limited FVM

Error for the second order schemes for Dam Break problem

L -Error for LW
— — — L®-Error for LW

— — — L% Error for minmod

T = - o ke
: e T
\\*__—___~—4§’ Sy

-2 ; ; R S S S S |

L -Error for superbee 1
— — — L% Error for superbee|]
L -Error for minmod |

10 10° 10”

No of Grid points

Order

Order for the second order schemes for Dam Break problem

1.4

0.8 b

0.6 .
* \\\ Tl %= - L*-order for LW
o4r % \\*//’/ S - - - L‘:—Order for LW

A _ S L*—Order for superbes

02k % 4 Tt~ \\\;K,/i:’/’ — — — L% Order for superbee

\* s L*-Order for minmod

0 ‘ ‘ ‘ ‘ — — ~ L” Order for minmod
0 100 200 300 400 500 600 700
No of cells

> algebraic convergence rate < 1 due to discontinuous/non-smooth solution
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Index

k-shock, 393 for one-dimensional conservation law, [132
3-point finite difference method, 183 centered finite differences, [184]

centered flux, 210
central scheme, 298
CFL-condition

absorbing boundary conditions, [1L05
1D, [106

acoustic approximation, [382 N
advection, 129 for finite difference methods, [174

advection equation, [129 gr;asgg:r:g;ﬁﬂ?rrve’ 133, e, kaod
aliasing, 87|

>Ng - of Cauchhy problem, [133

limit frequency, [87] beddi
angular frequency, 17 compact embedding, 242

SR f BV, 245

anti-diffusion, 215 ° loc:
compactness, 243

backward finite differences, [185 conservation
backward heat equation, 226 of energy,
Beam-Warming scheme, [275 conservation form, 205
Bessel differential equation, 11l conservation law, 127
Bessel function, 111l differential form, 128
Burger's equation, [137], [I51] integral form, 128

2D, 338 linear, [129
Butcher-Schema, 333 linear system, B75 6.4

Cauchy problem, 38, one-dimensional, p. 480



scalar, [130 dispersion relation,

conservative, discrete,
conservative variables, B77| dissipative FDM,
Consistency divided differences,
of 3-point FDM, [184] domain of dependence
consistency discrete, [L74]

of discrete evolution,

of FVM,

spatial,

with entropy condition,
control volume,
convergence

of discrete evolutions, 177
convex combination,
convolution, I11]

ENO,

Enquist-Osher flux,

entropy, [153], 407l

entropy condition
discrete,

entropy consistency,

entropy fix,

entropy flux, 153, 407

convolution ABC, [[09 entropy functions, 407!
corner transport upwinding (CTU), entropy variables, 431]
evolution triple,
D’Alembert solution, expansion shock,
diffusive FDM,
diffusive flux, FOM
dimensional splitting, 341 3-point,
discrete dispersion relation, conservation form,
discrete entropy condition, incremental form,
discrete entropy inequality, Lax-Friedrichs,
discrete evolution viscous form, [197]
conservative, finite difference method
monotone, explicit,
monotonicity preserving, translation invariant,
time-invariant, [LZ1] finite volume method (FVM), 6.4
TVD, finite volumes, '

dispersion analysis, 233 flux function, [128|, [133 p. 481



diffusive, [130 Jensen’s inequality, 252
flux limiter, 293 jump conditions, [140
forward finite differences, [185

Fourier series, 10 Kruzkov entropy functions, 252

Fourier transform Laplace transform,

on Z, Lax entropy condition,
fractional step timestepping, Lax equivalence theoren,
freezing of coefficients, [1Q1] Lax-Friedrichs flux, 211l
Fromm’s scheme, local,

Lax-Friedrichs scheme,
Lax-Wendroff flux,
Lax-Wendroff scheme, 229,
Lax-Wendroff theorem,
leap frog

dissipative version,
limited reconstruction,
linear stability,

von Neumann analysis,
linear system of conservation laws,
linearization,
Lipschitz-continuous,

Gauss’ theorem, [128,
General entropy solution for 1D scalar Riemann problem,
159

genuine non-linearity, 401
Godunov flux,
Godunov splitting, B41]
grid functions,
gridpoints

spatial,

temporal,
group velocity,

Harten’s theorem, [202 local Lax-Friedrichs flux, [212
hat function, 49|, local truncation error, [178

Hugoniot locus,
hybrid variational formulation,
hyperbolic system of conservation laws,
hyperbolicity

of multidimensional systems,

magic timestep, B8,
mesh

locally refined,
mesh dependent norms,
meshwidth,

impedance, method of lines, 307 6.4
inflow, 127 minmod,

integral curve, 398 modified equation p. 482



for backward FD,

for centered FD,

for Lax-Friedrichs FVM,

for Lax-Wendroff scheme,
modified equation (ME),
modified equations,
monotone discrete evolution,
monotonicity preserving,

monotonicity preserving linear interpolation, 279

MUSCL,

nodal basis,
nodal value,
non-uniform space-time mesh,
norms

mesh dependent,
numerical dispersion,

numerical entropy flux function, 250

numerical flux,

numerical flux function,
consistency,
viscous form,

numerical viscosity,

operator splitting, 339
order barrier, 241
outflow, [127]

pair of entropy functions, [153

perfectly matched layers (PML),

phase plane,
phase space, 127]
phase velocity,

plane wave, 17
PML,

split,
production term,

Rankine-Hugoniot jump conditions,
Rankine-Hugoniot jump conditions for systems,
rarefaction

subsonic,

supersonic,

transonic,
rarefaction wave, 147, 404
rational approximation, 111l
REA-algorithm,
REA-algoruthm

with p.w. linear reconstruction,

reconstruction
p.w. constant, [L/2
reflection

at Dirichlet boundary,

at material interface,
reflection coefficient, @5,
restriction operator,
reversibility,
reversibilty

of 2-step method,
Riemann problem, 142], 374
Roe flux,
Roe matrix, 451

shallow water equations, 376
shock, 144!
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physical, 158 total variation bounded (TVB), [316

subsonic, transmission coefficient,
supersonic, transonic rarefaction, 213,
shock smearing, truncation
shock speed, 144 of spatial domain, 105,
similarity solution, 148, truncation error
simple wave, local,
single step timestepping, TVB,
slope TVD,

in p.w. linear reconstruction, 273
slope limiter, 282
Sommerfeld ABC, [109

upwind finite differences, [193
upwind flux, 209

spatial consistency, vanishing viscosity,
stability viscosity
non-linear, numerical,
staggered grid, viscosity solution,
stencil viscous form, [197]
for Space-time finite diﬁerences, of numerical flux function’
Strang splitting, B41] viscous modification, 185,
strictly hyperbolic system of conservation laws, von Neumann stability analysis,
strong stability preserving,
subsonic rarefaction, wave equation,
subsonic shock, wave fan,
supersonic rarefaction, wave limiting, 434
supersonic shock, wave vector, [I7
symbol, wavelength,
symmetric linear hyperbolic system, weak solution,

system of conservation laws
hyperbolicity, 376

tensor product grid,
timestep, p. 484
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Examples and Remarks

P, and P, DG for circular advection,

[Entropy pair for shallow water equations,

[Flux profiles,

[Local monotonicity preservation,

“Dishonest” scheme, 237

“Elliptic” flux functions,

1D wave equation as linear hyperbolic system,

2D corner transport upwind scheme for circular advection,
503!

2D dimensionally split FVM,

2D shallow water equations,

2nd-order schemes for linear advection,

3-point FDM in incremental form,

Absorbing boundary conditions for 1D wave equation,

Accuracy of 2-point and 3-point schemes for constant lin-
ear advection, 184

Accuracy of piecewise linear reconstruction,

advection of a density, [131]

All-rarefaction solution for Riemann problem for shallow
water equations,

All-shock solution of shallow water equations,

Bochner spaces,
Breakdown of Roe linearization,
Burger’s equation, [133

Centered flux,
Central scheme for Burgers equation,
CFL-condition for wave equation in 1D,
CFL-condition for wave equation in 2D,
Characteristics for advection,
Characteristics for all-shock solution,
Compact embedding of Sobolev spaces,
Computation of Godunov flux for shallow water equations,
447
Consequences of numerical dispersion for discrete 1D wave
equation,
Convegence of Lax-Wendroff-scheme (3.2.26)),
Convergence of 3-point FDM for Burgers equation,
Convergence of central scheme, 6.4
Convergence of flux limited schemes, p. 485



Convergence of fully discrete scheme for 1D wave equa-
tion,
CTU scheme for “2D Burgers equation”, 367

Danger of using “standard timestepping methods”,

Diffusive 3-point schemes,

Diffusive flux,

Dispersion for Lax-Wendroff scheme,

Domain of dependence for spatially varying wave speed,
25

Domain of dependence/influence for 1D wave equation,
constant coefficient case,

ENO reconstruction,

Entropy consistent shocks for shallow water equation, 417
Entropy fix for Burgers equation, 271]

Entropy for symmetric hyperbolic systems, 417

Entropy violating shock for [Burgers equation,

Explicit and implicit two-step methods,

FD und FEM,

Flux limited FVM for linear advection,
Flux limited FVM for linear wave equation,
FVM for linear wave equation,

Genuine non-linearity for shallow water equation,
Godunov method for shallow water equations,
Grid dependent norms, [178

Higher order CTU schemes in 2D,

HLLE-FVM solver for shallow water equations, 474
HLLE-solver for Burgers equation|,

Hugoniot loci for shallow water equations,

Implementation of boundary conditions for linear wave equa-
tion,

Infinite propagation speed for parabolic evolutions,

Integral curves for [shallow water equations),

Lax entropy condition for shallow water equations,
Lax-Friedrichs numerical flux functi, 213
Lax-Wendroff FVM for shallow water equations, 477
leap frog and energy conservation,

Leap frog as variational integrator,

Linear extrapolation,

Linearization and conservation,

Linearized shallow water equations,

Linearized systems of conservation laws,

Local order barrier for TVD FVM,

locts,

Modified equations for simple 3-point FDM, [227
Monotonicity of non-linear upwind FDM, [196]

Necessity of higher order timestepping, 327
Numerical reflections at grid interface,
Numerical viscosity for 3-point finite volume methods, 267

Oleinik’s entropy condition, [161]

Order barrier for TVD 3-point FVM,

Other higher order reconstructions, 317

Other monotonicity preserving linear interpolation schemes,
280

Particle model for Burgers equation, 134

Perfectly matched layer in 1D,

Practical choice of PML absorption coefficient,
propagation property of hyperbolic evolution, 34
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Rarefaction wave for [shallow water equations|, 411]

Reconstruction by average matching polynimials,

Rectangular PML in 2D,

Reflection at material interface,

Reflections at “Dirichlet wall”,

Required number of poles in rational approximation (L.12.9),
110!

Riemann entropy solution for shallow water equations,

Riemann solution by means of particle method, [15]]

RKDG for 1D Burger’s equation,

RKDG for 1D linear advection, 374

Roe matrix for shallow water equations,

Roe scheme for shallow water equations,

Shallow water equations,

Solution of particle model for Burgers equation,

Space time stencils for fully discrete 1D wave equation,

State average based linearization for shallow water equa-
tions,

Symbols for linear translation-invariant FDM,

Total oscillation diminishing property, [168
TVB-property of ENO reconstruction, [325

Upwind flux, 210
Upwinding as REA-method, 223
Upwinding for linear advection, [195

Vanishing viscosity for [Burgers equation|, [153
Viscous modification, [187I
Viscous modification in conservation form, 216

Weighted essentially non-oscillatory schemes (WENO), 327
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Definitions

k-shock,
(Strictly) hyperbolic systems of conservation laws, [383
[E-schemes, 258

CFL-condition,

CFL-condition I,

Characteristic curve for one-dimensional scalar conserva-
tion law,

Characteristic curves for systems of conservation laws,
389

Classical solution of Cauchy problem,

classical solution of wave equation,

Conservative discrete evolution,

Consistency,

Consistency of a two-step method,

Consistency of spatial semi-discretization, [311]

Consistent numerical flux functions,

Convergence of discrete evolutio,

Discrete entropy inequality, [252]
dispersionless equations, [21]

Entropy consistency of weak solutions,

Explicit finite difference timestepping, 174
Explicit single step timestepping method,

FDM in conservation form, 207
FDM in viscous form, [199
Functions of bounded variatio, [L66

Genuine non-linearity,

Hugoniot locus, 398
Hyperbolicity of multidimensional systems of conservation
laws,

Integral curves,

Lax entropy condition, [160
Linear finite difference methods, [175
Local truncation error, [180

Minmod interpolation,

Modified equation,

Monotone discrete evolution, [194 6.4
Monotonicity preservation,

Monotonicity preserving linear interpolation, 281 p. 488



Non-linear stability, 181l
Order of timestepping,

Pair of entropy functions, [155
Pair of entropy functions for systems, 414
plane wave,

Riemann problem, 144

shock,

Simple wave,

Strong stability preservation (SSP), 334

Symmetric linear hyperbolic systems of conservation laws,
390

Symmetric one-dimensional system of conservation laws,
397

total variation,

Translation invariant FDM,
TVD-property,

Two-step method,

wave equation,

Weak entropy inequality, 157

Weak solution of Cauchy problem for conservation law,
140

Weak solution of Cauchy problem for for system of con-
servation laws,
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List of Symbols

At,

Az,
CO(QAx)s
SV M), 52

]

I,
§

:
I*(Z)

R, I77

convex,

OH,

SN v

ik k),

evop, 1113
xt, 201
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