STABLE LÉVY MOTION APPROXIMATION IN COLLECTIVE RISK THEORY

Hansjörg Furrer^{a,∗}, Zbigniew Michna^b and Aleksander Weron^c

a Departement Mathematik, ETHZ, CH-8092 Zurich, Switzerland b Institute of Mathematical Statistics, University of Lund, Sweden c Hugo Steinhaus Center, Technical University, 50-370 Wrocław, Poland

Abstract

Collective risk theory is concerned with random fluctuations of the total net assets, the risk reserve, of an insurance company. In this paper we consider weak approximations in risk theory which are especially relevant whenever the claim experience allows for heavy-tailed claims. We approximate the risk process by an α -stable Lévy motion ( 1 < α < 2 ) with drift. The ruin probability within a finite time horizon is estimated. Finally, a numerical example is presented.

Keywords: Risk theory, Ruin probability, Heavy-tailed claims, α -stable Lévy motion, Weak convergence in D[0, ∞) .

1 Introduction

Consider a company which only writes ordinary insurance policies such as accident, disability, health and whole life. The policyholders pay premiums regularly and at certain random times make claims to the company. A policyholder’s premium, the gross risk premium, is a positive amount composed of two components. The net risk premium is the component calculated to cover the payments of claims on the average, while the security risk premium, or safety loading, is the component which protects the company from large deviations of claims from the average and also allows an accumulation of capital. When a claim occurs the company pays the policyholder a positive amount called the positive risk sum.

∗Corresponding author

As a mathematical model for this situation we shall assume that claims occur at jumps of a point process N = (N(t) : t ≥ 0) . While most work in collective risk theory assumes that N is a Poisson process, this restrictive assumption plays no role in our analysis. The successive claims (Y_k : k ∈ N ) are assumed to form a sequence of independent, identically distributed (iid) random variables with E[Y_k] = μ > 0 . Furthermore, we shall assume that the initial risk reserve of the company is u > 0 and that the policyholders pay a gross risk premium of c > 0 per unit time. So the risk process has the form R(t) = u + ct − N(t)∑

k=1 Y_k . (1)

Also we define the ruin time T as the first time the company has a negative risk reserve, i.e.

T = inf{t > 0 : R(t) < 0}

if the set is nonempty and T = ∞ otherwise. In order to avoid T < ∞ a.s. we assume that the net profit condition lim_{t→∞} E[R(t)]/t > 0 holds. One of the key problems of collective risk theory concerns calculating the ruin probability Ψ(u) = P {T < ∞ | R(0) = u} , i.e. the probability that the risk process ever becomes negative. On the other hand, an insurance company will typically be interested in the probability that ruin occurs before time t . The finite-time ruin probability Ψ(u, t) is defined by Ψ(u, t) = P {T ≤ t | R(0) = u} . Many of the results for these distributions are complicated expressions which have been obtained using analytical methods. For a comprehensive treatment of the theory up to 1955 the reader should consult Cramér (1955). A more recent account of the theory is available in Chapter 7 of Takács (1967), Grandell (1991) and Schmidli (1992), where further references are to be found.

Already in 1940 Hadwiger compared a discrete-time risk process with diffusion. This can be viewed, though theoretically not comparable with the modern approach, as the first treatment of diffusion approximations in risk theory. A more modern version, based on weak convergence, is due to Iglehart (1969). The idea is to let the number of claims grow in a unit time interval and to make the claim sizes smaller in such a way that the risk process converges weakly to a diffusion. In this paper we shall consider weak approximations where the idea is to approximate the risk process with an α -stable Lévy motion with drift. While the classical theory of diffusion approximation requires short-tailed claims, this assumption can be dropped in our approach, hence allowing for extremal events in the sense of Embrechts and Schmidli (1994).

The paper is organized as follows. In section 2, we first recall the definition and some basic properties of stable distributions and stable processes. We then define a sequence of risk processes and show that they converge weakly to an α -stable Lévy motion with drift. We illustrate the convergence when the claim arrival process is an arbitrary renewal process. Section 3 deals with the convergence of functionals of the risk process. It is shown that the finite-time passage probabilities converge. In section 4 we establish upper bounds for the probability of the first 0-down-crossing of our α -stable Lévy motion. Finally, in section 5 we present a numerical example.

As already stated above, our approximations are especially relevant whenever the claim experience allows for heavy-tailed claims. Discussions of the relevance of heavytailed conditions can for instance be found in Embrechts and Veraverbeke (1982) or Embrechts et al. (1996). Besides the intrinsic importance of our results in the field of large claims, our paper also provides the necessary background for further research in the area of insurance and finance whenever ‘standard’ light-tailed conditions are violated.

2 Weak Convergence of Risk Reserve Processes

Let D = D[0, ∞) be the space of all real-valued right continuous functions on [0, ∞) with limits from the left, endowed with the Skorokhod topology. Then D is a complete and separable metric space, see for instance Lindvall (1973). All stochastic processes in this paper are assumed to be in D .

Definition 1 A sequence (X^{(n)} : n ∈ N ) of stochastic processes is said to converge weakly in the Skorokhod topology to a stochastic process X if for every bounded continuous functional f on D it follows that

lim_{n→∞} E[f(X^{(n)})] = E[f(X)] .

In this case one writes X^{(n)} ⇒ X .

Gaussian distributions and processes have long since been studied and their utility in stochastic modeling is well-accepted. However, analysis of financial and insurance data often uncovers oscillations that indicate the presence of heavy tails. Stable processes are an appropriate source of heavy tailed probabilistic models.

Definition 2 A stochastic process Z_α = (Z_α(t) : t ≥ 0) is called (standard) α -stable Lévy motion if

(i) Z_α(0) = 0 a.s.

(ii) Z_α has independent increments.

(iii) Z_α(t) − Z_α(s) ∼ S_α((t − s)^{1/α}, β, 0) for any 0 ≤ s < t < ∞ and for some 0 < α ≤ 2, |β| ≤ 1 . See Figure 1 for some simulated sample paths in the case α = 1.2 , β = 0 . We use

Figure 1: Simulation of 10 sample paths of α -stable Lévy motion with α = 1.2 , β = 0 .

the notation X ∼ S_α(σ, β, μ) to indicate that the random variable X has a stable distribution, characterized by the four parameters 0 < α ≤ 2 (index of stability), σ > 0 (scale parameter), −1 ≤ β ≤ 1 (skewness parameter) and μ ∈ R (shift parameter). The definition of an univariate stable distribution derives from the “stability” property that the family of stable distributions is preserved under convolution. More precisely, a random variable X is said to have a stable distribution if for any positive numbers a and b , there is a positive number c and a real number d such that aX^′ + bX^{′′ d}= cX + d , where X^′ and X^{′′} are independent copies of X and “^d= ” means equality in law. Explicit forms of stable density functions only exist in the cases α = 1/2 (Lévy distribution), α = 1 (Cauchy distribution) and α = 2 (Normal distribution). The tails of non-Gaussian stable distributions decrease like a power function. The rate of decay mainly depends on the parameter α . The smaller α , the slower the decay and the heavier the tails. For a stable random variable X with index α < 2 one has E[|X|^δ] = ∞ for any δ ≥ α and E[|X|^δ] < ∞ for 0 < δ < α .

When α = 2 , the process Z_α is Brownian motion. The α -stable Lévy motions are 1/α -self-similar (unless α = 1, β ≠ 0 ), i.e. for all c > 0 , (Z_α(ct) : t ≥ 0) and

(c^{1/α} Z_α(t) : t ≥ 0) have the same finite-dimensional distributions. Since Z_α has stationary and independent increments, the characteristic function of Z_α(t) allows the representation E[e^{iθZα(t)}] = e^{tξ(θ)} , where θ ∈ R and ξ(θ) = ∫ R ( e^{iθy} − 1 − iθy 1 + y^2 ) Π(dy) with Π(dy) = p y^{1+α} 1_{(0,∞)}(y) dy + q y^{1+α} 1_{(−∞,0)}(y) dy, p + q > 0 . One sets β = (p − q)/(p + q) . If for instance β = −1 , i.e. p = 0 , the Lévy measure Π attributes no mass to the positive half line and consequently there are no positive jumps of Z_α . For a comprehensive survey of properties of α -stable random variables and α -stable Lévy motions we refer to Janicki and Weron (1994) or Samorodnitsky and Taqqu (1994).

The sequence (Q^{(n)} : n ∈ N ) of risk processes is given as follows. For every n ∈ N let u^{(n)} > 0 denote the initial risk reserve, c^{(n)} > 0 the premium rate and N^{(n)} the corresponding point process of claim arrivals. The claim sizes are denoted by (Y^{(n)}_k : k ∈ N ) . So

Q^{(n)}(t) = u^{(n)} + c^{(n)}t −

N^{(n)}(t) ∑ k=1 Y^{(n)}_k , t ≥ 0 . (2)

We now assume that the claims are of the form Y^{(n)}_k = Y_k/φ(n) , where (Y_k : k ∈ N ) is a sequence of iid random variables with common distribution function F and mean μ such that 1 φ(n) n∑ k=1 (Y_k − μ) ⇒ Z_α(1) , n → ∞ . (3)

The function φ is given by φ(n) = n^{1/α}L(n) , where L is slowly varying at infinity. In other words, F is in the domain of attraction of Z_α(1) . Because α = 2 leads to the well-known Brownian diffusion approximation as treated for instance in Schmidli (1994), we shall restrict ourselves from now on to the case 1 < α < 2 . This means that the random variables Y_k do not have finite second moments and their distribution possesses long-tail behaviour. For further properties of the above mentioned conditions see for instance Bingham et al. (1987). If not stated otherwise explicitly, we make for the rest of this paper the following assumption:

Assumption 1 The index of stability is 1 < α < 2.

The condition α > 1 is needed to guarantee a finite mean of the variable Z_α(t) . We now define a process Q = (Q(t) : t ≥ 0) by

Q(t) = u + ct − λ^{1/α} Z_α(t) , (4)

where u and c are positive numbers and (Z_α(t) : t ≥ 0) is α -stable Lévy motion. Here λ is some positive constant which will be specified in the following theorem. Observe that the process in (4) for α < 2 contrary to the Brownian case (α = 2) exhibits jumps. For some simulated sample paths of Q , see Figure 2 below. We now

Figure 2: Simulations of the process Q with u = 20 , c = 5 , λ = 1 , α = 1.2 , β = 1 .

show that, under certain conditions, the sequence (Q^{(n)} : n ∈ N ) converges weakly to the process Q .

Theorem 1 Let the sequence (Y_k : k ∈ N ) be as above and let (N^{(n)} : n ∈ N ) be a sequence of point processes such that N^{(n)}(t) − λnt φ(n) → 0 , n → ∞ (5) in probability in the Skorokhod topology for some positive constant λ . Assume also that lim_{n→∞} ( c^{(n)} − λn μ φ(n) ) = c , lim_{n→∞} u^{(n)} = u .

Then

u^{(n)} + c^{(n)}t − 1 φ(n) N^{(n)}(t) ∑ k=1 Y_k ⇒ u + ct − λ^{1/α} Z_α(t) , n → ∞ (6) in the Skorokhod topology.

In order to prove Theorem 1 we will need the following theorem on random time transformation, see Whitt (1980), where it is shown that the composition mapping is continuous.

Proposition 1 Let (Z_n : n ∈ N ) , Z be processes in D and suppose that Z_n ⇒ Z . Let (N_n : n ∈ N ) be a sequence of processes with nondecreasing sample paths starting from 0 such that N_n ⇒ λI , where λ > 0 and I denotes the identity map on [0, ∞) . For each n ∈ N , Z_n and N_n are assumed to be defined on the same probability space. Then Z_n(N_n) ⇒ Z(λI) , n → ∞ . (7) Proof of Theorem 1. Let us write Q^{(n)}(t) in the following form

Q^{(n)}(t) = u^{(n)} + c^{(n)}t − 1 φ(n) N^{(n)}(t) ∑ k=1 Y_k

= u^{(n)} + t ( c^{(n)} − λn μ φ(n) ) − μ ( N^{(n)}(t) − λnt φ(n) ) − 1 φ(n) N^{(n)}(t) ∑ k=1 (Y_k − μ) . From assumption (5) we obtain μ ( N^{(n)}(t) − λnt φ(n) ) → 0 , n → ∞ in probability in the Skorokhod topology. It follows from assumption (3) that 1 φ(n) [nt]∑

k=1 (Y_k − μ) ⇒ Z_α(t) , n → ∞ (8) in the Skorokhod topology (see Skorokhod (1957)). From (8) and (5) and Proposition 1 we obtain that 1 φ(n) N^{(n)}(t) ∑ k=1 (Y_k − μ) ⇒ λ^{1/α} Z_α(t) , n → ∞ in the Skorokhod topology. Because

u^{(n)} + t ( c^{(n)} − λn μ φ(n) ) − μ ( N^{(n)}(t) − λnt φ(n) )

converges to u + ct in probability in the Skorokhod topology, the proof is complete. □

The previous theorem shows that the distribution of a risk process in the longtailed case can be approximated by the distribution of a process of the type (4). In the next section we investigate the question of the convergence of the associated ruin probabilities . In section 5, we shall look more closely at the numerical properties of the approximation derived in Theorem 1.

Remark. Note that the point process N need not be a Poisson process in order to fulfil (5). Indeed, condition (5) holds for a wider class of point processes. For instance, let N be an arbitrary renewal process:

N(t) = max{n : n∑ k=1 T_k ≤ t} , where the inter-occurrence times (T_k : k ∈ N ) are assumed to be independent positive random variables. We define N^{(n)}(t) = N(nt) . (9) Let B = (B(t) : t ≥ 0) denote standard one-dimensional Brownian motion. Then the following proposition holds.

Proposition 2 Let (N(t) : t ≥ 0) be a renewal process with inter-occurrence times (T_k : k ∈ N ) and assume that there exist a positive constant λ and a slowly varying function L such that 1 φ(n) [nt]∑

k=1 ( T_k − 1 λ ) ⇒ B(t) , n → ∞ (10) in the Skorokhod topology where φ(n) = √ nL(n) . Then, for 1 < α < 2 , we have N(nt) − λnt n^{1/α} → 0 , n → ∞ (11)

in probability in the Skorokhod topology.

Proof. It suffices to check that P { sup_{0≤s≤t} |N(ns) − λns| n^{1/α} > ϵ } → 0 , n → ∞ . If sup_{0≤s≤t} |N(ns) − λns| n^{1/α} > ϵ , then there exists s ∈ [0, t] with N(ns) − λns > ϵn^{1/α} or N(ns) − λns < −ϵn^{1/α} . In the first case we obtain_{[λns+ϵn1/α]} ∑ k=1 T_k < ns .

Define u such that nu = λns + ϵn^{1/α} , then [nu]∑

k=1 ( T_k − 1 λ ) < − ϵn^{1/α} λ . Therefore sup 0≤u≤λt+ϵn^{1/α−1} 1 n^{1/α} | | | | | [nu]∑

k=1 ( T_k − 1 λ ) | | | | | > ϵ λ . Note that if 1 < α < 2 , then the above supremum is taken on a bounded interval. Because α < 2 and L(n)n^{−δ} converges to 0 for every δ > 0 , assumption (10) implies that 1 n^{1/α} [nu]∑

k=1 ( T_k − 1 λ ) → 0 , n → ∞ (12)

in probability in the Skorokhod topology. If N(ns) − λns < −ϵn^{1/α} we obtain [λns−ϵn^{1/α}] ∑ k=1 T_k > ns . For nu = λns − ϵn^{1/α} we have [nu]∑

k=1 ( T_k − 1 λ ) > ϵn^{1/α} λ . Thus sup 0≤u≤λt−ϵn^{1/α−1} 1 n^{1/α} | | | | | [nu]∑

k=1 ( T_k − 1 λ ) | | | | | > ϵ λ . Finally from relation (12) we have P { sup_{0≤s≤t} |N(ns) − λns| n^{1/α} > ϵ } → 0 , n → ∞ and the proof is complete. □ Note that (10) is true in the ordinary renewal theory situation where (T_k : k ∈ N) is a sequence of iid random variables with mean 1/λ and variance σ^2 , hence φ(n) = √ nσ . In this case we have (see Billingsley (1968) p. 148) N(nt) − λnt √ n ⇒ σλ^{3/2}B(t) , n → ∞ . (13)

3 The Convergence of Functionals of Risk Processes

Collective risk theory has paid considerable attention to the ruin functional and the associated ruin times T^{(n)} = T (Q^{(n)}) where

T (x) = inf{t > 0 : x(t) < 0} (14)

if the set inf{t > 0 : x(t) < 0} is not empty and +∞ otherwise. In order to derive the result in Theorem 2 which permits us to compare the finite-time ruin probability by the ‘ruin probability’ of the corresponding weak approximation, we need the following technical lemma. Let X = (X(t) : t ≥ 0) be a càdlàg process. We define the process ΔX = (ΔX(t) : t ≥ 0) by ΔX(t) = X(t) − X(t−) . Then {ΔX ≠ 0} = ∪^∞_{n=1}{(ω, t) ; t ≥ 0 , t = T_n(ω)} , where (T_n : n ∈ N) are stopping times, see Jacod and Shiryaev (1987), Proposition 1.32, p. 8.

Lemma 1 Let Q = (Q(t) : t ≥ 0) be the process given in (4) and let (τ_n) be the sequence of all jump times of Q . Then

P {∪^∞_{n=1}{Q(τ_n−) = 0}} = 0 . (15)

Proof. It is sufficient to prove the property on a finite time interval. We use the series representation of stable processes to gain insight into the structure of α -stable Lévy motion. If Z_α denotes strictly α -stable Lévy motion with index 1 < α < 2 we can write Z_α(t) in the following form (see Samorodnitsky and Taqqu (1994) p. 151) Z_α(t) = C^{1/α}_α ∞∑ i=1 (γ_iΓ^{−1/α}_i 1(τ_i ≤ t) − βtb^{(α)}_i ) ,

where 0 ≤ t ≤ 1 and (γ_i : i ∈ N ) is a sequence of iid random variables satisfying

P {γ_i = 1} = 1 − P {γ_i = −1} =

1 + β 2 . Here (Γ_i : i ∈ N ) is a sequence of arrival times of a Poisson process with unit arrival rate and (τ_i : i ∈ N ) is a sequence of iid random variables uniformly distributed on [0, 1] . These three sequences are independent. Finally, C_α and b^{(α)}_i are some constants. The jump times (τ_i) are distributed uniformly over [0, 1] , the direction of a jump is governed by ( γ_i ) and the height of the jumps, viewed in decreasing order, is distributed as the −1/α power of the arrival times of a Poisson process with unit intensity. In particular, Γ^{−1/α}_1 is the height of the highest jump, Γ^{−1/α}_2 is the height of the second highest jump and so on. Our process Q can then be written in the following form: Q(t) = u + ct − λ^{1/α}C^{1/α}_α ∞∑ i=1 (γ_iΓ^{−1/α}_i 1(τ_i ≤ t) − βtb^{(α)}_i ) .

We prove that P {Q(τ_k−) = 0} = 0 . We have P {Q(τ_k−) = 0} = P {ΔQ(τ_k) = Q(τ_k)} = P { u + cτ_k + λ^{1/α}C^{1/α}_α βτ_kb^{(α)}_k − λ^{1/α}C^{1/α}_α ∞∑ i=1,i≠k (γ_iΓ^{−1/α}_i 1(τ_i ≤ τ_k) − βτ_kb^{(α)}_i ) = 0 } . Using conditional probability and independence we obtain P {Q(τ_k−) = 0} = ∫_1 0 P { u + cτ_k + λ^{1/α}C^{1/α}_α βτ_kb^{(α)}_k −λ^{1/α} C^{1/α}_α ∞∑ i=1,i≠k (γ_iΓ^{−1/α}_i 1(τ_i ≤ τ_k) − βτ_kb^{(α)}_i ) = 0 | τ_k = t } dt = ∫_1 0 P { u + ct + λ^{1/α}C^{1/α}_α βtb^{(α)}_k −λ^{1/α}C^{1/α}_α ∞∑ i=1,i≠k (γ_iΓ^{−1/α}_i 1(τ_i ≤ t) − βtb^{(α)}_i ) = 0 } dt = 0 .

In the last equality we used P { u + ct + λ^{1/α}C^{1/α}_α βtb^{(α)}_k − λ^{1/α}C^{1/α}_α ∞∑ i=1,i≠k (γ_iΓ^{−1/α}_i 1(τ_i ≤ t) − βtb^{(α)}_i ) = 0 }

= P { u + ct − λ^{1/α}Z_α(t) = 0 | τ_k > t } = 0 for all 0 < t < 1 . This concludes the proof. □ Now we are able to state and prove the following basic limit theorem. Theorem 2 Let T be the ruin functional defined in (14) . If Q^{(n)} ⇒ Q and Q is given in equation (4) , then T (Q^{(n)}) ⇒ T (Q) . (16) Proof. Let x_n and x be càdlàg functions such that x_n → x in the Skorokhod topology. Assume that T (x_n) does not converge to T (x) . Then we can find a subsequence T (x_n) which will tend to t_0 ≠ T (x) . Let us first assume that t_0 > T (x) and T (x) < ∞ , we also allow for t_0 = ∞ . We have x(T (x)) ≤ 0 . We can find δ > 0 such that T (x) + δ < t_0 and x(T (x) + δ) = x([T (x) + δ]−) and ϵ < −x(T (x) + δ) for some ϵ > 0 . Then for sufficiently large n we obtain x_n(T (x) + δ) < ϵ + x(T (x) + δ) . Hence, x_n(T (x) + δ) < 0 for n large enough.

Now let t_0 < T (x) , we also allow for T (x) = ∞ , then x_n(T (x_n)) ≤ 0 and x_n(T (x_n)) tends to x(t_0) or x(t_0−) (more precisely, a subsequence of x_n(T (x_n)) has that property). Thus x(t_0) ≤ 0 or x(t_0−) ≤ 0 . In the case of x(t_0) ≤ 0 we use the strong Markov property and the fact that Z_α(t) − ct crosses 0 infinitely many times in every right neighbourhood of t = 0 . This follows from the law of iterated logarithm for stable processes (see Fristedt (1974) p. 361 and Mijnheer (1975) p. 45). In the case of x(t_0−) ≤ 0 , using Lemma 1, we have x(t_0−) < 0 for almost all trajectories. So we can find δ > 0 such that x(t_0 − δ) < 0 which is a contradiction. We have shown that the functional T is almost surely continuous. The assertion now follows from the continuous mapping theorem, see Billingsley (1968) p. 31. □ Remarks.

1. It is easy to show that P {T (Q) = t} = 0 . Consequently, Theorem 2 shows that the finite-time passage probabilities converge: lim_{n→∞} P {T (Q^{(n)}) ≤ t} = P {T (Q) ≤ t} or equivalently lim_{n→∞} P { inf_{0≤s≤t} Q^{(n)}(s) < 0} = P { inf_{0≤s≤t} Q(s) < 0} . Hence we can approximate the finite-time ruin probabilities by the probability of the first 0–downcrossing of the process (4).

2. In the Brownian case (α = 2) some additional conditions are required to show that the infinite-time ruin probabilities converge. We then have

lim_{n→∞} P { inf_{s≥0} Q^{(n)}(s) < 0 } = P { inf_{s≥0} Q(s) < 0 }

The last expression is shown to be exp{−γu} for some constant γ , see for instance Asmussen (1987) p. 265. In Furrer (1997) it is shown that for 1 < α < 2 and β = 1 we have P { inf_{s≥0} Q(s) < 0 } = E_{α̃}(−κu^{α̃}) , where α̃ = α−1 , κ is some positive constant and E_σ(x) = ∑_∞ n=0 x^n/Γ(1+σn) denotes the

Mittag–Leffler function, a generalization of the exponential to which it reduces when α = 2 . Driftfree stable processes and functionals related to them have been studied extensively in the literature, see for instance Bingham (1973) and references therein. The distribution of the infimum of stable Lévy motions ( β = −1 ) with a drift term is to our knowledge included only in Furrer (1997). The problem of the convergence of the infinite-time ruin probabilities for 1 < α < 2 which is less important for applications will be discussed in a forthcoming note.

4 The Ruin Probability within Finite Time

In the previous sections we showed that the process Q defined in (4) can be considered as an approximation for a risk process. Our aim in this section now is to investigate P {T (Q) ≤ t} , i.e. the probability that the process Q reaches the level 0 before time t . Whereas in the Brownian case (α = 2) the above probability can be calculated explicitly (see Asmussen (1987), p. 263), the case 1 < α < 2 turns out to be more delicate. We first consider the asymptotic behaviour of P {T (Q) ≤ t} as the initial risk reserve u becomes large. If f and g are two functions, we mean by f(x) ∼ g(x) that lim_{x→∞} f(x)/g(x) = 1 .

Proposition 3 Let Z_α be α -stable Lévy motion with skewness parameter −1 < β ≤ 1 . Then P {T (u + cs − λ^{1/α}Z_α(s)) ≤ t} ∼ C_α 1 + β 2 λ t (u + ct)^{−α} , u → ∞ , (17) where C_α = (1 − α)/(Γ(2 − α) cos(πα/2)) .

Proof. Since the distribution of Z_α(t) has a regularly varying right tail for −1 < β ≤ 1 , we conclude that P {T (u + cs − λ^{1/α}Z_α(s)) ≤ t} ∼ P {ct − λ^{1/α}Z_α(t) < −u} , u → ∞ (see Willekens (1987)). The statement of the Theorem now follows using the tail behaviour of stable distributions, see Samorodnitsky and Taqqu (1994) p. 16. □

We shall next derive upper bounds for P {T (Q) ≤ t} , where the stable component is assumed to be symmetric. To this end we will use the Bochner theorem which says that symmetric α -stable Lévy motion can be obtained from Brownian motion by a random time change. More precisely, let (X(t) : t ≥ 0) be totally skewed α/2 - stable Lévy motion, i.e. X(t) ∼ S_{α/2}(t^{2/α}, 1, 0) and B standard Brownian motion,

B(1) ∼ N(0, 1) = S_2(1/ √ 2, 0, 0) and assume that both processes are independent and defined on the same probability space. Then (see Janicki and Weron (1994) p. 33) B(X(t))^d= Z_α(t) (18) and B(X(t)) is symmetric α -stable Lévy motion such that B(X(t)) ∼ S_α(t^{1/α}/( √ 2(cos πα 4 )^{1/α}), 0, 0) .

Now let S = (S(t) : t ≥ 0) denote the maximum process of B , i.e. S(t) = sup_{0≤s≤t} B(s) . Since B is continuous, S(t) = sup_{u∈Q∩[0,t]} B(u) . Hence, S is an adapted process with non-decreasing paths. Let us recall the reflection principle for Brownian motion, see for instance Karatzas and Shreve (1988) p. 95. Lemma 2 Let B = (B(t) : t ≥ 0) denote standard Brownian motion ( B(0) = 0 a.s.) and S its maximum process. For y ≥ 0 , z > 0 P (B(t) < z − y, S(t) ≥ z) = P (B(t) > y + z) . (19) Lemma 2 and equation (18) enable us to state the following reflection principle for symmetric α -stable Lévy motion.

Theorem 3 Let Z_α be symmetric α -stable Lévy motion and y ≥ 0 , z > 0 , then P {Z_α(t) < z − y, sup_{0≤s≤t} Z_α(s) ≥ z} ≤ P {Z_α(t) > y + z} . (20) If we take y = 0 in (20) and add to both sides P {Z_α(t) > z} we obtain the following corollary.

Corollary 1 Let Z_α denote symmetric α -stable Lévy motion and let z be a positive number. Then P { sup_{0≤s≤t} Z_α(s) ≥ z} ≤ 2 P {Z_α(t) > z} . (21)

Proof of Theorem 3. Consider P_t(z, y) = P {Z_α(t) < z − y, sup_{0≤s≤t} Z_α(s) ≥ z} = P {B(X(t)) < z − y, sup_{0≤s≤t} B(X(s)) ≥ z} = ∫ D×C 1{b(x(t)) < z − y, sup_{0≤s≤t} b(x(s)) ≥ z} dM(x) dW (b) = ∫ D dM(x) ∫ C 1{b(x(t)) < z − y, sup_{0≤s≤t} b(x(s)) ≥ z} dW (b) , where the last equality follows from the independence of the two processes X and B. Here W denotes the Wiener measure on the space C = C[0, ∞) of continuous functions and M is a measure on the space D induced by the process X. So

P_t(z, y) = ∫ D P {B(x(t)) < z − y, sup_{0≤s≤t} B(x(s)) ≥ z} dM(x) ≤ ∫ D P {B(x(t)) < z − y, sup_{0≤s≤x(t)} B(s) ≥ z} dM(x) . Now using Lemma 2 we obtain P_t(z, y) ≤ ∫ D P {B(x(t)) > y + z} dM(x) = ∫ D×C 1{b(x(t)) > y + z} dM(x) dW (b) = P {B(X(t)) > y + z} which ends the proof. □ We can now provide upper bounds for the ruin probability of the process Q , where the stable component Z_α is symmetric α -stable Lévy motion. If X ∼ S_α(1, β, 0) we denote by G(x; α, β) the cumulative distribution function of X . We set G = 1 − G . Theorem 4 Let Z_α be symmetric α -stable Lévy motion. For positive numbers u , c and λ we have P {T (u + cs − λ^{1/α}Z_α(s)) ≤ t} ≤ 2 P {Z_α(t) > uλ^{−1/α}} = 2 G(u/(λt)^{1/α}; α, 0) . Proof. Using Corollary 1 we obtain P {T (u + cs − λ^{1/α}Z_α(s)) > t} = P { inf_{0≤s≤t}(u + cs − λ^{1/α}Z_α(s)) ≥ 0} = P { sup_{0≤s≤t}(−u − cs + λ^{1/α}Z_α(s)) ≤ 0} = 1 − P { sup_{0≤s≤t}(−u − cs + λ^{1/α}Z_α(s)) > 0} ≥ 1 − P { sup_{0≤s≤t} Z_α(s) ≥ uλ^{−1/α}} ≥ 1 − 2 P {Z_α(t) > uλ^{−1/α}} . □ In order to prove an analogous result for the non-symmetric case, we need the following lemma:

Lemma 3 Let Z_α be α -stable Lévy motion with α ≠ 1 and skewness parameter |β| ≤ 1 . Then for z > 0 one has

(i) P {Z_α(t) > 0} = 1 2 + 1 πα arctan(β tan πα 2 ) =: ρ ,

(ii) P { sup_{0≤s≤t} Z_α(s) ≥ z} ≤ ( 1 ρ ) P {Z_α(t) > z} . Proof. (i) Because of the self-similarity property we have Z_α(t)^d= t^{1/α} Z_α(1) and hence P {Z_α(t) > 0} = P {Z_α(1) > 0} = ρ independent of t . From Zolotarev (1986) p. 79 we have G(0; α, β) = 1 2 ( 1 − β̃ K(α) α )

where β̃ is such that tan(β̃^{πK(α)}_2 ) = β tan^{πα}_2 and K(α) = α − 1 + sign(1 − α) (Samorodnitsky and Taqqu (1994) p. 8). It follows that G(0; α, β) = 1 2 − 1 πα arctan(β tan πα 2 ) and therefore P {Z_α(t) > 0} = P {Z_α(1) > 0} = G(0; α, β) = 1 2 + 1 πα arctan(β tan πα 2 ) . Note that in the case β = 1, 1 < α ≤ 2 we have G(0; α, 1) = 1/α . (ii) Let τ be the first time the process Z_α crosses the level z , i.e. τ = inf{t > 0 : Z_α(t) ≥ z} . Then τ is a stopping time and {sup_{0≤s≤t} Z_α(s) ≥ z} = {τ ≤ t} . Write P { sup_{0≤s≤t} Z_α(s) ≥ z} = P { sup_{0≤s≤t} Z_α(s) ≥ z, Z_α(t) > z} + P { sup_{0≤s≤t} Z_α(s) ≥ z, Z_α(t) ≤ z} (22) Because {Z_α(t) > z} ⊆ {sup_{0≤s≤t} Z_α(s) ≥ z} the first summand on the right hand side of (22) reduces to P {Z_α(t) > z} . Define Z^∗_α(t) = Z_α(τ + t) − Z_α(τ) . It is obvious that { sup_{0≤s≤t} Z_α(s) ≥ z, Z_α(t) ≤ z} ⊆ { sup_{0≤s≤t} Z_α(s) ≥ z, Z^∗_α(t − τ) ≤ 0} and hence, using the strong Markov property, we obtain P { sup_{0≤s≤t} Z_α(s) ≥ z, Z_α(t) ≤ z} ≤ P {τ ≤ t}(1 − ρ) . So P { sup_{0≤s≤t} Z_α(s) ≥ z} ≤ P {Z_α(t) > z} + P { sup_{0≤s≤t} Z_α(s) ≥ z}(1 − ρ) or equivalently P { sup_{0≤s≤t} Z_α(s) ≥ z} ≤ ( 1 ρ ) P {Z_α(t) > z} .

□ With the same arguments as in Theorem 4 we obtain an upper bound for the finite-time ruin probability in the non-symmetric case.

Theorem 5 Let Z_α be α -stable Lévy motion with index α ≠ 1 and |β| ≤ 1 . For positive numbers u , c and λ we have P {T (u + cs − λ^{1/α}Z_α(s)) ≤ t} ≤ ( 1 ρ ) P {Z_α(t) > uλ^{−1/α}} = ( 1 ρ ) G(u/(λt)^{1/α}; α, β) . Similar arguments as those used in the proof of Lemma 3 allow us to establish the following result.

Theorem 6 Let Z_α be α -stable Lévy motion with index α ≠ 1 and |β| ≤ 1 or α = 1 and β = 0 . For positive numbers u , c and λ we have P {T (u + cs − λ^{1/α}Z_α(s)) ≤ t} ≤ G((u + ct)/(λt)^{1/α}; α, β) G(ct/(λt)^{1/α}; α, β) . (23)

5 Numerical Results

In order to get some appreciation of the behaviour of the process Q defined in (4), we consider a classical risk process and its corresponding weak approximation. We first establish the theoretical result which permits us to compare the two processes. Finally, we consider a concrete example and use numerical methods to evaluate the finite-time ruin probabilities.

Let (N(t) : t ≥ 0) be a Poisson process with intensity λ . Define Q^{(n)} and Q as in Section 2, namely

Q^{(n)}(t) = u_0 + c^{(n)}t − N(nt)∑

k=1 Y^{(n)}_k , and

Q(t) = u_0 + γt − λ^{1/α}Z_α(t) .

Recall that condition (5) is fulfilled in the Poisson case. So, see Theorem 1, Q^{(n)} ⇒ Q if and only if lim_{n→∞}(c^{(n)} − λnμφ(n)) = γ . Define

Ψ^{(n)}(u_0, t_0) = P {T (Q^{(n)}) ≤ t_0} = P { inf_{0≤s≤t0} Q^{(n)}(s) < 0} Ψ_W (u_0, t_0) = P {T (Q) ≤ t_0} = P { inf_{0≤s≤t0} Q(s) < 0} .

Then, see Theorem 2, Ψ^{(n)}(u_0, t_0) → Ψ_W (u_0, t_0) as n → ∞ .

Consider now the classical risk process R(t) = u + ct − ∑_{N(t)} k=1 Y_k with claim size distribution F and relative safety loading θ =^c_{λμ} − 1 > 0 . Assume that F is in the domain of attraction of S_α(1, β, 0) . Denote the corresponding finite-time ruin probability by Ψ(u, t) . Then we have, for each n ∈ N , Ψ(u, t) = P inf_{0≤s≤t} u + cs − N(s)∑

k=1 Y_k < 0

= P inf_{0≤s≤t} u φ(n) + cs φ(n) − 1 φ(n) N(s)∑

k=1 Y_k < 0

= P inf_{0≤s≤ tn} u φ(n) + cns φ(n) − 1 φ(n) N(ns)∑

k=1 Y_k < 0 . Put γ = θλnμ/φ(n) , u_0 = u/φ(n) and t_0 = t/n . This leads to the weak approximation Ψ(u, t) ≈ Ψ_W (u_0, t_0) . (24) We say that F is in the normal domain of attraction of the stable law if φ(n) = n^{1/α} . In this case it follows that

Ψ_W (u_0, t_0) = P { inf_{0≤s≤t}(u + λμθs − λ^{1/α}Z_α(s)) < 0} . (25)

In Figures 3 and 4 the simulated sample paths of the processes R and Q are compared. An explicit formula for Ψ(u, t) can usually only be found in terms of Laplace transforms. Thorin and Wikstad (1973) proceed in this way and evaluate Ψ(u, t) numerically by inverting a double Laplace transform. In our approach we use the simple Monte Carlo method to estimate both Ψ(u, t) as well as the finite-time ruin probability of our weak approximation. For simulations of stable variables and processes we refer to Weron (1996). Where comparisons are possible, our simulation results agree with the ‘exact’ values of Thorin and Wikstad (1973). As an example, we consider Pareto distributed claims, i.e.

F (x) = 1 − ( ν ν + x )_α x ≥ 0, 1 < α < 2. The mean μ is given by ν/(α−1) . Because x^α(1−F (x)) tends to the constant value ν^α as x → ∞ , we conclude that F is in the normal domain of attraction of S_α(1, 1, 0) (see Feller (1971) p. 581). In our simulations ν equals 1/2 and α ∈ {1.2, 1.5, 1.8} , the latter values are typical for heavy–tailed insurance portfolios, see Embrechts et al. (1996). The relative safety loading θ is assumed to be 5%. We ran 100000 simulations in order to estimate Ψ(u, t) and Ψ_W (u, t) for t = 1000 and t = 10000 ,

Figure 3: Simulations of a classical risk process with unit intensity and Pareto distributed claims ( ν = 0.5 , α = 1.5 ), initial capital u = 100 and safety loading θ = 0.05 .

Figure 4: Simulations of the corresponding weak approximation Q .

respectively. The relative error ε is given by ε = (Ψ̂_W − Ψ̂)/Ψ̂ .

Table 1

Table 2

In Tables 1 and 2 we have presented some numerical values for illustrative purposes. For the chosen parameters the approximation mostly overestimates the ‘exact’ ruin probabilities. Small values of α lead to smaller values of the relative error ϵ . This can be explained by the fact that convergence in (5) is faster for small values of α (see also (13)). Further numerical work has shown that the upper bounds derived in Theorems 5 and 6 are very crude.

Acknowledgements

The authors would like to thank Paul Embrechts for an introduction to the subject and many useful discussions which lead to an improvement of the paper. The first author also takes pleasure in thanking Gennady Samorodnitsky for various discussions related to stable processes. We finally thank anonymous referees for their many constructive comments and suggestions.

References

[1] Asmussen, S. (1987). Applied Probability and Queues. John Wiley and Sons, New York.

[2] Billingsley, P. (1968). Convergence of Probability Measures. John Wiley and Sons, New York.

[3] Bingham, N. H. (1973). Maxima of sums of random variables and suprema of stable processes. Zeitschrift für Wahrscheinlichkeitstheorie und verwandte Gebiete, 26, 273–296.

[4] Bingham, N. H., Goldie, C. M., Teugels, J. L. (1987). Regular Variation. Cambridge University Press, Cambridge.

[5] Cramér, H. (1955). Collective Risk Theory. Jubilee Volume of Forsakringsaktiebolaget Skandia, Nordiska Bokhandeln, Stockholm, 1–92.

[6] Embrechts, P., Goldie, C. M. and Veraverbeke, N. (1979). Subexponentiality and infinite divisibility. Zeitschrift für Wahrscheinlichkeitstheorie und verwandte Gebiete, 49, 335–347.

[7] Embrechts, P., Mikosch, T. and Klüppelberg, C. (1997). Modelling Extremal Events. With a View towards Insurance and Finance. Springer-Verlag, Berlin. To appear.

[8] Embrechts, P. and Schmidli, H. (1994). Modelling of extremal events in insurance and finance. Zeitschrift für Operations Research, 39, 1-34.

[9] Embrechts, P. and Veraverbeke, N. (1982). Estimates for the probability of ruin with special emphasis on the possibility of large claims. Insurance: Mathematics and Economics, 1, 55–72.

[10] Feller, W. (1971). An Introduction to Probability Theory and its Applications.

Vol. II, John Wiley and Sons, New York.

[11] Fristedt, B. (1974). Sample functions of processes with stationary, independent increments. In Advances in Probability and Related Topics, P. Ney and S. Port, Eds., vol. 3, 241–396. Marcel Dekker, New-York.

[12] Furrer, H. J. (1997). Risk processes perturbed by α -stable Lévy motion. Scandinavian Actuarial Journal. To appear.

[13] Grandell, J. (1991). Aspects of Risk Theory. Springer-Verlag, New York.

[14] Iglehart, D. L. (1969). Diffusion approximations in collective risk theory. Journal of Applied Probability, 6, 285–292.

[15] Jacod, J. and Shiryaev, A. N. (1987). Limit Theorems for Stochastic Processes.

Springer-Verlag, New York.

[16] Janicki, A. and Weron, A. (1994). Simulation and Chaotic Behavior of Stable Processes. Marcel Dekker, New York.

[17] Karatzas, I. and Shreve, S. E. (1988). Brownian Motion and Stochastic Calculus.

Second Edition, Springer-Verlag, New York.

[18] Lindvall, T. (1973). Weak convergence of probability measures and random functions in the function space D[0, ∞) . Journal of Applied Probability, 10, 109–121.

[19] Mijnheer, J. L. (1975). Sample Path Properties of Stable Processes. Mathematical Centre Tracts, 59, Amsterdam.

[20] Samorodnitsky, G. and Taqqu, M. S. (1994). Stable Non-Gaussian Random Processes. Chapman & Hall, London.

[21] Schmidli, H. (1994). Diffusion approximations for a risk process with the possibility of borrowing and investment. Communications in Statistics – Stochastic Models, 10 (2), 365-388.

[22] Skorokhod, A. V. (1957). Limit theorems for stochastic processes with independent increments. Theory of Probability and its Applications, 2, 138–171.

[23] Takács, L. (1967). Combinatorial Methods in the Theory of Stochastic Processes.

John Wiley and Sons, New York.

[24] Thorin, O. and Wikstad, N. (1973). Numerical evaluation of ruin probabilities for a finite period. ASTIN Bulletin VII, 137-153.

[25] Weron, R. (1996). On the Chambers-Mallows-Stuck method for simulating skewed stable random variables. Statistics and Probability Letters, 28, 165–171.

[26] Whitt, W. (1980). Some useful functions for functional limit theorems. Mathematics of Operations Research, 5, 67–85.

[27] Willekens, E. (1987). On the supremum of an infinitely divisible process. Stochastic Processes and their Applications, 26, 173–175.

[28] Zolotarev, V. M. (1986). One-dimensional Stable Distributions, Vol. 65 of “Translations of mathematical monographs”, American Mathematical Society.