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ABSTRACT. Let I be a geometrically finite discrete group of isometries of hyperbolic
space Hy, where F =R, C,H or O (in which case n = 2). We prove that the critical
exponent of T equals the Hausdorff dimension of the limit sets A(T") and that the
smallest eigenvalue of the Laplacian acting on square integrable functions is a qua-
dratic function of either of them (when they are sufficently large). A generalization
of Hopf ergodicity theorem for the geodesic flow with respect to the Bowen-Margulis
measure is also proven.

1. Introduction.

In a previous paper [C], the first author studied limit sets of discrete groups
of isometries of rank one symmetric spaces of noncompact type. These symmet-
ric spaces are the hyperbolic spaces associated with the reals, complexes, quater-
nions, or Cayley numbers. The main point of interest in that paper was the Haus-
dorff dimension (in an appropriate sense) of the limit set and its relationships with
other invariants, such as the smallest eigenvalue of the Laplacian acting on square-
integrable functions and the exponent of growth of the group. In the cases where
the group of all isometries of the symmetric space has Kazhdan’s property, this led
to conclusions about limitations on the possible exponents of growth, among other
things. The most precise results were obtained for a class of groups which, in that
paper, were called geometrically cocompact; these groups are also known as convex
cocompact groups, or geometrically finite groups without cusps. In particular, the
exponent of growth was shown to be equal to the Hausdorff dimension of the limit
set, from which one could draw conclusions about the topological structure of the
hyperbolic manifolds corresponding to such groups.

In this paper, we will study the case of arbitrary geometrically finite groups
of isometries of these symmetric spaces. The main result is that the exponent
of growth coincides with the Hausdorff dimension of the limit set; as a conse-
quence, when these are sufficiently large, the smallest eigenvalue of the Laplacian
is a quadratic function of either of them, and can be shown to correspond to a
square-integrable eigenfunction. (This latter fact will be exploited in a forthcoming
paper of the first author to give estimates on the topological codimension of the

1991 Mathematics Subject Classification. Primary 58F11; Secondary 53C35, 58F17.

K. C. received support from a Sloan Foundation Fellowship, an NSF Presidential Young In-
vestigator award, and NSF grant DMS-9203765. A.I. received support from NSF grants DMS
9001959, DMS 9100383 and DMS 8505550.



2 KEVIN CORLETTE AND ALESSANDRA IOZZI

limit sets of geometrically finite groups in the quaternionic and Cayley cases which
refine Corollary 6.4 of this paper.) We will also prove a generalization of the Hopf
ergodicity theorem for the geodesic flow.

We should remark that the equality between the critical exponent of the Poincaré
series and the Hausdorff dimension of the limit set has been proven independently
in [Bi-J] in the case of a general non-elementary finitely generated Kleinian group
(or more generally for any discrete group of Mébius transformations acting on the
hyperbolic ball in any dimension in the general rank 1 case). Also, partial results on
ergodicity of the geodesic flow and the correspondence among the above invariants
have been obtained in [Y] in the more general case of a Riemannian manifold
with non-constant pinched negative curvature. Our techniques however exploit
the structure of the hyperbolic space, since we use here a family of conformally
equivalent sub-Riemannian metrics at infinity. As a consequence of this different
approach, we can complete the picture of the above result in our case; the general
case is still unknown and, as far as we can say, quite inaccessible.

Of course, these questions have already been studied for geometrically finite
Fuchsian groups by Patterson [Pt], and for geometrically finite Kleinian groups
by Sullivan [Sul, Su2]. Our approach is based in outline on that of Sullivan, but
certain parts of the argument require considerably more attention due to the more
complicated geometry of the spaces under consideration. The argument differs from
the case of geometrically cocompact groups, where one can show that the Patterson-
Sullivan measure coincides with Hausdorff measure. The question of whether or
not the Patterson-Sullivan measure coincides with Hausdorff measure in the case
of geometrically finite groups is more delicate. Sullivan has shown that there are
cases in which they do not coincide; to remedy this, he was led to consider measures
defined by packing rather than covering constructions. We have not attempted to
elucidate these issues in this paper.

Since one cannot rely on the equivalence of the Patterson-Sullivan measure and
Hausdorff measure, it is necessary to follow a more circuitous route to establish our
results. In §2, we will show that the limit set of a geometrically finite group is the
union of the radial limit set and a countable number of parabolic fixed points. This,
combined with the results of [C], already shows that the critical exponent gives an
upper bound for the Hausdorff dimension of the limit set. In §3, we show that
the Patterson-Sullivan measure has no atoms in the case of a geometrically finite
group. In the course of this argument, we give a corrected version of a result stated
in [Au]. In §4, we use the Patterson-Sullivan measure to construct an invariant
measure for the geodesic flow. We show that this measure is finite and (in §5)
ergodic. Finally, in §6, we arrive at the conclusion that the Hausdorff dimension
of the limit set is equal to the critical exponent and deduce that either of these
is a quadratic function of the smallest eigenvalue of the Laplacian. Consequently,
one finds by the same method as in [C] that a geometrically finite quaternionic or
Cayley hyperbolic manifold has at most one end which is not a cusp.

The second author thanks Jonathan Poritz for useful conversations. We both
thank the Institute for Advanced Study, the Mathematical Sciences Research In-
stitute and the Mathematics Research Centre at the University of Warwick, where
parts of this work were done. We would especially like to express our apprecia-
tion to Gabriele for inspirational remarks during some of the dark moments which
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2. The limit set. Let Hp be the n-dimensional hyperbolic space, where F = R the
reals, F = C the complex numbers, F = H the quaternions or F = O the octonians
(in which case n = 2). It is well known that in all of these cases H} is a simply
connected Riemannian manifold with sectional curvature pinched between —4 and
—1 and can be identified as a homogeneous space with G/K, where G = Op(1,n)
is the full group of isometries and K is a maximal compact subgroup. (In the
following we shall often refer to the Iwasawa decomposition KAN of G and to
the Langlands decomposition M AN of a parabolic subgroup of G.) The sphere
at infinity of Hf, denoted by OHf, can be identified with a (kn — 1)-dimensional
sphere, where k = dimg(F), and we write HE = HE UOHE. If T C Op(1,n) is a
discrete subgroup and = € HE, let Lp = T’ - zNOHE denote the limit set of T' (which
can be proven to be independent of z, see [E-O]). The radial limit set L1 of T is
a subset of Lp consisting of all points £ € Ly such that the orbit I' - z intersects
some r-neighborhood of any geodesic ray approaching ¢ in an infinite number of
points. (Note that this definition of radial limit set is weaker than the one used
in [C]. However, all the results we are going to use from [C] hold true even with
this weaker definition.) Let Op = OHJE \ Lr be the ordinary set of I' (sometimes
referred to as the domain of discontinuity); the action of I' on ‘H} U Or is properly
discontinuous, [E-O], and we denote by M = HZ U Or/T" the associated Kleinian
manifold. We shall also set Mp = HE/I.

Definition 2.1. Let Hull(Ly) be the convex hull of the limit set Lp. T' is geo-
metrically finite if it is finitely generated and if, for every e > 0 the volume of an
e-neighborhood of Hull(Lr)/T is finite ([Ad], [Bw]).

In the following we shall also assume that I' is torsion-free (passing, if necessary,
to a subgroup of finite index) and that I' is not elementary, that is there are no
I'-fixed points in Hg U OHy. Because of the absence of torsion, this amounts to
assuming that I' is not contained in a parabolic subgroup of Or(1,7n). (Note: the
notion of parabolic subgroup used here is that of the theory of algebraic groups;
this should not be confused with the notion of a discrete parabolic group, defined
in 2.2 below.)

If K is a maximal compact subgroup of Or(1, n), it is possible to describe a family
of conformally equivalent K-invariant sub-Riemannian metrics on dHg, which are
the restrictions of K-invariant Riemannian metrics on Hg to the subbundle of the
tangent bundle defined as the orthogonal complement of the vertical tangent bundle
of the Hopf fibration 9HE — Pp~" (see [C], [Gr], [Mi], [Mo], [Pnl], [Pn2], [Pn3],
[St] for details). Then, given any set C' C OHJ, we can define the d-dimensional
Hausdorff measure of C' by

H°(C) = lim inf 7
R—0 U
B(¢,r)eu
where U ranges over all countable coverings of C by balls B(,r) centered at & of
radius 7 < R. Then the Hausdorff dimension of C is H-dim(C) = inf{§: H’(C) =
0}.

It is well known (see [C, Proposition 3.2] for example) that for geometrically
cocompact discrete groups of isometries (that is groups for which Mt is compact)
the radial limit set coincides with the full limit set. For geometrically finite groups
this is not true any more, but we have a corresponding result. Let us start with
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4 KEVIN CORLETTE AND ALESSANDRA IOZZI

Definition 2.2. Let I'y be an infinite subgroup of a group of isometries I' of Hy
Then:

(1) T’y is parabolic if the set of fized points of 'y consists of a single point
§ € OHy and T'y preserves setwise any horosphere based at £. Any point £
arising in this way as the unique fixed point of a subgroup I'y C T" is called
a parabolic fixed point of I';

(2) Ty is loxodromic if it contains a lozodromic element, that is an element
whose set of fixed points consists of two distinct elements £,n € OHp, and
I'y preserves setwise the geodesic connecting & and 7).

Then we have:

Theorem 2.3. If ' is geometrically finite the limit set consists of the radial limit
set together with a countable number of parabolic fixed points.

Corollary 2.4. IfT if geometrically finite then H-dim(Lr) = H-dim(L9).

Proof of Theorem 2.3. It is immediate from the two following facts and the defini-
tion of Hausdorff dimension.

Lemma 2.5. There are finitely many I'-orbits of parabolic fixed points.
Lemma 2.6. Any non-parabolic limit point is radial.

The proof of both of these facts follows from Margulis’ lemma and the “thick-
thin” decomposition of Mr. We briefly recall these here and we refer to [Bw]| for
further details.

Proposition 2.7 (Margulis’ Lemma). For any integer n and for k > 1, there
exists a constant €(n,k) > 0 such that if X is an n-dimensional manifold with
sectional curvature between —k? and —1, T C Iso(X) is discrete and x € X, then the
group U'c(z) generated by {y € T': d(z,vz) < €}, is almost nilpotent for € < e(n, k)
(that is T'c(z) contains a nilpotent subgroup of finite index). The constant e(n, k)
15 called the Margulis constant.

Let
Mf‘thi" = {p € Mr: injectivity radius at p < €}

and
Mlg—thic’“ = {p € Mr: injectivity radius at p > €}.

Then, for € = e(n, k), ME "™ is the disjoint union of connected components, each
of which has the form T.(T") /T, where I is a maximal infinite elementary subgroup
of T'and T.(') = {z € HPE: T'.(x) is infinite}; the groups I' can be either parabolic
or loxodromic and, choosing appropriately € < €(n, ), we can arrange things in
such a way that all [’s are parabolic. In this case the Te(f‘)’s are horoballs based
at points £ € OHf, and the I’s are the stabilizers of such parabolic points. A priori
there could be an infinite number of such cusps; however, because I' is geometrically
finite, the intersection of Mf_thic’“ with the convex hull of the limit set has to be
compact, and hence there are only finitely many components in Mli_thi", thus
proving Lemma 2.5.

Proof of Lemma 2.6. Let o be a geodesic ray contained in the convex hull of Ly and
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infinitely often, then £ is radial. If not, it is eventually contained in a component
of Mf;_thm, so o is contained in a horoball centered at &, which implies that £ is
parabolic. [

3. The Patterson-Sullivan measure. We recall here the definitions of critical
exponent of I' and of Patterson-Sullivan measure; for a more detailed account, see
[C] (see also [Pt] and [Sul] for the real case).

Given any discrete subgroup I' C Op(1,n), its critical exponent dr is the infimum
of all s for which the Poincaré series

Pr) = 3 et
el
converges for some z,y € HE. Define now a family of measures by
g F

Z er e_Sd(ma'Yy)eryy
_ 8i
M,z 2761‘ e—3$4(0,vy)

where 0., is the point mass measure at vy € Hg and O is a fixed reference point.
Then the Patterson Sullivan measure is defined as the weak limit p, = lim,_, st s,z
and is a finite measure supported on Lr (if necessary after the choice of a sequence
{s;} — 0% and some minor adjustments [Pt] to assure the divergence of the de-
nominator in the definition of y, s). It is proven in [C] that the Patterson-Sullivan
measure has the property that if z,y € Hp, then pu, = e‘sf(bf(y)_bﬁ(”’))uy, where
be(x) is the Busemann function defined as

be(a) = Jim (d(z:0(1)) ~ 1)

where o0: [0,00) — HJ is a geodesic ray asymptotic to & € OHf. Moreover, if vy € T,
then v*p; = p1z. Observe also that, if z,y € Hy, then

be () — be(y) = ii_qé(d(iva u) — d(y,u)) < d(z,y),

where equality holds if z, y, u all belong to the same geodesic towards &.

The main purpose of this section will be to show that the Patterson-Sullivan
measure has no atoms. We start with the following lemma which will be used
several times in the proof of Theorem 3.2 and elsewhere in the paper.

Lemma 3.1. For any € > 0, there is some constant C' such that, for any geodesic
triangle in ‘Hg with sides a,b,c and opposite angles o, 3,y with v > € we have
a+b—C<c<a+hb.

Proof. The second inequality is just the triangle inequality. Toponogov’s theorem
implies that ¢ is bounded below by the distance between the endpoints of two
geodesic segments of lengths a, b separated by an angle v in the real hyperbolic space
with curvature —1, so we reduce to this case. This now becomes a computation
in hyperbolic trigonometry. Observe first that if coshe = y, then ¢ = In(y +
v/y2 — 1) > Iny. Hence, from the hyperbolic law of cosines cosh ¢ > cosh a cosh b —
sinh a sinh b cos v, it follows that

¢ > In(cosh a cosh b — sinh a sinh b cos %)
> In((1 — | cos+y|) cosh a cosh b).

Since cosha > €%, then ¢ > In(1 — |cosvy|) +a+0b. O
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Theorem 3.2. p, has no atoms on the parabolic fixed points. In particular,
pz(LT) = i (L{"ad)-

Proof. The strategy of the proof will consist in finding estimates on the total mass of
1t along geodesics approaching the cusps and then showing, under the assumption
that some cusp in Mr is an atom for u,, that such estimates lead to a contradiction.
Let C be a cusp in Mp and C C ‘Hi a corresponding disjoint union of horoballs.
Let us consider the half-space model for Hg in such a way that the base point of a
horoball B C C corresponds to the point at infinity. To simplify the exposition we
will break up the proof into several Lemmas.

Lemma 3.3. Let O € Hp be a fized reference point, & € OHy a parabolic fixed
point and let x € Hy be a point on the geodesic from O approaching {. Then we
have

—drd(z,y tx)

2 yer, © o~ 0rd(0.2)
—érd(O,y~10

Z’Yerge rd(0,y )

(3-1) lf'w(LF) ~

Proof. Choose a fundamental domain F' for the stabilizer I'¢ of £, in such a way that
F is “vertically homogeneous” (that is the sides of F' are hyperplanes perpendicular
to the hyperplane {1 = 0}). If B is a horoball whose base point is &, then FNB is a
fundamental domain for I in C and hence, if y ¢ C, we have that T'-yn (FNB) = 0.
Fix a point O € F N B and let o: [0,00) — HfF be a geodesic ray starting at O
and approaching &. If z = o(tp) for some ¢ty € (0,00), by definition of u, and
manipulating in an obvious way the sum in the Poincaré series, we have that

Ps(z,y)

Cere Lyyer e ")
Lr) = lim z) = lim 2% = lim —~¢—"Y ,
,um( ) s—>61'f /1'8,:1:( ) s—>51'f PS (O, y) s—>51'f Z’Yérg Z’Y’yEF e—3d(0:7'y)

To estimate the above quotient we are going to use repeatedly the inequalities
proven in Lemma 3.1 applied to the geodesic triangles with vertices z, O and ~'y
and with vertices v~ 'z, z,7'y, where v/ € I', v € I's and y is chosen to be in
the complement of C. Our choice of y is determined by the fact that we want to
insure that both the angle between o and the geodesic ray connecting +'y and O
and the angle between the geodesic ray connecting v’y and z and the geodesic ray

I, e R T, D, Y S
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FIGURE 1

From Lemma 3.1 applied to the geodesic triangle with vertices at the points
v~ 1z, z, 4"y, we have that there exists a constant C;, independent of v € e,z €0
and v’y € F, such that

d(z,y 'z) — C1 < d(y 'z,v'y) — d(z,7'y) < d(z,y 'z).

Thus we have

Py(z,y) = Z Z e—sd(z'y) _ Z Z e—5d(v  7'y)

YETe v'yEF v€Te y'yeF

= Z Z e84z y) o—sld(y ™ 2,7"y)—d(z,7'y)]
YEle v'yeF

~ Z e—sd(z,7" ) Z e~ sd@'y)
v€ETe Y'yeEF

where by the notation a ~ b we mean that there exist constants k¥’ and k” such
that k'a < b < k"a.

Again from Lemma 3.1, applied this time to the geodesic triangle with vertices
at the points O, x,7'y, we have that there exists a constant C3, independent of
x € 0,7y € F, such that

d(0,z) — Cy < d(z,v'y) — d(0,~'y) < d(O, z).

Hence, from above,

Po(@,y) ~ Z e *don ™) Z e—5d@'y)

S y'yeF
= E e—sd(z,y " z) E e—34(07'y) g—sld(z,7'y)—d(O7'y)]
QSN y'yeF

~ Y emrllenT e gmsd00) § gmsd0a'y)



8 KEVIN CORLETTE AND ALESSANDRA IOZZI

Since the above estimates are all independent of the point x € o, we have that

P,(O,y) ~ Z e—3d(0y10) Z e~ 540"y

7€l Y'yeEF

which implies that

—sd(=x, “1z
Py (.’L’, y) -~ Z’YEFS € @ : e—sd(O,:E)
P(0,y) Zryer‘g e 2407 710) .

(3.2)

Let us observe now that 3° cp, e~0rd07710) < oo, In fact, because of the
properties of the Patterson-Sullivan measure, we have that for any n € dHg and
v €Tl

MO(’)’_IFH a%%) — e_‘sr(bn(o)_bW(7_10))/11,7—10(’7_1?ﬂ 8%{;)
= ¢ n(O)=by ("0 =1, (A1 () GHD)
= ¢ (n(0)=bn (v O)) o (F M OHD),

so that

00> Y po(y I FNoHE) = D e OO0 (F 0 ome)
Y€l Y€l
— o (FNoup) Y e0rd0n™0)

RISV

as we claimed.
Then from (3.2) we have that

—sd(z,y 1)
Py(z,y) > ~erg € _
Lp)= 1 ~ li ¢ sd(0,z)
pz(Lr) = S_I)I?+p(0 ) S_f? qur e—8d(0,y~ 10)6

Z e—&pd(m,’y 1$)
_ Y€l e 0rd(0,2)
o —érd(O,y10

Z’Yerg e—or (O, )

which completes the proof. [

Continuation of the Proof of Theorem 3.2. To simplify the notation, set z = e%(9-®)

and hy(g) = e~%®9"2) for g € G, so that (3.1) can be rewritten as

d
Srer D)

(3.3) piz (L) ~ 5
> er, b5 (7)

Note that, given any parabolic fixed point £, we have that I'e C M x N and we
would like to be able to say, for what follows, that the Zariski closure of I'¢ is a
nilpotent subgroup of N, which unfortunately is not quite true. But since we are
actually only going to look at the I'¢-orbits of z and O, the following lemma, whose

Y A T A P D b T T T T 17
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Lemma 3.4. Let N be a linear simply connected nilpotent group, M a compact
group of automorphisms of N and I' C Q = M x N an almost nilpotent discrete
subgroup. Then there exist subgroups I'y C I' of finite index and I'ys C N discrete,
such that I'y is isomorphic to I'y and there exist I'y-orbits in N which are I'y-orbits.

We want to point out, in order to apply this result, that it is easy to check that
ifI'y -z =T9 -z, then also I'y - O =Ty - O (because the translation 7, from O to z
along the geodesic o is an element of A). Then, applying Lemma 3.4 with I'c =T'
and letting H be the Zariski closure of I'y, we have that H is a nilpotent group in
which I'y is cocompact and can be written as an extension 0 - R — H — RF — 0,
where | = dim(Z(H) N ImF) and k = dim(H/(Z(H) N ImF)), as we wanted.

We now claim the following:

Lemma 3.5. Let &, 0,z be as in Lemma 3.3. Then ép > # and

(3.4) pa(Lp) < Ce™3 d0:)

which immediately will complete the proof of Theorem 3.2. In fact, if we now
assume that p, has an atom at { € Hg, then, just from the conformal properties
of the Patterson-Sullivan measure we have that

palr) = [ ()= [ OO B
O ML
> 8r(b(0)=be(®) 1 (£) = (ePrd(00),

where O is a fixed reference point on the geodesic connecting z to £ and C' =
po(00). But this, together with (3.4), contradicts our previous estimate of dr in
Lemma 3.5. [

Proof of Lemma 3.5. To prove (3.4) we first claim that Z’YEFg L () converges

if and only if oy > #, or equivalently — because I'¢ is cocompact in H — that,
if A is the volume form induced on H by the ambient Riemannian metric, then
[ her (9)dAo(g) converges if and only if op > 2Ltk This follows directly from
[He2, Chapter IX, Theorem 3.8] and the proof of [Hel, Theorem 6.4, p. 437], but
for F = R,C or H the computation is very elementary and we sketch it here for
sake of completeness. The first step will be to show that for g = (v,a) € N (and
hence in particular for g € H)

1
h ~ .
oW T o o

In fact, observing that N is the nilradical of the stabilizer of the line F(1,0,...,0,1),
we can represent N by

(3.5)

l1—a-— % v* a+ % X
N = —v Id v |veF ™" a € ImF
- v ltat
where v* is the transpose conjugate of v. Then, looking at the N-orbit of w =
(0,...,0,1) and projectivizing the result, one obtains that

N|=

‘a+ vl 4 [yl
d(w, (v,a)w) = cosh™" | 1 — 5 ,
11 L, L v*v|
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where d is the hyperbolic distance on Hj. Then (3.5) will follow just by formally
manipulating the above equation and using the fact that cosh™'¢ ~ log 2t.
: do(g)
Then the integral [}, (1+|v|4—|(—)|a512)51“/2
In fact, if |a| =z and |v| =y, then

/ do(g // ' lyktdady
(1+\’U\4+\a|2)5”2 +$2+y or/2

_/ k— ldy /2 -1 0do
— Jr (U4 yA)or/2-1/2 [_» cos? §(1 + tan? 9)or/2’

2

can be evaluated by elementary methods.

where we set 2 = tanf(1 + y*)'/2. Tt is now an exercise in calculus to show that
the above integral converges if and only if op > 2l+k , hence deducing that we have
convergence of the sum 3 . hlr (7) if and only 1f 6 > 2Ltk

To complete the proof, let us denote by 7, € A the translatlon from O to z along

the geodesic . This acts on H and we have that
A\, = Th0 = X0 g5 = 2R d),,

so that we can rewrite (3.3) as

Z7€Fg hgr(v) —51‘ fH h5r g)d)‘ (g) —or

belbr) s IS Tt @)drols)
_ Juh (@rdro(9) _s _ [u(he o) (9)e DR dNG(g) s
[ b @drole) i &5 (9)dXo(9) )
Ja B (9)22+*do (g 9) s _ ko

[ B2 (9)dro(9)

which implies, with the lower bound found for ér, that

I+k

po(Lr) < C2HH=00 < 055"

where C' is a constant. [
One more piece of unfinished business:

Proof of Lemma 3.4. Since I' is almost nilpotent, choose I'f C I' of finite index
and nilpotent. Let H be the Zariski closure of I'], so that H is nilpotent with
finitely many components. Let H° be the connected component of the identity
in H and let I't* = H° NI'j. If we denote by m: ) — M the projection, we
have that 7w(H°) is nilpotent, connected and contained in a compact and hence is
a torus T. It follows that H°® C T x N (and h C t x n). Choose g € H®° such
that the closure of the group generated by 7(g) is T. By [W, Lemma 5.2], we can
choose a semidirect product decomposition of @) such that g = (m,n) € M x N
satisfies (m,1)(1,n) = (1,n)(m,1) (that is there exists n = (1,n;) € M x N
such that ngn~! = (m,n) has the above property). Observe that Ad(m,n) =
Ad(m,1)Ad(1,n) is the Jordan decomposition, because Ad(m,1) is semisimple,

A 171 N *_ _*T. 44T 4l LY i A D T T* /TTO\
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of H is invariant under Ad(m,1) and Ad(1,n), since it is Ad(m,n)-invariant, so
that Ad(m,n)|l, = Ad(m,1)|sAd(1,n)|s. But b is nilpotent, hence Ad(m,n)|s
is unipotent, which implies that Ad(m, 1) acts trivially on h. Since 7(g) = m is a
topological generator of T, T acts trivially on b as well. Hence b C Lie(Q)T = txnT,
where the last equality follows from the fact that t is Abelian. Let W C N be the
subgroup fixed by T', so that I't* C H° C T x W C M x N. To conclude the proof
it will be enough to define I'; to be a torsionfree subgroup of finite index in I'T*
which projects isomorphically onto a subgroup I's C W (notice that the kernel of
such projection is at worst finite, so we may eliminate it by taking an appropriate
subgroup). The assertion about the orbits follows from the fact that T" acts trivially
on W and hence I'y -w =T'g - w for any w e W. O

With a last bit of work we can now conclude:
Theorem 3.6. The Patterson-Sullivan measure i1, has no atoms.

Proof. Let us assume that p, has an atom at { € Lp. If I'¢ is the stabilizer of £
in I and v € T'¢, then, by the properties of u,, we have that g (§) = yepz(§) =
pz(77HE) = pe(€). Again because of the transformation properties of u, relative
to p1y, for x,y € HE, we have that p,(¢) = e be(r@)=be(@)y,_ (¢), which, together
with the above equality implies that be(yz) = be(x). Since horospheres are level
sets of Busemann functions, it follows that I'¢ is contained in the stabilizer of a
horosphere based at &, that is '« C MN C MAN. Hence, either I'¢ is trivial or
§ is a parabolic fixed point. We shall argue now that I's cannot be trivial, hence
implying that all atoms would have to be parabolic. But, by Theorem 3.2, we know
that this is impossible, which completes the proof. Thus, let us assume that I'¢ is
trivial. Then we have

pae(T-8) = (v =D bt () = D iya(§)

yer yeT yeT
_ Z e —0r (be (v2)—be (m))uw(g) = g (&) Z 1 (be (v2) —be (7))
vel vel
> p1g(€) Y e o@D,
~ET

where the inequality follows from the above mentioned property of the Busemann
functions. Hence

et Uz (5)

and the following result will provide the required contradiction. [l
Proposition 3.7. > - e~ rd@7%) diverges.

Proof. Let us write I' = {v, : n € Z}. If 3°_ e~ 9rd(@7%) < o0 then, given € > 0,
there exists N > 0 such that ) . v e~ Ord@me) < ¢ If §; € OHy is the endpoint
of the geodesic joining x and v;x, denote by B]-C C OHf the sub-Riemannian ball

I L A~ —Alr ~-rY .1 L . T /Y M1 e AT L e FE Y
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te does not consists of a single atom (which is our case because we are assuming
that I" is not elementary) there exist constants C7, C independent of «y; such that

(actually, the proof of [C, Theorem 5.4] applies to the case of geometrically cocom-
pact groups; however, exactly the same argument as in the first three paragraphs
of this proof shows the above mentioned result). Hence we have

na( | BY) < D ma(BY) < CoC% Y 7 d@m® < 00
n>N n>N n>N

Since L C Ugs o Nas1 Unsy BS and the above estimate holds for any € > 0, it
follows that p, (L) = 0, which is impossible, by Theorem 3.2. [

4. op-finiteness of volume. The goal of this section will be to define a measure v
on T/I" (where T is the unit tangent bundle to Hf) which is invariant with respect
to the quotient geodesic flow and has finite volume. Although the construction of
such measure (but not its finiteness) is known even in the more general case of
CAT(-1)-spaces (see [Bw] or [K]), we recall it here. In order to define the measure
v it will be enough to construct a measure # on 7' which is invariant both under
I' and under the geodesic flow. To achieve this, recall that every v, € T, where
z € HE, can be identified with the geodesic o such that o(0) = z and ¢'(0) = v,.
This implies that, as usual, we can fiber T' over OH} x OHE \ {diagonal} by geodesic
lines and, using the notation OHE x IHZ \ {diagonal} = (OHZ)Z, that a [-invariant
measure on (OHZ)2 combined with the arclength along geodesics is going to give
a I'-invariant and geodesic flow invariant measure © on 7. If dr is the critical
exponent of T, let us define a family of measures m, on (OH%)3, parameterized by

x € Hi, by

Mg (§,m) = ha (§,1) 1z (&) 1z (n)

where

h (f, 77) = u—»lgirq{lﬁn eOr (d(w,z)+d(z,v)—d(u,v)) — —orfs (g,n)’

with

f( = lim (dlu.v)—d(u.z)—d(z.v)).
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T

g n

FIGURE 2

With this notation we can write

ma(e.m) = He &) )

and we are going to show that the family of measures m, is independent of the
parameter z, hence defining a single measure m on (9H%)3, which we shall then
prove is I'-invariant. To check the independence of z, it is just a matter of chasing
the definitions: in fact, if z,y € Hf, we have that

(4.1) P (§) X pa(m) _ py(§) X py(m)
: efsl"fw (‘5777) e5rfy(§777)
provided that
1 01 (be () —be (y)+by (z) —by (y))
e(st:c(gvn) - e(sr-fy(gv'r])

or, in other words, that

2 (&m) = Fy (€M) + be(x) — be(y) + by(x) = by(y) = 0,

which follows immediately from the definition of f; and the fact that be(x)—be(y) =
lim,, ¢ (d(z, u) — d(y, u)).

The I'-invariance of m = m, will be proven if we show that for any v € T,
Y*m = g*mg; = m,; = m. This follows immediately from the corresponding
property for u, and from the fact that T' acts by isometries, hence insuring that

fm(7_1§a7_177) = f’ya:(gan)- In fact,

. _ 1 —1y  Ha(YTE) X e (v )
vy mm(&n) = mm(7 §a7 77) - e5Ffac(’Y_lf:’Y_171)

e (&) X piya(n)
= k@ = M)

Now we can prove that the volume of T'/T" is dp-finite.

Theorem 4.1. v(T/T) < cc.

A © DY Y T T Y o b I I T A P b Y Y A T
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Lemma 4.2. Let ¢ : HE — [0,00) be defined by ¢(x) = p,(Lr). Then, fore >0
we have that ¢ € L?(Hull*(Lr)/T, \), where Hull*(Lr) is an e-neighborhood of the
convexr hull Hull(Lt) of the limit set and X is the volume form induced by the
Riemannian metric.

Proof of Theorem 4.1. Let Z — T be a fiber bundle whose fiber over a point v, € T
is the image under the exponential map of the normal space to the geodesic v such
that v(0) = z and 7/(0) = v,. Then Z can be identified with HZ x (OHR)Z. In
fact, on the one hand we have a map p: Z — Hp obtained by taking the inclusion
of the fibers of Z — T into Hp in the canonical way; for such a map p the fibers
can be easily identified with the space of geodesics (OH%)2. On the other hand we
also have a map Z — (OHZ)Z obtained by mapping Z onto T' and then mapping a
point v, € T to the corresponding geodesic in (OHZ)3. Now, on Z = HE x (OHE)3
we want to consider the measure da defined by da(z, (€,1)) = dA¢ () x dm(€,n),
where d)¢ ,,(x) is the restriction of the volume form dA to a unit neighborhood of
the geodesic connecting £ and 7. Since a(Z/I") is comparable to v(T/T"), to show
that v(T/T') is finite it will be enough to show that a(Z/T") is finite.

Let (0H%)3(x, 1) be the set of geodesics which pass within unit distance from z. If
we decompose « with respect to the projection p, we obtain that the measure «, on
p 1 (x) = {x} x (OHR)2 is just the restriction of m to (OHR)2(x,1). We shall prove
that o, (p~1(z)) < Cp(z)?, where @: HE — [0,00) is defined by ¢(x) = p,(Lr) as
in Lemma 4.2. Then choosing appropriately fundamental domains F' for the action
of T on Z and F; for the action of T on Hull'(Lr) (where appropriately means that
Hull'(Lr) N p(F) = F}), and observing that a,(p~'(z)) = 0 if z ¢ Hull'(Lr), we
shall have

o(Z)T) = o(F) = /X aa(p= () N F)dA(z) = / o (p~(z) N F)dA(z)

Hulll (Lr)

oo (p™ 1 (2))dA(z) < C /F o(2)|2dA(z) < oo.

/Hull1 (Lr)Np(F)

Now to see that a,(p~(z)) < Cp(z)?, let C(z) = max{e orf=Em: (¢ 9) €
(OH)2(z,1)} < oo, since f;(£,n) is continuous on (OHZ)Z(x,1). Moreover, since

fgm(gfagn) = fz(§,m) for all g € Op(1,n) and g((aHE)g(.’B, 1)) = (8%%)%(9.’13, 1), we
have that C(z) = C for all z € HE. Then

0 (M (@) = / dm(&,n) < C dpia (€) % dus (n) < Cople)?,
(OHE)E(=,1) (OHP)E(=,1)

hence completing the proof. [

Proof of Lemma 4.2. Decompose Hull*(Lr)/T" into a compact part and a finite
number of cusps C1,Cs,...,C,,. To prove the Lemma it suffices to show that
¢|lc, € L*(C;). Let C = C; be one of the cusps; consider a half-space model for H?
in which the point at infinity is a parabolic fixed point corresponding to C'. Then

Hi =R XN ={(t,z1,...,2p,Y1,---,Yq) €R1+p+q}

with the hyperbolic metric given by

At + e dal + ey dy?.
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The stabilizer of oo in I' is an almost nilpotent group I'.,, which we assume to be
nilpotent, passing, if necessary, to a subgroup of finite index. Asin §3, I'nc C M N,
with M a compact subgroup of Op(1,n). From Lemma 3.5 we have that

Ot Z1y ey Ty Yty ey Ygq) < o
with [, k,C as defined there. Set N; = {t} x N; to prove the Lemma, it suffices
to show that a fundamental domain for I'o, acting on Hull*(Lr) N N; has volume
bounded by Ce~ (k)¢

Set H; = {(t,9) e Rx N =Hg |t > 7} = U,>, Ni. Then Hull(Lr) N Hy =
Hull((Hull(Lr)NNg)U{oo}), since any geodesic connecting a point in Hull(Lr)N Hy
with a point in Hull(Lr) N (X \ Hp) must pass through Hull(Lr) N Ny. Moreover,
since it is ['so-cocompact, Hull(Lr) N Ny is contained in some €; neighborhood of
any given I'w- orbit ', -  in Ny. By Lemma 3.4, we may take ' - © to be
contained in an orbit of a non-trivial connected subgroup H of N in such a way
that ', -z = I'._ -z, with I/ a discrete cocompact subgroup of H. Thus, it suffices
to show that, for any ¢ > 0, the volume of the fundamental domain for I', acting
on Hullé(H - z) N N; has volume comparable to e~ (25t

The choice of a point y € H - z determines an Iwasawa decomposition G =
KAN, so in particular it determines a group A of automorphisms of N, which
can be regarded geometrically as a group of translations along the geodesic joining
y to co. We may choose y so that A preserves H C N. Let 0: R — Hp be
the geodesic with ¢(0) = y and o(—o0) = oo, and let a(t) € A be the element
satisfying a(t)y = o(t). Then a(t) maps H -y to H - o(t), so it maps Hull*(H - y)
to Hull*(H - o(t)). Furthermore, for t; > to,

H - o(ty) C Hull(H - o(t1)),

” Hull®(H - o(t5)) C Hull*(H - o(t1)).

Thus, as t approaches oo, we have a family of increasing convex sets whose union
is Hull*(H - 0(c0)). However, the latter is an A-invariant set, so

Hull*(H - 0(00)) N Ny = a;(Hull*(H - 0(c0)) N Np).

We claim that Hull(H - o(00)) N Ny is I'oo-cocompact. If it were not, there would
be a sequence of points z; € Hull(H - o(c0)) N Ny such that d(z;, H - 0(0)) tends
to infinity. But then we could choose a sequence t; tending to infinity such that
a(t;)z; € Hull(H - o(00)) has a point of accumulation at infinity not contained
in the closure of H - o(00). This would contradict the results of [Ad]. Hence,
Hull(H - 0(00)) N Ny is T'g-cocompact, as is the closure of Hull*(H - o(00)) N Np.

As a consequence, a fundamental domain for I's, acting on Hull*(Lr) N H,, for
T large, is contained in a set of the form

A= {(tamlw"axpayl,"qu) | > Ta‘xl‘a"'a|$k‘a|y1|7"'7|yl‘ < M7
(Tl |zp| < Me,
|yl+1|a sy |y(I| < Me2t}'

The volume of A N N; is comparable to e~ (2¥tDt a5 was to be shown. [
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5. The ergodic theorem. For the following, observe that the unit tangent bundle
T inherits in a natural way a Riemannian metric from the base manifold Hg. Let dr
denote the corresponding distance function on 7" and define the distance function

dT/l" on T/F by

dr/r(Tvg, Twy) = inf _dr(yve, v'wy).
vy €T

Analogously, if d is the hyperbolic distance on HE, let us define a distance on H} /T
by duy Pz, T'y) = infy yer d(yz,7'y).
Definition 5.1. We say that the geodesic flow on T /T is conservative with respect

to the invariant measure v if almost every geodesic reenters a given bounded set in
T/T infinitely many times.

It is a well known result (see [As] for example), that if the geodesic flow g; on

T/T is conservative, then limp_, o fOT p(g¢ - Twg)dt = oo for any positive function p
in LY(T/T, dv).

Theorem 5.2. If the geodesic flow on T /T is conservative, then it is ergodic.

Proof. The proof will follow the expositions of Hopf [Ho2] and Sullivan [Sul] and
is recalled here for the sake of completeness.
If f,p € LY(T/T,dv), let us define a function f; on T/T by

fO gt F’Uw d
fO gt FU;I; d

fo(Tvg) =

By the Birkhoff-Hopf ergodic theorem [Hol], if the geodesic flow is conservative
then the function f satisfies the property that:

(1) limr s 4o [ (Twg) = fF(Twg) and lim, ;o f7(T'vz) = f; (Tvg) exist for
almost every I'v, and are invariant for the action of the geodesm ﬂow

What we need to prove, to show ergodicity of g;, is that f;r = f, are con-
stant almost everywhere, for every fixed positive p € LY(T/T,dv) and every f €
LY(T/T,dv). In order to prove this, we need some more technical consequences of
the Birkhoff-Hopf ergodic theorem, precisely that:

(2) of, nff € LY(T/T,dv) and moreover satisfy the property that for any
bounded function g on T'/I" which is geodesic flow invariant

(5.1) / pf;'du = fgdv = / pf, dv.
T/T T/T T/T

Then a suitable choice of g in (5.1) immediately implies that f = f,° almost
everywhere.

To proceed with the proof, we shall use the following strategy. We can lift the
function f to a function fj on T, then, using the fibration by geodesics over
(OHZ)2, we push fp+ down to a function on (OH%)32, after proving that the values

of f: depend only on the asymptotic value along each geodesic. Then a simple
observation on sets which are unions of asymptotically equivalent geodesics (the

I Y L T T B Y T S T T T P S h R T T Y o
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Moreover, in the proof we shall be able to assume that f is in a suitable dense
subset of L1(T/T,dv), since an appropriate choice of g in (5.1) shows that

/ Py < 11|z /e
T/T

We shall hence work with the space C.(T/I', dv) of continuous functions on 7'/T
with compact support. Moreover, since for any positive h € L'(T/T', dv) we have

that f; = hT ,

for a suitably chosen positive p € L}(T/T', dv). In particular, we shall choose p as
in the following result, whose proof we postpone for a minute.

it is clearly enough to prove that f"‘ is almost everywhere constant

Lemma 5.3. The function p on T /T’ defined as

P(va) — e_Cer (Tz,T'O)

where O is the origin in HE, is in L*(T/T,dv) for an appropriate choice of the
constant C' and satisfies the inequality

p(Twy) < gkdr/r(Tvz,Twy)
p(Tvg) —

Continuation of the proof of Theorem 5.2. Assuming that f € C.(T/T,dv) and
p € LY(T/T,dv) is as chosen above, we can now prove that f;r (and hence f;r)
depends only on the asymptotic values of each geodesic; in other words, that if

(5.2) t_l)lin gt - Tv, = 11210o gt - Twy,

then fr(Tw,) = f(Tw,).
Observe that because of (5.2), there exists a positive real number h such that

(5.3) dr/r (9t - Tve, geyn - Twy) — 0 as t— oo.

Moreover, from the fact that [ p(g¢ - T'vg)dt = oo it follows that

i Jo Slge-Twy)dt [ f(gern - Twy)dt
oo fo (g - Fwy)dt T_’OO fo p(getn - Twy)dt

Then we have,

N s . o f(ge-Tog)dt B Jo f(gt-Twy)dt
fp (F?)w) fp (Fwy) = Tli)fgo fOT p(gt ] F’l}x)dt fOT p(gt ] I"wy)dt
. o f(ge-Tog)dt B Jo f(gean - Twy)dt
700 \ [ p(ge - Twz)dt [ p(gern - Twy)dt
— lim Jo (f (gt - Tvg) = f(gesn - Twy))dt

T—00 fo p(gs - Twg)dt

fo (gen - Twy)dt fT P(gt+h,1;(1:;f)rvl;()gt Tvg) (gt-I‘vm)dt)
fn Aanir -Tw Nt (™ ola. - To )\ dt
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When t — oo, if d7/r(g¢ - Tvg, ge4n - Twy) — 0, then both

F(gt - Twg) = f(gt4n - Twy) =0

uniformly, since f € C.(T/I',dv), and

p(ge+n - Twy) — p(ge - T'vg) < eCdr/r(9eTvageinTwy) _ {1 _y
p(g¢ - Tvy) N

uniformly, because of the choice of p as in Lemma 5.3. Hence, it follows from the
hypothesis on g; and (5.3) that both

Jo (f(g¢ - Tvz) = f(gesn - Twy))dt

lim —
it 7 pge - Tvg)dt
and
T .Tw T,
lim | — oo )MZS” Lp(gr - Tvg)dt -0
T—00 fo gt F’Um d .

To conclude this part of the proof all we need to do is to observe that

Jo f(ge4n - Twy)dt
Jo P(gesn - Twy)dt

is bounded as 7 — oo. In fact, p is bounded below on compact sets so that
f/p < C1, and hence

foT J(gtsn - Fwy)dt <
foT p(ge+n - Twy)dt

To conclude the proof, observe that if B* and B~ are geodesic flow invariant
subsets of T which are unions of equivalence classes of (respectively) positively and
negatively asymptotic geodesics, with the additional property that the measure of
their symmetric difference is zero, then either both BT and B~ are null or they are
both conull. We shall omit the proof of this statement (which can be found in [Ho2])
and illustrate instead why the above assertion is true if we replace the property of
having measure zero with the property of being the empty set. In fact, in this case,
we have that BT = B~ and the statement is that BT = B~ is either empty or the
whole T. If it is not empty, let o ~ (£, §+) € BT denote the geodesic such that
lim 100 0(t) = EF € 87—[{5 If o1~ (n~,n") is any other geodesic in T, then there

e ey e DY 2 B S T I T Y D o Y
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FIGURE 3

In our case, let us define
Bt = {Tw, : f:(FUz) >Cy} and B~ ={lv,: fp_(va) > Co}-

Then, by what proven above, both BT and B~ are either null or conull and, being
true for any constant Cj, this implies that f,j’ = f, are constant almost everywhere,
hence concluding the proof. [

Proof of Lemma 5.3. Since the differential of djs. has absolute value at most 1,
then ‘d—p’" < C and hence integration along any path 7 connecting I'v, and I'w,
gives

Cl(m) > / o _ / dlog p = log p(T'w,) — log p(T'vg).
™ p ™

Since this inequality holds for any such path, we have

p(Lwy)
1 < Cd I'v,, I
08 p(Tvg) — r/0(Lvs, Ty

from which the inequality of the statement follows.

We need to check now that p € L(T/I',dv) for an appropriate choice of the
constant C. In order to do this, we shall estimate the L'-norm of p by means of
an infinite discrete sum. Let us define 3, C T/T to be ¥, = A~'[0,n], where
A : T/T — R is defined in terms of the distance function on Mr by A(Tw,) =
dur (T, TO); in other words, A measures the distance of the base point of a tangent
vector from the orbit of the origin in Hy. Then we clearly have

1ol <3 (S \ Bact) € 3 pur(Sn)
n=1 n=1

where p, = max{p(T'v;) : T'v, € ¥, \ Tp_1} = e ¢~ We need to give now
an explicit estimate of v(X,,) using the definition of v and hence of 7 given at the

1. ¢ M~ 0Og Y S A T T ¢ A A D Y T Y A o o § oM /T
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is the natural projection, by definition of ¥ we have that v(X,) = #(Z,), where
¥, C T is any set such that q(f]n) = Y,.. For our purpose however, since we
are interested just in an upper bound for V(E ), it will be convenient to choose
={v, € T:z € B(O,n)}, where B(O,n) is the closure of B(O,n) = {x € H} :

d(O z) < n}. Then clearly ¢(X,) D %, and v(Z,) < #(X,). Moreover, recalling
the definition of 7 and observing that the length of an arc of geodesic through
B(O,n) is at most 2n, we have that #(3,,) < 2n-m(p(X,)), where p: T — (OHZ)2
is the fibration map.

To estimate m(p(X,,)) observe that if (£,7) € (OHZ)2 and o is a geodesic in Hp
such that limy_, o, o(—t) = £ and limy_,, o(t) = 1, then

~Jol&n) = Jim (A(0, a(t)) + d(a(~1), 0) — d(o(~1), 0(1))) < 24(O, P)

where P € Hp is the point which minimizes the distance of o from the origin

O € Hy.

FIGURE 4

Since we are interested only in the geodesics through Y, we get that 0 <
—fo(&,m) < 2n as (&) € p(Xn) (where 2n is the value of —fo(£,n) corre-
sponding to the limit position, that is when o is tangent to B(O,n)). Hence
m(p(Xn)) = mo(p(E,)) < po(Lr)2e?™r . We can thus conclude that

ol /raw) < Z )<Y pni(En)
n=1

oo o0
Z C’(n 1) 2n . HIO(L]__‘)Z . e2n5r — 20/ Z ne26pn—0n’

n=1

8

IA

which converges if C' = 2r + ¢, with e > 0. [
Proposition 5.4. The geodesic flow is conservative.

As an immediate consequence of Theorem 5.2 and Proposition 5.4 we have the
€~ _ 11_. *
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Corollary 5.5. The geodesic flow is ergodic.

Proof of Proposition 5.4. It follows from Theorem 3.2 that the set of geodesics with
both endpoints in Lt is a set of full measure. But for these geodesics the existence
of a bounded neighborhood with the desired property follows immediately from the
definition of radial limit point. [

Before ending this section we want to prove a result which will be used in the
proof of Theorem 6.1.

Corollary 5.6 [Sul|. For any v, € T, let o be the geodesic such that o(0) = x and
0'(0) = v;. Then, for almost every v, € T,

1
lim —dp. (To(t),[0)=0

t—oo t

Proof. Let ¢(v) be the directional derivative, in the direction of v, of the function
A(Tvg) = dp (T2, T0) defined in the proof of Lemma 5.3. Since p, has no atoms,
the geodesic flow on T'/T" is conservative and therefore ergodic. Moreover, as shown
in Theorem 4.1, v(T/T') < oco. We can thus apply the Birkhoff ergodic theorem
which implies that

1 1 t
lim —(dpp (Co(t),[0) — dps (T2, T0)) = lim —/ ©0(gsvg)ds :/ odv
t—oo t 0 /T

t—oo t

It will be hence enough to show that |, /T wdv = 0. To this end, let us observe that

the map I: T — T defined by I(v;) = —v, preserves the measure m on (OH%)3
and commutes with the action of I', so that it preserves the measure v. Moreover,
clearly ¢ o I = —¢, so that

/T " pdv = /T /F(SOoI)dv(I) = - /T o edv(I) = — /T R odv

which is what we wanted. O

Remark. The hypothesis on the absence of atoms for u, in Corollary 5.6 could be
replaced by the dp-finiteness of the volume. In fact it can be easily shown using the
Poincaré recurrence Theorem that if v(T/T) < oo the geodesic flow is conservative
and hence ergodic.

6. Hausdorff dimension and critical exponent.

Theorem 6.1. Let ' be a geometrically finite discrete subgroup of Or(1,n). Then
the Hausdorff dimension of the radial limit set L**3, and hence of the full limit set
Lr, is equal to the critical exponent or.

Before proving this, we want to note here a few results which are a direct conse-
quence of this theorem. The first Corollary was already proven by Sullivan in the
particular case of the real hyperbolic space [Su3].

Corollary 6.2. Let Ay be the Laplace operator on C*°(Myr) N L?(Mr) and let
Ao be the infimum of the spectrum of Anr.. Then Ao = ér(IN — dr), where N is the
Hausdorff dimension of OHg.

Proof. Theorem 6.1 and [C, Theorem 4.2].
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Corollary 6.3. Let G be Og(1,n), n > 2 or Op(1,2) and let o« = 4n or a = 16
respectively. If I' C G is geometrically finite but is not a lattice, the Hausdorff
dimension of the limit set is at most .

Proof. Corollary 2.4, Theorem 6.1 and [C, Theorem 4.4].

Corollary 6.4. Let G be Og(1,n), n > 2 or Og(1,2) and let T' C G be geometri-
cally finite. Then Or is connected. In particular M has at most one end which is
not a cusp, i.e. M may have several ends at most one of which cannot be identified
with the quotient of a horoball by a discrete parabolic group.

Proof. Corollary 2.4 and the proof of [C, Theorem 7.1].

Proof of Theorem 6.1. In [C, Theorem 5.2] it is already proven that dr is an upper
bound for the Hausdorff dimension of L4, We are going to show here the reverse
inequality. We claim that it will be enough to prove the following:

Lemma 6.5. Let u, be the Patterson-Sullivan measure, K C L{i’d a compact set
of positive iz-measure and Bayr (§,7) a ball of radius v and center £ € K in a
sub-Riemannian metric in the given conformal class. Then for any ¢ > 0 there
exists a constant C(e) such that

tz (Bawz (€57))
7-51“—6

< C(e).

We postpone the proof of this Lemma for a minute, and we show how it implies
Theorem 6.1. We want to show that for any € > 0, the (0r — €)-Hausdorff measure
of L*#d is positive, or, in fact, that the (dr — €)-Hausdorff measure of K is positive.
To this end, let us consider a covering {Bg—mg (&,7;)} of K, where & € K. Then,
by Lemma 6.5,

0< /J'm(K) < /J'a:(U Béq.%w (52,7‘2)) < ZMJE(B‘%HI? (gzﬂ"z)) < CZT?F—E’

which is exactly what we wanted. [

Proof of Lemma 6.5. The strategy will be to estimate the measure of the ball
Bz (€, 1) via the measure of some larger shadow.

Fix € > 0 and let o be the geodesic ray from = € Hy towards & € OHy. Because
of Theorem 3.6 and Corollary 5.6 there exists T' > 0 such that if £ > T then

op inf d(o(t t
r inf (a(t),vy) < et,

where y € Hp is some arbitrarily fixed point. Fix some ¢ which satisfies the above
inequality. Given a ball B(o(t), R) C Hf of hyperbolic radius R < t and centered
at o(t), the shadow of such ball is defined as the subset S(o(t), R) of OH} consisting
of endpoints of geodesic rays starting at = through B(o(t), R) and has the property
that there exist constants C; and Cy such that Bayn (§,Cre™?) C S(o(t),R) C
Bayp (€, C2e™), by [C, Theorem 2.2]. Now choose the radius R in such a way that
Cie~t = r. It will hence suffice to show that

pz(S(o(t), R)) — ()
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Let V; be the region in the cone of geodesics starting at x through B(o(t), R)
characterized by the property that inf,cv, d(z,z) > t. From Proposition 3.5 and
the definition of Patterson-Sullivan measure, it follows that

. Z’er‘/t e—5d(z,7y)
pz (S(0 (1), R)) = sliff;lr > er e—sd(y,vy)

and we want to estimate Zvert e—sd(z,7y)

S(a(®).R)

ot

FIGURE 5

To this end, observe that if vy € V;, then the angle between ¢ and the arc
of geodesic connecting o(t) to yy is bounded away from 0, so that we can apply
Lemma 3.1 to the triangle with vertices at the points z, o (t), vy to see that

d(z,0(t)) + d(o(t), vy) — Cs < d(z,vy) < d(z,0(t) + d(o(t), vy).
This together with the triangle inequality, gives us
—d(z,vy) < —t —d(a(t),vy) + C3 < —t — d(vy,Y0y) + d(voy, o (t)) + Cs,

where 7y is the point (not necessarily unique) which minimizes the distance of
o(t) from I'y. Hence

Z v e_Sd(wfyy)
+(S(o(t), R)) = lim T3~
Ha(S(r (1), B)) = lim S

e—st+sCs+sd(o(t),70y) Z’ervt e—5d(7y,70y)

< lim
~ s—ér Zwer e—sd(y,7y)

3 e—54(7y,70Y)
< 6_5rt+5r03+5r‘d(”(t)”my) lim o€l

s—or qur e—sd(y,7y)

5t CaLdrd(o(t) . ~vau) '~ —Ort4+S5+dlo(t).~vau)
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Because of our choice of ¢ and recalling that Cie™* = r (where C; depends on e

and &), we can hence conclude that

1 (S(0(t), R)) < Cge0rt+irdle®)moy) < ¢ e (Or—e)t

C —€ r—e
- Cl(f 64)51"_6 TJF < 05(6)7"6 ’

where the last step is possible because £ varies in a compact set. [
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