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1. Introduction. Let G be a connected semisimple Lie group with no compact
factors and finite center, and let I' be an irreducible lattice in G. Under these
hypotheses the Borel density theorem [B] asserts that I' is Zariski dense in G.
This purely algebraic theorem has appeared to be extremely valuable in the study
of group actions on manifolds, but one of its first applications was the study of
structural properties of G related to those of I'; for instance, the following properties
are straightforward from the Borel density theorem:

(1) The centralizer Cg(T") of ' in G is equal to Z(G);
(2) The normalizer of I' in G is discrete and Z(G)T is discrete;
(3) The only elements with finite conjugacy classes are in Z(G).

An extension of the Borel density theorem in a direction involving geometric
structures has been proven in [I1]. It is hence natural to try to address similar
questions relating the structural properties of G and I' as subgroups of the diffeo-
morphism group of a manifold M. In particular the question which inspired this
paper is the following: if M is a differentiable manifold, G and I" are as above and
G C Diff(M), what is the relation between Cpigar)(I') and Coigary(G)? More
precisely, if ¢: M — M is a diffeomorphism which commutes with the action of T,
does it commute with the action of G as well? Note that the question is answered
affirmatively if M has finite invariant measure (or the G-orbits in M with compact
stabilizer are not locally closed) and ¢;: M — M is a one-parameter group of dif-
feomorphisms. In fact, under these hypotheses, the above question is equivalent
to asking if a I'-invariant vector field (in this case the vector field ¢; which is the
infinitesimal generator of ¢;) is G-invariant, which has been proven true (actually
in greater generality for sections of suitable bundles) in [I1].

The above discussion reflects the ideas which inspired this paper; here we shall
be actually working in the category of measurable maps and measurable spaces and
to balance this much more general setting we are going to need some additional
hypotheses, (see Definition 1.1).

Moreover we shall address a related question, as follows. Recall that two G-spaces
(X1, 1), (Xo, p2) with finite invariant measures are isomorphic (or conjugate), if
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there are conull G-invariant Borel sets X; C X3, X} C X5 and a measure preserving

Borel isomorphism ¢: X{ — X} which is a G-map. The question we shall answer

is when an isomorphism as I'-spaces implies an isomorphism as G-spaces as well.
Let G, I be as above and let (X, 1) be a G-space with finite invariant measure.

Definition 1.1. We say that G acts with purely atomic spectrum if the represen-
tation 7 induced on L?(X, ) by the action of G on X decomposes as a direct sum
of irreducible representations.

Then we shall prove the following:

Theorem 1.2. Let G, T' be as above, (X;,p;), @ = 1,2, a G-space with finite
invariant measure and let ¢: X1 — X2 be a measure preserving measurable I'-map
(i.e. @(xy) = p(x)y for all v € T, a.ex € X1). If G acts on the X;’s with
purely atomic spectrum and either essentially freely (i.e. freely on a conull set) or
essentially transitively, then ¢ is a G-map.

As a direct consequence, we have:

Corollary 1.3. Let G, T be as above, (X;, u;), i@ = 1,2, a G-space with finite
invariant measure and assume that G acts on X; with purely atomic spectrum and
either essentially freely or essentially transitively. If the actions of T' on the X;’s
are isomorphic, the same is true for the actions of G.

It should be noted that, although the hypothesis of purely atomic spectrum
is quite restrictive, several actions with finite invariant measure do satisfy it. In
particular we have the following examples:

(1) Let A C G be a cocompact lattice; then G acts on G/A with purely atomic
spectrum.

(2) Let H be a connected semisimple Lie group with finite center and no com-
pact factors and let A C G X H be a cocompact irreducible lattice. If G
acts on G x H by the first coordinate, then the G-action on (G x H)/A has
purely atomic spectrum.

(3) Let A C G be a cocompact lattice and let : A — K be a dense homo-
morphism into a compact group K. If Ky C K is a closed subgroup, the
ergodic action of A on Y = K/Kj has purely atomic spectrum (in fact
the irreducible representations in the decomposition of L?(Y) will be in this
case finite dimensional) and induces an ergodic G-action on X = (GxY)/A
which has purely atomic spectrum.

(4) Let G be a semisimple algebraic group defined over Q. Consider the group
of adeles G, ~ Gr x H, on which Gy acts by the first coordinate, and the
discrete subgroup Ggq of the principal adeles. If Q-rank(G) = 0 then Gg
is a cocompact lattice in G and we have an action of Gg on G /Gg with
purely atomic spectrum.

Note that the hypothesis of either essential transitiveness or essential freeness is
satisfied in all of these examples, as in the first case the action is essentially transitive
and in the remaining ones is essentially free, [I2, Proposition 4.4]. Furthermore,
this is only a particular case of a more general phenomenon in the sense that there
are no known examples, so far, of actions with finite invariant measure which are
neither essentially free nor essentially transitive.

A result related to this has been proven first by M. Ratner for SL(2,R) and then
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of their result which is most related to this paper, even though not in its greatest
generality.

Theorem 1.4 ([Rt], [W]). Let G be as above and A C G a lattice. If p: G/A —
G/A is a measure preserving Borel map which commutes with a unipotent element
in G then ¢ is a G-map.

The techniques used to prove this theorem are completely different from ours. It
should also be noticed that, even though Ratner-Witte’s theorem is much stronger
than the one we are going to prove in the cases in which both can be applied, it does
not give any answer in the case of an action which is not (essentially) transitive or
cannot be extended to an (essentially) transitive action of some larger Lie groups
(see Examples (1) and (2) above); also, in the case of the G-action on G//A, if the
lattice I' C G is cocompact then it is well known [Rg] that it does not have any
unipotent elements, making again Ratner-Witte’s theorem inapplicable. (Recall
that we define an element u of a linear group to be unipotent if u — Id is nilpotent;
an element u of a general Lie group is unipotent if Adg(u) is unipotent as a linear
transformation of the Lie algebra of G.)

We shall prove also that some hypothesis on the spectrum is necessary. We shall
construct, in fact, an essentially free action with finite invariant measure and no
purely atomic spectrum, for which our theorem fails to be true. However such an
action will not be measurably equivalent to an action on a manifold, thus leaving
open the question as to whether or not such a hypothesis, or some hypothesis, is
necessary in this case (see §4).

The techniques used in this paper involve mainly representation theory and er-
godic theory results. In §2 we shall start the proof of Theorem 1.2, laying the
foundations of it and referring to results through the paper for statements which
require a proof. The crucial ingredient in the proof is a result of Tim Steger and
Michael Cowling according to which an irreducible representation of G which is
not in the discrete series is still irreducible when restricted to I', [C-S]. This, and
other results in representation theory, will conclude §2 and will actually constitute
a complete proof in the case in which G does not have discrete series. In §3 we
study more closely the stabilizers of some actions which arise in the proof and in §4
we conclude our proof with some general results concerning the space of measurable
maps with a “twisted” G-action. The following result is proven in §4 and is a direct
consequence of our proof:

Corollary 4.3. Let G, I" as above and let H be an algebraic group. Let P — M
be a principal H-bundle over a manifold M such that G C Aut(P) and G preserves
a probability measure on P. Let ¢: P — P be a measure preserving I'-map which
preserves fibers and covers a G-map po: M — M. Then ¢ is a G-map.

(See §4 for a discussion about the hypotheses of this result.)

I want to thank Robert J. Zimmer for suggesting the problem and for many
useful conversations. Comments of Kevin Corlette, Alessandro Figa’-Talamanca,
Jonathan Poritz and Tim Steger were also helpful in the preparation of this paper.

2. Results on representation theory. Recall that an irreducible unitary rep-
resentation o of a locally compact group G is said to be in the discrete series D of
G if its matrix coefficients are square integrable or, equivalently, if ¢ is contained
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the atomic part of the support of the Plancharel measure on the unitary dual G of
G.

Given two unitary representations o;: G — U(H,;), i = 1,2, we say that a unitary
operator T': Hi — Hs intertwines o1 and oy if 09 - T =T - 01. We shall denote by
(01,09) the vector space of unitary intertwining operators between o; and os.

Proof of Theorem 1.2. We shall assume, through the proof, that G acts ergodically
on the X;’s, that is that the only G-invariant sets are either null or conull. There
is no loss of generality in doing this, since we can always restrict our attention to a
G-ergodic component in X;; this will be also a I'-ergodic component (see [M], [Z2])
and will be mapped, by the measure preserving I'map ¢: X; — X5, to a ['-ergodic
component in X, on which also the action of G will be ergodic.

Since ¢ is measure preserving, then the operator T,: L?(X2) — L*(X;) de-
fined as T, f(z) = f(p(x)) is unitary; moreover, since ¢ is a I-map, if 7* is the
representation of G on L2(X;, y;), then T, € (n2|p,mt|r). Let (7%, L2(X;, us)) =
(@ s, HE & HY), i = 1,2, where

The outline of the proof will be as follows. After observing that 7* does not
consist only of discrete series representations, that is Hj # 0 (Lemma 2.2), we shall
prove that T,(HZ) C H} and that the restriction of T, to HZ intertwines 73 and
ng (Corollary 2.6). The remainder of the proof will consist of showing that the fact
that Ty sz € (75, 75) is “enough”, in the following sense.

Let A; be the measure algebra generated by elements of H{. If B(X;) denotes
the Boolean algebra of Borel subsets of X;, we have that A; C B(X;) and hence,
corresponding to A;, there exists a factor (Y;, v;) of (X, p;); in other words there
exists a measure space Y; with finite measure v; and a Borel map p;: (X, u;) —
(Y;,v;) such that v; = pi.(p;) and A; = B(Y;). Since HY is n*(G)-invariant then
A; is G-invariant and on the space (Y;,v;) there is a G-action which commutes
with the factor maps p;’s and with respect to which the measure v; is invariant.
Moreover, because of Corollary 2.6.(1), we have that T, induces an homomorphism
of o-algebras A — A; and hence there exists a measure preserving Borel map
wo: Y1 — Ys, such that ps o ¢ = g o p;. Furthermore, ¢y has the additional
property that it commutes with the actions of G on Y;. (In fact, by definition
of Y3, we have that py(z) = py(z) if and only if f(z) = f(z) for all f € H3;
since we know that Tyl € (73, 75), then for every f € H3, g € G, we have
f(e(gz)) = f(gp(x)) for a.e. x € X, which implies that vo(gy) = wo(gpi(z)) =

po(p1(97)) = pa(p(97)) = pa(9p(z)) = gpa(0(2)) = gpoP1(w)) = go(y), where
x € X is such that p;(z) = y.) For a more detailed description of such construction

of factors see [Z1] or [Rm|. The next step will be the only one in which we have
to distinguish between the essentially free and the essentially transitive case, the
rest of the proof being completely independent of both these hypotheses. We shall
prove that Y; ~ X;/A;, i = 1,2, where either A; is a central subgroup of G (in the
essentially free case, Proposition 3.4) or A; is the quotient of two central subgroups
of G (in the essentially transitive case, Proposition 3.5). In both cases, there is
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of p;: X; — Y; as a measurable principal A;-bundle, on which G acts by principal
bundle automorphisms) and the general result of Proposition 4.2 will complete the
proof, showing that ¢ is a G-map as well. [

We start with the following result on the stabilizers of actions with finite invariant
measure; for actions of simple groups this can be found in [Z4] and for smooth
actions of semisimple groups in [Z5].

Proposition 2.1. Let G be a connected semisimple Lie group with finite center
and no compact factors and let (X, u) be a G-space with finite invariant measure
on which G acts effectively (i.e. there are no connected normal subgroups which act
trivially). Then, for almost every x € X the stabilizer G, of the G-action is either
discrete or G, = G. If the action is ergodic then the G ’s are discrete for almost
every x € X.

Proof. Tt will be enough to consider the case in which the action is ergodic. An
application of the Borel density theorem as in [Z4, Theorem 5.4] shows that the Lie
algebra g, of G, is an ideal for almost every x € X, hence GG, is a normal subgroup.
Since G is semisimple and has finite center, then there is only a finite number of
connected normal subgroups, Ni,...,N,. For each such Nj;, let X; C X be the
set of points which are fixed under Nj; since N; is normal, then X; is G-invariant
and hence either null or conull, by ergodicity. If x(X,;) = 0 for all j’s, the proof is
completed. Otherwise, let X’ be the intersection of all X; which have full measure:
then the corresponding normal subgroups fix all of X’ (which has full measure),
contradicting the hypothesis that G acts effectively. [

We shall conclude this section with the proof of the results involving represen-
tation theory. We shall assume, all through the rest of the paper, that G acts
effectively, without loss of generality.

Lemma 2.2. Let G, (X, u) be as in Proposition 2.1 and assume that G acts on X
with purely atomic spectrum. Then the representation © of G on L*(X, 1) does not
consist only of representations of the discrete series.

Proof. Let K C G be the maximal compact subgroup of G and suppose that
T = 26 m;, where m; € D. The restriction of m; to K does not have non-trivial
invariant vectors, ([S], [H-S|; see also [Kn]) hence 7|k does not have non-trivial
invariant vectors and, since X has finite invariant measure, this implies that K
acts ergodically on X, which is impossible. In fact, since K is compact, K, and
hence G, must act essentially transitively on X. But this is impossible since the
stabilizers of the G-action are discrete (Proposition 2.1) and K has dimension lower
than G. O

The following result will be crucial in the proof; it was first proven by T. Steger
for SL(2,R) and then extended to the general case by M. Cowling and T. Steger.

Theorem 2.3 [C-S]. Suppose I' is an irreducible lattice in a connected semisimple
Lie group with finite center and suppose that o and o’ are in G. Then
(1) If o ¢ D then ol|r is irreducible
(2) Ifo|r and o'|r are unitarily equivalent and irreducible (e.g. o,0' ¢ D) then
o and o' are unitarily equivalent.
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Corollary 2.4. Let G, T be as in Theorem 2.3 and let (o,H,), (o', Hg) b irre-
ducible representations of G which are not in the discrete series. If T € (o|r,0'|r),
then T € (o,0").

Proof of Corollary. By Theorem 2.3.(2), since o|r and o'|p are irreducible and
unitarily equivalent, also o and ¢’ are unitarily equivalent. Let U: H, — H,+ be
the unitary operator which implements the equivalence. Then ¢/ = U -o-U~! and
hence U-olp-U™' =T o|p-T7 !, that isojp = U™ 'T-o|p- (U~'T)~!. Since olr is
irreducible, by Schur’s Lemma, U T is a multiple of the identity operator, hence
T = cU, where ¢ € C. Since U € (0,0'), it follows that also T € (o,0’). O

It should be noted that also the converse of Theorem 2.3.(1) holds true. In fact if
o' € D, then ¢’ is contained in the regular representation, as well as its restriction
to I', and, as long as I' is an infinite discrete subgroup, its regular representation
does not contain any irreducible representations (for a proof see [C-FT]). Exactly
the same argument shows the following:

Proposition 2.5. Let G,T' be as in Theorem 2.3 and let (p,H,), (o', H, ) irre-
ducible representations of G such that p € D and p' ¢ D. Then (p|r, p |1“) , that
is there is no operator T': H, — H, which intertwines p|r and p'|r.

Proof. If such an operator T were to exist it would imply that p'|r is an irreducible
representation contained in the left regular representation of I'. [

We are going to apply the next Corollary to the operator T, defined in the proof
of Theorem 1.2.

Corollary 2.6. Let G,T" be as in Theorem 2.3, n* = n} & ﬂé, 1 =1,2, be unitary
representations of G on Hy @ HY, where

. o . . e

T __ 7 i _ 7

Ty = E 5 and Ty = ),
7r;'-¢’D wliED

and let T: HE & HZ — H & H) be a unitary operator such that T € (n?|p, 7!|r).
Then

(1) T(H3) C Hg, T(H2) C H} and
(2) Tlyz € (n§, m5)-

Proof. (1) This is just Proposition 2.5.

(2) For 1 = 1,2, let V; be the Hilbert space of the representation 7} C mf and
let P}: HE — VJZ be the projection operator. Since T(H2) C H{ and Tlyz €
(g |, mg|r) this, together with the equalities 7P = Pjmh = m%, shows that P; TP2
intertwines the representations n7|r and 7|p. If @f|p ~ 7}|p then apply Corollary
2.3; if w2|p 71'31.\11 then leTPZ? has to be the zero operator, hence concluding the
proof. [

3. Ergodic theory results. Recall that we define a Borel space to be tame if there
exists a countable family of Borel subsets which separates points. For a topological
space tameness is equivalent to being Ty together with having a countable base for
the topology. If G is a locally compact group and S is an ergodic G-space, it can be
proven that every G-invariant Borel function f: S — T, where T is a tame space,
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T is tame if both T' and the space of orbits T'/G are tame. For continuous actions
on a separable metric space tameness is equivalent to the the conditions that all
orbits be locally closed or that every ergodic measure is supported on an orbit. We
should point out that tameness is a very natural condition; for instance, compact
groups always act tamely, [Z3].

Let G be as in Proposition 2.1, (X, ) an ergodic G-space with finite invariant
measure and (Y, v) a G-factor of X. If K is any subgroup of G and O C Y is a K-
orbit, then obviously p~(0) is K-invariant (since the map p: X — Y commutes
with the G-action), but in general will not be a K-orbit, not even if K = G.
However the next result will show that this is the case if G acts with purely atomic
spectrum on X, (Y, v) is a factor of X defined as the (Y;,;)’s in proof of Theorem
1.2 and K C G is the maximal compact subgroup.

Denote by K, be the stabilizer in K of y € Y, i.e. K, = K NGy, where Gy is
the stabilizer in G of y € Y.

Lemma 3.1. Let G, K, (X, p), (Y,v) be as above. For almost everyy € Y, K, is
transitive on p~1(y).

Corollary 3.2. For almost every y € Y the fiber p~1(y) can be identified with
K, /K., where p(x) = y; in particular its cardinality |p~"(y)| is finite and constant
almost everywhere.

Proof of Corollary. If z € X is such that p(x) = y, then, because of Lemma 3.1, the
fiber p~1(y) over y can be identified with K,/K, (and hence with G,,/G;). This
implies, of course, that for almost every y € Y, [p~!(y)| = |Ky/Kz| < co. Moreover
the measurable map f: Y — R defined as f(y) = [p~1(y)| is G-invariant; in fact,
since p(gy) = gp(y) = gz, f(9y) = [P~ (9y)| = |Ggy/Ggu| = l9Gyg~"/9Grg™"| =
|Gy/Gz| = f(y). By ergodicity of G on X and hence on Y, we have that f is
essentially constant. [

Proof of Lemma 3.1. Since Y is defined as the measure space whose o-algebra of
Borel sets is the measure algebra generated by the non-discrete series part Hq of
the representation m of G on L2(X) (see the proof of Theorem 1.2 at the beginning
of §2) and p,(u) = v, there is an isometric embedding L2(Y) — L?(X) given by
f— fopand L?(Y) can be identified as the subspace of L?(X) which consists
of all the functions which are measurable with respect to A. Let H; = L2(Y)+ =
L2(X)o L2(Y) = {f € L?*(X): )t [y fh =0 for every h € L2(Y), h= hop} and let
71 be the subrepresentation of m which acts on H;. Since Ho — L?(Y), we have
that Hi1 C Hg4, so that m; is a direct sum of representations in the discrete series
of G. As in the proof of Lemma 2.2, we have that 71| x does not have non-trivial
invariant vectors. We shall prove that if there were a set of positive measure B C Y
such that, for every y € B, K, is not transitive on p~1(y), then we could construct
a non-constant function in #; which would be invariant under the action of m (K).
Clearly if K, is not transitive on p~'(y), then, for each § in the K-orbit through
y, we have that Kj is not transitive on p~*(g); this implies that if O C Y is the
K-orbit of y, then K is not transitive on p~1(0). If O had positive measure, then
we could construct the function f as follows. Let S C p~1(O) be a K-invariant
set which is neither null nor conull. Let p = f;B mydv(y) be the essentially unique
decomposition of the measure p with respect to v, where m, is a measure on X
supported on p~1(y), [Z1]; since pu is G invariant, the m,’s have the property that
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of S, implies that the function M: O — R, defined as M(y) = my,(SNp~1(y))

is K-invariant on O and hence constant, say M(y) = M. Then the function

M,
fo(z) = MO (), where M, is the my,,)-measure of the fiber p~* (p(x)) through

T
x and xg(z) is the characteristic function of the set S, is clearly K-invariant and
is in H1, since, for every h € L2(Y),

/ fo(z)h(z)du(z) = /y (/p_l(y) fo(m)ﬁ(x)dmy(x)) du(y) =
= /Yﬁ(a?) (/pl(y) fo(a:)dmy(m)) dv(y) =

The problem is that this function fe is trivial, being supported on a K-orbit,
which is a null set. However, since K is compact, it acts tamely on Y and hence
the remainder of the proof will consist just of “glueing” together the functions fo
defined on single K-orbits.

If n: Y — Y’ is the natural projection onto the space Y’ = Y/K of K-orbits
inY,and g =nop: X - Y’ let B = q(B), where B is the set defined above.
Consider the Borel space F = {S C X: S is measurable and K-invariant, S C

q 1(y') for some y' € B and if n(y) € y', SNp~(y) is neither null nor conull in p~*(y)}.|

Because of the definition of B, there is an obvious surjective map F — B’ and
hence a Borel section 6: B’ — F. Define a measurable function f on X as
M2y (0(q(x
through z; the same argument as in the case of a single K-orbit shows that f is K-
invariant (in fact my,;)(0(q(z))) = Mo, where p(z) € O) and, since B has positive
measure, is non-trivial. Moreover as above, since fp,l(p(m)) f(x)dmp)(z) = 0, it

follows that f € H;, and this is the contradiction which completes the proof. [

— Xo(q(z)) (), Where M, is the my,)-measure of the fiber

At this point in the proof we have to distinguish between the essentially free and
the essentially transitive case; we shall deal with the former first.

Recall that, as for compact groups, an algebraic action of the real points of a real
algebraic group on the real point of a real algebraic variety is always tame, [B-S].
The first step to be able to use this nice regularity property of algebraic groups will
be to observe that given any connected semisimple Lie group G with finite center,
Adg(G) (which we shall denote by G*) is of finite index in a connected (semisimple)
real algebraic group defined over Q, which we shall denote by G, and G/Z(G) is
isomorphic (as a Lie group) to G*.

Recall that S is an extension of T if T is a factor of S; a countable (respectively
finite) extension is such that the fiber over almost every point is countable (respec-
tively finite). For such extensions we have the following Lemma, which will be used
in the proof of Proposition 3.4 to deal with some of the complications due to the
presence of a center in G.

Lemma 3.3. If S is a countable extension of a tame G-space T, where G is a
locally compact group, S is tame.

Proof. Let ¢ S —T be the factor map and let 3 be an ergodic measure on S;
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an orbit. But then p is supported on a countable union of orbits and, since it is
ergodic, it must be supported on a single orbit, hence proving tameness. [J

Proposition 3.4. Let G, (X, p) be as in Proposition 2.1 and (Y,v) be a factor of
(X, p). If the fiber over almost all points in'Y has finite constant cardinality and G
acts essentially freely on X, then there exists a central subgroup A C Z(G) which
is the stabilizer of almost every y € Y and, in fact, Y ~ X/A.

Proof. Because of Corollary 3.2, we have that for almost every y € Y, |G,| =
|Gy /Gz| = [p7(y)| = n. Let S% be the space of subsets of G of cardinality n, on
which G acts by conjugation. If G algebraic we could deduce that the G-action on
S84 is tame and that the stabilizers are isomorphic to algebraic groups. We need
instead a little more work.

Note that, since Z(G) acts trivially on Sg, the action of G on SZ by conjugation

factors through an action of G*. Let Sén denote the space of subsets of G* of
cardinality less then or equal to n, and likewise for 52" from G; since 52" =

Ur—1 82, then 82” consists of the real points of a variety defined over QQ, on

which G acts algebraically and hence tamely. Since the G-orbits are finite union of
homeomorphic copies of G*-orbits, then G* acts tamely on Sén and thus on Sén

The map Adg: G — G* induces a map a: S — S =" which has finite fiber and
hence, by Lemma 3.3, the G*-action (and hence the G-action) on S is tame. Define
amap ®: Y — S as ®(y) = Gy; it is straightforward to check that ® is a G-map.
If g: 8¢ — S /G is the natural projection and we define d=qgod:Y — S& /G, we
have that {15 is a G-invariant map and hence, by ergodicity of G on Y and tameness
of 8¢ /G, ® is essentially constant. This is equivalent to saying that ®: Y — S&
actually takes values in a single G-orbit, that is we can write ®: Y — G/Ga4,
where A = Gy € Sg is the stabilizer of some y € Y and G4 is the stabilizer in G
of A, that is the normalizer in G' of G,. It is clear that G, the stabilizer in G*
of A, is isomorphic to G4/Z(G), so that G/G4 ~ G*/G?%. Since ® is a G-map,
the finite invariant measure v on Y pushes forward to a finite G-invariant measure
®, (v) on G/G 4, which we can think of as a finite G*-invariant measure on G*/G%.
If we knew that G were algebraic, the Borel density theorem would imply that
G = G*, so that G4 = G and hence G, = A for almost every y € Y and A, being
normal and discrete, would be central, hence completing the proof. But S is not
a variety, hence we do not know whether or not G is algebraic and we can only
conclude that G*% is Zariski dense in G™*.

To proceed with the proof, observe that G* a(A) is of finite index in the algebraic

group éa( 4) (since the action of G on 82 is algebraic) and that Gray = Gaz)-
But since G% C GZ( A = G 2(G)> by passing to the Zariski closure, we have that
az(c) = G*- This means that G* acts (continuously) on AZ(G), which is discrete,

and hence trivially. In particular it fixes A C Z(G), hence showing that G% = G*.
Reasoning as above we can now conclude the proof. [

For essentially transitive actions we have the following;:

Proposition 3.5. Let G, (X, u) be as in Proposition 2.1, K C G be the mazimal
compact subgroup and let (Y,v) be a G-factor of (X, p). Assume that G acts essen-
tially tmnsztwely on (X u) and that for almost everyy € Y, K, acts essentzally

4 g3 17N\ N . X7 °* 311 _ £ 5. 7 T/ v 471 g 1 '1- e
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of y in K. Then there are two fized central subgroups AX, AY such that for almost
everyy €Y, p~L(y) = AY JAX | and hence Y ~ X /A, where A= AY |AX.

Proof. 1t will be enough to prove the following:

Lemma 3.6. Let G be a connected semisimple Lie group with no compact factors
and finite center, K C G its mazximal compact subgroup and let S be an essentially
transitive G-space with finite invariant measure. Then there is a subgroup A C K
which is central in G, such that K/A acts essentially freely on S. In other words
the stabilizer in K of almost every s € S is a central subgroup A C K (which does
not depend on s € S).

To deduce Proposition 3.5 from this Lemma it suffices to observe that since G
is essentially transitive on X, it must be essentially transitive on Y too. Then
applying Lemma 3.6 twice with S = X and S =Y and using Corollary 3.2, we get
that, for almost every y € Y, p~1(y) ~ AY /AX. where AY, AX C Z(G).

Proof of Lemma 3.6. Let F = K, = K NG # {e}, where K, and G are the sta-
bilizers in K and G, respectively, of a fixed s € S; since G is discrete (Proposition
2.1), F is a finite group and we can also find a neighborhood U of K such that
UNGs; = F. Let V be a symmetric neighborhood of e € G with the following
properties:

i)gKg-lcUforallgeV

W) IfF={e, f1,...,[n} then gfig™' # f; forall i # j,g € V.

Let F be the collection of all subsets of F. If E € F define Vg = {g€ V: gKg~'n
Gs D E}={g€V:gKg ! D> E}. Because of the choice of V' and because of the
property that if £y C Ey then Vg, C Vg,, Vg is exactly the subset of points in
V which fix E pointwise, that is Vg = {g € V: gfg~! = f for all f € E}. If we
knew that for f € E, gfg~! = f for all g € G, then we would have that E C Z(G);
then our next goal would be to show that on a neighborhood of s, the stabilizer of
almost every point is a central subgroup which does not depend on the point.

It is clear that all of the Vg’s are symmetric (since V' is symmetric) and closed in
V: in fact if ¢f: V — G is the continuous map defined as ¢¢(g) = g~*fg for each
f € F, then qSJ?l(K) ={geV:glfge K} ={geV: fegKg'}is closed in
Vand Vg ={g€eV:g9gKg ' DE} = Nyer quTl(K) is closed. Moreover, we have
that V = gcr Ve. Since m(V) > 0 (where m is the Haar measure on G) and
the union is finite, then at least for one E € F we must have m(Vg) > 0; choose
the largest subset E of F' such that m(Vg) > 0. If <E> denotes the subgroup
generated by E, we have that Vg = Vg~ and hence, by maximality of E, E must
be a group. Moreover, since Vg is closed, symmetric and has positive measure, its
powers generate G it follows that if f € E then gfg~! = f for every g € G, hence
FE is a central subgroup.

But EC Z(G)NF C Z(G)NGs = ﬂgeG(gKg_lﬂGs) and hence E = g~ 1Eg C
9 ' (9Kg ' NGs)g = KNGy-1y = Kyay for all g € G, that is E is a central
subgroup which is contained in the stabilizer in K of almost all s € S (since G
is essentially transitive on S). Furthermore, because of the choice of E, we have
that if E C E’ then m(Vg) = 0, hence Vg = Vi N\ Ugcp Ve is a symmetric set

of positive measure with non-empty interior, such that for g € V we have that
- oy 1 ~7Y 11 .. T -
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Repeating the above argument, we have hence shown that, given any s € S such
that K, # {e}, there exist an open neighborhood Wy and a subgroup E,; C Z(G)
such that E; C K for almost all ¢ € S and that for almost all g € Wy, K45 = FEj.
From this we see that there is a fixed E C Z(G) such that {t € S: K; # E}N{W;s}
has measure zero for almost every s € §. Because G is second countable and acts
essentially transitively on S we have that for almost every s € S, K, = F. [

4. Measurable cocycles. Let G be a locally compact group and S be a Borel
G-space. Recall that a Borel map a: S x G — H into a locally compact group is
a measurable cocycle if, for g,h € G, a(s,gh) = a(s,g)a(gs, h) for almost every
s € S. Two cocycles a, (3 are said to be equivalent, (a ~ ), if there is a measurable
map 0: S — H such that, if g € G, 0(s) " a(s, 9)0(gs) = B(s, g), for almost every
s € S. Let F(S, H) denote the space of measurable functions from S into H. Then,
given the cocycle a: S x G — H, we can define a “twisted” G-action on F'(S, H) as
(g- f)(s) = f(gs)a(s,g)™ L, for almost every s € S. A function f € F (S, H) is said
to be a-invariant if for every g € G, f(gs) = f(s)a(s, g) for almost every s € S. It
is easy to prove that there exists an a-invariant function in F(S, H) if and only if
o is equivalent to the trivial cocycle, [Z3, 4.2.18]. Also the following much stronger
result holds true; we denote here by ar the restriction of the measurable cocycle a
to the action of T'.

Theorem 4.1 [I1, Theorem 3.3]. Let G be a connected semisimple Lie group with
finite center and no compact factors, H an algebraic group, (S, 1) a G-space with
finite invariant measure and o: S x G — H a measurable cocycle such that ar is
equivalent to the trivial cocycle. Then every ar-invariant function f € F(S,H) is
a-tnvariant.

The following Proposition will conclude the proof of our main result.

Proposition 4.2. Let G, T' be as in Proposition 2.1, (X;, i), 1 = 1,2, be a G-
space with a finite invariant measure and let (Y;,v;) be a factor of X; such that
Y; ~ X;/A;, where A; is an algebraic group whose action on X; commutes with
the G;-action. Assume that ¢: X1 — X5 is a measure preserving I'-map which
commutes with the factor maps p;: X; — Y; and covers a G-map ¢o: Y1 — Ys.
Then ¢ is a G-map.

The following result is just a reformulation of the last Proposition in terms of
principal bundles.

Corollary 4.3. Let G, T’ be as in Proposition 2.1 and let H be an algebraic group.
Let P — M be a principal H-bundle over a manifold M such that G C Aut(P) and
G preserves a probability measure on P. Let ¢: P — P be a measure preserving
I'-map which preserves fibers and covers a G-map ¢o: M — M. Then ¢ is a
G-map.

Remark. It should be noted that if there is a G-invariant probability measure on M
and H is compact, then there is a G-invariant probability measure on P. Thus, for
instance, if P — M is the frame bundle, the hypotheses of Corollary 4.3 are verified
if G preserves a probability measure on M and a measurable Riemannian metric on
M. On the other hand, if we exclude the case in which there are locally closed G-
orbits in P with compact stabilizer, we need only the existence of a quasi-invariant
measure on P, not necessarily finite. In fact Theorem 4.1, and hence Proposition

Vs T R T T D M Y Y L T Y R & o T Y R DR TS DAY
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Proof of Corollary 4.3. We can choose a measurable section s: M — P and measur-
ably trivialize the bundle, P ~ M x H, (note that different sections give equivalent
trivializations). We can then apply Proposition 4.2to M xH - M =Y; =Y,. O

Proof of Proposition 4.2. Identify X; with Y; x A;. We have an action of A; on
Y; x A; on the right, (s, a;)a; = (y;, a;a}) and a G-action on Y; x A; which commutes
with the A;-action and will be given by a measurable cocycle; in other words there
exists a measurable cocycle «;: Y; X G — A; such that for every g € G, a; € A;,
9(Yi, a;) = (9ys, ai;(yi, g)) for almost every y; € Y;. Since p: X; — X5 has the
property that ps o ¢ = g o p1, its expression, after the identification X; ~ Y; x A;,
becomes ¢(y1,a1) = (po(y1), p1(y1,01)), where p1 € F(Y7 x A1, As). Since ¢ is a
I'-map, we have that for every v € I', a.e. y3 € V3

(wo(vy1), L1(v(y1, 1)) = w(vy1, a101(y1,7)) = ©(v(y1, 1)) = v (Y1,01) =
= 7(po(y1), p1(y1,a1)) = (vpo(y1), p1(y1, a)az(po(y1), 7))

which shows that the map ¢; € F(Y; x Ay, As) is fp-invariant, where 3: (Y7 X
A1) X G — Ay is the measurable cocycle defined as B((y1,a1),9) = a2(po(y1),9)
and fr = B|v,xa,)xr- We know already that ¢y commutes with the G-action
and to complete the proof it will be enough to prove that ¢, is G-invariant. But
this follows from Theorem 4.1, after observing that, since ¢; is fp-invariant, Or is
equivalent to the trivial cocycle. [

Example. We want to show now with an example how some hypotheses of “dis-
creteness” on the spectrum is necessary.

Let G, I' be as above and let o: G — U(H) be a unitary representation of G
which does not have purely atomic spectrum, that is a unitary representation that
cannot be decomposed as direct sum of unitary irreducible representations. Since
G is semisimple, hence of type I, there is a unique decomposition of ¢ as direct
integral of irreducible representations; however, if I' is a lattice in G, I' is not of
type I or equivalently the decomposition of o|r as direct integral of irreducible
representations need not be unique any more, thus implying that (op,or) 2 (0, 0).

We want to describe now the construction of an essentially free ergodic G-space
associated to o: G — U(H) (known in the literature as Gaussian space; for a more
detailed description see [Ku] or [Z3, 5.2.13]) in such a way that every B € (or,or)
which is not in (o, o) will correspond to a measure preserving I'-map ¢p: X — X
which is not a G-map.

Let (X, p) be the (countable) infinite product of copies of (R,v), where dv =

2—6_””2/ 2dzx is the Gaussian measure. If {e;} is an orthonormal basis of H, let us
™

consider the map T: H — L?(X) defined as T'(e;) = p;, where p;: X — R is the
projection onto the i-th component. T is an isometry onto T'(#) and, for every
unitary operator U: ‘H — H, we can define a measure preserving map ¢y: X — X
such that the diagram

H —L % I2(X)

v| |¢
H —L % I3(X)

commutes. Since o: G — U(H) is unitary we can hence define a G-action on X

1 O 1Y Y e Y B b Y o B B S P TR R . r
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we denote by 7 the representation of G on L?(X), T € (o, 7). To conclude this
brief description we need only to observe that two unitary operators U,V:H — H
commute if and only if the corresponding maps ¢y, ¢y : X — X commute and
that, since o does not have purely atomic spectrum, then the representation 7 on
L?(X) does not have purely atomic spectrum.

We want to observe, however, that such Gaussian action will not be measurably
equivalent to an action on a compact manifold, as (by construction) the former
will have elements which act with infinite entropy and the latter cannot have this

property.
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