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Complements of geodesics as hyperbolic three-manifolds

Let X be a closed hyperbolic surface and v C X a primitive filling geodesic:
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Complements of geodesics as hyperbolic three-manifolds

Let X be a closed hyperbolic surface and v C X a primitive filling geodesic:

Then its complement in the projective tangent bundle
M, = PT(X)\ 4

is a finite-volume hyperbolic three-manifold (Foulon—Hasselblatt '13).

Yannick Krifka Volume of random geodesic complements Ventotene 2021 2/6



Complements of geodesics as hyperbolic three-manifolds

Let X be a closed hyperbolic surface and v C X a primitive filling geodesic:

Then its complement in the projective tangent bundle
M, = PT(X)\ 4
is a finite-volume hyperbolic three-manifold (Foulon—Hasselblatt '13).

Question J

What is the hyperbolic volume vol(M,) for a generic geodesic v?
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Random model for primitive filling geodesics
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Random model for primitive filling geodesics

@ Sample a unit tangent vector v € UT(X) uniformly at random;
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Random model for primitive filling geodesics

o ST )

@ Sample a unit tangent vector v € UT(X) uniformly at random;

@ Flow for long enough time t = t(v) in the direction of v;
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Random model for primitive filling geodesics
e (G -
LT =Y

@ Sample a unit tangent vector v € UT(X) uniformly at random;
@ Flow for long enough time t = t(v) in the direction of v;

© Close-up by a short arc;
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Random model for primitive filling geodesics

@ Sample a unit tangent vector v € UT(X) uniformly at random;
@ Flow for long enough time t = t(v) in the direction of v;
© Close-up by a short arc;

@ Pull-tight to obtain a filling closed geodesic 7, C X
and consider its primitive subcurve 7.
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Result

Suppose that X is glued from isometric pairs of pants whose limit sets
have Hausdorff dimension 0 < § < 1.
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Result

Suppose that X is glued from isometric pairs of pants whose limit sets
have Hausdorff dimension 0 < § < 1.

Theorem (Cremaschi—-K—Martinez-Granado—Vargas Pallete '21)

Let n > 1. There are positive constants A, B, C, such that almost every
primitive filling geodesic v C X satisfies

(St N
A (W onty) B

where W denotes the Lambert W function.
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Result
Suppose that X is glued from isometric pairs of pants whose limit sets
have Hausdorff dimension 0 < § < 1.

Theorem (Cremaschi—-K—Martinez-Granado—Vargas Pallete '21)

Let n > 1. There are positive constants A, B, C, such that almost every
primitive filling geodesic v C X satisfies

(St N
A (W onty) B

where W denotes the Lambert W function.

Remark

W(x) ~ log(x) — log log(x) (x = +00).
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Result

Suppose that X is glued from isometric pairs of pants whose limit sets
have Hausdorff dimension 0 < § < 1.
Theorem (Cremaschi—-K—Martinez-Granado—Vargas Pallete '21)

Let n > 1. There are positive constants A, B, C, such that almost every
primitive filling geodesic v C X satisfies

C-tx(y) 7>
A (Wie i) 8 S0
s\/gTw)

where W denotes the Lambert W function.

Remark

W(x) ~ log(x) — log log(x) (x = +00).
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The counting problem in the proof

@ There is a certain partition {B;};eny of UT(X), such that
Ci(v) < vol(Mzp),
where

Ci(v) =#{ieN|Jke{0,...,|t]}: 5_’:(/‘2 € Bi},

geodesic flow

that is the number of different partition sets that the geodesic arc
starting from v visits up to time t (at integral times).

Yannick Krifka Volume of random geodesic complements Ventotene 2021 5/6



The counting problem in the proof

@ There is a certain partition {B;};eny of UT(X), such that
Ci(v) < vol(Mzp),
where

Ci(v) =#{ieN|Jke{0,...,|t]}: 5_’:(/‘2 € Bi},

geodesic flow

that is the number of different partition sets that the geodesic arc
starting from v visits up to time t (at integral times).

o We estimate C;(v) by applying an exponential multiple mixing
result for the geodesic flow.

Yannick Krifka Volume of random geodesic complements Ventotene 2021 5/6



Thank youl!
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