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Geometric Bordism

Definition

A submanifold N of (M, g) is called totally geodesic if every geodesic in
(N, g) is also a geodesic in (M, g).

Definition

A hyperbolic manifold N bounds geometrically if there is a hyperbolic M
with totally geodesic boundary such that N ∼= ∂M.

Remark

Every smooth 3-manifold bounds smoothly, but not all hyperbolic
3-manifolds bound geometrically.

Proposition

If N embeds totally geodesically and admits an orientation-reversing,
fixed-point free (nor-fpf) involution, then it bounds geometrically.
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Obstructions and a new construction

Remark

It’s not known if every 3-manifold embed totally geodesic in a 4-manifold.

In addition, many manifolds do not admit a nor-fpf involution.

Example (Manifolds without nor-fpf involutions)

QHSn for n odd; M3 with η(M) ̸= 0; some maximal isometry surfaces.

Proposition

There are hyperbolic surfaces that bound geometrically without such maps.

Theorem (F.)

It is (sometimes) possible to construct a geometric boundary, for surfaces
that tessellate into regular polygons, without using a nor-fpf involution.
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