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Definitions

Q /= {(xn)nen : En [xn|P < oo}
Q Lp = {f : R — R Lebesgue measurable : [, |f|P du < +oco}/ ~
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O lp = {(xn)nen : 22, |xnlP < oo}
Q Lp = {f : R — R Lebesgue measurable : [, |f|P du < +oco}/ ~

| N

Linear embeddings

A linear map T: (X, | - |lx) = (Y,] - ly) between normed vector spaces is a linear
embedding if there exists a constant M > 0 s.t. for all x € X:

Mlixlix < ITCIly < Milx|lx-
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A linear map T: (X, | - |lx) = (Y,] - ly) between normed vector spaces is a linear
embedding if there exists a constant M > 0 s.t. for all x € X:

Mlixlix < ITCIly < Milx|lx-

Consequence of Pitt's theorem

There is no linear embedding from L, into 4 unless p = q = 2.
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Q¢ = {(xn)nen : Zn |xn|P < oo}
Q Lp = {f : R — R Lebesgue measurable : [, |f|P du < +oco}/ ~

| N

Linear embeddings

A linear map T: (X, | - |lx) = (Y,] - ly) between normed vector spaces is a linear
embedding if there exists a constant M > 0 s.t. for all x € X:

Mixllx < TGNy < Mllx]ix-

Consequence of Pitt's theorem

There is no linear embedding from L, into 4 unless p = q = 2.

Bi-Lipschitz embeddings

A map f: (X,dx) — (Y,dy) is called a bi-Lipschitz embedding if there exist
constants s > 0 and D > 1 such that for any x1, x2 € X the following inequalities hold.

sdx (x1,x2) < dy(f(x1), f(x2)) < sDdx(x1,x2)-
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A linear map T: (X, | - |lx) = (Y,] - ly) between normed vector spaces is a linear
embedding if there exists a constant M > 0 s.t. for all x € X:

Mixllx < TGNy < Mllx]ix-

Consequence of Pitt's theorem

There is no linear embedding from L, into 4 unless p = q = 2.

Bi-Lipschitz embeddings

A map f: (X,dx) — (Y,dy) is called a bi-Lipschitz embedding if there exist
constants s > 0 and D > 1 such that for any x1, x2 € X the following inequalities hold.

sdx (x1,x2) < dy(f(x1), f(x2)) < sDdx(x1,x2)-

Heinrich and Mankiewicz using Rademacher's differentiability theorem

There is no bi-Lipschitz embedding from L, into 44 unless p = q = 2.
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Coarse embeddings

A map f: (X,dx) = (Y,dy) is a a coarse embedding if there exist non decreasing
functions p_, p4 : [0,00) — [0, o) such that tILm p—(t) = oo and for any xi,x2 € X
oo

the following inequalities hold.

p—(dx(x1,x2)) < dy(f(x1), f(x2)) < p+(dx(x1,x2)).
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Coarse embeddings

A map f: (X,dx) = (Y,dy) is a a coarse embedding if there exist non decreasing
functions p_, p4 : [0,00) — [0, o) such that tILm p—(t) = oo and for any xi,x2 € X
oo

the following inequalities hold.

p—(dx(x1,x2)) < dy(f(x1), f(x2)) < p+(dx(x1,x2)).

Mendel and Naor
For 1 < p <2 L, does embed into £p.
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Coarse embeddings

A map f: (X,dx) = (Y,dy) is a a coarse embedding if there exist non decreasing
functions p_, p4 : [0,00) — [0, o) such that tILm p—(t) = oo and for any xi,x2 € X
oo

the following inequalities hold.

p—(dx(x1,x2)) < dy(f(x1), f(x2)) < p+(dx(x1,x2)).

Mendel and Naor

For 1 < p <2 L, does embed into £p.

Proposition

Let G be a finitely generated group that admits a proper, affine, isometric action on a
normed vector space V/, with a cocycle b. Then b is a coarse embedding of G into V.
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Coarse embeddings

A map f: (X,dx) = (Y,dy) is a a coarse embedding if there exist non decreasing
functions p—, p+: [0,00) — [0, 00) such that tim p—(t) = oo and for any x1,x2 € X
oo

the following inequalities hold.

p—(dx(x1,x2)) < dy(f(x1), f(x2)) < p+(dx(x1,x2))-

Mendel and Naor

For 1 < p <2 L, does embed into £.

Proposition

Let G be a finitely generated group that admits a proper, affine, isometric action on a
normed vector space V/, with a cocycle b. Then b is a coarse embedding of G into V.

Equivariant coarse embeddings

| N

Because of the above one can view proper, affine, isometric actions on V as a special
version of a coarse embedding. Admitting such an action can be called an equivariant
coarse embedding into V.

A\
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If a normed vector space (V/,+) admits an equivariant coarse embedding into £, then
it also embeds in a bi-Lipschitz way into £p.
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If a normed vector space (V/,+) admits an equivariant coarse embedding into £, then
it also embeds in a bi-Lipschitz way into £p.

There is no equivariant coarse embedding of L, into ¢, for p # 2.
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If a normed vector space (V/,+) admits an equivariant coarse embedding into £, then
it also embeds in a bi-Lipschitz way into £p.

There is no equivariant coarse embedding of L, into £, for p # 2.

Theorem (Cornulier, Tessera, Valette)

Let G be a locally compact, compactly generated, amenable group. If G coarsely
embeds into the Hilbert space, then there exists an equivariant coarse embedding of G
into Hilbert space
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If a normed vector space (V/,+) admits an equivariant coarse embedding into £, then
it also embeds in a bi-Lipschitz way into £p.

There is no equivariant coarse embedding of L, into £, for p # 2.

Theorem (Cornulier, Tessera, Valette)

Let G be a locally compact, compactly generated, amenable group. If G coarsely
embeds into the Hilbert space, then there exists an equivariant coarse embedding of G
into Hilbert space

Question

| \

Can we use similar techniques to reduce the coarse embedding problem of L, into ¢,
to the equivariant coarse embedding case that we've already solved?

A\
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