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Actions on uniformly convex spaces

Definition

Let E be a Banach space. A locally compact group G has FE if every

(affine) isometric action of G on E has a fixed point.

Theorem (Bader–Furman–Gelander–Monod 2005)

Higher rank algebraic/Lie groups and lattices have FLp whenever

1 < p < ∞. Examples: SL(n,ℝ), SL(n,ℚp), SL(n,ℤ) for n ≥ 3.

Conjecture (Bader–Furman–Gelander–Monod 2005)

Higher rank algebraic/Lie groups and lattices have FE for every uniformly

convex Banach space E.
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Actions on uniformly convex spaces

Theorem (Lafforgue 2008, Liao 2014)

Higher rank algebraic groups over non-Archimedean local fields have

strong Banach property (T) with respect to every un. cvx. space.

Theorem (Oppenheim 2022)

SL(n,ℝ) has FE for every n ≥ 4 and every uniformly convex space E.

Theorem (dL–de la Salle 2023)

Higher rank Lie groups have FE for every uniformly convex space E.

The conjecture is true!
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