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Minimal volume entropy

Setting: (M, g) closed Riemannian manifold.

Definition
The volume entropy of (M, g) is

Ent(M, g) := lim
R→+∞

1

R
· log

(
Volg̃(B(x,R))

)
.

The minimal volume entropy of M is

MinEnt(M) := inf
g ∈Riem(M)

Ent(M, g)Vol(M, g)
1

dim(M) .
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Facts and questions about MinEnt

▶ MinEnt is a homotopy invariant, which depends only on the
image of the fundamental class of the manifold under the
classifying map (Bru08)

▶ It is a quite crude invariant: we do not know if it is
multiplicative under finite covers

▶ Denoting by ∥M∥ the simplicial volume of M , it holds that
(Gro82)

MinEnt(M)dim(M) ≥ cdim(M) · ∥M∥.

Question/Conjecture
Does the following implication hold?

∥M∥ = 0 ⇒ MinEnt(M) = 0
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What do we know? What do we do?

The answer to the Question is affirmative in dimension 2
(Gro82),

in dimension 3 (Pie19) and for geometrizable
4-manifolds (SS09).
Naive approach: try to compute MinEnt of manifolds whose
simplicial volume is known to vanish.
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Mapping tori

Definition
Let M be a smooth manifold and f : M → M a diffeomorphism.
The mapping torus of f of M is

Mf := M × [0, 1]/(x,0)∼(f(x),1).
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Mapping tori

Theorem (BN20)
Let M be a connected closed oriented 3-manifold and let
f : M → M be a self-diffeomorphism. Then

∥Mf∥ = 0.

Theorem
Let M be a connected closed oriented 3-manifold and let
f : M → M be a self-diffeomorphism. Then

MinEnt(Mf ) = 0.
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Thank you for the attention!
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