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Some metrics on L?(M)
A conjecture of Cornea

Broad picture

Biran, Cornea and Shelukhin introduced metrics on large collections
L ?(M) of Lagrangians, and we would like to understand them.

One way to do this is to compare the topology they induce to the
one induced by other known metrics, e.g. the Hausdorff distance
between sets.

Problem: Converging sequences in these metrics can be pretty wild
from a set-theoritic point of view.

Workaround: Restrict our attention to a smaller subspace of La-
grangians behaving well metrically.

Upshot: We will get some sort of dichotomy!
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Setting

• Fix M , a closed symplectic manifold.

• L ?(M) := {closed connected Lagrangians in M satisfying ?}
where

(a) (? = we): ω = 0 on HD
2 (M,L);

(b) (? = m(ρ,d)): ω = ρµ on HD
2 (M,L), NL ≥ 2 and dL =

d,

for ρ > 0 and d ∈ Z2.

• inf ∅ = +∞.

Remarks

Most of what follows also works when M is a Liouville manifold,
with some additional details. In that case, we can also take ? = e,
i.e. ω|L = dλ.
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Lagrangian Hofer metric
Shadow metrics

Definition (Chekanov, 2000)

The Lagrangian Hofer metric on the Hamiltonian orbit of a
Lagrangian submanifold L0 is defined by

dH(L,L′) := inf
ϕ∈Ham(M)
ϕ(L)=L′

||ϕ||H ,

where || · ||H is the Hofer norm on Ham(M).

Q: But what does it mean to converge in dH?

A: Well, it’s complicated...

Jean-Philippe Chassé (UdeM) Metric constraints & shadow metrics



Some metrics on L?(M)
A conjecture of Cornea

Lagrangian Hofer metric
Shadow metrics

Definition (Chekanov, 2000)

The Lagrangian Hofer metric on the Hamiltonian orbit of a
Lagrangian submanifold L0 is defined by

dH(L,L′) := inf
ϕ∈Ham(M)
ϕ(L)=L′

||ϕ||H ,

where || · ||H is the Hofer norm on Ham(M).

Q: But what does it mean to converge in dH?

A: Well, it’s complicated...
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Lagrangian Hofer metric
Shadow metrics

Some bad behaviour in (L we(T2), dH)

Take Hn(x, y) := 1
n sin(nx) on T2 = R2/(2πZ2). These functions

generate Hamiltonian flows

f tn(x, y) = (x, y + t cos(nx)).

Therefore, if we take

L0 := {y = 0} and Ln := f1
n(L0) = {(x, cos(nx))},

we will get dH(L0, Ln) = 2
n

n→∞−−−→ 0, even though the Ln’s get
quite messy.
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L0

L2

L0

L10

Note that we have d(L0, Ln) ≡ 1, where d is the Hausdorff distance
induced by the flat metric.
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Definition (Arnol’d, 1980; Biran-Cornea, 2013; Cornea-Shelukhin, 2019)

Let L1, . . . , Lk, L
′
1, . . . , L

′
k′ ∈ L ?(M). A Lagrangian cobordism

between (L1, . . . , Lk) and (L′1, . . . , L
′
k′), denoted

V : (L1, . . . , Lk) (L′1, . . . , L
′
k′),

is a Lagrangian V ∈ L ?
cob(M × C) whose projection onto C looks

like the following

L′1

L′2

L1

L2

L3

The shadow S(V ) of V is the area of the black and grey regions.
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Lagrangian Hofer metric
Shadow metrics

Definition (Cornea-Shelukhin, 2019; Biran-Cornea-Shelukhin, 2018)

The shadow pseudometric on L ?(M) associated to a family
F ⊆ L ?(M) is defined by

dF (L,L′) :=
sF (L,L′) + sF (L′, L)

2
,

where

sF (L,L′) := inf{S(V )|V : L (F1, . . . , L
′, . . . , Fk), k ≥ 0, Fi ∈ F}.

Remarks

• dF ≤ dH , for any family F .

• Shadow pseudometrics are a special case of what are called
weighted fragmentation pseudometric on DFuk?(M).
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Theorem (Biran-Cornea-Shelukhin, 2018)

If F ,F ′ ⊆ L ?(M) are such that( ⋃
F∈F

F

)
∩

( ⋃
F ′∈F ′

F ′

)

is totally disconnected, then

d̂F ,F ′
:=

dF + dF ′

2

is a metric on L ?(M).

In what follows, we fix families F and F ′ having these properties.
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Some metric constraints on Lagrangians

We restrict our attention from L ?(M) to a subspace of Lagrangians
behaving well metrically.

Fix a Riemannian metric g on M and, for a submanifold L of M ,
denote by BL its second fundamental form. For Λ0,Λ1 ≥ 0, we
then define subspaces

L ?
Λ0

(M, g) := {L ∈ L ?(M) | ||BL|| ≤ Λ0} ,
L ?

(Λ0,Λ1)(M, g) := {L ∈ L ?(M) | ||BL|| ≤ Λ0, ||∇BL|| ≤ Λ1}.
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Conjecture (Cornea, 2018)

Fix a compatible almost complex structure J . The topology
induced by the Hausdorff metric on L ?

Λ0
= L ?

Λ0
(M, gJ) is stronger

than the one induced by d̂F ,F ′
.

In other words, if Ln
n→∞−−−→ L0 in d̂F ,F ′

, then Ln
n→∞−−−→ L0 in the

Hausdorff metric d induced by gJ .

Theorem (C. – in progress)

The corresponding conjecture on L ?
(Λ0,Λ1) holds.
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It is not too hard to convince oneself that the conjecture in the space
L ?

(Λ0,Λ1) would follow from the following result.

Proposition

Let {Ln}n≥1 ⊆ L ?
(Λ0,Λ1) be such that Ln

n→∞−−−→ L0 ∈ L ?
(Λ0,Λ1) in

dF . Then, for all sequences {xn}n≥1 ⊆M such that xn ∈ Ln and

xn
n→∞−−−→ x0 ∈M , we have that

x0 ∈ L0 ∪

( ⋃
F∈F

F

)
.
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A suggestion from Shelukhin
Suppose x0 /∈ L0 ∪ (

⋃
F∈F F ).

(1) Find {fn}n≥1 ⊆ Ham(M) such that

(i) fn(Ln)
n→∞−−−→ L0 in dF ;

(ii) fn(Ln) ∈ L ?
(Λ′

0,Λ
′
1), ∀n ≥ 1, for some Λ′i ≥ Λi;

(iii) fn(xn) = x0, ∀n ≥ 1.

(2) (Biran-Cornea-Shelukhin) For each n ≥ 1, there exists a J-
holomorphic polygon un : Srn →M such that

(i) un passes through x0;
(ii) un has boundary in {fn(Ln)} ∪ {L0} ∪F ;
(iii) ω(un) ≤ 2dF (fn(Ln), L0).

Therefore, we get a contradiction if we can find a constant D =
D(gJ ,Λ

′
0,Λ

′
1, d(x0, L0 ∪ (

⋃
F∈F F ))) > 0 such that

ω(un) ≥ D, ∀n ≥ 1.
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Theorem (Groman-Solomon; Duval; Abouzaid; C. – in progress)

Let u : Sr →M be a J-holomorphic polygon with boundaries in
Lagrangians L1, . . . , Lm. Suppose that Li ∈ L ?

(Λ0,Λ1) for some

i ∈ {1, . . . ,m} such that Li ∩ (∪j 6=iLj) 6= Li. Then, for any
x0 ∈ Li − (∪j 6=iLj) and any ε > 0, there exists a constant

A = A (gJ ,Λ0,Λ1, d(x0,∪j 6=iLj), ε) > 0

such that

`Li∩B(ε)(∂u) ≤ Aω(u),

where B(ε) := Bd(x0,∪j 6=iLj)−ε(x0) is the metric ball of radius
d(x0,∪j 6=iLj)− ε centered at x0.
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Duval’s proof

Definition

A function f : U ⊆M → [0,+∞) is psh (resp. weakly psh) if

(ddJf)(·, J ·) > 0 (resp. ≥ 0),

where dJf := −df ◦ J .

If there exists f on a tubular neighborhood of size r of L such that

(i) f is psh;

(ii)
√
f is weakly psh;

(iii) | grad f | ≤ ar,

then

`dd
Jf (∂u) ≤ a

r
(ddJf)(u).
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How to adapt on a Kähler manifold

• It is well known that ρ = dist2
L is psh on L, and thus on some

neighborhood of L.

• On a Kähler manifold,

(ddJf)(X, JY ) = (Hess f)(X,Y ) + (Hess f)(JX, JY ).

• But Hess
√
ρ solves a Ricatti-type equation, and thus related

quantitites respect comparison theorems! One also get com-
parison results for Hess ρ, since

Hess ρ = 2
√
ρ(Hess

√
ρ) + 2(d

√
ρ)2.

Furthermore, | grad
√
ρ| ≡ 1.

• We can then take f = (
√
ρ+Bρ)2 for suitable B > 0.
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quantitites respect comparison theorems! One also get com-
parison results for Hess ρ, since

Hess ρ = 2
√
ρ(Hess

√
ρ) + 2(d

√
ρ)2.

Furthermore, | grad
√
ρ| ≡ 1.

• We can then take f = (
√
ρ+Bρ)2 for suitable B > 0.
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Thank you for your attention!
Got any (more) question?
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