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Broad picture

Biran, Cornea and Shelukhin introduced metrics on large collections
ZL*(M) of Lagrangians, and we would like to understand them.

One way to do this is to compare the topology they induce to the
one induced by other known metrics, e.g. the Hausdorff distance
between sets.
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Problem: Converging sequences in these metrics can be pretty wild
from a set-theoritic point of view.
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from a set-theoritic point of view.

Workaround: Restrict our attention to a smaller subspace of La-
grangians behaving well metrically.

Jean-Philippe Chassé (UdeM) Metric constraints & shadow metrics



Broad picture

Biran, Cornea and Shelukhin introduced metrics on large collections
ZL*(M) of Lagrangians, and we would like to understand them.

One way to do this is to compare the topology they induce to the
one induced by other known metrics, e.g. the Hausdorff distance
between sets.

Problem: Converging sequences in these metrics can be pretty wild
from a set-theoritic point of view.

Workaround: Restrict our attention to a smaller subspace of La-
grangians behaving well metrically.

Upshot: We will get some sort of dichotomy!
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Plan

» Some metrics on Z*(M)
Qo
°

? A conjecture of Cornea
Qo
°
Qo
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Setting

e Fix M, a closed symplectic manifold.
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Setting

e Fix M, a closed symplectic manifold.
o £*(M) := {closed connected Lagrangians in M satisfying x}
where
(a) (x=we): w=0o0n HY (M, L);
(b) (x=m(p,d)): w=ppon HP(M,L), N, >2and d;, =
d,
for p > 0 and d € Zs.
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o £*(M) := {closed connected Lagrangians in M satisfying x}
where
(a) (x=we): w=0on HP(M,L);
(b) (x=m(p,d)): w=ppon HP(M,L), N, >2and d;, =
d,
for p > 0 and d € Zs.
e inf @ = +4o0.
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Some metrics on Z*

A conjecture of Cornea

Setting

e Fix M, a closed symplectic manifold.

o £*(M) := {closed connected Lagrangians in M satisfying x}
where
(a) (x=we): w=0on HP(M,L);
(b) (x=m(p,d)): w=ppon HP(M,L), N, >2and d;, =
d,
for p > 0 and d € Zs.
e inf@ = +4oc0.

Most of what follows also works when M is a Liouville manifold,
with some additional details. In that case, we can also take x = ¢,
i.e. w|L =d\.
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Some metrics on £ * (M) Lagrangian Hofer metric
Shadow metrics

Plan

» Some metrics on Z*(M)
Qo
°
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Some metrics on £ * Lagrangian Hofer metric
A conjecture of Cornea Shadow metrics

Definition (Chekanov, 2000)

The Lagrangian Hofer metric on the Hamiltonian orbit of a
Lagrangian submanifold Lg is defined by

dy(L, L) := inf ,
a(L, L) e ool |72
e(L)=L'
where || - || is the Hofer norm on Ham(M).
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Some metrics on £ * Lagrangian Hofer metric
A conjecture of Cornea Shadow metrics

Definition (Chekanov, 2000)

The Lagrangian Hofer metric on the Hamiltonian orbit of a
Lagrangian submanifold Lg is defined by

dy(L, L) := inf ,
a(L, L) e ool |72
e(L)=L'
where || - || is the Hofer norm on Ham(M).

Q: But what does it mean to converge in dg?
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Some metrics on £ * (M) Lagrangian Hofer metric
A conjecture of Cornea Shadow metrics

Definition (Chekanov, 2000)

The Lagrangian Hofer metric on the Hamiltonian orbit of a
Lagrangian submanifold Lg is defined by

dy(L, L) := inf ,
a(L, L) e ool |72
e(L)=L'
where || - || is the Hofer norm on Ham(M).

Q: But what does it mean to converge in dg?

A: Well, it's complicated...
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Some metrics on £ * (M) Lagrangian Hofer metric
Shadow metrics

Some bad behaviour in ((£“¢(T?), dy)

Take Hy,(z,y) := Lsin(nx) on T? = R2/(2nZ?). These functions

n
generate Hamiltonian flows

fi(@,y) = (z,y + tcos(nx)).
Therefore, if we take

Lo:={y=0} and L,:= fi(Lo) = {(z,cos(nx))},

we will get di (Lo, L,) = % 272% 0, even though the L,'s get

quite messy.
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Some metrics on Z* ( Lagrangian Hofer metric
A conjecture of C ea Shadow metrics

Ly et I

Note that we have d(Lg, L,,) = 1, where d is the Hausdorff distance
induced by the flat metric.
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Some metrics on £ * (M) Lagrangian Hofer metric
A conjecture of Cornea Shadow metrics

Definition (Arnol'd, 1980; Biran-Cornea, 2013; Cornea-Shelukhin, 2019)

Let Ly,..., Ly, LY, ..., L}, € £*(M). A Lagrangian cobordism
between (L1, ..., L) and (L}, ..., L},), denoted

V:(Ll,...,Lk>~‘->( /1,..., ;g/),

is a Lagrangian V € .Z, (M x C) whose projection onto C looks
like the following

The shadow S(V') of V' is the area of the black and grey regions.
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Some metrics on £ * (M) Lagrangian Hofer metric
A conjecture of Cornea Shadow metrics

Definition (Cornea-Shelukhin, 2019; Biran-Cornea-Shelukhin, 2018)
The shadow pseudometric on .£*(M) associated to a family
F C L*(M) is defined by

s (L, L")+ s¥ (L', L)
2 9

d7 (L, L) :=
where

sZ(L, L) :=inf{S(V)|V : L ~ (F\,...,L,...,F),k > 0,F; € Z}.
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Definition (Cornea-Shelukhin, 2019; Biran-Cornea-Shelukhin, 2018)
The shadow pseudometric on .£*(M) associated to a family
F C L*(M) is defined by

s (L, L")+ s¥ (L', L)
2 9

d¥ (L, L") :=
where

sZ(L, L) :=inf{S(V)|V : L ~ (F\,...,L,...,F),k > 0,F; € Z}.

o d7 < dy, for any family .Z.
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Some metrics on £ * (M) Lagrangian Hofer metric
A conjecture of Cornea Shadow metrics

Definition (Cornea-Shelukhin, 2019; Biran-Cornea-Shelukhin, 2018)
The shadow pseudometric on .£*(M) associated to a family
F C L*(M) is defined by

s (L, L")+ s¥ (L', L)
2 9

d¥ (L, L") :=
where

sZ(L, L) :=inf{S(V)|V : L ~ (F\,...,L,...,F),k > 0,F; € Z}.

o d7 < dy, for any family .Z.

e Shadow pseudometrics are a special case of what are called
weighted fragmentation pseudometric on DFuk*(M).
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Some metrics on £ * (M) Lagrangian Hofer metric
A conjecture of Cornea Shadow metrics

Theorem (Biran-Cornea-Shelukhin, 2018)
If #, %' C £*(M) are such that

U Fln U F
Fe7 FleF’

is totally disconnected, then
dAy7y/ . d(/ + de?/

is a metric on Z*(M).

In what follows, we fix families .# and .%#’ having these properties.
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Statement of the conjecture
Idea of a proof
The reverse isoperimetric inequality

A conjecture of Cornea

Plan

? A conjecture of Cornea
Qo
°

Jean-Philippe Chassé (UdeM) Metric constraints & shadow metrics



Statement of the conjecture
A conjecture of Cornea ke afiz pro_of . o f .
The reverse isoperimetric inequality

Some metric constraints on Lagrangians

We restrict our attention from -£*(M) to a subspace of Lagrangians
behaving well metrically.

Fix a Riemannian metric g on M and, for a submanifold L of M,
denote by By its second fundamental form. For Ag,A; > 0, we
then define subspaces

L3, (M, g) :={L € Z"(M) | ||Bll < Ao},
Liroany (M, g) :={L e Z*(M) | [|B|| < Ao, [[VBL|| < A1}
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Statement of the conjecture
Idea of a proof
The reverse isoperimetric inequality

Some metrics on Z* (M)

A conjecture of Cornea

Conjecture (Cornea, 2018)

Fix a compatible almost complex structure J. The topology
induced by the Hausdorff metric on £ = % (M, g;) is stronger

than the one induced by a7’

In other words, if L, ——2 Lo in d77' then L, 222 Ly in the
Hausdorff metric d induced by g;.
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Statement of the conjecture
Idea of a proof
The reverse isoperimetric inequality

Some me £* (M)

A conjecture of Cornea

Conjecture (Cornea, 2018)

Fix a compatible almost complex structure J. The topology
induced by the Hausdorff metric on £ = % (M, g;) is stronger

than the one induced by a7’

In other words, if L, ——2 Lo in d77' then L, 222 Ly in the
Hausdorff metric d induced by g;.

Theorem (C. — in progress)

The corresponding conjecture on .21*1WA1> holds.
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Statement of the conjecture
Idea of a proof
The reverse isoperimetric inequality

Some metric V)

A conjecture of Cornea

It is not too hard to convince oneself that the conjecture in the space

.,2’6\0 Av) would follow from the following result.

Proposition

Let {Ln}nz1 € Ly, a, be such that L, 2225 Lo € £ ) in

d” . Then, for all sequences {z;}n>1 € M such that z,, € L,, and
n—oo

T, — xg € M, we have that

xo € Lo U U F
Fe7z
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Statement of the conjecture
Idea of a proof
The reverse isoperimetric inequality

A conjecture of Cornea

A suggestion from Shelukhin
Suppose 2o & Lo U (Upez F).
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Statement of the conjecture
A conjecture of Cornea ke afia pro_of . o f .
The reverse isoperimetric inequality

A suggestion from Shelukhin

Suppose 2o & Lo U (Upez F).
(1) Find {fn}n>1 € Ham(M) such that
n—oo

(i) fn(Ln) — Lo in d’y;
(it) fu(Ln) € D%*BA&), Vn > 1, for some A, > A;;

(i) fn(xn) = x0, Y > 1.
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Statement of the conjecture
A conjecture of Cornea ke afia pro_of . o f .
The reverse isoperimetric inequality

A suggestion from Shelukhin

Suppose 2o & Lo U (Upez F).
(1) Find {fn}n>1 € Ham(M) such that
(i) fa(Ln) =% Lo in d7;
(it) fu(Ln) € ‘Zf‘ 1AL Vn > 1, for some A, > A;;
(i) fn(zn) = x0, Yn > 1.
(2) (Biran-Cornea-Shelukhin) For each n > 1, there exists a J-
holomorphic polygon u,, : S, — M such that
(i) uy passes through xo;
(ii) uy, has boundary in {f,,(L,)} U{Lo} U .Z;
(iii) w(un) < 2d7 (fu(Ly), Lo).
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Statement of the conjecture
A conjecture of Cornea ke afia pro_of . o f .
The reverse isoperimetric inequality

A suggestion from Shelukhin

Suppose 2o & Lo U (Upez F).
(1) Find {fn}n>1 € Ham(M) such that
(i) fa(Ln) =% Lo in d7;
(it) fu(Ln) € ‘Zf‘ 1AL Vn > 1, for some A, > A;;
(i) fn(zn) = x0, Yn > 1.
(2) (Biran-Cornea-Shelukhin) For each n > 1, there exists a J-
holomorphic polygon u,, : S, — M such that
(i) uy passes through xo;
(ii) uy, has boundary in {f,,(L,)} U{Lo} U .Z;
(iii) w(un) < 2d7 (fo(Ln), Lo)-
Therefore, we get a contradiction if we can find a constant D =
D(gs, Ay, Al d(x0, Lo U (Upe s F))) > 0 such that

w(uy) > D, Vn > 1.
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Statement of the conjecture
Idea of a proof
The reverse isoperimetric inequality

Some metrics on & (M

A conjecture of Cornea

Theorem (Groman-Solomon; Duval; Abouzaid; C. — in progress)

Let w: S, — M be a J-holomorphic polygon with boundaries in
Lagrangians L1,..., L,,. Suppose that L; € .,2”(’;\07[\1) for some
i € {1,...,m} such that L; N (UjxL;) # L;. Then, for any

xg € Li — (Ujx;Lj) and any € > 0, there exists a constant

A=A (gJa AO? Ala d(I'(), Uj#ZL])? 8) >0
such that
ngB(a)(au) < Aw(u),

where B(e) := Ba(z,u,.;1;)—(Z0) is the metric ball of radius
d(zo,UjxiL;) — € centered at .
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Statement of the conjecture

. Idea of a proof

A t f A q .. .
conjecture of Cornea The reverse isoperimetric inequality

Some metrics on L™ (M)

Duval's proof

Definition
A function f: U C M — [0,+0c0) is psh (resp. weakly psh) if

(dd”f)(J) >0 (resp. > 0),

where d’ f .= —df o J.
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Statement of the conjecture
Idea of a proof
The reverse isoperimetric inequality

Some metrics on Z*

A conjecture of Cornea

Duval's proof
Definition
A function f: U C M — [0,+0c0) is psh (resp. weakly psh) if

(dd” f)(J) >0 (resp. = 0),
where d’ f .= —df o J.

If there exists f on a tubular neighborhood of size r of L such that
(i) fis psh;

(ii) v/f is weakly psh;

(i) |grad f| < ar,
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Statement of the conjecture
Idea of a proof
The reverse isoperimetric inequality

Some metrics on Z*

A conjecture of Cornea

Duval's proof
Definition
A function f: U C M — [0,+0c0) is psh (resp. weakly psh) if
(dd’ f)(-,J-) >0  (resp. >0),
where d’ f .= —df o J.
If there exists f on a tubular neighborhood of size r of L such that
(i) fis psh;

(ii) v/f is weakly psh;
(i) |grad f| < ar,

then

4 (9u) < = (dd f)(w).
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Statement of the conjecture
A conjecture of Cornea fiem ol @ s
J The reverse isoperimetric inequality
How to adapt on a Kahler manifold

e It is well known that p = dist? is psh on L, and thus on some
neighborhood of L.
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Statement of the conjecture
A conjecture of Cornea fiem ol @ s
J The reverse isoperimetric inequality
How to adapt on a Kahler manifold

e It is well known that p = dist? is psh on L, and thus on some
neighborhood of L.

e On a Kahler manifold,

(dd” f)(X,JY) = (Hess f)(X,Y) + (Hess f)(JX, JY).
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Statement of the conjecture
A conjecture of Cornea fiem ol @ s
J The reverse isoperimetric inequality
How to adapt on a Kahler manifold

e It is well known that p = dist? is psh on L, and thus on some
neighborhood of L.

e On a Kahler manifold,

(dd” f)(X,JY) = (Hess f)(X,Y) + (Hess f)(JX, JY).

e But Hess,/p solves a Ricatti-type equation, and thus related
quantitites respect comparison theorems! One also get com-
parison results for Hess p, since

Hess p = 2y/p(Hess /p) + 2(d/p)*.
Furthermore, |grad /p| = 1.
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Statement of the conjecture
A conjecture of Cornea fiem ol @ s
J The reverse isoperimetric inequality
How to adapt on a Kahler manifold

e It is well known that p = dist? is psh on L, and thus on some
neighborhood of L.

e On a Kahler manifold,
(dd’ f)(X,JY) = (Hess f)(X,Y) + (Hess f)(JX, JY).

e But Hess,/p solves a Ricatti-type equation, and thus related
quantitites respect comparison theorems! One also get com-
parison results for Hess p, since

Hess p = 2y/p(Hess /p) + 2(d/p)*.
Furthermore, |grad /p| = 1.
e We can then take f = (y/p + Bp)? for suitable B > 0.
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Thank you for your attention!
Got any (more) question?
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