Deep learning for high-dimensional continuous-time stochastic optimal control
without explicit solution

13 tb,**

Jean-Loup Dupret®*, Donatien Hainau

“Department of Mathematics and RiskLab, ETH Zurich, Riamistrasse 101, Zurich, 8092, Switzerland
YLIDAM-ISBA, Université Catholique de Louvain, Voie du Roman Pays 20, Louvain-La-Neuve, 1348, Belgium

Abstract

This paper introduces the GPI-PINN algorithm, a novel numerical scheme for solving continuous-time stochastic op-
timal control problems in high dimensions when the optimal control does not admit an explicit solution. The proposed
iterative deep-learning algorithm leverages Physics-Informed Neural Networks on the Hamilton—Jacobi—Bellman
residuals in an Actor-Critic fashion, which is built from the Generalized Policy Iteration technique. It employs two
separate neural networks to approximate both the value function and the multidimensional optimal control, achiev-
ing a global approximation of the optimal solution across all time and space that can be evaluated online rapidly.
Theoretical guarantees on convergence and optimality are provided, while its accuracy and efficacy are empirically
validated through two important numerical examples from operations research. In particular, we generalize the stan-
dard Almgren-Chriss model arising from optimal liquidation in finance by allowing for a price impact model with fully
nonlinear temporary and permanent impact functions and by considering a multidimensional setting with numerous

co-integrated assets.

Keywords: Machine learning, Stochastic optimal control, Deep learning, Physics-Informed Neural Networks,

Optimal liquidation

1. Introduction

A lot of literature has emerged recently for solving high-dimensional partial differential equations based
on deep learning, see e.g. Han et al. (2018), Sirignano and Spiliopoulos (2018), Han et al. (2017), Beck
et al. (2021), Blechschmidt and Ernst (2021). These algorithms can therefore be used to solve continuous-
time (CT) stochastic (Gaussian) optimal control problems whenever the optimal control admits an explicit
solution in terms of the value function. Indeed, in such cases, the well-known Hamilton—Jacobi—-Bellman
(HJIB) equation reduces to a parabolic second-order PDE. One of the most promising numerical schemes
is based on Physics-Informed Neural Networks (PINNs), as introduced in Raissi et al. (2017, 2019), and
is quite different from standard supervised machine learning techniques since instead of relying purely on
data, it uses the physical properties of the PDE itself to guide the training process. PINNs indeed generate
approximate solutions to PDEs by training a neural network to minimize a loss function consisting of terms

representing the misfit of the initial and boundary conditions along points sampled from the boundary of
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the space-time domain, as well as the PDE residual at selected points in the interior domain. We refer in
particular to Sirignano and Spiliopoulos (2018) and Blechschmidt and Ernst (2021), where PINNs are ap-

plied for solving CT stochastic optimal control problems in high dimensions with explicit solution.

On the opposite, when the optimal control does not admit an explicit representation, we cannot plug it
back anymore inside the HIB equation, and we then have to simultaneously solve an optimization prob-
lem with respect to the control as well as a (second-order) PDE with respect to the value function, see
Section 2.2. These implicit optimal control problems cannot be solved anymore using directly the deep
learning techniques mentioned above and therefore require a specifically-designed iterative approximation
algorithm. For low-dimensional implicit optimal controls, a classical solution from the reinforcement learn-
ing (RL) literature is to use the (Generalized) Policy Iteration (GPI) methods, which are a class of iterative
approximation algorithms for both the value function and the optimal control (Jacka and Mijatovi¢, 2017,
Sutton and Barto, 2018), see Algorithm 1. In particular, we highlight the Actor-Critic methods from Werbos
(1992), which have a separate memory structure to explicitly represent the optimal control independently
of the value function and which rely on this (G)PI approach. However, these numerical schemes based on
(G)PI usually scale poorly with the problem’s dimensionality as the optimization and the PDE both have
to be discretized and solved for every point in a finite grid. This raises the need of meshfree alternative
numerical techniques based on deep learning for solving implicit CT stochastic control in high dimensions

and continuous action space.

Several (deep) local approaches based on a time discretization of the associated state dynamics have thus
been explored in Han and E (2016), Zhou et al. (2021), Niisken and Richter (2021), Huré et al. (2021),
Bachouch et al. (2022), Ji et al. (2022), Li et al. (2024), Domingo-Enrich et al. (2024a,b). These methods
typically lead to local solutions that are only valid at a fixed, pre-specified set of time-space points from
the domain. Among such time-discretized algorithms, we also mention the global-in-time approaches (Hu
and Lauriere, 2023, Li and Forsyth, 2019, Fecamp et al., 2020, Warin, 2023, Han and Hu, 2021, van Staden
et al., 2023) based on a single (global) network for the control, which takes both time and state variables
as input and which is trained by direct maximization of the empirical objective function. As discussed in
Section 2.2 and confirmed numerically in Section 5, a key limitation of the global-in-time approach is that
the control network tends to learn the optimal policy only along the optimal states trajectories. This phe-
nomenon is sometimes referred to in the literature as semi-local approaches, see Nakamura-Zimmerer et al.
(2021). Indeed, as training progresses and the global control network converges to the optimal policy, fewer
sample paths deviate from the optimal ones, leading to poor approximations for time-space points far from

the optimal trajectory.

Alternatively, meshfree algorithms for implicit control based on deep learning have also gained popularity

through the use of deep RL techniques. These include policy gradient methods such as A2C/A3C (Mnih



et al., 2016), PPO (Schulman et al., 2017) and TRPO (Duan et al., 2016); Q-learning type algorithms with
DQN (Mnih et al., 2013) or C51 (Bellemare et al., 2017); and hybrid approaches with DDPG (Lillicrap
etal., 2019) or SAC (Haarnoja et al., 2018). However, these discrete-time model-free RL algorithms cannot
leverage explicitly the known CT internal dynamics of the optimal stochastic control problem. We hence
propose instead a deep model-based deterministic on-policy approach that includes explicitly the given in-
ternal state dynamics of our control problem thanks to the CT version of the HIB equation (2.6). Moreover,
leveraging this CT HJB equation through PINNSs eliminates the need to simulate the associated state dy-
namics, thereby avoiding discretization errors. It also allows us to solve for a global solution in very high

dimensions rather than on a constrained time-grid.

Therefore, the numerical scheme proposed in this paper aims at solving CT stochastic optimal control in
high dimensions, even when the control cannot be expressed explicitly, and is inspired by both the deep
learning and the reinforcement learning theory. More precisely, the so-called GPI-PINN algorithm is ob-
tained by combining PINNs on the HJB residuals together with an Actor-Critic structure built upon the GPI
algorithm. This iterative GPI-PINN scheme approximates both the value function and the high-dimensional
optimal control using two separate NNs, which are trained on sampled data from the space-time domain.
This provides a global approximation of the control and value function available across all time and space,
which can then be evaluated online very fast. By imposing an early termination condition in the training
process of the GPI-PINN algorithm, we establish both optimality and convergence guarantees of our nu-
merical scheme to the true value function and optimal control. Finally, based on two detailed numerical
examples, we show empirically the generality, accuracy and efficacy of the proposed GPI-PINN algorithm
for solving implicit stochastic optimal control problems in high dimensions. In the first example, we com-
pare and confirm the performance and accuracy of our GPI-PINN algorithm on a classical linear-quadratic
Gaussian control example for which the solution is known up to Monte-Carlo simulations. The second ex-
ample arises from optimal liquidation in finance where an agent has to sell a large amount of shares and yet
minimize adverse price movements generated by her own trades. In a first step, we generalize the standard
Almgren and Chriss (2001) and Almgren (2003) models by assuming nonlinear (power-law) temporary and
permanent impact functions as it prevents from having an explicit solution for the optimal control. We then
extend this fully nonlinear optimal liquidation setting in higher dimensions by considering a large number
of co-integrated assets, which interact and influence each other. This indeed leads to a high-dimensional
CT implicit stochastic optimal control problem that can be solved efficiently and accurately using our GPI-

PINN Algorithm.

The contributions of this article are therefore threefold. We first introduce a new iterative deep-learning
approximation algorithm able to solve high-dimensional CT stochastic optimal control problems across all

time and space when the control does not admit an explicit solution. We then prove theoretically the uniform



convergence of this so-called GPI-PINN algorithm toward the true optimal solutions. Finally, we show em-
pirically the efficacy and accuracy of the proposed numerical scheme on several examples. In particular, we
generalize the standard Almgren-Chriss model arising from optimal liquidation problems by allowing for
fully nonlinear temporary and permanent impact functions and by considering a multidimensional setting
with numerous co-integrated assets. The organization of the paper is as follows. In Section 2, we review
the literature and the theoretical foundations of explicit (Section 2.1) and implicit (Section 2.2) stochastic
optimal control problems. In Section 3, we introduce the GPI-PINN algorithm with early termination and
establish theoretical convergence guarantees to the optimal solution. Section 4 lays out the neural network
implementation used in the rest of the paper. Section 5 performs a comparative example for which a solution
is known up to Monte-Carlo simulations and Section 6 shows how the GPI-PINN algorithm can be used to

solve complex optimal liquidation strategies in finance. Section 7 concludes.

2. Stochastic optimal control

Let (Q, F,F = (F;)t>0,P) be a complete filtered probability space on which is defined a d-dimensional
Brownian motion W = (W;)>0. We fix T < oo and define Q = [0,7") x X with state space X C R"
and Q = [0,7] x X. We consider a fixed final-time CT stochastic (Gaussian) optimal control problem of

the form
minimize V() = E [¢(X}) + [ €(r, X2, ur) dr | X' = a] o
subject to  dX* = f(7, X* u.)dr + o(7, X*, u;)dW,,
for all (¢,x2) € Q. Here X" : [0,T) x Q — X is the state process, u : [0,T) x Q@ — U C R™ is the
control process and U is a closed subset of R™. A denotes the set of admissible controls, which consists of
all progressively measurable m-dimensional processes u = (ut);c(o,7) With finite L2 (Q x [0, T))-norm.

The drift and diffusion coefficients f : @ x U — R™ and o : Q x U — R™* are assumed to be continuous

and satisfy the Lipschitz conditions

|f(t,$,U) - f(tayau)‘ + ’O'(t,l‘,’u,) - U(tayau” < K‘LE - y‘)

[f(t 2, u)| + ot 2, u)] < K(1+ 2] +[ul), (2.2)

for K independent of (¢, x,y,u). From Touzi (2012), for each admissible control u € A, the controlled
SDE (2.1) has then a unique F-adapted solution X, for all Xy € L2 (Fo,P) such that for some constant
C,

E [ sup | XY*| < C (1+E[|Xo*]) e“t forallt € [0,T).

0<s<t

Finally, ¢ : X — R is the terminal cost at maturity and ¢ : () x U — R is a continuous running cost.
They are assumed to be both measurable and satisfy the following quadratic growth condition for some
constant K independent of (t, x,u), [€(t, z,u)| + |¢(x)| < K(1+ |u|?> + |z|?) . This quadratic growth on

¢ and ¢ ensures that V' (¢, z) is finite and well-defined for all u € A. We consider in this work Markovian



controls, i.e. processes u € A that can be written in the form v; = u(t, X}*) for each ¢ € [0,7") and
for some measurable map u from @ into U. We also denote u} = u*(¢, X}*") the optimal closed-loop
feedback control minimizing the cost V% (2.1), with u* : () — U measurable. Standard notation in

dynamic programming defines the value function V : ) — R as the optimal cost-to-go (2.1) starting at

(t,7) € Q,

T
V(t,z) = inf V'(t,2) = E |:¢)(X%*) +/ l (r, X (, Xi‘*)) dr
t

ue

X¥ = x] , (2.3)

with terminal condition V (T, x) = ¢(z). Let S,, the set of all n X n symmetric matrices with real coeffi-

cients. We next define the Hamiltonian by the map H : @ x R" x §,, x U — R,
1
H(t, z,p,v,u) =Lt z,u) +p f(t,z,u)+ §Tr |:O'O'T(7f, x, u)’y] . 2.4)
The minimized Hamiltonian H with respect to the control is then defined as
H(t,z,p,v):= inf H(t,z,p,v,u), (2.5)
uelU
and we have the following crucial theorem related to the value function V', see the review of Touzi (2012).

Theorem 2.1. Assume the value function V.€ CY2(Q), let the minimized Hamiltonian H in (2.5) be
continuous in (t,x) with H(-, -, Vi, Vyr) < 00 and let £(-, -, u) be continuous in (t, x) for all fixed u € U,

then the value function V solves the following HIB PDE for every (t,x) € Q,

Vi(t,2) + inf {E(t, zu) + [Valt, 2)] T F(t,z,u) + %Tr [a(ﬁ(t, 2, u)Voa(t, x)} } —0

(2.6)
V(T,x) = ¢(x),
where V; := OV JOt, V. := (OV JOx1,...,0V |0y,) " the gradient of V and Vi, the Hessian of V.

If V satisfies Theorem 2.1, then it is said to be a classical solution of the HJB equation (2.6). We directly

see that we can rewrite this HIB equation (2.6) as

Vi(t,z) + H(t,z, Vo (t,x), Ve (t,2)) = 0,
V(T,z) = ¢(z),

2.7)

We now give a crucial verification theorem, the proof of which is outlined in Touzi (2012).

Theorem 2.2. Let V € CY2(Q) N C(Q) be a solution of (2.7). If there exists 4(t, x) for each (t,z) € Q
such that!

i(t,x) € argmin H(t, . Vit z), Vaa (£, ), 1) , (2.8)
ue

for which the process s = (s, X g) is a well-defined control in A and such that the SDE

dX{ = f(s, XE a(s, XI))ds + o(s, XI, 0(s, X)dWs, t<s<T, X} =z,

'or similarly such that XA/t(t, z) 4+ H(t, z, Vi(t, ), Viw (t,z),a(t,x)) =0, see (2.7).



admits a unique solution for each initial data x € X, then V (t,z) = V (t, z) for all (t,z) € Q and a(t, z)

must be an optimal (Markov) control u*(t,x) for all (t,z) € Q.

From this verification theorem, we propose in this paper as candidate Va NN-parametrized value function
V (-;0) on Q chosen to be C12(Q) N C(Q) and whose neural weights @ are estimated in such a way that
the PDE (2.7) is satisfied. We then seek a control candidate @ minimizing (2.8). This control @ will also
be parameterized by a (second) NN u(-;w) on ), with weights w trained to minimize (2.8) on average over
(). We first note that selecting two-times differentiable activation functions in our NN ensures that V (-; 6)
is C?(Q), as it is the composition of two-times differentiable activation functions. Activation functions
like the tanh, sigmoid, softplus or linear thus imply that the value NN V' (; 6) is smooth and can therefore
solve for a classical solution of the PDE (2.6). In the case () compact, the choice of a NN approximation
for the value function can also be justified by the universal approximation theorem (see Lemma 3.2 below).
Note that under the assumption that the coefficients f(-), o(-) and £(-) are C* in v and if 7i(-) belong to the
interior of U, equation (2.8) implies

Hu(t,z, Va(t, @), Vau (t, ), 4(t, x)) := 2’H(t, z, Vi(t, @), Vau (t, ), 1) =0, (29

u u=a(t,r)

Therefore, finding a 4(-) satisfying (2.9) provides a good candidate for the optimal control, even if this
condition is not sufficient for ensuring the optimality of our candidate. The following notation H for the

so-called modified Hamiltonian will also prove to be particularly useful throughout the manuscript

H(t,x, Vy(t, z), Vi (t, ), u(t,x)) :=H(t, 2, Vo (t,x), Vir (t, x),u(t, x)) + Vi(t,x), (t,z) € Q.
(2.10)

2.1. Explicit optimal control

For certain CT stochastic optimal control problems, the minimization problem (2.8) in « can be simplified
so as to express the optimal control ©.* explicitly as a function of ¢, x, V,, and V... Therefore, in this case, the
minimized Hamiltonian H (¢, z, V,, V) can also be obtained explicitly as a function of (¢, x, V,, Vyz), as
shown e.g. in Example 1 below with equation (2.13). The PDE (2.7) is then directly solved for V' since it does
not depend anymore on the optimal control. This value function V' (¢, x) obtained from the HIB equation
is next plugged back into the formula for u*(¢, ) so as to also derive the optimal control explicitly. This

two-step method (with first the derivation of V' and then of u*) is illustrated in the following example.

Example 1 : We consider a simple case with an affine stochastic control and convex running cost in u €

U = R™. The system dynamic is given by
dX{ = f(t, X )wdt + o(t, X;*)dWy, Xo=x9,

where f : Q@ — R™™ g : Q@ — R™ % The running cost is assumed to be of the form £(t, z,u) =

h(t,z) + u' Ru, for some function 4 : Q — R and some positive definite weight matrix R € R™*™,



Then, the Hamiltonian (2.4) becomes
T T 1 T
H(t,z,p,v,u) =h(t,z) +u Ru+p f(t,z)u+ §Tr [aa (t,x)v} . (2.11)

The minimization problem (2.8) for v* with p = V,, amounts to compute the gradient of H with respect to

u and set it to zero
0,, = Hy (t, 2, Vi(t, @), Voo (t, @), u* (t, ) = 2Ru*(t, ) + [ (L, 2)Vy(t, x).
Solving for u* yields the optimal feedback control policy in explicit form
* 1 —1,T
u(t,x) = —§R fit,x)Vy(t,x), (2.12)
and substituting ©* back in (2.11), we also obtain the minimized Hamiltonian explicitly

H(t, 2, Va(t, ), Vo (,2)) = h(t, ) — %VJ(t, 262 R 2)Valt, x)—l—%Tr (007t 2) Vi (1.2)].
(2.13)

We then obtain for all (¢, ) € @ the following HIB PDE satisfied by the value function V' :
1 1
Vilt,@) + hit,2) = 7V, (L) f(ta) R (6 0)Valt @) + ST [UUT(t, 2)Vaa(t, 93)] =0, 2.14)

with terminal condition V' (7T, z) = ¢(z). We hence see that this HIB PDE (2.14) can be solved indepen-
dently of the control u. Once the value function V' is solved, we can plug its space derivative into (2.12)

and obtain the optimal control u*.

2.1.1. Literature review

Solving the parabolic PDE (2.14) for the value function arising from such explicit stochastic control prob-
lem often requires numerical methods, especially in higher dimensions. Recently, many numerical schemes
based on deep learning have emerged and have been proposed for solving such kind of PDEs since they limit
the increased complexity when considering high-dimensional control problems, see e.g. Hutzenthaler et al.
(2020). Moreover, they offer the possibility to build complex functions f (¢, x; @) that can directly approxi-
mate the value function and/or the optimal control across all time and space. Once the set of parameters 6 is
estimated offline, these functions can then be rapidly evaluated online for every (¢, x) of the time-space do-
main. Such deep learning techniques can be divided into two main approaches, as investigated in the review
paper of Blechschmidt and Ernst (2021). First, we have the Physics-Informed Neural Networks (PINNs)
introduced in Raissi et al. (2019) which use the physical properties of the PDE itself to guide the training
process. They indeed generate approximate solutions to PDEs by training a neural network to minimize a
loss function consisting of terms representing the misfit of the initial and boundary conditions along points
sampled from the boundary of the space-time domain, as well as the PDE residual at selected points in the

interior of the domain. More precisely, the PINN loss function is defined
2

2(0) = Hatv(t7$§0) + H(t,z, Vi(t, x;0), sz(tﬁﬁ;é’))HQ#I +

HV(T,HJ; 6) — ¢(x)H2 @15)

X, H2



where ||g(y ||y i fy lg(y)|*11(y)dy and p(y) a positive probability density on ), and where V' (+; 0) is a
NN parameterized by 6 which approximates the value function (2.3). As explained in the DGM algorithm
of Sirignano and Spiliopoulos (2018), the loss function .Z’(#) measures how well the function V'(+; #) sat-
isfies the HIB equation (2.7)%. If .Z(6) = 0, then V (; 6) is solution of the HJB equation. Therefore, the
goal is to find a set of parameters € such that the function V'(-; #) minimizes the error -£(#) and leads to a
reduced-form model which approximates V (¢, z) for all (t,2) € Q. Estimating # by minimizing directly
Z(0) is infeasible when the dimension n is large since the integral over () and X is intractable compu-
tationally. However, using stochastic gradient descent (SGD) with machine learning approach limits the
curse of dimensionality by drawing a sequence of time and space points according to some suitably chosen
sampling measures p1 on () and pp on X, while satisfying the dynamics (2.1). In this explicit case, once V'
is approximated by the NN V(+; #), the optimal control can then be derived directly from this approximated
value function, see e.g. equation (2.12). The strength of PINNs lies in their flexibility in that they can be
applied to a great variety of challenging PDEs, see e.g. Sirignano and Spiliopoulos (2018) with the DGM
algorithm, Berg and Nystrom (2018) or Mowlavi and Nabi (2023), see also Bai et al. (2022) or Hainaut
(2023) in finance. Moreover, PINNs provide a global solution of the PDE across all time and space (t, x)

in the domain @, which is much more suitable for real-time applications.

The second set of methods consists in algorithms based on the Feymann-Kac formula for solving (Kol-
mogorov) linear parabolic second-order PDEs, as introduced in Beck et al. (2018) and Berner et al. (2020).
Such Feymann-Kac approach connects the solution of the Komogorov PDE to the expectation of a stochas-
tic process, which appears to work extremely well in high dimensions. This approach can also be extended
to semi-linear (or even fully nonlinear) PDEs in high dimensions through a nonlinear Feymann-Kac rep-
resentation, which allows to make the correspondence between nonlinear PDEs and backward stochastic
differential equations (BSDEs), see the deep BSDE solver of Han et al. (2017) and its use in Han et al.
(2018) for solving high-dimensional (explicit) HIB PDE. Note that this second set of methods provides
local solutions and hence focus on computing the value of the PDE solution on a time-grid (at pre-specified

times), on the contrary to the global solution provided by PINNs (see Section 5).

2.2. Implicit optimal control

Unlike the previous section on explicit controls, we are especially interested in this paper in the case
where the optimal control u* cannot be obtained explicitly as a function of (t,x,V,, V,,). Instead, it
is only available implicitly as soon as the minimization (2.8) does not admit an analytical solution. In

this case, we know from Theorem 2.2 that the optimal control u*(¢, z) should minimize the Hamiltonian

Note that potential boundary conditions on the HIB equation inferred from the physics of the problem can also be considered

2
V(t,z;0) — g(t, :c)HaQ in (2.15), defined on the boundary Q) := [0,T") x 9X, see
13

easily by adding a third residual term

Section 6 on optimal liquidation problems.



H(t,x, Vy(t,x), Vie(t,x),u) for u € U while the value function should satisfy the HIB equation (2.6).
We then have to solve simultaneously this HIB PDE for the value function V' and the minimization (2.8)
for the optimal control »*. Numerical methods exist based on recursive schemes for approximating u* (see
e.g. Algorithm 1 below), but these schemes are already computationally intensive even for low-dimensional
problems. Therefore, the curse of dimensionality that typically appears for high-dimensional PDE:s is ex-
acerbated by the extra simultaneous minimization step required when no explicit expression is available for
the optimal control «*. This raises the need of alternative numerical techniques based on deep learning for
tackling implicit CT stochastic optimal control problems, especially in high dimensions, as shown in the

following example.

Example 2 : We now consider the following stochastic dynamic for the state
dX{ = f(t, X{)sin(w)dt + o(t, X3*) dWy, Xo =z,

for some function f : Q — R™™, ¢ : Q — R™*? and where the running cost (¢, z,u) = h(t,z) +

u ' Ru, as in Example 1. The Hamiltonian then becomes
H(t,x,p,v,u) = h(t,x) +u' Ru+p" f(t,z)sin(u) + %Tr [O‘O‘T(t, aj)fy} . (2.16)
The minimization problem (2.8) for «* with p = V,, and v = V,, implies
0,, = Hou(t, 2, Vyo(t, z), Vo (t, ), u* (t, ) = 2Ru* (¢, ) + V, (t, ) f(t, z)cos(u*(t,z)), (2.17)

which does not admit an explicit solution for u*. Therefore, we cannot proceed as in Example 1 and we
must solve the optimal control problem numerically since equation (2.17) and the HIB PDE (2.7) should

now be solved simultaneously.

2.2.1. Literature review

The stochastic control literature does not provide lots of insights for solving implicit control problems of
the form (2.1) when the dimension is high. Indeed, most of the available results based on deep learning are
related to explicit control problems, as seen in the previous section. Fortunately, we can borrow from the
literature on reinforcement learning (mainly developed for discrete-time problems) some insights on how
to solve these implicit CT stochastic optimal control problems. One of the most classical ways is to use the
Howard or Policy Iteration (PI) algorithm, originally derived in Howard (1960) for discrete-time reinforce-
ment learning applications. This algorithm defines a successive approximation algorithm that can also be
applied for CT stochastic optimal control problems, as highlighted in Algorithm 1 below. As in equation
(2.1), the approximated value function V (¢, z) for every (¢, ) € Q is denoted at step k of the Algorithm
1 by V“(k)(t, ), highlighting its dependence on the control u(*) (¢, z:) computed at the previous iteration.
It can be shown from Peyrl et al. (2005) and Jacka and Mijatovi¢ (2017) that V“(Hl)(t, z) < V“(k>(t, x)

with limy_, V“(k>(t,x) = V(t,z) for all (t,z) € Q and that limy_,oo u'® (t,2) = u*(t,z) for all



Algorithm 1 PI for CT stochastic optimal control

Choose an initial admissible control policy u(?)(-) € A.
Set the tolerance € > 0 and let £ = 0.

repeat

Step 1. Find V“(k)(t, ) for all (t,7) € Q by solving the following PDE for the known
control %) at step k:

w(®)

X/t“(k)(t,a:)—i—ﬁ(t,x,u(k)(t,x)> + [Vx (t,a:)]T F(t, z,u® (L, 2))

+ %Tr |:O'O'T (t, z, u® (¢, x)) v, a:)] =0 (2.18)

with terminal condition V“(k)(T, x) = ¢(x).
Step 2. Compute the control u(*+1)(¢, z) at step k + 1 from the known functional V“<k)(t, x) by
solving for every (t,z) € Q :

w(®)

-
uF (¢, 2) = arg miﬁl} {E(t, x,u)+ [Vx (t, x)} flt,z,u)+ %Tr oo (t,, u)VgZ;(k)(t, x)}}
ue
(2.19)
E+—k+1

until max; ;)¢ ‘V“(m(t, x) — V“(Fl)(t, x)‘ <e

return V“(k*) and u*") with k* « k.

(t,z) € Q. For applying this iterative algorithm, we need to solve the PDE (2.18), using e.g. finite-
difference schemes. From this finite grid, the optimization problem (2.19) then needs to be solved for
every grid point using approximation methods, which thus scale poorly with the problem’s dimension:
BFGS and its extended techniques, gradient descent methods, Sequential least squares programming, and
so on (see the review of Greif (2017)). In the original PI Algorithm 1, we have to completely solve (2.18)
before fully evaluating (2.19). This is however not necessary. Indeed, PI belongs to the Generalized Pol-
icy Iteration (GPI) techniques, which is a family of RL techniques introduced in Sutton and Barto (2018)
with PI at one extreme and value iteration at the other extreme. In GPI, at each step, one does not com-
pletely evaluate the value ve'™ for a given control u®), but only updates the current cost estimate to-
wards that value. Likewise, one does not fully update the control policy to the greedy control defined as
uFHD(t, ) == arg min,ey H(t, z, Vx“(k)(t, x), V;;c(k)(t, x),u) for the new value estimate at step k, but
only updates the control towards it. Numerous other RL algorithms (SARSA, Q-learning, TD()), etc.)
are presented in Sutton and Barto (2018) or in Bertsekas (2023) and can be used for solving discrete-time
(deterministic and stochastic) optimal control problems. Among these algorithms, we highlight the Actor-
Critic methods from Werbos (1992), which have a separate memory structure to explicitly represent the
optimal control u* independently of the value function V. Most of Actor-Critic methods then rely on a

(G)PI scheme as in Algorithm 1 and were initially developed for low-dimensional discrete-time stochastic
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control problems.

Therefore, these classical RL algorithms do not solve the fact mentioned above that implicit control prob-
lems scale poorly when increasing the number of dimensions 7 (or m) and are then especially prone to suffer
from the curse of dimensionality. This can be overcome in discrete-time by combining these RL algorithms
with function approximations based on deep learning, i.e. deep RL, see the Introduction 1 and the reviews
of Li (2017), Fujimoto et al. (2018). However, these discrete-time model-free deep RL algorithms cannot
leverage explicitly the known CT internal dynamics of the optimal stochastic control problem (2.1), as con-
firmed numerically in Section 5, Figure 5.3. In this paper, we then instead propose a deep model-based
deterministic on-policy approach that includes explicitly the given internal state dynamics of our control

problem (2.1) thanks to the CT version (2.7) of the HIB equation.

Finally, we also mention that several local approaches based on a time-discretization of the state dynamics
(2.1) have been explored in Han and E (2016), Niisken and Richter (2021), Huré et al. (2021), Bachouch
et al. (2022), Ji et al. (2022), Li et al. (2024), Domingo-Enrich et al. (2024a,b). These methods then lead
to local solutions at a restricted set of pre-specified points but fail to provide a global solution across the
entire time-space domain, i.e. for any (¢,2) € . Similarly, semi-local (or global-in-time) approaches
(see e.g. Remark 2.2 of Hu and Lauriere (2023)) tend to only learn the optimal control along the optimal
state trajectories (X#*)te[o,T}’ ultimately learning solely the policies u*(t, X}"), t € [0,T)]. Indeed, as
the training progresses and the NN u(+; w) converges to the optimal u*, fewer sample paths tend to deviate
from the optimal ones. In contrast, leveraging the CT HJB equation (2.7) eliminates the need to simulate
the associated state dynamics (2.1), thereby avoiding discretization errors and leading to a global solution
in very high dimensions, rather than on a constrained time-grid or along the optimal state trajectories. This

will also be confirmed numerically in Section 5, Figure 5.3.

To summarize, we now aim at developing a deep learning algorithm able to approximate both the opti-
mal control and the value function in our CT stochastic optimal control problem (2.1) with finite horizon,
which will be specifically designed to perform well in a high-dimensional setting with implicit control. Our
method, inspired by both the reinforcement learning theory and the PINN literature, will provide a global
approximation of the (m-dimensional) optimal control and of the value function available across all time
and space, which can then be evaluated online very fast. This will be achieved by combining PINNs on
the HJB residuals in an Actor-Critic fashion, based on the (G)PI scheme of Algorithm 1. We therefore first
propose in Section 3.1 the PI-PINN Algorithm 2, which relies on the PI recursive scheme. The PI-PINN
Algorithm 2 is then enhanced in Section 3.2 with the GPI-PINN Algorithm 3, which instead implements
a GPI scheme with early termination, enabling faster numerical convergence. We also derive theoretical

convergence guarantees for this improved algorithm with Theorem 3.4.
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3. Deep learning for implicit CT stochastic optimal control

In addition to the NN V(+; #) used to approximate the value function, we also introduce a second network
u(+; w), parameterized by w, which approximates the m-dimensional optimal control in the implicit setting.
We then need to sequentially solve the HIB equation with respect to the weights 6 of the first NN V' (+; 6)
while keeping the weights w of the optimal control NN constant, and then minimize the Hamiltonian with
respect to the weights w of the second NN u(-; w) while keeping the weights 6 of the value NN constant. The
(G)PI Algorithm 1 with an Actor-Critic structure built upon the two NNs V'(+; 6) and u(+; w) will therefore
provide the perfect framework for this iterative optimization scheme. When working with the NNs V(- ; 0)
and u(- ;w), we simplify from now on the notation of the Hamiltonian (2.4)—and its modified counterpart

(2.10)—using
H(t,z,0,w) = H(t,x,Vz(t,x;H), Vaa (t, 2 9),u(t,x;w)) , (tx)eq.

3.1. PI-PINN Algorithm 2

We can directly see in Algorithm 2 below that we first minimize the loss function (3.2) with respect to the
value weights 6 so as to enforce the HIB equation (2.7) satisfied by the value function (even if at step k
the control is not yet optimal). We then minimize the second loss function (3.4) with respect to the control
weights w in order to minimize the Hamiltonian (2.4) with respect to the control u in an average sense
according to 1, as suggested by Theorem 2.2. Note indeed from the notation (2.10) that finding the weights
w of the optimal control NN minimizing H () or H(-) is equivalent, but working with (-) will prove more
convenient in the proof of Theorem 3.4. Alternatively, from condition (2.9), we can impose instead of the

loss (3.4) that the gradient of H with respect to u is equal to zero using the loss

Lo (Q(kﬂ),w) = / Hﬁu (t,x,ﬂ(kﬂ),w)szul(t,x), (3.5)
Q

where 7—~£u(t, z,0,w) = V.H (t, x, Vo(t,x;0), Vi (t, 23 0), u) ‘u:u(t’x;w). This does not ensure to find
a global minimum but this may speed up convergence in some cases. We also see that we only need to
train two NNs V'(+; 0) and u(-; w) with only two sets of parameters # and w so as to approximate the value
function V (¢, x) forall (¢, ) € Q and the optimal control u* (¢, x) forall (¢, ) € Q. This differs from Huré
et al. (2021) and Bachouch et al. (2022) where two sets of parameters (0(”) , w(”)) need to be estimated at
each discretized time ¢,,. Therefore, Algorithm 2 leads to a global approximation on the space-time domain
of the value function using V'(-;#(*")) and of the optimal control using u(-;w*")), where k* is the last
epoch in Algorithm 2. Once the parameters 6 and w are estimated based on some generated dataset, we
can then rapidly evaluate the optimal control and the value function online, making it suitable for real-time
applications. Note that the loss functions (3.2) and (3.4) are estimated in practice by the following sample

average procedure. Generate M, random points {(tv(%) , x%))}ﬁflzl from () according to 1 and M5 random
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Algorithm 2 PI-PINN for implicit CT stochastic optimal control

Initialize admissible neural weights w(®) for the NN u(-;w®) and neural weights #(®) for the NN
V(-;0©). Set the tolerance ¢ > 0 and let k = 0.
repeat

Step 1. Update the value NN V(-; (1)) for the known control u(-;w(*)) at step k, by minimizing

the following loss function % with respect to the weights 0 :

0+ = arg ngnfl(e,w(k)) , 3.1

where

Z0,0®)) = H@t (t,z;0) + H(t,x,0 w(k))H +HV (T, 2;0) — ¢z )H;m

= i) | A2, 0,00)%] + EMQ(X) (V(T.z:0) - 6(@)?] . 32)

Step 2. Update the control NN w(-; w*+1)) for the known value NN V(-; (1)) by minimizing the

loss %5 with respect to the weights w :

kD)

= arg min ,,2”2(9(1”1), w), (3.3)

where

32(9(k+1),w) = / ﬁ(t,x,Q(kJrl),w)dul(t,x) = E¢t,0)~p Q) [ﬁ(t,x,e(kﬂ),w)} . (34
Q

k«k+1
until max , e |V (65 0%) = V(t,2;00-1)| < =
return V(-;0%")) and u(-;w*")) with k* < k.

points {(z &))}%2 ; from X according to po. Then, the loss functions (3.2) and (3.4) are estimated using
700, — LS (Rt 5D g o) LS ©) ©)))?
Z1(0,0™) = Mlmzl (7—[( D 2D g )) + Mzmzl (V(T,xm 10) — oz )) . (36
and
Z0®) w Z ”H(t ORTONION ) 3.7)

These sampling measures (i1, (42 are chosen according to the Residual-based Adaptive Distribution (RAD)
method of Wu et al. (2023), built on Sobol sampling, as it is known to significantly improve the accuracy
of PINNSs. Finally, in the loss function (3.2) (and in its empirical counterpart (3.6)), we can introduce a
proportionality factor between the first residual term and the second boundary term. This hyper-parameter

can be fine-tuned for improving the convergence of the algorithm, see e.g. Wang et al. (2022).



13

3.2. GPI-PINN Algorithm 3

However, as noted in the PI Algorithm 1, it is not necessary to wait for full convergence of the optimizations
(3.1) and (3.3) to their exact solutions. Instead, a GPI approach can be employed, wherein only a limited
number of optimization steps are performed in each iteration. This strategy has been shown to acceler-
ate convergence in various contexts, see Sutton and Barto (2018). Building on this idea, we propose the
GPI-PINN Algorithm 3, which extends the PI-PINN Algorithm 2 by allowing early termination in the min-
imization of (3.1) and (3.3). Since parameter optimization is typically achieved in NN via gradient descent,
we will use in practice SGD or mini-batch updates on the empirical losses (3.6) and (3.7), for successfully

training the value network V' (-; ) and the optimal control network u(-; w).

Therefore, in Algorithm 3 below, the gradient steps (3.9) and (3.10) are based in practice on SGD or mini-
batches using the empirical formulae (3.6) and (3.7). Indeed, multiple theoretical analyses and experimental
studies like Allen-Zhu et al. (2019), Du et al. (2019) or Jentzen et al. (2021) have shown that optimization
algorithms like SGD are capable of finding the global minimum of the (non-convex) training objective
for feedforward NNs in polynomial time, provided that this NN is over-parameterized. This justifies the

following assumption.

Assumption 3.1. Optimization algorithms like SGD or batch-SGD can attain the global minimum of the

loss functions (3.2) and (3.4) for over-parameterized NNs in polynomial time.
We then recall the universal approximation theorem for feedforward NNs of Hornik et al. (1989).

Lemma 3.2. For any continuous function F(y) defined on a compact set Q, it is possible to construct a
feedforward NN with one hidden layer that uniformly approximates F(y) on Q with arbitrarily small error

e > 0.

This lemma justifies the following simplifying assumption, which will drastically lighten the proof of con-

vergence of Algorithm 3 in Theorem 3.4.

Assumption 3.3. The NN approximation errors € from Lemma 3.2 are ignored when proving the conver-

gence of Algorithm 3 in Theorem 3.4.

We now present the main theoretical result of the paper showing that the value NN V (¢, x; ) and optimal
control NN u(¢, x;w) both converge uniformly to an optimum. We consider a feed forward NN with one
hidden layer of N neurons such that V (¢, z;0) = oy, ( SN BY oy (aKit +2 0 oz;-/+17ixj + CY)) €
R, where oy is the value activation function, oy, , the output activation function and 6 € R the set of all
parameters of the value NN with p = N(n + 2) + n. For the control network, we assume u(t, z;w) =
Ot ( Zf\i 1 B oy (oﬂl‘yit + Z;‘L:1 Qg%+ c;‘)) € R™ with o, the control activation function, oy,

the output activation function and w € RP the set of all parameters of the control NN.
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Algorithm 3 GPI-PINN for implicit CT stochastic optimal control
Initialize admissible weights w(®) for the NN u(- ; w(®)) and admissible weights #(°) for the NN V(- ; ().

Set the tolerance € > 0 and let kK = 0. Choose suitable learning rates 7, 71, 72 > 0.
Phase 1 : Warm-up

Set (01, W) < (90 (),

repeat

Update (M), w™)) using

d.Z (6, w)

M M 1 MWy _
{0, W} {0, W'V} —mo TONEO) (3.8)
until ’ﬁ(t, x, 9(1),w(1)) < Oforall (t,z) € Q.
Phase 2 : GPI-PINN with early termination
while max; ;yc ’V(t,a:; %)) —V(t,x;0F )| > e do
Step 1.  Update the value NN V(- 0(’”1)) for the known control network u(+; w(k)) at step k:
Set 9+« gk),
repeat
Update #+1) using
d.% (9(k+1) W(k))
(k+1) (k+1) _ 1 ’
g+ g ey (3.9)
until H(¢, 2, 0", w®) < H(t, z,0*+D) w*) < 0forall (¢, z) € Q.
Step 2.  Update the control NN w(-; w*+1)) for the known value network V (-; §*+1)) :
Set wk+1) (k)
repeat
Update w**1) using
(k+1) ,,(k+1)
WD) ety ) SLo(OT W) (3.10)

dw(k+1)

until 2 (¢, z, 00 D) < (¢, 2, 0F+D w®) for all (¢, z) € Q.
k< k+1
end while

return V(-;0%")) and u(-;w®")) with &* « k.




15

Theorem 3.4. Let us assume ((t, x,u) and ¢(x) non-negative, Q compact and that the Assumptions 3.1 and
3.3 hold. For an arbitrary control NN u(t, x; w(o)) with initial weights w®) and with a continuous discrimi-

natory activation function o,(-) and an output activation function o, () such that (u(t, X{*;w)) €

0<t<T
A for all w € RP, and for an arbitrary initial value NN V (t, z; 0(0)) with initial weight 6©) and with twice
differentiable discriminatory activation functions oy (-) and ov,,, () such that ovy,,,(-) > 0, if these two
NNs are tuned with Algorithm 3, then V (t, z; 0%)) — V (t, ) uniformly on Q and u(t, z;w™®) — w*(t, z)

uniformly on QQ as k — oo.

The proof is delegated in Appendix 8.1. However, when using the sampling procedure with loss func-
tions (3.6) and (3.7), it can be intractable to check the values of 7—~[(t, x,w, 0) for every sampled points
{(t%), 1‘,93)}%1:1 when M is large. In the practical applications below, we therefore use instead the ex-
pected value E; 1)p, (@) [ﬁ(t, x,0, w)} to verify that the early termination conditions in Algorithm 3 are
satisfied, as suggested in Duan et al. (2023). This appears to provide fast and very accurate results numeri-
cally, as investigated in Section 5 and 6. As in Algorithm 2, the loss function %% given in (3.5) may also be
used in place of (3.10) to accelerate convergence in certain empirical cases, although it does not guarantee
to find the global minimizer »* of the Hamiltonian. Moreover, Assumption 3.3 allows us to considerably
simplify the exposition of the proof of Theorem 3.4. However, after closer inspection, it can be seen that
Assumption 3.3 is not necessary and can be dropped from the proof straightforwardly, leading to the fol-
lowing Corollary 3.5. The weights 0](\1;) (resp. wgf)) now denote the NN value (resp. control) weights at step

k for a feedforward NN with one hidden layer of N neurons.

Corollary 3.5. Let the assumptions of Theorem 3.4 still hold except for Assumption 3.3. Then, Ve >
0,3k*, N* : k > k*, Ny > N*, Ny > N*, one has

sup |V (y;0%) —V(y)|<e and sup |u(y;wl)) —u*(y)|<e.

yeR YeQ

Proof. The proof of Theorem 3.4 still holds using Lemma 3.2 when taking a sufficiently large number of
neurons N7 and Ny with 95\],? and w%z) and by introducing explicitly NN approximation errors €. See also

Theorems 2, 3, 4 of Abu-Khalaf and Lewis (2005).

4. Neural network implementation

Instead of the shallow NN of Theorem 3.4, we choose in practice the DGM architecture introduced in
Sirignano and Spiliopoulos (2018) for both the optimal control NN and the value NN, as it empirically
speeds up the convergence to the true solutions. It is inspired by LSTMs and Highway Networks introduced
in Schmidhuber and Hochreiter (1997) and Srivastava et al. (2015), respectively. As pictured in Figure 4.1,
each DGM layer takes as input the mini-batch inputs (¢, z) (the set of randomly sampled time-space points

from p;) and the output of the previous DGM layer. This DGM network then leads to a vector-valued



output consisting of the NN approximation of the desired function V' (-; ) or u(-; w) evaluated at the mini-
batch points. Following a similar rationale as in LSTMs, each layer produces weights based on the previous
layer, determining how much information is transferred to the next layer, which allows to effectively address
the issue of vanishing gradients while remaining flexible enough to model complex functions. Finally, we
implement Algorithm 3 using TensorFlow and Keras, which are software libraries in Python with reverse
mode automatic differentiation and which enable the exact calculation of derivatives for a broad range of

functions (including the DGM network with respect to ¢, x, 6, and w).
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Figure 4.1: DGM architecture for the value neural network with L = 3 (i.e. 4 hidden layers).

More precisely, each DGM layer in Figure 4.1 for the value network is as follows
St=oy (Wh-(t,z) +b'),
(U“ (tx) + WA S"+bz’£) , 0=1,... L,
Gt = oy (UM (t,z) + WL St +b9’£> L f=1,..., L,
R = oy (U” (t, ) +W"’Z~S£+b’“’z> Ct=1,.... L,
H' =0y (UW (t,x) + WhE (S‘@R‘) +b’“‘f) , 0=1,...,L,
S — (1—G€> OH'+7'08 ¢=1,...,L,
V(t,;0) = av,,, (W-SEH 1+p),

where the number of hidden layers is L + 1, and ® denotes element-wise multiplication. The parameters

are

0 — {Wl, b, (Uz,zz7 Wt bz,e) L 7 (Ug’[', wet bg,e)L (UM, W, br,é) L 7 (Uh,e7 wh, bh,e) L W, b} )
=1 =1 =1

oy’
The number of units in each layer is N, oy : RY — RY is a twice-differentiable element-wise nonlin-
earity and oy, : RV — R¥ is the output activation function (assumed to be non-negative and twice-
differentiable). The control NN is designed following the same DGM architecture with o, : R — R™
locally bounded. In the examples below, we consider L = 3, i.e. 4 hidden layers, each one with N = 50
neurons. Unless otherwise stated, we take M; = My = 5000 leading to a sample size M = 10,000, a
batch size b = 128 and a maximum number of epochs k* = 500. The network’s parameters are updated
using the Adaptive Moment Estimation with constant learning rates 7, 771, 72 equal to 0.005. Weights and

biases are initialized using the Glorot uniform initializer. Finally, the value activation function oy is the
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tanh and oy, , is the softplus function, as justified by Theorem 3.4. The control activation function o, is

again the tanh and o, the linear activation function.

5. A comparative example

We now evaluate the performance of our GPI-PINN Algorithm 3 on a test example with an analytically
tractable solution. We consider the setting of Example 1 with a classical linear-quadratic Gaussian control
problem in n dimensions with @@ = [0,7") x R™. We assume that the dimension m of the control is also
n with U = R" and that (W})yc[o,7) is a n-dimensional F-Brownian motion (d = n). We take as drift
f(t,z) = 2¢/XI,, and diffusion coefficient o (¢, ) = v/2 I,,, where ) a positive constant representing the
strength of the control. Finally, we suppose R = I,,, h(t,z) = 0 and ¢(z) = In((1 + ||z||?)/2), so that

T
Vit,z) =E [/ l[u(s, X9)||? ds + In((1 + || X%][*)/2) ‘ X} = x} , (5.1)
t
where X" is the controlled process governed by
AXY = 2V Augds +V2dW,, t<s<T, X} == (5.2)

The cost-to-go (5.1) is indeed non-negative for any control u € A. The corresponding HIB equation for

the value function V' (¢, x) = inf,c 4 V"(¢, z) is given by

0=,V (t,x) + Tr Voo (t, 2)] + grelufj{HuHQ + 2V [Valt, :c)]Tu}

{Z (uD)? + 2VAV, (¢, :C)u(i)} , (5.3)

=1

& 0=0V(t,x)+ ) Vi (t,2)+ inf
i—1 u

with terminal condition V(7T', x) = ¢(x). Hence, the Hamiltonian is the operator
H(t,, Ve, Vaw, uw) = [[ul] + 2VA [Va(t,2)] Tu + Tr [V (8, 2)]
From Han et al. (2017), it holds that V : Q — R is C1?(Q) N C(Q) and for (¢, ) € Q that
V(t,z) = —% In (E [exp (—)\qﬁ(m + ﬁWT—t))D . (5.4)

This representation then enables the use of Monte-Carlo (MC) simulations to compare the approximate

solution from Algorithm 3 with the exact solution (5.4). Since V' is smooth, the optimal control is given by

ut(t,x) = —VAVi(t, z), (5.5)

forall (t,z) € Q, where V, = (V,,..., Vxn)—r and with

i exp(~Ad(w + V2 Wr ) (2 + VZWL)
Ve, (t, ) = E ,
E [exp(-A(z + V2 Wr_))] L+ fla+ V2 Wr |2
for i = 1,...,n. Therefore, the n-dimensional optimal control «* can also be approximated using MC

samples. Moreover, as highlighted in Bachouch et al. (2022), the frequencies with which various states



Value function v

Value function v

18

appear in the sample should be roughly proportional to the probabilities of their occurrence under an optimal
policy. As one can guess from the representation of V¥ (¢, ) in equation (5.1), it is probably optimal to drive
the process X" around 0. Hence, since we have ji1 (¢, z) = p1(x[t)p1(t), we assume i1 (t) ~ Ujp 7y and
pa(z[t) ~ vVt N (0, I,) to simulate the values of z and ¢, with U/ a uniform law and NV, a n-dimensional
Gaussian law. Similarly, po(x) ~ /T Ny, (0,, I,,). This leads to the following plots of the value function
and optimal control, comparing the numerical results obtained via the representation (5.4)-(5.5) using 10°
MC samples with those produced by Algorithm 3, for various values of (¢,z) with 7" = 1 and A = 1.
We consider a 10-dimensional problem (n = 10). Note that only the first component (¢, x) of this 10-
dimensional optimal control is depicted in the right plots of Figures 5.1-5.2. Moreover, the orange shaded
area in both figures represents the standard deviation of the numerical solution computed on 10 independent

runs of Algorithm 3.
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Figure 5.1: Value function V (¢, z) (left) and first component of the optimal control uj (¢, ) (right) at ¢ = 0 for x = (1, O9)
with z1 € [—1.5,1.5]. In orange dotted line, numerical results from Algorithm 3 with % one standard deviation in orange shaded

area (k™ = 500, M =20,000). In blue line, MC average of the solution (5.4)-(5.5).
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Figure 5.2: Optimal value function V (¢, x) (left) and first component of the optimal control ui (¢, z) (right) at z = 010 with
t € [0,1]. In orange dotted line, numerical results from Algorithm 3 with + one standard deviation in orange shaded area

(k* = 500, M =20,000). In blue line, MC average of the solution (5.4)-(5.5) with 10° samples.
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We obtain highly accurate results using GPI-PINN 3 across all time and space, for both the value NN and the
control NN. In the first Figure 5.1, we however observe a higher standard deviation for larger absolute values
of x; (near £1.5) since we are sampling training observations using pi (¢, z), from which the majority
(around 85%) of observations from the training data falls within the interval [—1, 1]. Consequently, fewer
observations are available for training the NNs at these larger absolute values of x1, which makes the NN
outputs less accurate. Similarly, the standard deviation in the second Figure 5.2 is increasing with ¢ since
p1(x[t) ~ VtNp(Oy,I,) and hence, the higher the time ¢, the higher the variance of the conditional
Gaussian distribution and the less the generated observations are close to the true value 0. Finally, we
obtain the following numerical results in Tables 5.1 and 5.2 from the GPI-PINN approximation of V' (¢, x)
and uj(t,z) fort = 0 and z = (0.5,09). Again, uj(t,z) is the first component of the 10-dimensional
optimal control u* (¢, ). The standard deviations and means in both tables below are also obtained from 10
independent runs of Algorithm 3. The Mean Absolute Error (MAE) is computed between the mean of the
value (resp. control) NN on these 10 independent runs and the mean of the 10° MC samples of representation
(5.4) (resp. (5.5)). Finally, the loss . is defined as . := J (.2 (OF), k) 4 z(ﬁ(’“*),w(’“*))),based
on (3.6)-(3.7).

Table 5.1: Numerical results from the GPI-PINN Algorithm 3 for V' (0, (0.5, 09)) and u7 (0, (0.5, 09)) with different sample size
M and for a number of epochs k* = 500.

Sample size | Mean V' | Std. V Mean u} Std. uj | MAEy MAE,; Mean .Z | Std. .Z | Runtime(s)

100 2.0621 | 0.01687 | —0.07787 | 0.00739 | 0.06752 | 0.02738 | —6.10 | 2.0761 769
1000 1.9956 | 0.0109 | —0.04163 | 0.00675 | 0.05407 | 0.00887 | —55.58 | 2.5810 1674
5000 2.0474 | 0.00325 | —0.04842 | 0.00304 | 0.00304 | 0.00295 | —80.13 | 0.6722 7168

10,000 2.0503 | 0.00162 | —0.05111 | 0.00078 | 0.00131 | 0.00088 | —81.40 | 0.2342 11,543
20,000 2.0499 | 0.00031 | —0.05055 | 0.00059 | 0.00021 | 0.00005 | —81.76 | 0.1946 29,454

Table 5.2: Numerical results from the GPI-PINN Algorithm 3 for V'(0, (0.5, 09)) and u (0, (0.5, 09)) with various number of
epochs k™ and for a fixed sample size M =10,000.

Epochs | Mean V | Std. V' Mean u} Std.uj | MAEy | MAE,: Mean . Std. .Z | Runtime(s)
0 0.0908 | 0.18160 | 0.07019 | 0.11049 | 1.95890 | 0.14528 | 16306636 | 1980892
50 1.9921 | 0.08227 | —0.04185 | 0.00708 | 0.05754 | 0.00865 | —49.6136 | 3.9522 2675
100 2.0213 | 0.01384 | —0.04290 | 0.00623 | 0.02838 | 0.00759 | —67.1391 | 3.2357 5501
500 2.0503 | 0.00162 | —0.05111 | 0.00078 | 0.00131 | 0.00088 | —81.3961 | 0.2342 11,543
1000 | 2.0503 | 0.00043 | —0.05058 | 0.00045 | 0.00061 | 0.00038 | —81.8925 | 0.2017 32,062

As expected, we clearly see that the higher the training size and the larger the number of epochs in the
training procedure, the more accurate and precise are the outputs of the GPI-PINN Algorithm 3 for both the

value function and the optimal control.
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In Figure 5.3%, we now compare the accuracy of the GPI-PINN Algorithm 3 on the linear-quadratic Gaus-
sian control (5.1) against two popular model-free RL algorithms with continuous action space, as well as
the seminal time-discretized approach of Han and E (2016), based on a direct minimization of the empirical
objective functional (5.1) using a single global network for the control. PPO and SAC perform the worst
since they do not explicitly include the system dynamics (5.2) into the learning process and rely solely on
sampling from the environment. The local method of Han and E gives great accuracy when applied at an
initial pre-specified point X' = xg € D (or along the optimal state trajectories (Xt“* )te[O,T}v see Section 1
and 2.2), but does not generalize well when evaluated on a test set of M new points uniformly sampled over
[0, 1] x [—2.5,2.5]", away from the initial state . Note that the mean absolute error for the value network
is here defined as M AEy = ﬁ Zi\il Vo) (ti, x;) — V (ti, z4)|, with V' given by the analytic formula

(5.4). A second advantage of our approach is that it completely eliminates any time-discretization of the
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Figure 5.3: Comparison of log M A Ey- in function of the epoch between the GPI-PINN Algorithm 3 and popular control methods.

state dynamics (2.1) (and the associated errors), thereby avoiding the sensitivity to the choice of time step
At, which often has a significant impact on the performance of these local and semi-local algorithms. Fi-
nally, in these local methods, computing V' (¢, ) requires each time to discretize and simulate the controlled
state dynamics forward from ¢ to I’, whereas our framework enables fast, direct, and online evaluation of
the value function across the entire domain. Altogether, these results validate the introduction of a second

global network for approximating the value function.

Finally, we want to compare the accuracy and runtime between standard PINNs and our GPI-PINN Al-
gorithm 3, when an explicit control is available. This will allow us to assess the price not to exploit this

explicit control when available. From equation (5.5), we have that the optimal control in the linear-quadratic

3The four algorithms are configured in such a way to ensure roughly equal computing time per epoch/iteration in each method,
so a similar plot would be obtained if we replaced the epochs by the actual running time in seconds.
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regulator admits an explicit representation and we can then rewrite the HIB PDE (5.3) explicitly

0=0V(tz)+ > (Vau,(t,z) = AV (t2)),  V(T,2)=In((1+[lz|)/2.
=1

This explicit PDE enables the use of the (DGM) PINN algorithm of Sirignano and Spiliopoulos (2018),
see Section 2.1. We therefore obtain in Figure 5.4 two plots comparing the accuracy in terms of MAEy as
well as the runtime between the DGM and the GPI-PINN algorithm in function of the training size and the

number of epochs.
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Figure 5.4: Comparison of the MAEy- (green) and the runtime in seconds (blue) between the DGM algorithm (solid line) and the

GPI-PINN algorithm (dashed line) in function of the training size (left) and the number of epochs (right).

Clearly, the MAEy, for the value function V' between the two methods converges when the number of epochs
or the training size increases. In contrast, the higher the number of epochs or the training size, the more

exacerbated is the difference in runtime between the two algorithms.

6. A practical example in mathematical finance

A classical problem in finance is how an agent can sell a large amount of shares and yet minimize adverse
price movements generated by her own trades. The agent must then take into account the balance between
price impact (trade quicker) and price risk (take longer to complete all trades). Indeed, if an agent trades
quickly, then her orders will walk through the buy side of the limit order book (LOB) and she will obtain
lower prices for her orders, leading to a femporary price impact. Even if she splits each order into smaller
trades so that each one does not walk the book, then other traders will notice an excess of sell orders and
adjust their quotes inducing again a negative price impact, which is in this case permanent. On the other
hand, if she trades slowly so as to avoid this price impact, then she will face the uncertainty of future prices,
which could have dropped to a less desirable level by the time the agent executes the whole order. The aim
of optimal liquidation is hence to propose an optimal trading strategy such as to balance these two factors
(price impact vs. market risk), based on a coherent price impact model reproducing the underlying asset

price dynamics and the impact of the agent’s transactions on this price. Following the setting of Cartea et al.
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(2014) and Muhle-Karbe et al. (2024), we denote by 7' the finite trading horizon required for liquidating the
shares. The trading rate u = (u¢)o<¢<7 is the (positive) speed at which the agent is liquidating shares using
market orders and which can be seen as the volume sold on each infinitesimal step of time. Q)" is the agent’s
inventory of remaining shares to liquidate, affected by how fast she trades and given by dQ} = —u.dt with

¢ = Q. S" is the midprice of the asset, affected by the speed of trading u and given by
dSy = —g(uy) dt + odWy, (6.1)

where g : Ry — Ry denotes the permanent price impact of the agent’s trading and W = (Wy)o<i<7 is
a standard [F-Brownian motion. The execution price St is then the price at which the agent can effectively

sell the asset (also affected by the trading rate) :
St =S¢ = f(w), (6.2)

where f : R, — R, denotes the temporary price impact that the agent’s trading has on the execution
price. Finally, X" is the agent’s cash process resulting from her execution strategy and defined by X}* =
fg §g usds = fg (S¥— f(us))usds. As classically proposed in the financial literature (Cartea et al., 2014),

we assume that the agent is willing to maximize the following performance criterion

T
ViltnSi) = Eunsa|  XE +QESE-nQb)-0 [ (QUds]. 63
—~— —_—
Terminal Wealth Terminal Execution L

Inventory Penalty

with respect to the trading rate u, and where E; , g, [.| denotes the expectation conditional to X} = x,
Si =5, Qf = q. The agent thus wants to optimize her expected wealth at maturity minus some penalties.
If the agent’s strategy reaches the terminal date 7" with inventory left, then she must execute an order to
liquidate the remaining shares for a total revenue of Q% (S% — wQ%), where m > 0 is the terminal penalty
parameter. We also introduce a running inventory penalty of the form ¢ ff(Qg)? ds with ¢ > 0. This
running inventory penalty is not a financial cost to the agent’s strategy but instead allows to incorporate the
agent’s urgency for executing the trade (risk-aversion penalty). The value function is then
V(t,z,S,q) = sup V(t,x,S,q), (6.4)
u€A
where A is the set of admissible strategies which consist in F-predictable, non-negative and bounded from
above trading rates u. Standard results in dynamic programming (Cartea et al., 2015) imply that the value
function V is a classical solution of the following HIB PDE for all (¢, S, q) € [0,7) x R x (0,Q)] :
0= (&s + ;02535> V—¢g® + Zga{(u(s = f(u)0z — g(u)ds — udy)V'}, (6.5)

with terminal condition V (T, x, S, q) = = + q(S — 7q) and boundary condition V' (¢, z, S,0) = 0 since

there are no more shares to liquidate and since the agent cannot buy back shares (non-negative trading rate).
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Using integration by part, it is easy to show that
T T T
V(t,x,S,q) =z + Sq+ sugEt,q l/ flus)usds — / glus)Qyds —m (Qu)? — ¢/ (Q")* ds]
ue t t t

T T T
=+ Sq— inf B, l [t + [ giQias+m@p) +o [ (@ ds]
w t t t

where V(t, q) is again a value function but which now states for the penalty stemming from optimally
liquidating the remaining of the shares. It is clearly non-negative and it is again a classical solution of the

following HIB PDE for all (¢,¢) € [0,T") x (0,Q]:
0=0V(t,q) + ¢q* + Jnf {uf(u) +9(u)g —udV(t,q)}, (6.7)

with V(T,q) = mq® and V(¢,0) = 0. Let us assume that uf(u) and g(u) are convex functions in wu.
Almgren et al. (2005), Gatheral (2010) and Cartea et al. (2014) have shown that a power-law function
with exponent less that one is the most suitable choice for the temporary price impact f(u) = xu” with
k > 0,7 € [0,1]. The permanent impact function is also here assumed to be a power-law function of the
form g(u) = bu” with b > 0, > 1, which is consistent with Figure 1 of Cartea and Jaimungal (2016).
This allows us to generalize the classical models of Almgren and Chriss (2001) and Almgren (2003) by
considering both nonlinear temporary and permanent impact functions. We finally obtain that the value

function V must satisfy for all (¢,q) € [0,T) x (0,Q] :
0=0,V(t,q) + opq° + ian4 {mﬂ"'l + buqg — udgV(t,q)}, (6.3)
ue

with V(T',q) = mq¢* and V(t,0) = 0. For general exponents v € [0,1] and > 1, we directly see
from (6.8) that the first order condition, k(v 4+ 1)uY + bnu~1q — 0qV(t,q) = 0, does not lead to an
explicit solution for the optimal control v*, requiring the use of the GPI-PINN Algorithm 3. In the classical
Almgren-Chriss model v = 1 and 7 = 1 studied in Almgren and Chriss (2001) and Cartea et al. (2014), it

is however shown that

V(t.q) = (b + x(0) 6.9)

with x(t) = vk 1%2;2(; Z ,p=+/¢/kand ( = % Moreover, this leads to

CeP(T=t) 4 e=p(T—1)

u(t,q) =~ P T—0 — o oTD q. (6.10)

We can therefore compare these analytical solutions of the value function (6.9) and optimal control (6.10)
with v = 1 and 1 = 1 to the numerical results output by our GPI-PINN Algorithm 3, as depicted in Figures
6.1 and 6.2.
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Figure 6.1: Value function V(¢, ¢) and optimal control ©* (¢, q) att = 0 for ¢ € [0,50] withy =1,7=1,T =1,k =0.2,b =
0.1,7 = 0.5,¢ = 0.1. In orange dotted line, numerical solution from Algorithm 3 (k* = 500, M = 20,000). In blue line,
analytical solutions (6.9)-(6.10).
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Figure 6.2: Value function V(t, ¢) and optimal control u* (¢, q) at ¢ = 25 fort € [0,1], withy =1,n=1,T =1,k =0.2,b =
0.1,7 = 0.5,¢ = 0.1. In orange dotted line, numerical solution from Algorithm 3 (k* = 500, M = 20,000). In blue line,

analytical solutions from equations (6.9)-(6.10).

In this one-dimensional optimal liquidation setting, we clearly see that the GPI-PINN algorithm manages
to perfectly approximate both the value function and the optimal control across all time and space. The
following Figure 6.3 compares the analytical solution in the case v = 17 = 1 to the implicit case v = 0.7,
1n = 1.5 solved using the GPI-PINN 3, allowing us to assess the impact of the parameters v and 1 on the

optimal strategies.
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Figure 6.3: Value function V(t, ¢) and optimal control u* (¢, q) att = 0 for ¢ € [0,50] with 7' = 1,x = 0.2,b = 0.1,7 =
0.5, = 0.1. In orange dotted line, numerical solution from Algorithm 3 with v = 0.7, n = 1.5 (k* = 500, M = 20,000). In
blue line, analytical solution from (6.9)-(6.10) withy =1, n = 1.

6.1. Multi-asset optimal liquidation

We now consider a multi-asset optimal liquidation setting since the (G)PI-PINNs have been especially
devised for solving high-dimensional (implicit) optimal control problems. The studied financial portfolio
now consists in n assets which are co-integrated in the sense that each asset’s trading permanently affects
the price at which all the other assets are executed. Indeed, in this setting, market sell orders in one stock
also exert a permanent downward pressure on the price of co-integrated assets. As explained in Cartea
et al. (2019) and Li et al. (2022), this cross-effect is partly caused by trading algorithms that take positions
based on the co-movements of assets. We also include correlations between each pair of assets in the
portfolio. Therefore, the above one-dimensional optimal liquidation model is enlarged in the following
way. The trading rate in the i*" stock is denoted uld) = (ugi))ogtST and the related remaining inventory
satisfies de’i = —ugi)dt, forall ¢ = 1,...,n. We also denote u; = (uil), . 7u§n))T and Q} =
Q... ;”L)T The midprice of the i stock is the i component of S* = (S{*',..., Stu’n)T,

which follows dS¥ = —g(u;)dt + adW}, so that the dynamic of the i'" stock is given by

asp’ = —gD(u)dt + Y oy dw P (©.11)
k=1

where the function g(i) : R — R describes the permanent impact of each asset’s trading on the midprice
of the 7" asset. We also have that & € R™ ™ is the (upper) Cholesky decomposition of the asset prices’
correlation matrix (ie., > = oo )and W = (Wi)o<t<r is a n—dimensional F-Brownian motion.

The execution price of the ¥ asset then follows

-~

St = st fO )y

where the function f O Ry — R, describes the temporary impact of trading in stock ¢, which only affects

in this case the execution price of the corresponding asset 7. Indeed, as the temporary price impact for asset
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7 comes from the market orders walking the LOB of this specific asset, it does not induce cross-effects from
other assets. The wealth of the agent from liquidating the portfolio is given by X* = >~ | fg ./S’Z”ugl) ds
As in the one-dimensional setting (6.3), we want to optimize the following performance criterion with

respect to the vector of trading rates u :
T T g T 5
VUt 5.0) = Brasa [XE+ @) SE-@TQF -0 [ @2QIG]  @12)
t

conditionally on X* = z, S#* = 8 := (S1,...,S,) " and Q* = q := (q1,...,¢s) . The value function
is then V' (t,z, S, q) = sup,c4 V*(t,z, S, q) with A the set of admissible strategies consisting in non-
negative, F—predictable processes such that fOT |ug)\ ds < 400, P—a.s.foreachasset: = 1,...,n. Using
integration by parts as in (6.6), we can show that

V(t,z,8,q) =z +q' S+ sup th[—ﬂ(Q¥ ) QY — qﬁ/ Q) TEQ"ds

ucA
n

> ( / PO s + [ Tg(“(us)QZ""dS)]

=1

—o+q'S— inf By [w(@%)TQ% o / Q) EQuds

+Z </ 9 d8+/tT9“)(us)Qé""d8>]

—x+q' S—V(tq).

The dynamic programming principle suggests that the value function V is a classical solution to the HIB

equation for all (¢,q) € [0,T) x ([0,Q]"\ 0y,) :

_ TS : (40 ()1 i ¢
0=aV(tg)+0q Sq+ J?&{Z (£F9@)u® + g9 (g —uPo, 0t q))} . 613)

i=1
with terminal and boundary conditions V(T,q) = mq'q and V(t,0,,) = 0. As motivated in the one-

dimensional setting, we choose the following power-law functions for the permanent and temporary impact

functions g and f) withy; € [0,1], k; > 0,1;; > 1,b;; > Oforalli,j =1,...,n
Du) =3 by <u(j>)’“’-’ and  fO@®) = g (uu))”ﬂ
j=1

With this parametrization, the permanent impact on the transaction price of asset ¢ indeed depends on the
trading rate ul) of all assets j = 1,...,n, whereas the temporary impact depends solely on the trading

rate u(?) of the corresponding asset. Equation (6.13) hence becomes

n

0=0V(t q) + dq Bq+ Jnf, > | ki (u“’)w1 + En: bi;j (u(j))m’jqi —u9,V(t,q)
j=1

=1

(6.14)
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First order condition on u(¥) with 7; ; > 1, ; € [0,1] leads foralli = 1,...,7n to

ki(vi +1) (u(i))% + Zn: bji i (u(i)>nj’i_
j=1

1
qj — 0y V(t,q) =0. (6.15)
We see that if 7);; = 1 for all j (i.e. linear permanent impacts), then the optimal trading rate 1" can be

obtained explicitly forallz = 1,...,n by

(6.16)

n 1/7i
(i)* - Z]’:1 bjiqj + 0, V(t, q) !
u' (t,q) = it D) .

In this case, we can plug back this explicit optimal control (6.16) inside equation (6.14) and solve the
associated HIB PDE for V using finite differences when the dimensionality n is not too large. Setting
n = 3 with the following parameters allows us to compare the accuracy of our GPI-PINN algorithm 3 to
the standard finite-difference method and confirm its numerical convergence: 7" = 1, 7 = 0.5, ¢ = 0.1,

v =(1,1,1), k = (0.2,0.1,0.15), and

111 01 0.03 0.02 1 02 013
n=1111|.b6=1001 024 0 |.==]02 1 005
111 001 0.02 0.05 013 005 1

The following Figure 6.4 then confirms the numerical convergence of the GPI-PINN algorithm and gives

further confidence in our numerical results, as both methods produce nearly identical solutions for the value

function V.
k]
-
o+
8
30 1 ¥
i
.
9 r
e 25 - #
=
o r
E #
= 20 7
E -
g #
15 1 -
- =
_,__.,.f-"'"" — Finite Difference
n{ =—m GPI-PINN
0 4 & 8 10
g1

Figure 6.4: Value function V(t,q) att = 0 and ¢ = (q1,5,5) for ¢1 € [0,10]. In orange dotted line, numerical results from
Algorithm 3 with & one standard deviation in orange shaded area (k* = 500, M = 20, 000). In blue line, numerical solution

from finite (central) differences.

However, for general exponents 7;; > 1, we have from the first-order condition (6.15) that the optimal

trading rate u®” for each asset i = 1,...,n does not admit a closed-form solution. We then again face an
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implicit high-dimensional HJB equation (when n is large), requiring the use of the GPI-PINN Algorithm

3. We then obtain the following results for a portfolio of n = 10 stocks.

200 1
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Figure 6.5: Value function V(t, q) (left plot) and optimal trading rate w* (¢, q) (right plot) at ¢ = 0 and ¢ = (q1,5 - 1) for
@1 € [0,10] with n = 10 stocks from Algorithm 3. In the left plot, + one standard deviation in blue shaded area from 10
independent runs of Algorithm 3 (k* = 2000, M = 20, 000).
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Figure 6.6: Losses ,,E?I (left plot) and .,2/”; (right plot) of Algorithm 3 in function of the epoch k. The red curve in the left plot
represents the interior loss of 2 and the blue curve its boundary part, see equation (3.6). Note here that the loss .,é’”; depicted in

the right plot does not include the terms 9:V (¢, q) + ¢ qTfl q as they do not depend on the control u.

Despite the lack of reference for comparison, Figures 6.5 and 6.6 lead to consistent numerical results, giving
us confidence in the GPI-PINN 3 for multidimensional optimal execution problems. In particular, when
varying the first dimension g; of the remaining quantity g, the main impact is on the corresponding optimal
trading rate u]. We then also confirm with Figure 6.6 that the loss 2 (3.6) converges to 0 and that we are
minimizing the average Hamiltonian through the loss ;2/’; (3.7), as the number of epoch k increases. Note
that the red curve in the left plot represents the interior loss (first right-hand term) of .,52 and the blue curve

the boundary loss (second right-hand term) of .3”; see equation (3.6).

7. Conclusion

This paper proposes a new iterative deep-learning algorithm able to solve CT stochastic optimal control
problems in high dimensions, even when the control does not admit an explicit representation. This numer-

ical scheme is built from the combination of PINNs on the HIB residuals with an Actor-Critic structure,
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relying on the GPI procedure. By approximating the value function and the optimal control using two sepa-
rate NNs, the GPI-PINN algorithm provides a global solution for stochastic optimal control problems across
all time and space, which can be evaluated online fast. Thanks to an early termination scheme in the train-
ing process, we prove the uniform convergence of our algorithm toward the true value function and optimal
control. Besides these theoretical guarantees, we also show empirically the efficacy and accuracy of the
GPI-PINN scheme thanks to a comparative example for which the solution is known up to MC simulations.
Finally, we provide a second practical example from mathematical finance by generalizing the well-known
Almgren-Chriss model arising from optimal liquidation. More precisely, we introduce optimal liquidation
strategies based on fully nonlinear temporary and permanent impact functions in a multidimensional setting
with co-integrated assets, leading to an implicit optimal control problem in high dimensions. Once again,
this example highlights the benefits of using the GPI-PINN algorithm to solve implicit high-dimensional CT
stochastic optimal control problems and paves the way for various other applications in stochastic optimal

control.

8. Appendix

8.1. Proof of Theorem 3.4

First part. We first introduce some notations and show that the modified Hamiltonian (2.10) satisfies a non-
linear Lyapunov equation. Recall that the cost-to-go associated with the non-optimal admissible Markov

control u is defined as

T
Vi(t,z) =EF [¢(X§ﬁ) +/ C(r, X% u(r, X)) dr| X} = :v] : (8.1)
t

As in Oksendal (2013), we propose the change of variable y = (¢, x) and Y = (7, X) so as to fall back

to the time-invariant optimal control problem
T
Vi) =B o)+ [ 00t atr) ar).
t

with EE the expectation conditional to Y,* = y under the probability measure P and with the dynamic

Ay = (dT, FVS u(Y2))dr + a(YT“,u(YT“))dWF) . (8.2)
Since V* € C2%(Q), using the dynamic programming principle and Dynkin’s formula

» o[ [

B (o) = v By | [ v

where L is the infinitesimal generator associated with the diffusion (8.2),

2
(LY0)(y) : +Zfz (y,u ZZ (00 s )22y, 63

O0x; T
zlgl Cal
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we have, see Touzi (2012), Oksendal (2013), that V* satisfies the following nonlinear Lyapunov equation
forally € Q,
0= £y, u(y)) + (LV)(y). (8.4)

The notation (2.4) for the Hamiltonian # (¢, x, V' (t, z), V.. (t, ), u(t, )) is simplified as H(y, V*(y), u(y))
and hence from (8.4), equation (2.10) becomes Vy € @),

Hly, V() uly) = Hy. V() uly)) + a;u

(y) = Ly, u(y)) + (LV*)(y) = 0.

When considering* the NNs V) (y) := V (y; 0*)) and U, (y) = uly; w(*)), we again use the notation

H(y, 0F, w®)) = H (y, Voo (1), uym (1))

which is in general not equal to 0 since Vj) (y) is not governed by the control w ) (y), i.e. two separate
NN . Notice that we have (u(t, X w)) oo € A for all w € RP from the assumptions of Theorem 3.4.
Then, since ov,,,(-) > 0, we have Vp(y) > 0 for all y € Q and all # € RP. Moreover, since oy (+) and
ov,.,(-) are twice differentiable, we have Vp(y) € C?(Q). Finally, Assumption 3.3 allows us to ignore the

NN approximation error € when approximating ¢(z) by Vy(7', ). The loss function (3.2) then becomes

A(0,0) = Eyopr@) [H :0,0)°) + Eampoi) | (Vo(T,2) — 6(2))?]
— By (@) [ﬁ (v, e,w)ﬂ : (8.5)

and the loss (3.4) becomes

25(0,w) = By ) [Hly,0,0)]
Second part. We then show that the early termination conditions in Step 1 and 2 can effectively be satisfied
based on the assumptions of Theorem 3.4 when using Algorithm 3. According to (8.4), Lemma 3.2° and
Assumption 3.3, there exists (6, w!) such that H(y, 0T, w') = 0 forall y € Q. If Vj; is the value function
V, then from Theorem 2.2, u+ (y) = u*(y) = arg min,, H(y, Vpi(y), u) forally € @ (and we are done). If
Vj+ is not the value function, then u,; (y) > argmin, H(y, Vyi (y), ) and H(y, 0T, wl) > H(y, 0T, u*(y))

for all y € Q. Therefore, we can find w! such that
0=H(y,07,w) > H(y,07,w") = H(y, 0%, u*(y), VyeQ.

From both alternatives above, there exist (61, w?) with H(y, 81, wt) < 0forally € Q, implying % (61, wt) <
0 and that the globlal minimum ming ., %5(#,w) < 0is such that ﬁ(y, 0,w) < 0Vy € Q. Since the global
minimum of %5 (6, w) with respect to (¢, w) can be attained in polynomial time from Assumption 3.1, we
can find (1), w(1)) by continuously applying (3.8) such that

H(y, 0V, D) <0, VyeqQ.

“Note that V™ is the cost-to-go associated with the control u while Vj is the NN parameterized by the weights 6.
SSince Va(y) € C2(Q), H(y,0,w) is well a continuous function defined on Q. From the compactness of Q, we can always

use Lemma 3.2 to approximate 7—~[(y, 6,w) for all y € @ and hence forall y € Q.
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Then, Algorithm 3 enters Phase 2 and again from (8.4), Lemma 3.2 and Assumption 3.3, there exists 67

such that ’;q(y, 0f,wM)) = 0 forall y € Q, which implies
- 2 - 2
20", 0M) =Ey @) [“fl (y7 GT,w(”) ] =0=minE, ., q [H (yﬁ,w(”) ] = min £ (0, 0").

We can then always minimize %, (6, w(l)) over 6 by continuously applying (3.9) and from Assumption 3.1,
the global minimum .Z; (67, w™) of %1 (0, w(V)) can be attained in polynomial time. This means that we

can always find 6 by continuously applying (3.9) such that
H (y, 0(1),w(1)> <H (y, 9(2),w(1)) <0, Vyeq.
Similarly, from Lemma 3.2 and Assumption 3.3, there always exists w' such that
H (y,O(Q),wT> = ngnﬁ(y,ﬁm),w) , Yyeq.
Therefore, since

min % (0(2) ) W) = min ]EyN/u (@) [ﬁ(y7 9(2)7 w)] > E (Q) [ﬁ(ya 0(2) ) WT)] =% (9(2)7 WT) )

Z By~
and since by definition, min,, 32(9(2) yw) < % (0(2), w), Vw € RP, we have
£(0? W = min 20, w).

Then, since the global minimum of % (0(2), w) can be obtained in polynomial time, the modified Hamil-
tonian ﬁ(y, 62, w) can be taken to a global minimum for all y € ) by minimizing over w. Therefore, we

can also find w(? by applying successively (3.10) such that
H <y, 9(2),w(2)> <H (y,ﬂ(z),w(l)) , Yyeq. (8.6)
Applying this repeatedly for subsequent steps, we have for all £ > 1 :
H (3,6, 0®) <A (5,000, 0M) <0, wyeQ, 8.7)

and

H (y, 0(k+1),w(k+1)) < H (y, 9(k+1),w(k)> , VYyeqQ. (8.8)

Third part. We finally show that the value NN Vj«) and the optimal control NN u ) both converge
uniformly to the value function V' and optimal control u* as k& — oo when using Algorithm 3 with the
above early termination conditions. Since Vj(y) is chosen C2(Q) for all § € RP (twice differentiable

activation functions), we get by Dynkin’s formula for all Markov controls u := u(y),

T
B Vo ()] = Vi) + 5 | [ €V ) )]
t
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which then leads to
T
Vi) = B o) [ (V)7
t

from Assumption 3.3, and similarly to

T
Vo) = B[00~ [ (€07 .
t
Both of these equations are of course valid in particular for the Markov control u(y) = w &) (y) since it is
admissible and therefore,

U,

T
Voo ) = Voo () = 55 | [ (€0 )30) = (L0 Vo (1) ) ]
t

E

< =

T , _ u , .
|:/ (H(}/T w(k) , H(k‘)7 w(k‘)) _ Z(}/T w(k) LU () (}/r w(k)))
t

= Y, 00D, W) (V0 (70)) ) dr}

T, . ~
_ Eg [/ (H(Yr w(k)’e(k)7w(k)) —H(Y, w(k)70(k+1)’w(k))) dr} ) (8.9)
t

However, from (8.7) and since we have Vp(y) > 0, we find for & > 1,
0< Vogorn(y) < Vo (v), Yy €Q, Vk > k. (8.10)

Therefore, V) () is pointwise convergent as k goes to oo and we can write limy_,o0 V) (y) = Vjioo) ().

From the compactness of (), we obtain uniform convergence in y by Dini’s Theorem. This implies that
lim sup [Vy (y) — Voern (y)| = 0.
Hence, from (8.9) and (8.7), this implies

lim sup |H(y, 0*+D, w®) — ﬁ(y,ﬁ(k),w(k))‘ —0. .11

Recall that we have ming .Z; (6, w*®)) = ming Eypi () H(y, Q,W(k))Q} = 0, for all £ > 1. Therefore,

according to (8.11) and the limit of V() (), we must have

lim H(y, 0%, w®)) = klim H(y, 0% D Wy =0, vyeq. (8.12)
—00

k—o0

Therefore, Vj () (y) is solution of the Lyapunov equation (8.4) for a given policy u,,(~)(y) and hence,

Voo (y) = Vil (y), Yy eQ. (8.13)

where V"«(=) (y) is the cost-to-go function (8.1) associated with the Markov control () (). As shown
in Abu-Khalaf and Lewis (2005), since Vj)(y) converges uniformly to Vyo) (y) = V(=) (y) on Q
and from the uniqueness of the state trajectories (see the Lipschitz continuity conditions on the dynamic

(2.2)) and the continuity of u, ), the sequence of controls u, ) converges uniformly to u,,(-)(y) on @
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when k — oo. Since w**1) is obtained by minimizing XQ(H(k—’_l), w) using (3.10), it is obvious from the

dominated convergence theorem with (8.7) and from (8.12) that

lim (0%, oY = 1im 0%+ Wwk)) =0, (8.14)
k—o00 k—o00
which implies that
klim minﬁ(y,e(k),w) =0, Yyeq. (8.15)
—00 W

From (8.12), (8.15) and Theorem 2.2, one has limy, . Vi) (y) = V (y) forally € Q and limy,_, o0 1) (y)
u*(y) for all y € Q. Therefore, we conclude that Vjx) goes to the value function V' uniformly on Q and
U,k to the optimal control «* uniformly on () as & — oo, which means the global optimal solution is
achieved. U
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