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Abstract

Subdiffusions appear as good candidates for modeling illiquidity in financial markets. Existing subdiffusive
models of asset prices are indeed able to capture the motionless periods in the quotes of thinly-traded assets.
However, they fail at reproducing simultaneously the jumps and the time-varying random volatility observed
in the price of these assets. The aim of this work is hence to propose a new model of subdiffusive asset prices
reproducing the main characteristics exhibited in illiquid markets. This is done by considering a stochastic
volatility jump model, time-changed by an inverse subordinator. We derive the forward fractional partial
differential equations (PDE) governing the probability density function of the introduced model and we prove
that it leads to an arbitrage-free and incomplete market. By proposing a new procedure for estimating the
model parameters and using a series expansion for solving numerically the obtained fractional PDE, we are
able to price various European-type derivatives on illiquid assets and to depart from the common Markovian
valuation setup. This way, we show that the introduced subdiffusive stochastic volatility jump model yields

consistent and reliable results in illiquid markets.

Keywords: illiquidity modeling, subdiffusion, fractional Fokker-Planck equations, stochastic volatility

jump model, option pricing

1. Introduction

Small capitalization stocks tend to exhibit motionless periods in their share price which correspond
to a lack of liquidity associated with these assets. This occurs when a stock stops being exchanged
by the investors during several days, weeks or months. This feature is also common in emerging
markets in which the number of participants, and thus the number of transactions, is rather low. Such
periods of constant values can be observed on the upper plot of Figure 11.1, which depicts the price

of Quadpack Industries (ALQP), a small capitalization listed in the Eurolist Group C. As Brownian
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motions and infinite activity Lévy processes move infinitely often in any given time interval, they
are not suitable for modeling these periods of illiquidity in financial markets. A similar behavior
is however observed in physical systems exhibiting subdiffusion, a well-known and established
phenomenon in statistical physics. The usual models of subdiffusion are developed in terms of frac-
tional Fokker—Planck equations (FFPE) which were first derived in Metzler and Klafter (2000) from
continuous-time random walks (CTRW) with heavy-tailed waiting times/trapping events. These
FFPE hence provide an appropriate procedure for describing transport dynamics with trapping
periods in complex systems, such as heavy particles’ movements in Metzler and Klafter (2004).
Subdiffusive dynamics can also be obtained from subordination, where a standard diffusion process
is time-changed by the so-called inverse subordinator, as in Magdziarz (2009b). Therefore, the
observed motionless periods without trades in financial markets can be considered as the equivalent
in physical systems of the trapping events during which the subdiffusive particles get immobilized.
This explains why tick-by-tick CTRW and their related FFPE have been heavily used in finance and
econophysics as early as the 2000s (see Mainardi et al. (2000), Scalas et al. (2000), Bouchaud et al.
(2003) or Scalas (2006)) and this justifies their ability to describe the dynamic of asset prices in
illiquid markets. Fundamental theoretical results on subdiffusions and their probabilistic properties
are provided by Meerschaert and Scheffler (2004), Jurlewicz et al. (2012) and Meerschaert and
Schefller (2008).

From this similitude between particles transport and illiquid asset dynamic was introduced the
class of subdiffusive Lévy processes as models of asset prices in thinly-traded markets. This
class contains anomalous diffusions where the CTRW limiting diffusion consists of a Lévy process
time-changed by an independent inverse-stable subordinator. Several instances of these models
have already been investigated in the literature. In terms of the generating FFPE, such a class
has been studied in Cartea and del Castillo-Negrete (2007). The particular case where the parent
Lévy process is a compound Poisson process was introduced in Cartea and Meyer-Brandis (2010);
the Brownian motion case has been investigated in Magdziarz (2009a) where it is shown that the
considered model is arbitrage-free but incomplete, and where the corresponding subdiffusive Black
& Scholes (B&S) formula for the fair price of European options is obtained. A general treatment
when the driving noise is a generic Lévy process has been recently provided in Torricelli (2020)

and in Jacquier and Torricelli (2020), along with general Fourier option pricing techniques for



Lévy-type subdiffusions. Moreover, the classical models of Mainardi et al. (2000) and Scalas et al.
(2000) also admit a representation of the subdiffusive Lévy form. This class of models is strongly
supported by the econometric analysis of Dufour and Engle (2000), and confirmed in numerous
empirical studies later on. The evidence is that trading activity is positively correlated with price
impact, i.e. the volatility of the asset price: the fewer the trades (longer duration) the more sluggish
the price innovation and the lower the volatility, while a higher trading intensity (short duration) is

coupled with high price impact, high volume and high volatility.

A second stream of literature introduces subdiffusive models of asset prices based on fractional
Brownian motions (fBm). Indeed, Gu et al. (2012), Guo and Yuan (2014), Wang et al. (2012)
and Shokrollahi et al. (2016) propose an extension of the subdiffusive B&S model of Magdziarz
(2009a) by introducing asset dynamics based on subdiffusive fBm. They managed to build a pricing
equation for European calls under various assumptions. However, since fBm are neither Markov
processes nor semi-martingales, it has been shown in Cheridito (2003) that fBm models admit
arbitrage in frictionless markets. This hence forces these authors to consider modified dynamics
inspired from fBm (cf. Shokrollahi et al. (2016) or Guo and Yuan (2014) with mixed fBm) or to

impose proportional transaction costs in a discrete setting, as in Gu et al. (2012).

We then aim in this work at enlarging the above class of Lévy subdiffusions by considering a
subdiffusive model that conjugates both stochastic volatility and jumps so as to reproduce the main
characteristics observed for low-liquidity stocks in financial markets. Indeed, we first observe that
these thinly-traded stocks systematically exhibit jumps in the sample path of their price process.
This can be interpreted by the the arrival of news in the market which suddenly change the antici-
pations of investors and make them trade the stock again. These jumps in price can clearly be seen
on Figure 11.1 for the share of ALQP, which exhibits similar sample paths as the majority of small
capitalizations (see e.g. stocks listed in the Eurolist Group C). Secondly, there are no existing sub-
diffusive models driven by a stochastic exogenous volatility process that can be fitted to the market
so as to reproduce the clustering and leverage effects occurring in practice in the volatility data
time series, as observed e.g. in the second plot of Figure 11.1 representing the annualized historical
volatility of ALQP. Enlarging the class of Lévy subdiffusions by introducing a subdiffusive stochas-

tic volatility model with jumps in the price process will hence enable to take these two aspects



into account simultaneously in illiquid markets while also reproducing the well-known volatility
clustering effect and the observed heavy tails of the return distribution. Finally, in the context of
the classical B&S model, it is well known that time changing Brownian motions by a non-Markov
subordinator (such as the first hitting time of a Lévy subordinator, see e.g. Stanislavsky (2003) or
Meerschaert and Scalas (2006)) allows to introduce the empirically observed long-memory effect in
stock returns, as investigated in Ding et al. (1993). The chosen subordinator in Stanislavsky (2003)
is an a-stable process so that the memory effects are characterized by only one parameter (the «
parameter). We therefore consider in this paper a mean-reverting stochastic volatility model with
price jumps, time-changed by an inverse subordinator. We will show that this so-called subdiffusive
stochastic volatility jump (SSVJ) model is indeed arbitrage-free, that it generates realistic sample
paths incorporating periods of constant values and that it allows to reproduce the true dynamic of

asset prices in illiquid markets.
[Figure 11.1 near here]

The contributions of this paper are multiple. We first show how to price financial derivatives
under the SSVJ model by deriving new FFPE that allow to describe the behavior of this newly
introduced model. We generalize these forward fractional equations to a whole class of Lévy
subordinators (with no drift) and we show that they are also valid if seen from a later time after
inception, conditionally to some information available at that time. This is achieved by proposing a
new estimation procedure that allows to depart from the common Markovian valuation setup. We
next define a change of measure and from it, we show that we can obtain a risk-neutral measure
@ for our model, leading to an arbitrage-free and incomplete market. Based on this risk-neutral
measure and on the FFPE satisfied by the SSVJ model, we are able to price various European-
type financial products (at inception and at any subsequent time). However, even if subdiffusions
appear as good candidates for modeling illiquidity, option pricing and risk management in this
framework remain a challenging task. We therefore show in the practical part of the paper how
to solve numerically via a series expansion the FFPE driving the (Fourier-Laplace transform of)
the bivariate probability density of the subdiffusive log-stock price and its time-changed variance
process. Finally, we contribute with this paper to provide a full econometric estimation of the
subdiffusive SVJ parameters based on the time series of observed log-returns using the Particle

Monte-Carlo Markov Chain algorithm. So far, only the parameter driving the motionless periods



of illiquid asset prices has been estimated in Janczura and Wylomanska (2009) and we therefore

propose a new procedure for evaluating simultaneously all of the model parameters.

2. A Fokker-Planck equation for jump-diffusion models

We start by deriving the classical Fokker-Planck equations (FPE) satisfied by the SVJ model in
the non-subdiffusive case. From these FPE, we will manage in the sequel of this paper to build
their fractional counterpart so as to describe the behavior of the subdiffusive SVJ model. We hence

consider in a first step the following classical jump-diffusion model under the physical measure P :

dA,

T = Hdi+ VedW + (e —1)dNy, (2.1)
-

dVi =k (y = Vi) dt + o/ Vi dWa,, (2.2)
where A;- = lim,_,; A, is the left limit of the price process (so as to ensure the predictability of the

integrand). Here and in the rest of the article, W; (j = 1, 2), are two correlated Brownian motions
defined on (2, 74, P) such that Cov [W;; Wa,] = pt. We define N = (IVi)y>o as a Poisson
process with intensity parameter \; > 0 (i.e. E [N;] = \;t) and which is independent from W,
and W,. The random variable J with probability density function (pdf) f;(-) and support in R
describes the magnitude of the jump when it occurs and is assumed to be F'-measurable. Finally,
we need to impose EX’[¢?/] < oo such as to have the desired (square-integrable) martingale property
of the discounted price process (e~"*A;);>o under the risk-neutral version of the SVJ model, see
Propositions 8.8 and 9.8 of Tankov (2003). Note that all the results in the sequel of this paper
could be extended using a more general square integrable Lévy process in the jump diffusion (2.1).
Applying 1t6’s Lemma for semimartingales (Proposition 8.19 of Tankov (2003)) since equation
(2.1) is the Dolean-Dades exponential of a Lévy process, we find the following dynamic for the

log-price X; := In A,
1

Hence, the specification of our model implies that the jump size of the log-price process X; — X;- is
equal to the random variable .J, when a jump occurs. Let us write p(t, x, v |s, xs, vs) the conditional
bivariate pdf of (X, V; | Xs = x5, Vi = v,). This function is such that

32
o0xov

p(t, z,v|s, x5, v5) = PX, <z, V,<w | Xs =, Vs = vg). (2.4)



This pdf is solution of a forward partial differential equation (PDE) as derived e.g. in Bates (1996)
and follows directly from the standard theory of infinitesimal generator for jump diffusions (and
more generally affine diffusions). More precisely, the conditional bivariate pdf p(t, x, v |s, x4, vs)

at time ¢ > s of the pair (X, V}) is solution of the following Fokker-Planck equation (FPE) :

0 0 1 0
gottao) == | (= go) o]} = Ll = o) pitaol )
1 o2 1o, o2
+§@[vp(t,x,v|-)]+§@ [c?vp(t,z,v]")] + 5o

+AJAp<t,x—j,v\->fj<j>dj—m<t,x,vr~>

[povp(t,z,v|-)] 2.5)

with initial condition p(s, z,v | 8, s, Vs) = 0{z=g, v=v,}» Where 0.y is the Dirac measure located
at z. This FPE is hard to solve due to the initial condition involving a Dirac measure. Numerical
methods for computing such forward PDE indeed fail to be reliable since the initial condition cannot
be evaluated properly. We hence focus on the forward PDE of the Fourier-Laplace transform of
the density, which is way simpler than equation (2.5) and which will allow to obtain more stable

numerical results since its initial condition does not rely on a Dirac delta anymore.

Summarizing Drégulescu and Yakovenko (2002), let us first denote by ¢(t, z1,v | s, x5, vs) the
Fourier transform with respect to x of the conditional bivariate pdf p(t, z, v | s, x4, v,) of the pair

(X4, V;). This Fourier transform is defined as follows with z; € R :

o(t, 21,0 | 8,25, v4) ::/ e p(t,z,v | 8, 24, 0,) do
and we thus have that the inverse Fourier transform is given by
1 teo
t,x,v|s, xs,v,) = — e P(t, 21,0 | 8, x4, v5) dzy . 2.6
o |smnn) = o= [ e gt n0 | ) da 26
Inserting (2.6) into (2.5) and simplifying the information { X, = z,, Vi = vs} by {-}, we have
0 0 -~
i0(t21,0]) = == [m(y = 0) 6t 21,0 | )]+ Ay (Frlen) = 1) bt 2,0 )
2 1 0 2 92
- [%v +iz (u - 51})) — ipazlav - %wv] o(t,z,v|),  7)

where J?] (21) is the Fourier transform of f;(-). The equation (2.7) is simpler than (2.5) because the
number of variables has been reduced to two, v and ¢, whereas z; only plays the role of parameter.
Finally, since v is positive and since (2.7) is linear in v and quadratic in %, it can then be simplified

by taking the Laplace transform over v :

oo
O(t, 21,20 | 8,5, 05) :/ e 2Pt z1,v | s, x5, 05) dv . (2.8)
0



We therefore retrieve the following well-known result in the theory of jump diffusions. The Fourier-
Laplace transform ¢(t, 21, 29 | - ) of the joint pdf p(¢,z,v |- ) in the SVJ model is solution of the

following classical forward PDE

d , .

aéb(tyzla 22 | ) = - <:‘<6722 +izpu — AJ (fJ(Zl) - 1)) ¢(t721722 | )
2.2 2 o

+ (—Zz(ﬁ—i-ipazl) - 0222 + &l 2221> 8_,22¢(t’ 21,22 ), (2.9)

with initial condition ¢(s, 21,20 | 8, T, v,) = e 17722 and boundary condition ¢(¢,0,0 |
S, xs, vs) = 1. This first-order partial differential equation is solved analytically in Driagulescu and
Yakovenko (2002). Their analytical expression is however not useful for deriving the solution in

the subdiffusive case, as we will see in Section 4.

3. Subordinators

Subordinators are R*-valued stochastic processes, denoted U = (Ut)tzo’ with non-decreasing
sample paths and starting from U, = 0. Let U be defined on the probability space (Q, FU, P) . One
of their most important probabilistic applications is their use as stochastic clock for time-changed
processes. Moreover, we consider Lévy subordinators for which increments are independent and
homogeneously distributed. Interested readers may refer to Applebaum (2009) for an introduction
to such Lévy subordinators. We then have from the Lévy-Khintchine formula that the Laplace

transform of Lévy subordinators has the following form
EP(e7) = e W (3.1)

where f(A) = bA+ [;7 (1 — e **) v(dz) and b > 0. The function v(-) is a non-negative measure
on (0, 00), known as the Lévy measure and satisfying the requirement [~ (z A 1)v(dz) < oo. The

inverse of a subordinator is a process denoted by S = (5;),, and defined by
Sy:=1inf{r >0:U, >t} . (3.2)

This is the first passage time of U above the level ¢. This inverted Lévy subordinator is in general
no longer a Lévy process. However, S is still positive and non-decreasing and hence, it has
all the required properties to be used as a stochastic clock. Moreover, S' is an almost surely (a.s.)
locally bounded family of stopping times, diverging a.s. at infinity, which is desirable in order to be a

realistic random clock (and more precisely a time-change, as defined in Chapter 10 of Jacod (1979)).



We only consider in the sequel of this paper a.s. strictly increasing subordinators U with infinite
activity fooo v(dz) = oo since in this case, the inverse subordinator S is a.s. continuous. Moreover,
by construction, the inverted process S may be constant over some intervals of time. Therefore, any
process subordinated by .S tends to exhibit motionless periods. The probability density functions
of U, and S, are respectively denoted by py(7,t) = 2P(U, < t) and g(t,7) = ZP(S; < 7).
By definition, we have that P(S; > s) = P(Us < t). In order to use our SSVJ model for risk
management and hedging as well as to price financial derivatives after their inception, we need to
establish the features of S; — S, conditionally to the available information up to time s. Most of
the literature focuses on the properties of .S seen from time 0, when Uy = Sy = 0. In an actuarial
context with «-stable subordinators, Hainaut (2021) extends these properties when the process S
is considered from a later time s. However, S; is by nature non-Markovian and its natural filtration
up to time s < t is not sufficient to draw any conclusion about S; — S5. We hence need to adjunct
additional information about the subordinator that is inverted. It is shown in this paper that most
of properties available at time 0 admit an extension at later time s if the available information is
the value of S5 and Ug,, where Ug is known in Bertoin (1999) as the first-passage process. We
can now easily extend the results of Hainaut (2021) when considering general subordinators of the
form (3.1). First, let us denote the natural filtration of S by F* = (]_—ts ) the natural filtration of

>0’
Uby FV = (F),., and the natural filtration of (S, Ug) by F5V°5 = (ftS’UOS> , which are

t>0 t>0

assumed to be independent from F#. It is clear from the definition (3.2) and from Jacod (1979)
that S, is a stopping-time for any ¢ > 0 with respect to the filtration FV and we can hence introduce

the following stopped sigma-algebra

Fo ={AeFL :An{S, <u} e F] forall u >0},
where F = \/,5, F{'. We then have the following proposition.
Proposition 3.1. (i) Forallt >0, F¥ C FY and FU°° = F{.

(ii) The bivariate process (S, Us) is a Markov process with respect to its natural filtration FV°5,

(iii) Lett > 0 and x1 > 0. Then,

Q ifxlét,
{Us, = 21} =
{St = le} ifﬁl?l > t.



Proof. (i) and (i7) are standard and can be found in e.g. Meerschaert and Straka (2014), Scalas
and Toaldo (2021) or Ketelbuters and Hainaut (2022), Proposition 0.2 and Lemma 0.5.

(7i1) is also standard and is summarized in Lemma 0.3 of Ketelbuters and Hainaut (2022). U

The implications of this proposition are of utmost importance. The Markov property of (i7) is key
to obtain all the following results of this section by conditioning only on the last values of S, Ug,

at time s < t, instead on the whole sigma-algebra . f’U oS je.:
P(S; € A J—"f’UOS) =P(S; € Al S;,Us,),

for A € Br+,t > s. However, property (i) implies that (S, Ug) is not F°-adapted and that we
are conditioning on values that are unobserved at time s. Indeed, from (7ii) we have that Ug, > s.
Moreover, with ¢ > s, we either have Ug, > ¢, leading trivially from (iii) to the relationship
Ss = S, or have Ug, < t, leading to an absolutely continuous framework as we will see with the
main result of Section 4. Hence, we see that at time s, it is unknown whether it will be Ug, < t
or Ug, > t and whether we will work in the absolutely continuous framework or in the frozen one.
This issue is addressed in this paper (Section 6) through the estimation procedure which allows to

retrieve the pair (S5, Ug, ) from the observed illiquid data up to time s.

As just mentioned, if Ug, = u > t > s, the clock is stopped between s and ¢ and we get
trivially P(S; — Ss < 7| Ss = w,Us, = u) = 1 forall 7 > 0. We therefore consider in the sequel
of this section only the non-frozen case Ug, = u < t. We have for 0 < s < u < ¢ that the cdf of

S; — 9, is related to the cdf of U, through the relation
P(S;—Ss <7|Ss=w,Us, =u) = P(Uryy >t | Ss =w,Us, =u) = P(U, >t —u).

We next find that the conditional pdf of S; — S, denoted by g(¢,7 | s, w,u) fort > u > s >0, is

the derivative of this last expression with respect to 7 :

0 0

g(t, 7| s,w,u) = EP(St — S <7|Ss=wUs, =u) = —EP(UT <t—u)
a t—u
=5 pu(T,z)dz.
0

The Laplace transform of g(¢,7 | s,w,u) with respect to time ¢, denoted g(\, 7 | s,w,u), is

therefore equal to

00 t—u
g\ T | s,w,u) = —%/ e”/ pu (T, x) dedt . (3.3)
U 0



The subordinator U being strictly positive, its density is null on R~ and integrating by parts gives

0

g\ T | s,w,u) = _E<

1

— A
e pu(r, A)) = Qe””f ™, (34)

since from equation (3.1), we have py (7, ) = EP(e7AUr) = e=7/(V),

We now introduce the Dzerbayshan-Caputo (D-C) derivative. First, a Bernstein function is a
function f : (0,00) — R of class C* such that f(z) > 0 for all x > 0 and for which
(~D)kf®(z) < 0, Yo > 0, k € N. A Bernstein function admits a similar representation as

the Laplace exponent of a Lévy subordinator

flz)=a+bx+ /000 (1—e™)v(dz), (3.5)

where a,b > 0 (see Schilling et al. (2010) for the other representations of Bernstein functions).
As above, v is a non-negative Lévy measure on (0, 00). The triplet (a, b, v) is the Lévy triplet of
the Bernstein function. We then denote by 7(s)ds the Lévy tail measure defined in Chapter 1 of

Bertoin (1999) by
v(s)ds := (a+/ l/(dz)) ds. (3.6)

Observe from Section 2 of Toaldo (2015) that v is a right-continuous and non-increasing function

for which

1 00
/ v(s)ds < oo and / v(dz) < oo, Vs>10. (3.7)
0 s
Let us consider f a Bernstein function, and its Lévy tail measure (s)ds that is absolutely continuous
on (0, 00). Let also a function h € AC([u, +00)), that is the set of absolutely continuous function
on [u,400). The generalized D-C derivative of h according to the Bernstein function f is then
defined as in Toaldo (2015) by

t—u
D) ::b%h(t)Jr / %h(t—s)ﬁ(s)ds, t € [u, +00). (3.8)
0

This integral is well defined if |h(t)] < Me ! for some A\g, M > 0. From now on, we will only
consider subordinators with Lévy triplet (0, 0, v) associated with Bernstein functions of the form
f(x) = [;° (1 — e ") v(dz) and Lévy tail measures o(s)ds = [ v(dz)ds. This results from the
following lemma, which is a slight extension of Lemma 2.5 of Toaldo (2015), where the generalized

D-C derivative is here defined instead on [u, +00) with v > 0, implying the condition a, b = 0.
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Lemma 3.2. Let fD,gu’+°°)h(t), t > u > 0 be defined as in equation (3.8), where [ is a Bernstein
function with Lévy triplet (0,0,v) and a Lévy tail measure v(s)ds = f:o v(dz)ds. Then the

Laplace transform L of the generalized D-C' derivative of h according to f is given by

C [fpt(“*“)h(t)}m = FO)R(N) — @e—m hu), RO > . (3.9)

Proof. Taking b = 0 in the D-C derivative (3.8) with £ > u, we find using Fubini’s theorem

t—u
E[fD§“’+°° / / th—s Vo (s) dsdt

/ / ot — =) dedt
_ / gh(z) / Mot — =) dida
:/uoo %h(z)e_’\z/ooo N p(t') dt'dz
_ /u h %h(z) e TN dz

where 7()) is the Laplace transform of the Lévy tail measure (3.6). Fubini’s theorem is justified

by the absolute continuity of /4 and the relations (3.7). Integrating by parts, we find

s [fp§“7+°°>h(t)} (V) = [a(2) () e ]+ T / T e h(z) d

= DA)NR(A) = h(u) D(N) e

Now, taking the Laplace transform of the Lévy tail measure (3.6) with a = 0, we have

(A / / v(dz)d —/ (1—e*)v(ds) = @ ) (3.10)

where f(\) is the Bernstein function given in (3.5) with Lévy triplet (0,0, v), see Section 1.2 of

Bertoin (1999). Hence, we find 7()\) = f())/\, which finally leads to (3.9). O

We will therefore only study in the sequel strictly increasing pure-jump subordinators with no drift
and infinite activity. Nevertheless, this class of subordinators encompasses most of the subordinators

of interest for modeling financial illiquidity such as a-stable and Gamma subordinators.

We now extend the forward PDE (2.5)-(2.9) satisfied by the probability density p(¢, z, v | - ) and its
Fourier-Laplace transform ¢(t, z1, 25 | - ) in a subdiffusive context. We show in this subdiffusive
setting that they also obey a forward PDE but with respect to a D-C derivative instead of a classical

derivative.
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4. A Fokker-Planck equation for the subdiffusive SVJ (SSVJ) model

In the fractional setting of the SSVJ model, the dynamic of the subdiffusive asset price Ag, (time-

changed by an independent inverse subordinator S;) is given under the physical measure P by

dA
1 % — pdS; + Vs, dWy s, + (¢! —1) dNs, , (4.1)
S,
dVSt =K (”)/ — V5t> dS; + o4/ Vst dWZ,St . 4.2)
with left limit A s, = limg s Ag,. We will explain in Section 5 how an equivalent risk-neutral

measure () can built from P using a time-changed Radon-Nikodym derivative. We first recall that
the natural filtration of the asset price process A = (A¢), in equation (2.1) is denoted F 4 and is
independent from the natural filtration 7~ of the inverse Lévy subordinator S. We then define the
augmented filtration 74V = F4 v FU. Since S, is a FU-stopping time for all t > 0, it is also a
FAU_stopping time. Therefore, we can introduce the filtration F4° defined as the time-changed
filtration FA4°° .= (]—" gi ’U> . which coincides with the natural filtration FA-5U°S = FAy FSUeS,
using (i) of Proposition 3.i Since the process A is a F*4U-semimartingale (here a Doleans-
Dades exponential) and since S = (S;);>0 is an a.s. finite and continuous F AU _time-change,
then from Corollary 10.12 of Jacod (1979), the time-changed process Ag = (ASt)tzo is also a
FA°S_semimartingale, which justifies the use of the Itd Lemma for semimartingales in the sequel’.
Hence, we see that the filtration of the asset price Ag can be chosen to be F Ao§ Finally, from
Proposition 3.1 (77) and from Meerschaert and Straka (2014), we have directly that (Ag, Ug) is

a Markov process w.r.t 74°% which justifies in what follows the conditioning only on the values

(As,,Us,) at time s and not on the whole sigma-algebra F°5.

We also emphasize that it appears logical to subordinate both the price process and the variance
process by the same inverse subordinator S; since when the price process is frozen, the variance
process does not matter anymore and can be considered as being fixed during these periods of
illiquidity. As in the classical SVJ model, taking the time-changed log-price X, := In Ag, instead

of Ag, will allow to drastically simplify the FFPE we will have to solve. In the subdiffusive case,

'A similar argument can be used for Vs, . We refer to Kobayashi (2011) for a more thorough discussion on stochastic
calculus for integrals driven by a time-changed semimartingale (note that since .S is a.s. continuous in our context, any

process is synchronized with S so that Lemma 2.3 of the above paper applies).
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we obtain the following dynamic for the log-price via the Itd’s Lemma for semimartingales applied
to In(Asg,) :
1
dXSt = (;u - 5‘/5,5) dS; + \/ VSt dWLSt + JdNSt . 4.3)

For 0 < s < u < t, the bivariate pdf of (Xj,, Vg,), conditionally to {Ss; = w, Us, = u, Xg, =
x5, Vs, = v}, is denoted by ps(t,x,v | s, w, u, xs, vs) and defined by

2

PS(t,%U | s,w,u,xs,vs) : P(XSt <z, VSt <w | Ss = ’lU,USs - U7XSS = $57VSS - vs) )

" dzov

This bivariate pdf is the solution of a forward fractional PDE as stated in the next proposition.

Proposition 4.1. For 0 < s < u < t, the bivariate pdf ps of (Xs,,Vs,), conditionally to

{Ss = w, Us, = u, Xg, = x5, Vs, = vs}, is solution of the following fractional Fokker-Planck

s

equation (FFPE) :

DM ps(t, w0 ) = {(u— Fu)ps(tz,v] )| = o= |k (v —v)ps(t, @, 0] )]

Oz 2
1 92 2 2
+§@[vps(t,x,v|-)]+§w [a vps(t,x,v|')} + Eem [povps(t,z,v]|-)]
+)\J/p5(t7x_jav|)fJ(j d]_)\JpS(taxavy) (44)
R

with the initial condition pg(u,x,v | 8, W, U, Ts,Vs) = Ofgen, v=u,}. For all times t such that

0<s<t<u, thenps(t,z,v| s, w,u,Ts,Vs) = Ofz—n,, v=0,}-

Proof. When ¢ < u, we have from Proposition 3.1 (7i7) that S; = S, and hence pg(t, x,v |
S, W, U, Ty, Vg) = 02—z, v—v,}- We now treat the case ¢ > w in the sequel of this proof. To lighten
developments, we momentarily adopt the notations pg (¢, z,v |-) = pg (t,z,v | s, w,u, T4, vs)
and g(t,7|-) = g(t,7 | s,w,u). As g(t,7|-) is the pdf of S; — S5 | Ss,Us, and from the

independence between (X, V;) and S, we infer that
ps(t,z,v]-) = /Oop(w—i-T,x,U | w, zs,v5) g(t, 7] )dr, (4.5)
0
for 0 < s < u < t. Notice that since the SVJ model (2.1)-(2.2) is Markovian
plw+ T, 2,0 | w,zs,vs) = p(T, 2,0 | 0,24, 0s) . (4.6)

Using Fubini’s theorem (the integrand in (4.8) being non-negative and the Lebesgue measure



13

o-finite), the Laplace transform of pg(¢, z, v |- ) with respect to time ¢ > w is thus given by
ps(A\,xz,v|-) = /OO e Mps(t,z,v|-)dt 4.7)
/ / (12,0 | 0, 25,v5) e Mg(t, 7| ) drdt (4.8)
/ p(r,x,v | 0,25,05) g(A, 7|+ ) dT

0
where g(\, 7|-) = [ e Mg(t,|-)dt is the Laplace transform of g(¢, 7| - ) with respect to time

t. Since this transform is given by equation (3.4), ps(A, z, v | -) is equal to
A o0
ps(\,z,v]-) = f()\) _)‘“/ p(T, 2,0 ] 0,24, 0,) e Ndr
0
f()\) —)\u

= e B, v, (4.9)

where p(A, z, v | - ) denotes the Laplace transform of p(t, z,v | 0, x5, v5) with respect to time ¢ and
with Laplace exponent A\. Let us remark that (4.9) is true for any Feller process X with transition
law p. Applying the Laplace transform on both side of the PDE (2.5), we deduce that p(\, z,v | -)

is also solution of

_ 0 1 -
Ap(A z,v |- )—p(0,2,v | 0,24, v5) = o [(,u — §U)p()\,x,v |- )}

0 _ 1 9

_%[ﬁ(ry—v)p()\,x,v|-)]+§m[Up()\ Y U| )]

2

0 - _ .
+8$8v [,oavp()\,x,v\-)]—l—)\J/Rp(A,x—],vL) 7(J

0? L,
%8_ [a vp()\,x,v|~)}
) dj

/\Jﬁ()‘a'r7v|')'

As we have from (4.9) that ps(\, z,v |- ) = %’\)e’mﬁ(f()\), x,v), replacing A by f()) leads to

F)P(fA), z,v]) = p(0, 2,010, 25, 05) = -2 [(u - 1v)ﬁ(]“@\)ﬂ%“ )

_a%[n(v—v)ﬁ(f(x),x,v\.)pr5%[ ﬁ(f(A),x’U‘.)]+§% 020 B(f(\) 2, 0] )]
b oo B0 |4 Ay [ BN = o)) = B0

R

Q)
)

Multiplying this last equation by e~ and using equation (4.9), we find

- 0 ~
f()\)ps()\,l‘,v | ) - @e_kup(ov‘%v |O,IES,US) = _% {(M - %'U)ps()\,I,U | )

0 _ 10?2 _ 10* ., _
—%[K(v—v)pg()\,x,v|-)]+§m[vpg()\,:v,v|-)}+§m[vag()\,:v,v|-)]

mm@axam»wwaému Gl Fa) d = A Bsh ]

(4.10)

2

+ oxov
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This left-hand term is the Laplace transform £ of the generalized D-C derivative of pg(t, z,v|-)
associated with a Bernstein function f and triplet (0,0, v/), as stated in Lemma 3.2. Indeed, since

p(0,z,v | 0,25,vs) = ps(u,z,v|-), we apply Lemma 3.2 and find

u,+00 _ A .
L ng i )pS(t,l',’Ul'> ()‘):f()\)ps()\>$,v|')_p(07$,v|O,Z)§'5,U3) f()\)e A )

which is precisely the left-hand side of equation (4.10). Therefore, applying inverse Laplace
transform on both sides of equation (4.10), we obtain the announced result (4.4) and hence prove

Proposition 4.1. ([l

In the same way as for the non-fractional case in Section 2, we can obtain a forward PDE for the
Fourier-Laplace transform of the fractional density pg(¢,x, v | -) for the pair (Xg,, Vs, ), which will
be a lot easier to solve and whose initial condition does not rely on a Dirac measure. However,
before deriving this forward PDE in the bivariate case, it is easier to first analyze the Fourier-Laplace

transform of the triplet (Xg,, Vs,, S; — Ss), which is defined by

Gs(t, 21, 22, 23 | 8,0, U, Ty, vg) 1= B (e7 1 X572 Vs, —23(50=55)

Ss = w, USS = u7XSS = Ts, VSS = US) )
@.11)

and which satisfies the following proposition.

Proposition4.2. For(0 < s < u < t, the Fourier-Laplace transform ¢s(t, z1, 22, z3 | 8, W, u, s, V)

of the conditional joint pdf of (Xs,, Vs,, St — Ss) satisfies the following fractional forward PDE

th(U7+OO)¢S(t7 21,22, 23 | ' ) = - Z3¢S(t7 21, %2, 23 | : ) (412)

— (/wzQ +izip— Ay (fAJ(Z1) — 1))9255(15, 21,22, 23] )

o222 z%—z’zl) 0

— bt .
5 + 5 822¢s( ,21,2272’3’ )

+ (—z2(/£ +ipoz) —
with initial condition ¢s(u,z1, 22,23 | S, W, U, Ts,vs) = € 1% 72Y and boundary condition

¢s(t,0,0,0 | s,w,u,xs,v5) = 1. For all times t such that 0 < s <t < u, then ¢s(t, 21, 22, 23 |

S, W, U, Ty, V) = e F1Ts 2205,

Proof. The initial and boundary conditions are straightforward given the definition (4.11) of

¢s(t, 21, 22,23 |- ). In order to derive equation (4.12), we start by looking at the conditional joint
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pdf pg of the triplet (X,, Vs,,S; — S5) for0 < s <wu < t:

ps(t,z, v, 7| s,w,u, z4,v,) := (4.13)
83
0xdvoT

P(Xs, <z,Vs, <0,5—Ss <7|Ss =w,Us, =u,Xg, = x5, Vs, = s)
From the definition of the conditional pdf pg(t, z, v, 7 |-) and from equations (4.5)-(4.6), we have
ps(t,x, v, 7 | s,w,u, x5,vs) = p(1, 2,0 | 0,25, 05) g(t, 7 | 8, w0, u). (4.14)

From equations (3.4) - (4.14) and simplifying the notation of the known values {s, w, u, x,, vs} by

{-}, it follows that

ps(A\, x,v,7]+) :/ e”\tpg(t,x,v,ﬂ‘)dt

:p(T,l‘,U | vasvvs)/ G_Mg(t,T | s,w,u) dt

F) v —rrn)

=——e e p(r,x,v | 0,24, 0s) .

A

We then obtain for the Laplace transform of ¢g :

Qb A 21,22, 23 |

oo ptoo ptoo o0
/ / / / —)\t 1210—220—23T (t T,V 7-| )dtdxdvdT

f()\ —)\u AR Y —zz x—22v—23T ,—Tf(A\)
== 1P 22072T o p(1,z,v | 0, 24, vs) dedvdr

= f(;\) _’\“/ e Tz f(A )gb(T 21,29 | 0,2, v5) dT | (4.15)
0

where ¢(7, 21, 22 | 0,74, v,) = fooo ffooo e~ =20 p(r x v | 0, x4, vs)dodv. Next, integrating by

parts and renaming 7 by ¢ yields

(%/S (>\7 21, %2, %3 ‘ ) (416)
e T e son 9
=2 — 100,21, 2 | 0, 24,v,) + e Mt (¢, 21, 29 | 0, 4, vg)dt | .
s o0 o)+ 2 bt 1,22 | 0,210

Proposition (2.9) gives the expression of %qﬁ(t, 21,29 | 0, x4, vs) SO as to obtain
+oo o
/ e_t(z3+f(’\))§¢(t, 21,20 | 0,2, v5)dt = (4.17)
0

+oo N
/ ezt (V) [ - ("sz +izp— Ay (fJ(Zl) - 1)) ¢(t, 21, %2 | : )
0

_ 0222 2 —izn\ 0
—+ (—Zz(fi—l—ZpJZl)— 22 + ! 5 1) £¢(t,21a22|'):|dt
2
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From this last expression and equation (4.15), we find for equation (4.16) :

)
A
— (/wzQ + iz — Ag (fj(zq) - 1>) 55()\, 21,22, %3 | )
o222 z%—z’zl) %)

— bs(\ ).
5 + 5 822¢S( ,2’1,2“2,23| )

e_/\ugb(07 21, %2 ‘ 07 Lg, Us)

<Z3 + f(A)) ;55(/\7217 22 23 | ) =

+ (—22(11 +ipoz) —

Rearranging the previous equation, we have

FON @A, 21, 20, 23| - ) — @e_m

— </<¢722 iz — Ay <.]?J(Zl) - 1)) 55(/\721, 22, 23 | )
0222 2z —izn\ 0
2

¢(0721722 | O,Is,vs) = —2355()\721722723 |)

9 8_,22$S(>\’21’22’Z3 |-). (4.18)

The left-hand side of equation (4.18) is the Laplace transform of the generalized D-C derivative of

+ (—Z2(/{ +ipoz) —

¢s(t, 21, 22, 23| - ), as given in Lemma 3.2. We have indeed that ¢g(u, 21, 29, 23 | 8, w, u, Ts, vs) =
e~"#1%s—=20s which is equal to ¢(0, 21, 29 | 0, 4, v,) = e~ #1%=7#2% Applying the inverse Laplace

transform on both sides leads to the announced result. [

From the previous Proposition 4.2, we can also directly infer the fractional forward PDE satis-

fied by the Fourier-Laplace transform of the pair (Xg,, Vs, ), which is defined by

¢S(t7 21, %2 ’ S, W, u, x&”s) =K [eiiZIXSti’ZQVSt ‘ Ss = w, USS = u7XSS = Ts, VSS = US:| .
(4.19)
For 0 < s < u < t, the Fourier-Laplace transform ¢g(¢, z1, 22 | s, w, u, s, vs) of the conditional

pdf of (Xg,, Vs,) satisfies the following fractional forward PDE :

fD,Eu’—FOO)QsS(t, 21, %2 | ) = — (Fd’)/ZQ + ileu — )\J (f/t]<21) - 1)) ¢S(t7 215 22 | ) (4.20)
, 0222 22 —iz\ O
- (—@(/ﬁ—l—@pazl)— 22 L 5 1) a—ngg(t,zl,zﬂ')
2

with initial condition ¢g(u, 21, 22 | 8, w, u, T, vs) = € *1%= 722 and boundary condition
¢s(t,0,0]s,w,u,z5,vs) = 1. For all times ¢ such that 0 < s < t < wu, then ¢g(t, 21, 22

S, W, U, Ty, V) = e F1Ts 72205

5. Change of measure

We have defined our SSVJ model (4.1)-(4.2) directly under the physical measure P. Since we want

to price European options in illiquid market using this SSVJ model, we now propose a change of
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measure so as to evaluate our model under an equivalent risk-neutral measure (). We also show in

this section that this SSVJ model is arbitrage-free and leads to an incomplete market.

Recall that the subdiffusive asset price process Ag is defined on the filtration F4°5. Under @,
we first assume that the stock and variance processes are solutions of the following time-changed

stochastic differential equations

dA

v % = pdt — \ymydS; + \/Vs, AW, + (¢’ —1)dNG (5.1)
S,

dVs, = & (7 — Vs,) dS; + o+/Vs, AW, (5.2)

where W;QS (7 = 1,2) are two time-changed Brownian motions defined on (Q, FAS, Q) such that
COV[WSSt ,Wfst] = pS;. We can therefore rewrite Wl%t = prSt +/1=p2 Wf s,» Where
Wf ¢ is also a time-changed Brownian motion under (), independent of WQC?S. Moreover, we denote
the F3'°S-measurable random variable Y¢ := ¢’ ® — 1 and its pdf f{‘,? (+) under the risk-neutral
measure () such that EQ[e2/°] < oo. We further write m; = EQ[e/° — 1] = EQ[Y?] and we
have that N g is a (-Poisson process with intensity A;S. Finally, the risk-free rate r is given by
the risk-free bond, whose value at time ¢ is equal to B, = ¢"*. We will show in what follows the

necessity of imposing r = 0 in the dynamic (5.1).

We now show how to build a change of measure such that the SSVJ model (4.1)-(4.2) under the

physical measure P in Section 4 is equivalent to the above risk-neutral dynamics (5.1)-(5.2) of

Q.
this model under ) (with » = 0). Let us first define ¢/(-,n) := In ('r;f}ﬁ( )> where n € RT.
Y

Iy ()

We consider two F“-adapted and predictable processes, denoted (6s,) >0 and (01 ;),~,. We next
define the time-changed process Zg as follows
1 St St St
Zs.i=exp | =5 / (05, +6%,)ds — Oo,s AW, — 0 dW{,
0 0 0

Ng,
+) (V) = (- 1)Ajst> (53)

k=1
We first show that the process (5.3) is well defined based on Chapter 10 of Jacod (1979) and since we
consider an a.s. strictly increasing Lévy subordinator U. Indeed, from previous sections, we have
that S = (St)tzo is a F4V-time-change with a.s. continuous paths. Hence, any process (and thus

in particular WQP , Wf and N*)is synchronized with S, see Kobayashi (2011). Therefore, since the
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(non time-changed) stochastic exponential Z; exists and is well-defined by Proposition 9.8 of Tankov
(2003), the time-changed integral Zg, given by (5.3) also exists and is well-defined by Proposition
10.21 of Jacod (1979). Moreover, as argued in Section 4, since Z is a F*V-semimartingale and

S a finite 74U -time-change, Zg is then a F4°%-semimartingale and hence it admits an equivalent

infinitesimal representation by Itd’s Lemma for semimartingale with Y ¥ := ¢/ o1

dZs, = —Zs, (Or.s, dWys, + 015, dWs,) — Zs,_(n — 1)A;dS; + Zs,_ (éWPﬂ?) -~ 1)dN§ .

(5.4)

5.1. Change of measure for the classical SVJ model

We now consider in a first step the non time-changed process Z and we show how a true martingale

for Z can be achieved. As in Heston (1993), we first need to impose the additional restriction

VAT (5.5)

where 6 is a constant called the market price of volatility risk. A necessary (classical) condition

for an equivalent martingale measure to exist is then given by

p—r+nmy; =V <P92 Vi+v1—p? 0L,t> : (5.6)

which ensures that discounted stock prices (e*”At)DU are local martingales (see equation (3.3) in

Wong and Heyde (2006)). Hence, we have as the second market price of risk process

1 M—T+77)\J7TLJ
0,,= — pha/ Vi ) . 5.7
Lt ﬂ( \/Vt j4% t) ( )

Let us define the measure @ via the Radon-Nikdoym derivative Z; :=

dQ i
ap |, Foran equivalent

— t
martingale measure () to exist for Ay, it is required for the process Z to be a true martingale (which

is not clear per se due to the unbounded nature of V). Since E”[¢?/"]

< 00, it is sufficient to verify
the martingale property of the corresponding Heston model (without jumps). Hence, we have from
Theorem 3.5 of Wong and Heyde (2006) that Z is a true martingale corresponding to the market
price of volatility risk defined by (5.5) provided that —x /0 < 5 < co. It is further shown that the
discounted stock price (e7""A4;);>0 is a @—martingale provided that x 4+ 6,0 > op and hence that

(@ is an equivalent (risk-neutral) martingale measure for A; leading to an arbitrage-free market.
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5.2. Change of measure for the SSV]J model

We now turn to the time-changed process Zg. Recall that by the First Fundamental Theorem of
Asset Pricing, the market model defined by (€2, F4°%, P) and asset prices Ag is arbitrage-free if
and only if there exists a probability measure () equivalent to P such that discounted asset prices
are martingales with respect to (), called the equivalent martingale or risk-neutral measure. It is
important to note here that discounting must be done using the risk-free asset B; ' = e~ but
cannot be achieved using the subdiffusive discount factor ng = ¢~ "% 5o that the discounted price
process is given by (e_”ASt)tZO. Indeed, Bg, is asset-specific, while there must be only one risk-
free security for each market. Moreover, it is an economic reality that the interest rates accumulate
each period in a bank account and hence that the value of the discount factor must change at any
time ¢, ruling out the use of a discount process exhibiting plateaus. A necessary condition similar
as equation (5.6) for an equivalent martingale measure () to exist in the subdiffusive case (5.1) is

given directly by applying 1td’s lemma for semimartingales to e "* Ag, :

(u hgmy — Vs, <p 0/ Vs, + /1 — 2 eLst)) S, — rdt = 0, (5.8)

which ensures that the discounted subdiffusive stock price (e_TtAgt)tZO is a local martingale. This
explains the necessity to impose r = ( since the measures dt and d.5; are not equivalent as stochastic
processes with respect to P (dt and d.S; being indeed measures on R™ whose densities are processes
which are not pathwise equivalent for fixed w € €2, see Proposition 1.8 of Bertoin (1999)).

% | A in Section 5.1 is a Radon-Nikodym derivative defining an equivalent martingale

Since Z; =
measure CNQ for A;, we can use Theorem 2 of Torricelli (2020) and Proposition 6.1 of Jacquier and
Torricelli (2020) with » = 0. We then have that Zg, is also a Radon-Nikodym derivative defining

another equivalent martingale measure () for Ag, on F4°% such that Zg, := The next

daQ
dP | Fes®
proposition states the dynamic of the Brownian motions and the jump process under this equivalent

(martingale) risk-neutral measure ().
Proposition 5.1. Under the risk-neutral measure () defined by the Radon-Nikodym derivative (5.4),

1 Wiy, = Wi + fost Ossdsand Wi =W + fost 0, s ds are time-changed Brownian

motions with 034 and 0| ; of the form (5.5) and (5.7), respectively.
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2. The process Y9N g is a point process with an intensity equal to n\ ;S and the pdf of jump

is f¢(-) such that EQ[Y Q] = m,.

Proof. The proof of this proposition is relegated in Appendix 9.1.

Assuming no interest rate in the subdiffusive market as in Magdziarz (2009a) implies that the interest
rate accrual is ignored in our model (which is valid for short-term maturities). Another alternative
would have been to add directly an absolutely continuous drift rdt in the physical specification
(4.1) of the SSVJ model, as done e.g. in Cartea and Meyer-Brandis (2010), Jacquier and Torricelli
(2020) or Torricelli (2020). Note that the market in the SSVJ model is incomplete: the risk-neutral
measure () is indeed not unique and is related to our choice of dynamics for 05, and 6, ;. For
the chosen pair (654,60, ;) given by (5.5) and (5.7), the dynamics of Ag, and Vs, under () obey

respectively the equations

— —phymy dS, + \/Vs, (,0 AW, + /1= 2 dWﬁSt> +YQdNG |

We thus obtain that the subdiffusive variance dynamic has the same functional structure under () :

dA

T = Amy dS; Vs dW ik, + Y9N, (5.9)
S,—

dVs, = R (7 — Vs,) dS; + o/ Vs, AW, , (5.10)

where % and 7 are the risk-neutral speed and level of mean reversion given by

~ Ky

%254—920, ’)/:m (511)
2

Notice that since 5 > —k/o, the mean reversion level 7 is non-negative under (). We see that
we indeed retrieve the same risk-neutral dynamic as supposed in equations (5.1)-(5.2) with r = 0.
Therefore, the change of measure defined by the time-changed Radon-Nikodym derivative (5.3)
along with the specification (5.5)-(5.7) allows to work both with the physical and risk-neutral

dynamics of the SSVJ model provided that we apply the change of parameters (5.11).

6. An estimation procedure

In order to estimate the parameters of our model, we consider the daily time series of log-returns

from April 2016 to November 2021 for the ALQP stock price, making a total of 1428 data points.
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Indeed, having no option quotes available in illiquid markets, we are forced to use these log-return
data. To the best of our knowledge, such econometric estimation of the parameters of subdiffusive
models under the physical probability measure P is new. We here consider the Particle Markov
Chain Monte Carlo (PMCMC) procedure of Andrieu et al. (2010), which is built from a sequential
Monte-Carlo filter that we now describe. We therefore work with the physical dynamics (4.1)-(4.2)
of our SSVJ model. Moreover, we need to specify the exact form of the subordinator U and to define
the jump size distribution J¥ as well as the counting process N (denoted from now on .J and
N, respectively). We take here an a-stable process for U, which is well a pure-jump subordinator
with no drift satisfying Lemma (3.2) with f()\) = A®. This particular type of subordinator has
indeed already been successfully implemented in finance, see e.g. Hurst et al. (1999), Carr and Wu
(2003) or Cartea and Howison (2009). As in the classical Bates model, we assume .J to be normally
distributed J ~ N(u,0%) and N to be a Poisson process with N; ~ Poi(\t) for all t > 0. The
following estimation procedure can of course be extended easily with other kinds of subordinators

(e.g. Gamma subordinator) and with other (Lévy) jump processes.

6.1. Filtering

This section introduces the filtering technique that is used to determine the most likely hidden
evolution of the inverse subordinator S, the first-passage process Ug, the variance process Vg
and the counting process Ng, which are indeed not observed on financial markets (as the only
available information are the log-returns). There is a considerable literature on the development of
simulation-based methods to perform filtering of nonlinear Gaussian models. Leading contributions
are reviewed in Doucet et al. (2001). We consider in particular for this paper the Bayesian boostrap
filter of Gordon et al. (1993), which is a Sequential Importance Resampling (SIR) filter in which
the transition prior probability distribution is taken as importance function. This Bayesian boostrap
filter will be combined in the sequel with a Monte-Carlo Markov Chain to estimate the parameters
of the SSVJ model but for the moment, we assume that its parameters are known. We consider a
discrete sample of log-return observations Xg, and a time step At between two observations. The
sample is denoted by = = {z1, %2, ..., 2, } where n = T/At. We denote s;, u;, v; and x; the
realizations of S; = S, Ug, = Ustj, Vs, = Vstj, and X5, = thj fory=1,...,nwitht, =T.
We also denote AS; = S; — S;_1 and ANg, ~ Poi(\;AS]), with their respective realizations

As; and An;. The dynamic of the subdiffusive log-returns is approached by applying It6’s Lemma
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for semimartingales on equation (5.1) and then discretizing the obtained equation, which gives

Vs,
Xs, = (u — ST) AS; 4 py Vs, AWy + /1= p2y[Vs, AW g + JANg,, (6.1)

where AWy’s. ~ N(0, \/AS}) and where AW g~ N(0, \/AS}). The variance process (5.2)

is discretized in the same manner by

Vsj = Vs, + K ("}/ — VSj,l) ASJ + o ‘/:5’],71 AWQI’DSJ, . (6.2)

The dynamic of S; is tuned by the parameter o and following Magdziarz (2009b), we can simulate

efficiently the sample paths of the discretized version of the inverse a-stable subordinator S; with
S; = (min {k € N | Upas > jAL} — 1)At. (6.3)

The a-stable subordinator U; = U, (j = 1,...,n) is again simulated based on Magdziarz
(2009b) using the Euler method and then summing up the increments. We then denote the set of
known parameters = («, i1, k,7, 0, p, 17,05, As). The particle filter estimates the most likely
sample paths of the hidden inverse subordinator, first-passage, variance and jump processes based
on the observed log-returns. First, the information on the realizations AS; = As;, Us, = uy,
Vs, = vj, ANg, = An; and AWQ{D s, = Aw, ; is stored in a particle, i.e. a vector denoted
p; = (Asj,uj,vj, Anj, Aw, ;). The visible information (log-returns) up to time ¢; is also stored
in a vector x1,; = {x1,...,x;} and the density of the observation f(z,|p;), conditionally to the
information in the particle, is then a Gaussian probability density function. More precisely, we

have from equation (6.1) that f(z; | p;) = N(pr;,07 ;) where

V-1
2

T?]

Lrj = (,u — > As;+ pJUj1 Awy;+ Anjpuy  and o2 = (1 —p)?v;_1 As;j + An;o7.

On the other hand, the transition density f(p;i1|p;) is simulated based on equation (6.2), (6.3)
and on the fact that An; ~ Poi(A;As;). Then, using Bayesian arguments, one can show that the

posterior distribution of p; conditionally to the available information at ¢; is equal to

_ f(z;[p))
ff(%’ | pj) f(pj | 21.5-1)dp;

f(pjlzy) fpjlw1j-1), (6.4)

where we predict

f(pjl@1-1) = /f(Pj |pj—1) f(pj—1 | 1j-1) dpj—1 . (6.5)

Based on the Bayesian boostrap filter of Gordon et al. (1993), we have that the computation of
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Algorithm 1 Particle filtering of the SSVJ model.
Initial step : draw N values of v(()i) fori =1,---, N from the initial distribution f(vy), which is
assumed to be uniform Ujg o.36).
Main procedure :
for j = 1tondo
Prediction step :

Simulate /V times s( 7 and u( " based on equation (6.3) and compute As =5 ji -5 71

Draw a sample Awlj froma N (O, \/Asj ) i=1,---N.
Update ’Uj(-i) using the relation :
v](z)_ ]()1—|—/i< v;” 1>As +04\/v; szﬂ

Draw N times Any) from a Poi(\; Asj’)).
Correction step :

The particle pg (As gz ]( ), Angi), Awézg) has a probability of occurrence

' @
5](;) _ f(wg \pj ) o 6.6)
Zz‘:l:N f(z; |pj )

where 0 )
f(@ilp;”) = Nprg, 075) (6.7)
with
Uj(i—)l (i) (i) (i) (4)
frj = (u— 5 ) As; —|—p\/ZAw2,j+Anj e
and

o2 = (1—p)? U;-?l Asy) + Anéi) o2,

Calculate the effective sample size, Ny f( J):

Ness(j Z ( ) (6.8)

Resampling step :
If Neff< ) < Neff up = =0.5:
Resample with replacement /V particles of the the inverse subordinator 35-2), of
(#) (#)

the variance process v; ’, of the counting process An? and of u; " with impor-

) 1

tance weights BJ@. The new importance weights are then set to 651’2 =~

If Negs(7) > Nepgup =05
No resampling. The new importance weights ﬁ](ﬂ) are kept as BJ@

The filtered time scale, first-passage and variance processes for the period j are fi-
nally computed as the sum of particles weighted by their probability of occurrence :

S; =E(S; | ziy) ZSZ) “D Us, =E (Usj|l’i:j)—z g

i=1 i=1

N
VS =E” (Vs; | zij) :Zvl)
i=1

end for
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f(p; | x1;) can be performed in three steps according to Algorithm 1. First, in the prediction
step, we approach f(p; | x1.;—1) by simulations, based on relation (6.5). In practice, the integral in
(6.5) is replaced by a Monte-Carlo simulation of N particles, denoted py) fori =1,...,N. Inthe
correction step, the density f(p; | x1.;) is computed via equation (6.4) and is replaced in simulations
by the discrete probability of occurrence denoted (3 ](-i) for the particlez = 1, ..., N. We hence have
that BJ@ =P (py) | z1.;) and is given by equation (6.6). Also note in equation (6.7) that if Asgi) =0,
the pdf f(z; | pg-i)) is a Dirac measure located at x;. In the third step, we perform a resampling
with replacement and with probabilities (5 J(.i), t=1,..., N,inorder to keep track of the most likely
sample paths of the different hidden processes. For this resampling step, we first need to calculate
an estimate of the effective sample size N.;s(j) with equation (6.8), as in Doucet et al. (2001).
The effective sample size may be equal (or close) to /N when the observed process is frozen during
a long period of time. In this case, the resampling selects exclusively particles with As? =0
which causes degeneracy of the algorithm and which may lead to an over-representation of the same
particles after a few iterations. To avoid this, we skip the resampling step if N,y is above Ny up
(which is typically chosen close to 0.5/N). When a resampling is done, the importance sampling

weights are then set to 1//N. The filtered time scale and first-passage process for the period j are

finally computed as the sum of particles weighted by their probability of occurrence

S; = EP(S; | 24)) Z and Ug = EP(Us, | 1) Z D0 (6.9)

where 53(}',2) = 1/N in case of resampling and BJ(.M) = ﬁj(i) if no resampling is performed. Similarly,
the filtered variance process for the period j is computed as XA/SJ. =EF(Vs, | 2) = va L Jl) 6 (2)
where B}i’z) is defined as in (6.9). Following Doucet et al. (2001), the log-likelihood of the whole

sample path is approached before resampling by the sum

In f(xz|V) = Zlnf zjlzj_1) Zln(/f xj|p;) f(pjle;— 1dp]> Zln(Zf %’p] Z2)).

(6.10)
So as to illustrate this section on filtering, we simulate via (6.1) a sample path of Ag, (and hence

also of S;, Vs,, Ng, and Ug,). Under the assumption that
a=08, £t=0.05, k=038, vy=0.15, 0 = 0.9,
(6.11)
p=—06, uy=-02 0;,=0.3, \; =09,
we consider 1260 observations of Ag, over five years of trading (time step At = ﬁ). The particle

filter runs with 10000 particles. Figure 11.2 compares the simulated sample paths of .S; and Vg,
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to their filtered estimate obtained solely from the simulated values of Ag, via Algorithm 1. This
confirms the ability of the filter to estimate the hidden sample paths of the stochastic clock and the

subordinated variance process based exclusively on the observed log-returns of the illiquid asset.

[Figure 11.2 near here.]

This Algorithm 1 is also used to estimate the first-passage process Ug from the illiquid asset price.

[Figure 11.3 near here.]

We can see that at price moves, the estimation is perfect since in this case Usg, = ¢;. However, when
the price is frozen at time ¢;, Us, is equal to the last time ¢;, > t; at which the price is frozen and for
which S, = S}, which is of course an unobserved event at time ¢; (see Section 3 on filtration). Our
estimation procedure provides in this case the best estimate of Ug; based on the estimated values
of (Sp, S1,...,.5;) up to time ;. More precisely, the Algorithm 1 computes from equation (6.9)
the average behavior of Ug; knowing all the values of S; up to time ¢; as we need the information
on the length of time already spent by the process S (and hence by Ag) in the frozen state since
its last move. Indeed, recall that Ug is non-Markovian (Ug is in fact not F°-adapted) and hence,
we have E”[Us;| So, ..., S;] # EF[Us,| S;]. We can then clearly see on Figure 11.3 that the
exact behavior of Ug; (j = 1,...,n) cannot be reproduced by the estimation procedure (again due
to its unobserved nature at time ¢;) but the best that can be achieved when the price is frozen is
to compute its average behavior conditionally on the estimation of §0, cee §] as depicted on the
plot. This is why, we tend to underestimate Ug during long motionless periods and to overestimate
it for short motionless periods. Moreover, we clearly see in Figure 11.3 and 9.1 that the estimation
of U S; is not constant even when S; is frozen, which results from the fact that information about
Us accumulate through time since the estimation procedure takes into account the information
on the (increasing) length of time since the last move of S. These behaviors are confirmed in
Appendix 9.2 with a second simulated sample path of Ag using the same parameters (6.11). This
estimation procedure hence allows to consider a more general setting than Theorem 3 of Cartea

and Meyer-Brandis (2010) in which valuation can only be effected at the exact times of price moves.

This filtering technique based on a boostrap SIR filter has already been successfully implemented
in finance as in Johannes and Polson (2010) or Dupret and Hainaut (2021). Other filters exist

for filtering SVJ models, such as the Auxiliary Particle Filtering (APF) of Johannes et al. (2009).
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However, for the Bayesian estimation of SVJ models, Jacobs and Liu (2018) find that the APF yields

more variable likelihood evaluations and is therefore less suitable than the Bayesian bootstrap filter.

6.2. [Econometric estimation

We have so far considered that the set of parameters ¢ is known, which is not the case in practice.
An inherent problem of particle filters is that the estimate of the likelihood is not a smooth
function of parameters. Practically, the calibration of a model by maximizing the log-likelihood
(e.g. with a gradient descent) is then uncertain. We here prefer using the PMCMC procedure
which has been shown by Johannes and Polson (2010) to be highly efficient for such financial
estimation of stochastic volatility models. We now denote the set of unknown parameters by
O = (a, p, Kk, 7,0, p, s, 07, As). We here again adopt a Bayesian approach and © is a multivariate
random variable with realizations ¥ and with state space X'. The parameters posterior distribution,

based on the observed sample x = {1, -+ ,x,} is

_ f)f(]9)
@) ]9y do

where f(19) and f(x | ) denote respectively the parameter prior distribution and the likelihood of

f(|x) (6.12)

the data. The density f (¢ | x) is built by the PMCMC method described in Appendix 9.3.

We first apply this PMCMC algorithm on the simulated sample path Ag, above to see if we can
obtain a consistent estimation of the true parameters (6.11) used to generated this sample path. The

standard deviation oy of the transition distribution is set to
oy = (0.1%,0.5%, 0.6%, 0.1%, 0.6%, 0.5%, 0.2%, 0.1%, 0.2%)

Even if the procedure converges theoretically to parameter estimates, it is advisable to pro-
vide realistic initial parameters to improve the speed of convergence. Therefore, we impose
Yo = (0.7,0.01,0.2,0.1,0.1,—0.2,0,0.1,0.7). The filter runs with N = 10000 particles and
we perform K = 1000 iterations of the PMCMC procedure. We hence obtain Table 10.1 with a

burn-in period of 500 iterations.
[Table 10.1 near here.]

The estimated parameters of Table 10.1 are quite close to the true ones (6.11), except for £ which

is typically known to have a higher standard deviation in such SVJ models and hence to be harder
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to estimate from the PMCMC procedure (see e.g. Dupret and Hainaut (2021)). Moreover, the
obtained log-likelihood (6.10) is here equal to 15 141.73, which is very close to the one derived
with the true parameters equal to 15 142.12. This confirms the overall good quality of the fit when

using this PMCMC procedure with a Bayesian boostrap filter.

We now use the PMCMC algorithm to estimate the set of parameters © of the SSVJ model (4.1)-
(4.2), based on the observed time series of log-returns for the ALQP stock price between April
2016 and November 2021. The same settings (o, 0y, IV, K) as in the above simulated example
are again used in Algorithm 1, leading to Table 10.2 with the estimated parameters for ALQP as
well as their associated standard error, and with a log-likelihood (6.10) of 25 059.34. Note that the
log-likelihood obtained for the ALQP stock price with the standard SVJ model is equal to 5035.17,

which proves that the SSVJ model is a much more consistent and accurate model in illiquid markets.
[Table 10.2 near here.]

We see that we have a quite low value of @ coming from the fact that we observe relatively long
periods of constant values in the quotes of the ALQP stock price in Figure 11.1. We also have a
negative mean return with on average negative jumps. The estimated values related to the variance
process are quite standard with an average volatility of v/0.05 = 22.3% and with a significant
leverage effect since p = —0.41 < 0. Finally, note that the conditions of Section 5.1 for an

equivalent martingale measure to exist are verified with 6, = 0.

7. Risk management and option pricing

Recall that the estimation procedure was performed using an a-stable subordinator /. The Lévy

« dz
INl—a) zlta-

triplet of U satisfies in this case Lemma 3.2 since it is given by (0, 0, v) where v(dz) =
The Lévy tail measure then satisfies

—a—1

_ > az s
V(S)dS = dS/s mdz = 1“(1——a)d8 .

The D-C derivative becomes in this case the Caputo fractional derivative, denoted , D*h(t). Indeed,

if we perform the change of variable s' = ¢ — s, we infer via equation (3.8) that

t—u a t a
/0 &h(t—s)u(s)dsz/u @h(s)u(t—s)ds,
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and we thus obtain the following Caputo fractional derivative as defined in Ishteva et al. (2005) :

FrAs) oy _ pyapgy . L tOn(s)
D () =  DOR(t) == F(l—a)/u (t_8>ads. 7.1)

In the case of a-stable subordinators, the general fractional forward PDE (4.20) satisfied by the
Fourier-Laplace transform of the pdf ps(t,z,v | -) associated with the bivariate process (Xg, Vs)

hence becomes the following fractional Caputo PDE fort > u > s > 0:

WDps(t, 21,20 |- ) = — <m7z2 +izip— Ay (ﬁ](zl) - 1)) ¢s(t, 21,22, 23| )

0222 22 —iz\ O
—¢g(t . 7.2
2 ‘I’ 2 ) aZZQSS( 7217Z27z3| )7 ( )

+ (—Zg(/{ +ipoz) —

with the same initial condition ¢5(u, 21, 23 | - ) = e **1%=7?2% and boundary condition ¢5(¢,0,0| ) =
1. Since we consider a Gaussian density for modeling the jump size in our setting, we obtain the

following Fourier transform of the normal density

-~ +oo . . . 1 1 ; 2
fJ(Z1) = / e_lz”fj(j)dj — 6—1#121—%7:%037 where fJ(j) — e ;(JJJ) '

00 oV 2T

We now propose a numerical method for solving the fractional Caputo PDE (7.2). Since for
risk management in Section 7.1 and option pricing in Section 7.2 (Second alternative), we are
only interested in approximating the Fourier-Laplace transform ¢g(t, 21,22 |+) at zo = 0, our
numerical method is based on a series expansion of ¢g(t, 21, 22 | - ) in the neighborhood of z; = 0.
This approximation is standard in physics for non-fractional PDE, see e.g. Bildik et al. (2006).
Moreover, we know from the generalized Taylor’s formula of Odibat and Shawagfeh (2007) that
any C* function [(t, z) with respect to time ¢ may be expressed as the infinite sum

(%)k I, z)] (£ = to) (73)

t=to

- 1
l(t,z)zzm

k=0

We understand (8%) " as the k™ order Caputo derivative. We refer to equation (3.19) of Odibat and
Shawagfeh (2007) where the exact expression for the radius of convergence R of the generalized
Taylor series (7.3) is given. Moreover, if we assume [(Z, z) is the product of two C* functions f(t)

and g(z), a Taylor’s development of g(z) around z, leads to the following expansion for [(¢, z)

SN S S IR ) o
) =3ty m [(87) f(t)]t:to{ 2| -
— i i wa(k, h) (t —to)* (z — 2)" | (7.4)

i
(e
T

0
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where (wo(k, 7))y pao = F(kiﬂ) = [af::g:h I(t, z)} . We here use the notation
’ : t=to,z2=20
okath o \* on
otkagzh (%) Dz

0

ma) #+ 8‘?% in the case of the Caputo derivative. Then,

but the reader must keep in mind that (
for a fixed value of zy, the Fourier-Laplace transform ¢g(t, 21, 29 | - ) is a function of z = z,. We
rewrite here this transform ¢g(t, 21, z | - ) to emphasize that we consider it as a function of 2, and
we can then approximate? ¢s(t, 21, z | - ) by the following expansion around z = 0 :

oo
os(t, 21, 2 |s,w, u, x4, v5) ~ Z Zwa(/@, h) x 2" (t — )™, (7.5)
k=0 h=0

where the weights in this sum are obtained as above for A > 0 by

1 |: 8ka+h

walk,h) = (ko + 1)A! | 0thedz"

¢s(t, 21, 2] )] : (7.6)

t=u,z=0

The weights are then computed recursively thanks to the following proposition.

Proposition 7.1. The differential weights (7.6) verify the following relations

1 [ akaJrh aa¢5(t7 21, % | ) F((k‘ + 1)04 + 1)h'

(ko + 1)R! | Otkegzh ot :|t=u,z:0 ['(ka + 1)h! walk+1,h) (77
1 M aka—l—h k h

T(ko + 1)h! | Otkedzh 2¢s(t, 21, 2| ')} o wa(k, h —1) (7.8)
1 I 8ka+h a¢s(t,21,2’~)

['(ka + 1)h! | Othedzh EP L_W_O =(h+ 1) wa(k,h+1) (7.9)
1 r aka-ﬁ-h a¢s(t’2172|.>

= 1

e 0~ LW:O hwe(k, h) (7.10)
1 r 8ka+h 28¢S(t721,z|-)

T(ka + 1)A! | dtkagzh ~ 2 LW:O = (h= 1) wa(k,h—1) (7.11)

Proof. Equations (7.7) and (7.9) directly follow from the definition of the differential weights.

The relation (7.8) is a straightforward result from the following equality with 2z = 0 :

ka+h aka—i—h—l aka—i—h
8tkaazhz¢s(t’ z,2]) = hW¢S(ta 2, 2| ) + ZW%(’Z z1,2|),
whereas equation (7.10) comes from
akaJrh 8(153(15, 2,2 | . ) 8ka+h 8ka+h+1
tkagh G = atkaazh¢5(ta 2,2 |+) + Zwﬁbs(t, z1,2]0),

2The approximation (7.5) is exact if ¢s(t, 21, 2| +) is the product of one function of ¢ and one function of z.
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and equation (7.11) from

okath  dps(t, z1,2|) Qka+h—1 Hha-+h
oieon”  0: T Vgmagmidsth ez ) 2 hepaeg osth 2zl
aka—i—h—i—l
+ Zzwqbg(t, 21,2 | . ) .

0J
The next proposition hence provides an approximation of the Fourier-Laplace transform ¢ 5(¢, z1, 2 | - )

by truncating the asymptotic expansion (7.5).

Proposition 7.2. The Fourier-Laplace transform of the bivariate process (Xs,, Vs, ) is approximated
around z = 0 by the following truncated sum
K H
oOs(t, 21,2 |s,w,u, xs,v5) & Z Zwa(k, h) x 2"(t — u)**, (7.12)
k=0 h=0

where the differential weights w,(k, h) verify the following recursive equation for h > 0

I'((k+1)a+1)
I'(ka+1)

wo(k+1,h) = —kywe(k,h — 1)

(zzl,u AJ (fj(Zl) — 1>) Wo(k,h) — (k +ipoz) hwy(k, h)

2i —iz1)

—%(h—l)wa(k S RN G el D R SR R E

For h = 0, the weights are obtained via

I'((k+1)a+1)
I'(ka+1)

~ 22 — iZl
wa(k + 17 0) = - <i21ﬂ - )\J (f](21> - 1)) wa(ka O) + %wa(lﬂv 1) :
(7.14)

The initial condition on the weights for initializing the recursion is given by
—iz1x 1 h
W (0,h) = e S%(—vs) :

Proof. To establish the recursion (7.13) for h > 0, we apply the differential operator

1 |: aka—l—h :|
T(ka + DAl [0tz |,_,

on the forward Caputo PDE (7.2). Next, for h = 0, we first notice from approximation (7.12) that

K

os(t, z1,0]) ZZwakthh(t—u) = wa(k,0) x (£ —u)**.

k=0 h=0 k=0
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Therefore, we see from equation (7.3) that the weight in the case i = 0 is given by
1 aka

t,21,0]- . 7.15
(ko +1) {mka%( 2,01 )} (7.15)

t=u

wa(k,0) =

Then, similarly as in Proposition 7.1, we find the following relation

1 ok O¢ps(t, 21,0 ) B
I'(ka+1) [(‘%’m 0z ]t:u = walk, 1),

8ka

and applying the operator m [W

] on the following Caputo PDE with z5 = 0:
t=u

22—z O

2 $¢S(t72170|')a

WDPs(t, 21,0]-) = — (izlu N\ <f](zl) . 1)) ds(t, 21,0] ) +

leads to the announced result. Finally, since

ds(u,z1,2|+) ZZwak‘h x 2"k = ZwQOh

k=0 h=0
and since
= 1
ime—svs _ —izimes hh
gbs(u,zl,z]-) — e MTs—zUs _ —imiw Zh‘( Us) 2"
h=0
we find w, (0, h) = e~ - (—v,)" for the initial weight of the recursion. O

7.1. Risk management

We first use the series expansion of the Fourier-Laplace transform derived in Proposition 7.2 to
compute the moments of the subdiffusive stock price Ag, at time 7" (provided that they exist),
as well as some risk measures related to Ag,. under the SSVJ model. The existence of the first
four unconditional central moments of Ag,. at some maturity 7" is detailed in Appendix 9.4.
The probability distribution of the subdiffusive asset price Ag, can then be obtained easily via its
Fourier representation. By inverting ¢5(7, z1,0| - ), itis indeed possible to determine the density of
probability ps(T,z |- ) = [ ps(T,z,v|-) dv of the log-returns Xg,. and then compute numerically
the moments of order k of the subdiffusive asset price via EF[AY, | -] = [ e ps(T, z|-)d, as
well as the related Value-at-Risk (VaR) and Tail Value-at-Risk (T'VaR). More precisely, we consider
here the financial portfolio Y consisting of one long position in the subdiffusive stock up to the
initial selling price, i.e. Y := Ag, — Ay. Following Artzner et al. (1999), we define the VaR at
level ¢ of this portfolio as VaR. (Y) := inf{q | P(Y + ¢ < 0) < e}, which is the smallest
amount of capital which, if added to Y and invested in the risk-free asset, keeps the probability of

a negative outcome (loss) below the level . Similarly, the TVaR at level ¢ for this long position
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is defined by TVaR. (V) := EP[-Y | Y < VaR. (Y)], which is the expected loss given that this
loss exceeds the VaR at level €. For assessing the risk of a long position, we are typically interested
in small values of € (0.5%, 1%). The inversion of the Fourier transform is then usually performed
accurately and fast using a Discrete Fast Fourier Transform (DFFT) algorithm. Interested readers
may refer to Albanese et al. (2004) or Dupret and Hainaut (2021) for a review. With the parameters

NN A A A A A

Table 10.3 the moments and related risk measures of the ALQP share price Ag,, from s = 0 with
T = 0.5 years and with Ay = 24.8 (zo = In24.8). Note that since 7" = 0.5 < 1.115, we have
from Appendix 9.4 that the first four unconditional moments of Ag,. are finite. A comparison with
the classical SVJ model based on the same parameters (and @ = 1) is also performed and the

density of Ag,. is depicted under the two models in Figure 11.4.

[Table 10.3 near here.]

[Figure 11.4 near here.]

We clearly see from Table 10.3 and Figure 11.4 that the SSVJ model leads to a higher variability of
Asg, and to fatter left and right tails, making this model more risky. This is confirmed by the VaR

and TVaR at levels 0.5% and 1% for the long position Y.

7.2. Pricing

We now illustrate how to use our SSVJ model for pricing options in illiquid markets. More precisely,
we start by showing how to price a European call with maturity 7" and strike /X whose value at time

s under the SSVJ model is given by

Cs(T, K, Ss,Us,, As,, Vs,) = E@ [ (As, — K) | S,,Us,, As,, Vs, ]
= Cs(T,K, 5, Us,, As,, Vs,) = B2 [T (X7 - K)J S, Us,, €55, Vs, |
with Xg, = In Ag,. In our context, conditionally to the information about the stochastic clock

Ss = w, the first-passage Ug, = u, the stock value Ag, = e** and the variance Vs, = v, we can

write
Cs(T, K, w,u,z,,v,) = E9 [(eXST — K>+‘ Se=w,Us, =u, Xg, =z, Vs, = vs] . (7.16)

since we consider a zero risk-free rate 7 = 0 in this paper. Using the conditional pdf of Xg,,

denoted by pg(t,z | s,w,u, zs,vs) = fooo ps(t,x,v | s,w,u,zs, vs) dv, we can rewrite the price
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at time s of the European call by

Cs(T, K, w,u, xs,vs) = / (" = K), ps(T,x | s,w,u,z,,0s) dx . (7.17)
From this point, we can price numerically this European call using several methods. The most

direct one is based on classical Monte-Carlo simulations. However, these simulations are computer-

intensive and we hence rather consider the two following alternatives.

- First Alternative :

From the independence between S and X, we can use equation (4.8) to rewrite the price (7.17) by

Cs(T, K, w,u, xs,vs) :/ / (" = K), p(1,2]0,25,v) g(T,7 | 5,w,u)dvdr
0 00
:/ C(r, K, xs,vs) g(T, 7 | $,w,u)dr (7.18)
0

where C(1, K, x,, vs) is the call price with maturity 7 under the risk-neutral dynamic of the classical

SVJ model with » = 0, which is given by
C(Ta K7 xmvs) = EQ [(AT - K)+’ AO = e:ts’ ‘/0 = Us]

This European call under the SVJ model is traditionally computed in a very efficient way using
Fourier methods, as in Gatheral (2011). This method works well when the conditional density
g(T, 7| -) of the inverse subordinator can be obtained easily, which is the case with the a-stable
subordinator UU. Indeed, we have from Hainaut (2021) that the probability density function of

St — Ss conditionally to Sy = w and Ug, = u, can be represented as an infinite sum

1 & ) [(ak + 1) sin(rka) 781
9(T.7 | s w,u) am ; k! (T — u)ok (7.19)

However, when the conditional density g(7, 7 | - ) is hard to derive, we rather use a second alterna-

tive.
- Second Alternative :

We now consider the call price (7.17) as a function of the log-strike £ := In K so as to use the
methodology of Carr and Madan (1999). Since this function is not integrable, its Fourier transform

is not defined. However, if we fix £ > 1, then the function

cs(k) == e*E@ |:(€XST — ek)+‘ Ss=w,Us, = u, Xg, = x5, Vg, = 05| ,
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is square integrable and its Fourier transform exists. We denote it by ¢(w) := | _Jr;o e~ “keg(k)dk.

Using Fubini’s theorem for non-negative functions with Lebesgue measure, we then have

E(w):/ eETWIk OG(T, €% w, u, x4, v,) dk

[e.9]

00 +oo
= / e(a_iw)k/ (e® — ") ps(T, x| ) dadk
- k

[e.e]

+oo T x
— / ps(T,ZE | ) (ex/ 6(6—iw)kdk . / 6(5—iw+1)kdk) dr

1 1 e (e—iw+1)z
“\e—iw e—dw+t1 c ps(Tya]-)de
1
= T 1)2,0|-).
€2+5—i(2w5+w)—w2¢s( wt e+ 1)i0])

We can now invert the Fourier transform ¢(w) to obtain the subdiffusive call price

—ek too T 1)i.01 -
£ / e'wk st( had + e+ 1)i,0]) dw . (7.20)
™ Jo €2 +e—i(2we + w) — w?

CS(TJ 6k7w7u7x87vs | ) -

The Fourier-Laplace transform ¢g(7,w + (¢ + 1)i,0| - ) at z5 = 0 is evaluated using the approx-
imation of Proposition 7.2 with the risk-neutral dynamics (5.9)-(5.10) (and hence with —nA ;m
instead of 1 and &, 7 instead of x, 7). The inversion of this transform in (7.20) is then performed
efficiently using again a DFFT algorithm. Note that we implicitly assume here and in Section 7.1
on risk management that the truncation error of Proposition 7.2 is stable with respect to Fourier

inversion. This should be rigorously verified in further research.

Contrary to risk management, pricing is done under the risk-neutral measure () and we therefore
need to find the corresponding parameters x and 7 under () using the relation (5.11). Since there are
no option data available in illiquid markets, there is no risk-neutral measure available from which
we can estimate the market price of volatility risk #, as well as the parameter 7 controlling the
jump size distribution under ). Hence, we simply cannot derive the set of risk-neutral parameters
based on available data. The best we can do is to use the observed log-return data under P and
either assume a minimal change of measure by setting #; = 0 and = 1 (leading to the same set
of parameters) or obtain 5 and 7 based on standard values in the equity market (e.g. fo = —1/0
as in Bollerslev et al. (2011)) or from a similar heavily-traded asset. For the sake of simplicity,
we choose here the first option by considering the minimal change of measure #, = 0, n = 1.
Moreover, since both of the above alternatives (7.18) and (7.20) for pricing European calls lead to

the same values, we use the first method based on the conditional density g(7', 7 | - ), which is more
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direct in the case of a-stable subordinators. We then compare for different maturities 7' the call
price Cs(T, K, 2, vo) under the SSVJ model with the call price C(T', K, g, vo) under the classical
SVIJ model (both at time s = 0). We also fix K = e"® = 24.8 such as to obtain the following ATM
(at-the-money) term structure of option prices in Figure 11.5, which is also represented in terms of

implied volatilities in Figure 11.6 :

[Figures 11.5 and 11.6 near here.]

We clearly see an increased concavity of the curve of call prices under the subdiffusive model.
Indeed, the lower the «, the more concave is this curve. Hence, considering the SSVJ model leads
to higher call prices for small maturities (<1 year) and to lower prices for larger maturities (>1 year),
compared to the classical SVJ model. Finally, we obtain a power-law shaped ATM term structure of
implied volatilities when considering the SSVJ model while the SVJ model leads to an ATM term
structure which reverts rapidly to its asymptotic level. Hence, we see that the subdiffusive model
deviates from the classical SVJ model in terms of option prices and implied volatilities, especially
at short maturities. A thorough cross-sectional calibration comparison between the two models is

needed to determine which one gives the best fit to illiquid market data and is let as further study.

8. Conclusion

This paper proposes a new procedure for modeling illiquidity in financial markets. More precisely,
we introduce the subdiffusive stochastic volatility jump model as a model of illiquid asset prices. It
is built from the classical SVJ model that we time-change by an inverse subordinator .S;, controlling
the periods of constant values in the asset price and the long-memory property of the log-returns.
This SSVJ model allows to reproduce the motionless periods observed in the price of thinly-traded
assets as well as the well-known volatility clustering and jump effects. The generated sample
paths of this model are therefore clearly in line with the observed prices in emerging markets and
of small capitalization stocks, as depicted in Figure 11.1. As usual models of subdiffusion are
developed in terms of FFPE, we show how to derive the FFPE satisfied by the conditional bivariate
pdf of the time-changed log-stock price and its variance process, seen from time s. However,
the Fourier-Laplace transform (4.19) of this pdf also admits a representation in terms of forward
fractional PDE, which is far more easy to solve and on which we hence focus throughout the paper.

These fractional PDE are valid for a whole class of subordinators with no drift (encompassing
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e.g. the a-stable or Gamma subordinators) due to their fractional D-C derivative allowing for a
lot of flexibility. Importantly, they can also be used at any subsequent time s > 0O thanks to
our estimation procedure (and in particular the estimation of Ug,) that allows to depart from the
common Markovian valuation setup. We also show that this model admits a risk-neutral measure (),
leading to an arbitrage-free and incomplete market. The SSVJ model is hence suitable for pricing
various European-type financial products and leads to a different term structure of option prices

(and implied volatilities), compared with the classical SVJ model.

However, even if subdiffusions appear as good candidates for modeling illiquidity, options pricing
in this framework remains a challenging task for two reasons. First, having no option quotes
available in illiquid markets, we are forced to use the observed log-return data in order to estimate
the parameters of our model. We hence provide an econometric estimation of the model parameters
based on the PMCMC procedure (with the Bayesian boostrap filter). This method works well in
our subdiffusive case and gives reliable and consistent results. Secondly, for option pricing and
risk management, we have to solve numerically the forward fractional PDE satisfied by the Fourier-
Laplace transform (4.20). We use the series expansion of Proposition 7.2 since this approximation
is the most adapted for solving our fractional PDE at z5 = 0. A DFFT algorithm is finally applied to
find the corresponding pdf associated with the obtained solution of the Fourier-Laplace transform
¢s and hence price options on subdiffusive assets. Note that throughout the practical part of the
paper, we have considered an a-stable process as subordinator and a Poisson process with normally
distributed jump size for the jump process. However, since equation (4.20) is quite general, many
other subordinators and (square integrable Lévy) jumps processes could be considered so as to fit

the subdiffusive market as best as possible.

Finally, our estimation methodology allows to go beyond the simple setting in which valuation is
restricted at the exact times of price moves. However, the SSVJ model requires the estimation of Ug
which cannot be perfect at any time. Indeed, when the price is frozen at time ¢, the exact behavior
of Ug, cannot be obtained and therefore, its estimate is based on its average behavior conditionally
on the estimation of S up to time t. Moreover, a second limitation of the SSVJ model concerns the
application of our numerical scheme (Proposition 7.2) for option pricing and risk management. It
is required for the truncation error of the generalized Taylor formula (7.12) to be stable with respect

to Fourier inversion. As it goes beyond the scope of this paper, this should be the subject of further
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research in computational mathematics. Finally, the zero risk-free rate and the minimal change of

measure (62 = 0, n = 1) reduce to some extent the generality of our results.
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9. Appendix
9.1. Proof of Proposition 5.1

1. Let us denote by V the subfiltration of F* carrying exclusively information about the jump
process. Using nested expectations, the mgf of ch,zst under the equivalent measure () is given by

E®Q |:ewW2?St

P St g.

]_-6405':|

NP
S P S 1 St g2 2 S P S P
— EP |:ezk={' P(VE m)—(n—1)x;5¢ EP {ewwz,st tw [t 02,5 ds—5 [o 1 (05 (407 )ds—[5t 02, sdWs — [ 01 AW ]:6405 v ]:tS v VSt:|

]_-6405:|

Since the Brownian motion WQP is independent from the filtrations VV and F S we have that

S S S S
EP [ewvv;?st o [0 B s d [S(63 46 ) ds [ 02 saWF,— [0 0, LW,

FiSv FSv Vst]

— WSt P [e—é S ((02,5=w)2 403 ) ds— [ (02,s—w) AWE — [0 01 o dWE |

FSV FE v

— e%u)QSt

To pass from the second to the last line, we use the fact that

S. S. S.
eI (02 =401 ) dom [57 Oa,e=0) AW~ [ 01 s W | S

is a stochastic exponential and hence a true martingale thanks the chosen form (5.5) and (5.7)
of the processes 0o, and 6, ; with A > —k/o (see Theorem 3.5 of Wong and Heyde (2006)
and its derivation). We recognize the mgf of a Brownian motion, time-changed by S;. Since,

P

NS, P . . . .
eXnmt v(YVE ) =(=DAsSe | F is a martingale, nesting expectations leads to

NP
E° [ewwfst f(ﬁﬂ = EP |3 jP | Xast Y0 )0 DAsS | pos g5 || eS| (g )

— ]EP |:6%w23t

fé‘“s} 9.2)

Therefore, we conclude that W;"?St =Wys + fost t s ds is a time-changed Brownian motion under
(. Using a similar argument, we also have that Wf 5, = Wﬁ s, T fosi 6, s ds is a time-changed
Brownian motion under ().

2. The second part of the proof concerning the jump process is identical to the one of Hainaut and

Leonenko (2021), Proposition 5.1. [

9.2. Second simulated example

Based on the parameters (6.11), a second sample path of Ag, (and hence of Sy, Vs,, Ng, and Us,)
is simulated. The processes S and Ug are then estimated via our filtering technique based uniquely
on the values of Ag such as to confirm the accuracy of the estimation procedure as well as the

conclusions of Section 6.1. We obtain the following figure 9.1 :
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Figure 9.1: In red, second simulated inverse subordinator S (left plot) and its related first-passage process Ug (right
plot), compared with their filtered estimate in blue dotted line obtained via Algorithm 1.

9.3. PMCMC algorithm

The PMCMC method generates a sample from (1) | z) by creating a Markov chain with the same
distribution as the parameters posterior one. Once the Markov chain has reached stationarity after
a transient phase, called burn-in period, samples from the posterior distribution are simulated.
Standard MCMC algorithm requires a pointwise estimate of f(z | 1), which is not available in our
model. Instead, f(z|1) is approached by its estimate (6.10), yield by the particle filter of the

previous section.

The construction of the Markov chain consists of two steps, repeated iteratively for k = 1,..., K.
At the beginning of the (k + 1) iteration, we propose a candidate parameter ¥ from a proposal
distribution ¢(v' | 9;,) given the previous state of the Markov chain, ;. The proposal distribution
must have a support that covers the target distribution. In the second step, we determine if we up-
date the state 9. For this purpose, the acceptance probability of the Metropolis-Hasting algorithm
described in Algorithm 2, is computed as follows
709 | 2) (] 9) 1}

F@ 1) g [9)" ]

This determines the probability that we assign the candidate parameter as the next state of the

p(¥',9;,) = min { (9.3)

Markov chain, ¥ — ;1. Intuitively, if we disregard the influence of the proposal distribution
q(-,-), a candidate is accepted if it increases the posterior likelihood f(¥' |2) > f(9;|x). The
presence of ¢(-, -) in (9.3) allows a small decrease in the posterior likelihood, such as to explore the

space of parameters Y. In numerical applications, the transition distribution q("z?' | 1) is assumed
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Gaussian, ' ~ N (U, 0y I,,) where I,,, is the identity matrix. As this distribution is symmetric,

we have that (1, | ') = ¢(1' | 9;) and the acceptance probability simplifies to

f]9) ()
£z 9%) F(00) 1} |

The resulting samples v/1.x (K iterations after the burn-in period) serves next to build the empirical

p(0',9)) = min {

distribution of f (v | ), which is defined by

f|x) = Zaﬁk (dv),

where 0y, (d9)) are the Dirac atoms located at ¥ = 15, with equal weights. The estimate of

parameters with respect to the posterior distribution is then

O =E©|z)~ Zfz?k\x (9.4)

Algorithm 2 Metropolis Hastings algorithm.

Main procedure :
for j =1tondo
Simulate 9 ~ q(¢' | 9,)
Take
o ¢ with probability p(0;,?")
1719, with probability 1 — p(dy, 9')

where p(v;,9') is the acceptance probability

N — i SO 1) a0 )
PO ) = {fwmx)quk)’l}

end for

9.4. Existence of SSVJ moments

We here verify that the first four central moments of Ag,. under the SSVJ model are finite. First,

based on equation 4.8, we can rewrite the unconditional moments at maturity 7" as

EP[A%,] = / N g(T,7)E" [A%] dr (9.5)
0

where EX [Aﬂ is the unconditional central moment of order k of the classical SVJ model. Since all
the moments of the jump process (e — 1) N exist when .J is Gaussian, it amounts to check for each
k that the moments in the classical Heston case are finite for 7 > 0 as in Friz and Ressel ((year?)).

We first define the moment explosion as

T.(k) :=sup {t > 0: E"[4}] < 00} < 00
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and hence, E” [ A%] will be finite for 7 < T} (k) and infinite for 7 > T..(k). We say that no moment

explosion occurs if T, (k) = oo.

 For k = 1, it is well known that T, (k) = oo due the martingale property of A, and hence that

EF[A,] < oo for each 7 > 0. From (9.5), we finally have that E”[Ag, ] is finite for any 7.

For k = 2, using Proposition 3.1 of Andersen and Piterbarg (2007) with the estimated set of
parameters in Table 10.2, we find that 7}, = oo (since D > 0, a < 0). Therefore, this again leads

to the fact that E”[A% ] is finite for any 7.

For k = 3, using again Proposition 3.1 of Andersen and Piterbarg (2007), we find that 7, = 11.34
and hence that E”[A3] = oo for 7 > 11.34 . However, using the representation (7.19) of the
density of St in the a-stable case and since St is bounded for finite 7', we find for & = 0.581
that max {7 > 0: ¢g(T,7) = 0 V7 > 11.34} = 3.32. We therefore find from equation (9.5)
that EP[ A% ] is finite for any 7' < 3.32.

For k = 4, we find similarly that 7, = 6.02 and hence that E”'[A%]

= oo for 7 > 6.02.

However, we have that max {7 > 0:¢(7,7) =0 V7 >6.02} = 1.115. We therefore find
that E” [ A%, | is finite for any 7" < 1.115.

10. Tables

Table 10.1: Parameter estimates of the SSVJ model based on the simulated sample path of Ag, from the parameters
(6.11). The second line of the table gives the standard error of these estimates.

a [ K gl o p [y G, | A
Estimators PMCMC | 0.782 | 0.051 | 0.495 | 0.194 | 0.862 | —0.531 | —0.283 | 0.282 | 1.087
PMCMC std. err. | 0.041 | 0.017 | 0.173 | 0.040 | 0.077 | 0.115 | 0.029 | 0.018 | 0.044

Table 10.2: Parameter estimates of the SSVJ model for the ALQP stock price and standard error of these estimates.

~ ~ o~ ~ ~ ~

5 m K v o P 1 oy AJ
Estimators PMCMC | 0.581 | —0.021 | 0.237 | 0.050 | 0.309 | —0.406 | —0.056 | 0.037 | 0.947
PMCMC std. err. | 0.0128 | 0.0191 | 0.1272 | 0.0239 | 0.0183 | 0.0659 | 0.021 | 0.031 | 0.076

Table 10.3: The first columns of the table give the first four central moments of Ag,. under the classical SVJ model
and the SSVJ model. The four last columns give the Value-at-Risk and Tail Value-at-Risk of the related portfolio Y at
levels e = 0.5% and 1%.

Expectation | Variance | Skewness | Kurtosis | VaRg 50 (Y) | VaRiy(Y) | TVaRg50(Y) | TVaRye(Y)
SVIJ 24.543 7.256 —0.317 4.039 8.513 7.554 9.770 8.935
SSVJ 24.401 11.566 —0.187 7.637 12.264 10.189 15.490 13.296
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11. Figures
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Figure 11.1: The upper plot depicts the stock price of ALQP over a 5-year period. The bottom plot represents the
annualized historical volatility of ALQP computed using a monthly time window.
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Figure 11.2: The figure depicts in red dotted line the simulated inverse subordinator .S (left plot) and variance process
Vs (right plot) based on parameters (6.11), compared with their filtered estimate in blue obtained via Algorithm 1.
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Figure 11.3: In red, simulated sample path of the first-passage process Ug based on the parameters (6.11) and its
filtered estimate Ug in blue dotted line.
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Figure 11.4: Density of the ALQP stock price (Ag,.) at T = 0.5 with s = 0 and ¢ = In(24.8) under the classical
SVJ model (black line) and the SSVJ model (blue line).
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Figure 11.5: ATM European call prices on ALQP stock under the classical SVJ model (black) and the SSVJ model
(blue) for various maturities (with K = 24.8).
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Figure 11.6: ATM term structure of implied volatilities of ALQP stock price under the classical SVJ model (black)
and the SSVJ model (blue) (with K = 24.8).
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